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Abstract. Necessary and sufficient conditions under which the Cesaro—Orlicz sequence
space cesg is nontrivial are presented. It is proved that for the Luxemburg norm, Cesaro—
Orlicz spaces cesg have the Fatou property. Consequently, the spaces are complete. It
is also proved that the subspace of order continuous elements in cesg can be defined in
two ways. Finally, criteria for strict monotonicity, uniform monotonicity and rotundity
(= strict convexity) of the spaces ces, are given.
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1. Introduction

As usual, R, Ry and N denote the sets of reals, nonnegative reals and natural numbers,
respectively. The space of all real sequences x = (x(i));2, is denoted by / 0,

A map ¢: R — [0, +00] is said to be an Orlicz function if ¢ is even, convex, left
continuous on R, continuous at zero, ¢ (0) = 0 and ¢ (1) — oo as u — oo. If ¢ takes
value zero only at zero we will write ¢ > 0 and if ¢ takes only finite values we will write
¢ < oo[l,13,17-20].

The arithmetic mean map o is defined on /° by the formula:

1
— 1)) , h A N
ox = (ox(i));—;, where ox(i) " ;|x(1)|
Given any Orlicz function ¢, we define on 19 the following two convex modulars [18, 19]
o
Iy(x) =Y ¢(x(i),  pp(x) = Iy(ox).

i=1

461



462 Yunan Cui et al

The space
cesy = {x € 1 pp(Ax) < oo for some A > 0},

where ¢ is an Orlicz function which is called the Cesaro—Orlicz sequence space. We equip
this space with the Luxemburg norm

. x
llx|l¢ = inf {A >0:  pgp (X) < 1}.

In the case when ¢ (1) = [u]”, 1 < p < oo, the space cesy is nothing but the Cesaro
sequence space ces (see [5-7, 14, 16, 21]) and the Luxemburg norm generated by this
power function is then expressed by the formula

5lles, = [i <ll 5 |x(j>|)T .

i=1 j=1
A Banach space (X, ||-||) whichis a subspace of 19 is said to be a Kthe sequence space, if:

(1) for any x € 19and y € X such that |x(i)| < |y(i)| forall i € N, we have x € X and

Il < lyll,
(ii) thereis x € X with x(i) # O foralli € N.

Any nontrivial Cesaro—Orlicz sequence space belongs to the class of Kothe sequence
spaces.

An element x from a Kothe sequence space (X, || - ||) is called order continuous if
for any sequence (x,) in Xy (the positive cone of X) such that x,, < |x| and x,, — 0
coordinatewise, we have ||x,| — 0.

A Kothe sequence space X is said to be order continuous if any x € X is order continu-
ous. It is easy to see that X is order continuous if and only if ||(0,...,0,x(n + 1), x(n +
2),...)|]| > 0asn — oo forany x € X.

A Kothe sequence space X is called monotone complete if for any x € X and any
sequence (x,) in X4 such that x, (i) < x,4+1() < --- < x(i) foralli € Nand x, — x
coordinatewise, we have ||x, | — ||x]|.

We say a Kothe sequence space X has the Fatou property if for any sequence (x;) in X
and any x € [ such that x, — x coordinatewise and sup,, ||x, || < oo, we have thatx € X
and ||x,|| — |lx||. For the above properties of Kithe sequence (and function) spaces we
refer to [12] and [15].

We say an Orlicz function ¢ satisfies the A-condition at zero (¢ € A, (0) for short) if
there are K > 0 and a > 0 such that ¢ (a) > 0 and ¢ 2u) < K¢ (u) for all u € [0, a].

A modular p (for its definition see [4, 18, 19]) is said to satisfy the A,-condition if for
any € > 0 there exist constants k > 2 and a > 0 such that p(2x) < kp(x) + € for all
x € X with p(x) < a.

If p satisfies the A»-condition for any @ > 0 and € > 0 with k > 2 dependent on a and
€, we say that p satisfies the strong A,-condition (p € Ag for short) (see [4]).

We say a Kothe sequence space X is strictly monotone, and then we write X € (SM),
if ||x|| < ||y|l forall x, y € X suchthat 0 < x < y and x # y.

