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Abstract. We define the Hermite—Sobolev spaces naturally associated to the harmonic
oscillator H = —A + |x|?. Structural properties, relations with the classical Sobolev
spaces, boundedness of operators and almost everywhere convergence of solutions of

the Schrodinger equation are also considered.
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1. Introduction
We consider the second-order differential operator
H=—-A+|x]?>, xeR‘ (1)

This operator is self-adjoint on the set of infinitely differentiable functions with compact
support C2°, and it can be factorized as

1 d
H:E;AjA_jJrA_,-Aj, 2)
where
A 0 + d A A% 9 + 1<j<d
i = —+x; an =A== ——+xj, <Jj=d.
J 8Xj J J J ij J y

In the last few years several authors have been concerned with the harmonic analysis
associated to the operator H (see for instance [5,10,12]). In this analysis the operators
A play the role of the partial derivative operators d/dx; in the classical Euclidean case.
Hence it seems natural to study the spaces of functions in L?(R?) whose derivatives
also belong to L”(R?). Following this idea, we introduce the Hermite—Sobolev spaces
WP (Definition 1). These spaces are Banach spaces and the set of linear combinations
of Hermite functions is dense in any of them (Proposition 1). The spaces WX? were
previously studied in [14] for p = 2 and in [7] for p # 2.

Once we have the Laplacian H, it is also natural to consider the potential spaces £ =
H~2(LP(R%)) (Definition 3). In other words, the range of the Hermite fractional integral

337
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operator H~%/? in L?(R?). In order to have a satisfactory description of these potential
spaces we need a sharp analysis of the operator H ¢, fora > 0. Such analysis is contained
in Proposition 2 and Lemma 3. It turns out that, for k € N, the spaces S,f and Wk»
coincide (see Theorem 4). The proof of this theorem uses