We say a Kothe sequence space X is uniformly monotone, and then we write X € (UM),
if for each € > 0 there exists §(¢) > 0 such that for any x, y > 0 such that || x|| = 1 and
yll = €, we have |lx + yll = 1+ 8(¢).
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Let B(X) (resp. S(X)) be the closed unit ball (resp. the unit sphere) of X. A point
x € S(X) is called an extreme point of B(X) if for every y,z € B(X) the equality
2x =y + z implies y = z. Let Ext B(X) denote the set of all extreme points of B(X). A
Banach space X is said to be rotund (write (R) for short), if Ext B(X) = S(X). For these
and other geometric notions of rotundity type and their role in mathematics we refer to the
monographs [1, 8, 19] and also to the papers [2, 3, 10, 11, 22].

We say that u € R is a point of strict convexity of ¢ if ¢ (V52) < W12
u= ”Tw and v # w. We denote by S the set of all points of strict convexity of ¢.

An interval [a, b] is called a structurally affine interval for an Orlicz function ¢, or
simply, SAI of ¢, provided that ¢ is affine on [a, b] for any ¢ > 0 and it is not affine either
on[a — &, b]oron [a, b+ €]. Let {[a;, b;]}; be all the SAIs of ¢. It is obvious that

Sp = ]R\U(a,-,b,-).

, whenever

2. Results

First we present necessary and sufficient conditions for nontriviality of cesg.
Theorem 2.1. The following conditions are equivalent:

1) cesy # {0},

2) 3, X2, ¢ (1) < o0

H V>0 3,352, ¢(%) < oo

Proof.

(1) = (2). Let 0 # z € cesy. Since z # 0, there exists [ € N such that z(/) # 0. Hence
y=1(0,...,0,2(),0,...) € cesy, and consequently, x = (0,...,0,1,0...) € cesy,
which means that there exists k > 0 such that pg(kx) = Yoo, ¢ () < oco. We will
consider two cases:

1. k > 1. Then for all n we have % < % From monotonicity of the function ¢ we have
¢ (1) < ¢(%) for all n. Therefore

2e(i) <o () =

So it is enough to take n| = /.
2. 0 < k < 1. Then there exists m € N such that % < k, whence

andso, Y 2, ¢ (ﬁ) <>, qb(%). Consequently,

> 1 1 1 1
ng,;;(p(;)=¢<ﬁ>+¢(ml+1)+“.+¢<ml+(m—l)>

1 1
+¢(m(l+1)>+¢(m(l+l)+l>

1 1 1
ot (armren) = () o ()

1

mn

ggforallneN
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1 1 1
+"'+¢(ﬁ)+¢(m(l+1>>+¢<m(z+1>)
I e
#or () o= (o)

1 > 1 > k
+m¢(m)+“'=m§¢<%>f’”§¢(z><°°'

Taking n1 := ml, we get the thesis of condition (2).

00 1

(2) = (3). Assume that there exists n such that Zn:nl 1) (;) < 00 and consider two
cases.

1.0 <k<1Then% < land I o (%) < Do, @ (l) < oco. Taking ny := ny,

we have 00 ¢ (£) < o0,

n=ny n
2. k > 1. Then there exists m € N such that k < m. Defining ny := nym, we have

> k > m > m m
2 (3)= 20()=2 0 ()=2 (i)

m o m n m
¢<n1m+1) ¢<n1m+<m—1)> ¢<<n1+1>m)
YR Y S T

m+Dm+1 mi+Dm+@m—1)

1 1 1
co(L)re(L) e ve(D)

ni ni ni

1 1 1
+¢(n1+1>+¢<n1+1>+.”+¢<n1+l>+

_ 1 n 1 - 1
= () +mo () B nﬁ(z)”‘"

(3) = (1). Take k = 1. By the assumption that condition (3) holds, there exists n; € N
such that Y% ¢ (l) < 00. Define x = (0,...,0, 1,0, ...). Clearly, x € [° and
~——

]2

n=nj n
n —1 times
>0 1
pokx) = pp(x) = ) ¢ (—) < oo.
n=ni n
Hence x € cesy. O

We will assume in the following that cesy is nontrivial, that s, conditions (2) and (3) from
Theorem 2.1 hold. Our next theorem gives some sufficient conditions for the nontriviality
of cesy in terms of some lower index for the generating Orlicz function ¢.
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Theorem 2.2. For the conditions:

(a) liminf,_q ’g(y)) > 1,
(b) E|€>OE|A>OE|M()>0 VO§u§u0 ¢(”) =< Au1+€,

© Ini1 32, ¢ (ﬁ) < 00,

we have the implications (a) = (b) = (c).
Proof.

(a) = (b). Although this implication appeared for example in [9] we will present its proof
for the sake of completeness.

By the assumption that lim inf;_, ¢ ’2/(5’)) > 1 we know that there exists 7y such that

o = infoc/< ¢(§’)) > 1. Then for all 0 < t < o we have that f:;’((t)) > «, that is,

‘Z(—(tt))zg Take 0 < A < 1. Then At < ¢t and so for 0 < ¢ < 1g:
"'d
¢(S)ds>a ds

w dG) T s

whence

¢>(t) -1 ¢
> In
¢ (A1) (Ar)*

and consequently
P (A1) = 2% (D).

Let us take t = fg. Then, for all 0 < A < 1, we have ¢ (Aty) < @ (t9)AY, so p(Aty) <
d’t(#) ()4 . If wetakee =a — 1, A = ‘WO) and ug = ty, we get (b).
0 0

(b) = (c). Take ¢ > 0, A > 0 and ug > O such that for all 0 < u < ugy, we have
¢(u) < AulTe. Since % — (O there exists n; € N such that % < ug forall n > ny.
Therefore,

00 1 00 1 1+€ 00 1
Z¢<;>SZA<;) SA;nl+€<oo

n=nj n=nj

Lemma (Fatou property). If x € [°, {x,} C cesg, sup [|lx, || < oo and 0 < x, 1 x coordi-
natewise, then x € cesy and || x| — |1x]|.

Proof. Assume that x, € cesy foralln € N, sup ||x,| < coand 0 < x,, (i) 1 x(i) for each
i e N. Denote A = sup,, ||x,||. We know that ||x,|| < A < ocoforalln e N,500 < % <
”X i for all n € N. Therefore py ( ”) < 1 and since the modular py is monotone, we get

ﬁ)< Xn <
oo (5 —p"’(nxnn)‘

Then, by the Beppo Levi theorem and the fact that A= x,,(i) — A~ !x(i) foreach i € N,
we get

P (£> = lim py (x ) = Sup pg (&) <1,
A n—00 A n A/ —
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whence x € cesy and |x|| < A. By the assumption that x, 1 x coordinatewise
and by monotonicity of the norm, we get sup, [|x,|| < |[lx||. Therefore, we have

lxll = sup,, [lx [l = limp,— o0 [[xn - 0
It is known that for any Kothe sequence (function) space the Fatou property implies its

completeness (see [17]). Therefore, cesy is a Banach space.

Theorem 2.3. Let Ay = {x € cesy: Vk > 03y Y )7 (% Sii1x(@)]) < oo} Then
the following assertions are true:

(i) Ay is a closed separable subspace of cesg,

(ii) Ay = cl{x € cesy: x(i) # 0 only for finite number of i € N},
(iii) Ay is the subspace of all order continous elements of cesg.

Proof. Tt is easy to see that Ay is a subspace of cess. Next we will prove that Ay is
closed in cesy. We must show that if x,, € Ay for eachm € N and x,, — x € cesy,
then x € Agy. Take any k& > 0. We will show that there exists ny € N such that
Zf;oznk ) (lﬁ Y7 1x()]) < oc. Since pg(k(x — x,,)) — 0 for all k > 0, there exists

n

M € N such that py(2k(x — xp)) < 1. Since xy € Ay, there exists ny such that
>N ¢ (2n—k Yo |xM(i)|) < 00. As we will see, we can take n; = ny. Indeed,

n=ny
2 (k. 2 kI~ [206) — xm () 2xu ()
H;M¢<;;|x(z>|)=n;M¢(;§‘ > +=
o0 k n
(2 )

i=1
1k & . . 1k ¢ ,
<§;;|2(x(l)—XM(l))|+5;;'2)61"1(1)')

2(x () —xm (@)
2

]

2x 1 (i)
2

-+

|
N

(1 (2k . 1 (2% & .
<2 (1o Bramsum) o (2 S
1 & 2k & 1 & 2%
=3 Z ¢ (—Z |x (@) —XM(i)I) + = Z ¢ (—Z|xM(i)|)
n=npy n i=1 2n:nM n i1

< Lkt —an + 2 3 (S et
_2,o¢ X — Xy 2 2 ¢ p xp (i < 00.
n=ny i=1
By the arbitrariness of k > 0, we get that x € Ay, which proves that Ay is the closed
subspace in the norm topology in cesg.

Now, we will prove assertion (ii). Let us define the set By = cl{x € cesy: x(i) =
0 for a.e. i € N}. We will prove that Ay and By are equal.

First we will show that By C Ag. If By = @, the inclusion By C Ay is obvious. So,
assume that By # . Take x = (0,...,0,1,0,0,...) € By and k > 0. We have from

[—1 times
Theorem 2.1 that there exists n; such that
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> k

Z 1) (;) < 00.

n=ng

We can assume that n; > [. Hence x € Ay, and so, by the fact that Ay is a linear subspace
of cesy, we get the inclusion By C Ay.

Now, we will show that Ay C By. Letx = (x1, X2, ..., X, Xk4+1, - . .) € Ay and define
xk = (x1,x2,...,%,0,0,...) for any k € N. Obviously xk e Bg. We will show that
pg(a(x — xr)) — 0 for each o > 0. Take any o > 0 and € > 0. Since x € Ay, so there
exists kg € N such that

> ¢ (gZu(m) <e
n=ko+1 n i=1

Then for any k > ko,

py(a(x —x5)) < pyla(x — x*)) = py(@(0, ..., 0, Xty 11, kgt ---))

-y ¢>(% )3 |x<i)|)

n=ko+1 i=ko+1
o0 o n
< D ¢l D ki) <e
n=kot1 \" =1

Next we will prove assertion (iii). Let x € Ag. We will show that x is order continuous.
Takeany k > Oand € > 0. Then there exists n; € Nsuchthat} o2 ¢ (5 30, |x(0)]) <
%. Assume that x,, | 0 coordinatewise and x,, < |x| for all m € N. Denote

k n
¢ (; > |x(z’>|> = a(n)
i=1
and

¢ (f_l ; |xm(i)|> =a,(n) for anyn € N.

Since x,, | 0 coordinatewise, we get o, (n) — Oasm — oo forany n € N. Consequently,

there is m¢ € N such that sz:—ll o, (n) < 5 forany m > me. Moreover, fo’:nk

Z,fo:nkot(n) < §forall n > ng and m € N. Therefore py(kx,,) < € for all m >
me, which means that p4(kx;;) — 0. By the arbitrariness of k > 0, this means that
X[ — O.

Let x € cesy be an order continuous element. Since

o, (n) <

10, ...,0,x(n+ 1), x(n+2),.. )| = 0 asn — oo,

so it easy to see that x € cl{x € cesg: x(i) =0 forae.i € N}.
Finally, we will show that Ay is separable. Roughly speaking, this follows by the fact
that the counting measure on N is separable and A is order continuous.
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Define the set Cy = cl{x € cesy: x(i) = 0 forae. i € Nand x(i) € Q} which
is countable. It is obvious that Cy C Bgs. Now, we will show that By C Cy. Let x =
(x(1),x@2),...,x(k),0,0,...) € Bgand x,, = (x;u (1), ..., xm(k),0,...) € Cyp will be
such that x,, (1) — x(i) as m — oco. We will show that ||x,, — x| — O.

Let us take any A > 0. We have

A(x (D) = xm (D] + [x(2) = xm Q)| + -+ + [x(k) —xpm(K)]) < 1
for m large enough. Then by convexity of ¢,
<A lx(1) = xp (D] + x(2) = xpn(2)] + -+ + |x(k) — xm(k)l>

n

ppOMx — X)) < D¢

n=1

= Ax(D) —xu (DI +1x2) = xu (D] + -+ - + [x (k) — xm (k)])

s 1

X - 0

>o(5)~

n=1

as m — o0o. By the arbitrariness of A, we have ||x,,, — x| — 0 as m — 0o. Consequently,

By = Cy. Since By = Ay and the space Cy is separable, we get the separability of Ag.
O

Theorem 2.4. If ¢ € A>(0), then Ay = cesy.

Proof. We should only show that cesy C Ay. Let x € cesy. Then there exists o > 0
such that ps(ax) < oo. We will show that for any A > O there exists n, such that
N @ (% h |x(i)|) < 00. We take only A > «, because for A < a we have

n=n,,
ot @ (230 1x()]) < Yonen, (22772 1x()]) < oo from monotonicity of the
function ¢. Let A > «. By ¢ € A»(0), we have that ¢ € A;(0) for any / > 1, whence for
| .= % there exists k, ug > 0 such that ¢ (lu) < k¢ (u) for all u < ug. By py(ax) < oo,
there exists n;, such that % Yol 1x(@@)| < ug for all n > n;,. Therefore,

o0 )\‘ n ) o0 }\.Ol n )
Z«ﬁ(;;mm): ~¢<E;|x(z)|>

n=n,, n=n,,
o0 o n
<k - j
=k} o (n Z|x(z)|> < o0,
n=nj i=1
and the proof is finished. O

COROLLARY 2.1
If ¢ € A2(0), then
(i) the space cesy is a separable,
(ii) the space cesg is order continuous.
We will assume in the following that the function ¢ is finite. We will prove some useful
lemmas.

Lemma2.1. Foranyx € Ay,
lxll =1 ifandonly if py(x) = 1.
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Proof. We need only to show that ||x|| = 1 implies ps(x) = 1 because the opposite
implication holds in any modular space. Assume that ¢ < oo and take x € Ay with
x|l = 1. Note that py(x) < 1. Assume that py(x) < 1. Since x € Ay, we have that
pg(kx) < oo forall k > 0. Let us define the function f(1) = pg(Ax), which is convex
and has finite values. Hence f is continous on R and f(1) < 1 by the assumption that
pg(x) < 1. Then, by the continuity of f there exists » > 1 such that f(r) < 1, that is,
pe(rx) < 1. Then |rx| < 1, whence ||x|| < % < 1, a contradiction, which shows that

pp(x) = f(1) =1. U
Lemma 2.2. If ¢ € Ay(0), then py € AS.

Proof. Take arbitrary € > 0, a > 0 and pg (x) < a. Then py(x) = Zi’;l ¢ (cx(n)) <a,
whence ¢ (ox(n)) < a forany n € N. If b > 0 is the number satisfying ¢ (b) = a, then
ox(n) < bforany n € N. Since ¢ € A(0) and ¢ < 00, so ¢ € A ([0, b)), i.e. there
exists K > 0 such that ¢ Qu) < K¢ (u) for all u € [0, b]. We have

pp(2x) =Y p(02x(n)) = Y _ $Q2ox(n))

n=1 n=1

<k ¢lox(m) = kps(x).

n=1
O

Lemma 2.3. Assume that ¢ € Ay(0). Then for any L > 0 and € > 0 there exists § =
S6(L, €) > 0 such that

log(x + ) — pp(x)| < €
forall x,y € cesy with py(x) < L and py(y) < 8(L, €).
Proof. In virtue of Lemma 2.2 it suffices to apply Lemma 2.1 in [4]. O

Lemma 2.4. If ¢ € A2(0), then for any sequence (x,) € cesy the condition|x,| — 0
holds if and only if py(x,) — 0.

Proof. 1t suffices to apply Lemmas 2.2 and 2.3 in [4]. O
Lemma 2.5. If ¢ € A2(0), then for any x € cesy,

lxIl = 1if and only if ps (x) = 1.
Proof. The result follows from Lemma 2.2 and Corollary 2.2 in [4]. O

Lemma 2.6. If ¢ € A2(0), then for any € > 0 there exists 6 = &(e) > 0 such that
lx]l = 1+ & whenever x € cesg and py(x) =1+ €.

Proof. The result follows by applying Lemmas 2.2 and 2.4 in [4]. O

Lemma 2.1. Let¢ € A2(0). Then for each € > 0 there exists § = &(¢) such that py(x) > 6
whenever || x|| > €.
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Proof. Suppose for the contrary there exists € > 0 such that for any § > 0, there exists x
such that ps(x) < 6 and || x| > €. Take§, = % and the sequence (x;),eN in cesy satisfying

e (xp) < % and [|x, || > €. Consequently pg(x,) — 0 as n — oo. From Lemma 2.4 it
follows that ||x, || — 0, a contradiction finishing the proof. O

Lemma 2.8. If ¢ € A2(0), then ||x,|| — oo whenever pg(x,) — oo.

Proof. Suppose (J|x,]|) is a bounded sequence, that is, there exists M > 0 such that
x| < M for all n € N. Take s € N such that M < 2°. Then |x,| < 2%, whence
[32] < 1and pg (3%) < 1. Consequently, ¢ ((o3%)(i)) < 1 foralli € N, and then, there
exists some L > 0 such that (0 ’é—';) (i) < L foralli € N. Since ¢ € A,(0) and ¢ < o0,
¢ € Ay([0,2°7'L]). We have forall n € N,
X X
Py (Xn) = pg <2S2—:) <Kk'pg (2—z> <k,
whence py (x,) /> 00. O

Lemma 2.9. If ¢ € Az(0), then for any sequence (x,) in cesy, we have
lx. |l = 1 if and only if py (xn) — 1.

Proof. The implication pgy(x,) — 1 = ||x,|| — 1 is almost obvious. Namely, we have
ps() < |lxll if pg(x) < 1and x| < pp(x) if pg(x) > 1. Therefore [[lx,|| — 1| <
|0 (xn) — 1| and the result follows. Now, assuming that ||x, || — 1, we consider two cases:

1. |lxxll * 1. From Lemma 2.8 we know that the sequence (o4 (2x,)) is bounded, that is,
there exists A > 0 such that py(2x,) < A for alln € N. Assume for the contrary that
p¢(xy) 7> 1. We can assume that || x, | > % for all n € N and there exists € > 0 such

that py(x,) < 1 — € forall n € N. Take a, := Hxl—“ —1.Thena, — Oand a, < 1.
By Lemma 2.5, we have

1=py ( all ) = pg((an + 1)xp)

(B
= pgp Lanxn + (1 — an)xp) < anpy2xn) + (1 — an) pg(xn)
<ap-A+ (1 —ap)(1—€) > 1—c¢€
as n — 00, a contradiction.
2. |lxull 1. Assume that ||x, || < 2 for n € N and there exists € > 0 such that pg(x,) >

1 + € for all n € N. From Lemma 2.8 we know that there exists B > 0 such that
pp(2x,) < B for all n € N. By the assumption we have 0 < 1 — m <1,0<

2 — |lxu || < 1. The inequality 1 +a > 2 forany a > 0 yields 0 < (1 — M) +2-
lx: D=3 — (Hx_lnl\ + ||x,,||) <3 —2 =1 forany n € N. Therefore, we have

).2xn+(2—||xn||) il )

(B

I +€ < pp(xn) = pg <<1

( 1

<(1-

”xn”

< (1) 2o () =

=(l1-7— P -1,
% | NN

(B

[l |

)p¢(2xn)+<2— ||xn||>p¢( n )
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1

because py ( ”i: T ) = lforanyn € Nand 1 — = 0, a contradiction which finishes

the proof. a

Now we will consider monotonicity properties of Ay and ces.
Theorem 2.5. The space Ay is strictly monotone if and only if ¢ > 0.

Proof. Denote ay = sup{t > 0: ¢ (t) = 0} and assume that ay > 0. We will show that
under this assumption there exists x, y € cesg such that x < y, x # y and ||x|| = [y].
We define the function f(1) = Y oo ¢ (%) for t > 0. Since ay > 0, % — 0asn — o0
and ag > 0,50 Y 77, ¢ (L) is convergent for all # € R. Since ¢ is a convex function,
so f is convex, too. Then f is continuous on Ry and f(#) — oo ast — oo, whence
f(R4) = R, and by the Darboux property of f we know that there exists ¢ € R such that
flO=Yr2,¢ (%) = 1. Since # — 0 asn — o0, there exists ng such that % <ay.
Consider two sequences x = (c¢,0,0,...)and y = (¢,0,...,0,1,0,...). It is obvious
————
no—1 times
that x = y and x < y. Moreover,

o) =@+ (5)+9(5)+ = r@=1.
1
oo = 6@+ (5)+ 4o () +o (S50
c+1
()

Since pg(x) = pp(y) = 1, we have ||x|| = [ly]| = 1, which means that Ay ¢ (SM).

Assume now thatay = 0,y > x > 0,x # yand x,y € Ay. We can assume that
lx|| = 1. From Lemma 2.1 we know that ps(x) = 1. In order to show that ||y|| > 1 we
need to show that py(y) > 1. Note that pg(x + y) > pg(x) + pg(y) for all nonnegative
x,y € Ag. Therefore

Ps(¥) = pp(x + (¥ —x)) = pp(x) + pp(y —x) =14 pp(y —x) > 1,

because of y — x > 0 and ¢ > 0, whence ps(y — x) > 0. This finishes the proof. O
From the last theorem, we get the following.

COROLLARY 2.2

If the space cesgy is strictly monotone, then ¢ > 0.
Before formulating the next theorem note that ¢ > 0 whenever ¢ € A;(0).

Theorem 2.6. If ¢ € A>(0), then cesy is uniformly monotone.

Proof. Lete > 0 and x, y > 0 be such that ||x|| = 1 and ||y|| > €. From Lemma 2.5 we
have ps(x) = 1 and from Lemma 2.7 we have that ps(y) > 1 where > 0 is independent
of y. Then

Pe(x + ) = pg(x) + pp(y) = 1+1n.

By Lemma 2.6, there exists § > 0 independent of x and y such that ||x + y|| > 1+ 6.
O
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Next we consider rotundity of cesg. In order to be able to prove criteria for rotundity of
cesy, we need first to prove the following.

Lemma 2.10. Let ¢ € A»(0) and y, z € S(cesy) satisfy yTH € S(cesg). If y # z, then
there exists ig € N such that |y (ig)| # |z(io)|.

Proof. Assume for the contrary that the assumptions are satisfied, y # z and |y| = |z].
Then there is ig € N such that y(ig)=£ z(ip), but | y(ip)| = |z(ip)|, whence y(ig) + z(ip) = 0.
Consequently,

1= (y+z) i ( Z'y(l);m”)

= ly@) +z@)| ly@) +z@)|
~3 o (OO 5 () 3 b0

ieN\{io}

si¢(% (% > Y+ = > |z<i>|)>

ieN\{io} " i eN\lio)

=3 (%¢> (% > |y(i)|> 30 (% > |z(i)|>)

ieN\{ig} ieN\{io}

1 1
— — = 1,
< 2,o(;)(y) + 2,0¢(Z)
a contradiction which finishes the proof. m|

Given any Orlicz function ¢ with values in Ry such that ) i ¢ (%) < 00, define the
function

> 2
f@=2@+) ¢ (;a) : @1
i=3

Since the function ¢ is convex, so f is convex as well. By Theorem 2.1 it has finite values.
Therefore f is continuous and f(a) — oo asa — oo, whence we deduce that there exists
o € Rsuch that (o) = 1.

Theorem 2.7. If ¢ € A2(0) then cesy is rotund if and only if ¢ is strictly convex on the
interval [0, o], where f () = 1 and f is defined by formula (2.1).

Proof. Suppose ¢ is not strictly convex on [0, «]. Then there exists an interval [b, c] C
(0, @) on which ¢ is affine.
Since ¢ < a, we have

200+ ¢ <ZC) <1
c — .
. i
i=3
Take d > 0 such that

2¢(c)+2¢ <2C+d> <1
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Choose by, ¢1 suchthat b < b; < ¢; < ¢ and

b b
¢<b)+¢<%) ¢<b1)+¢( 1“1),

d
bi—b<—- and c¢c—c; < —.
2 2

By |b+ ¢ — by — c1]| < d, there is k > 0 for which either b + ¢ = by + ¢ + k or
b+c+k=>b+c.
Without loss of generality, we may assume that b + ¢ + k = by + ¢|, whence

> b+c+k
¢><b)+¢< 2) Zcb( , )
b & b
_¢(b1)+¢<l+cl>+z¢<1+ﬂ>

i=3
Take k1 > 0 such that

b b k o b k+k
¢(b)+¢< +c>+¢< +;:+ ) Z ( —i—c—i; + 1) L

—4
2.2)

Since b + ¢ + k = by + ¢1, we have

b b = (b k
¢>(b1)+¢< ]erc])+¢< ‘§C'>+Z¢<#>=1. 2.3)

Put

x=(0b,c, k, k1,0,0,...)
and

y=1(b1,¢1,0,k1,0,0,...).

By (2.2) and (2.3), we have py(x) = 1 = py(y). So, Lemma 2.5 yields x, y € S(cesy).
Again, by (2.2) and (2.3) and the fact that ¢ is affine on [b, c], we have

+ b+b ble y bifa b+ctk
”¢<x2y)=¢< 21)”’(2 7 ”’( ; )
+§i <b+c+k+h>

_1 1 b+c b1 + ¢y
—§(¢(b)+¢(b1))+§(¢< > )+¢< > >>

b+c+k > b+c+k+k
— —:1.
o (T r e ()

Therefore Lemma 2.5 yields ” # ” = 1, which means that ces is not rotund.
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Conversely, let x € S(cesy). We need to prove that x is an extreme point. If x is not an
extreme point, then there exists y, z € S(cesy) such that 2x = y + z and y # z. We will
prove that |y| = |z| and by Lemma 2.10, we will get a contradiction, finishing the proof.

Since ¢ € A2(0), Lemma 2.5 yields that pg (x) = pg(y) = pg(z) = 1 and

0 1 n . .
== () - S (1 £ 20 )
n=1

i=1

o (L @I+ 120)]
To(im )

=1 i=1

S

{i ¢ (% ) |y(z‘>|)

n=1 i=1

+§¢<%f|z(i>|ﬂ

i=1

I
| =

1
§[p¢(y) + 0y (2)]
=1.
Thus for each n € N we have
1y 4+ 120)] 1 1 ¢ 1 ¢
¢<—Z— ==le(=D @l +¢ (=D lz@1] |-
ni3 2 2 i i3
2.4)
Case I. % Yo' i Ix(i)| < aforeachn € N. By condition (2.4) and the fact that ¢ is strictly
convex on the interval [0, o], we have %27:1 ly(@)| = %Z?:l |z(i)| for each n € N.

Consequently, |y| = |z|.

Case II. There exists n such that % Yo', 1x(@i)| > a. We claim that there exists only one
such n. Assume for the contrary that there exists ng < np such that % Z?i] [x(@)] >

and % > 1x()] > a. Then ny > 2 and we have

1=pp(0) > 2@+ Y ¢(’%“)=2¢<a>+2¢< 2 )
i=1

R— ni+1

> 2 > 2
> 2@+ ¢ (z—j‘l) =20+ ¢ (7“) =1,
i=1 i=3

a contradiction, which proves the Claim. Let ng be the only natural number for which
L 50 1x(i)| > a. As in Case I, we can prove that %Z?:l ly@)| = %Z?zl |z(@)| for

ng L—i=

each n # ng. Since pg(y) = pg(z) = 1, we get
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1 no ' 1 n .
¢<%;|y<z)|>=1— > ¢<;§|y(z>|)

neN\{no}

N ¢<%f|z<i>|>=¢<nionzo|z<i>|>.

neN\{ng} i=1 i=1

Consequently, |y| = |z|. This finishes the proof. O

Remark 2.1. Note that criteria for rotundity of Cesaro—Orlicz sequence spaces cesy are
weaker than criteria for rotundity of Orlicz sequence spaces [4. Namely, we can easily
conclude from [11] that an Orlicz sequence space /s is rotund if and only if ¢ attains value
1, ¢ € A>(0) and ¢ is strictly convex on the interval [0, a] where ¢(a) = %, which is
smaller from the interval [0, «], where « is defined by (2.1).
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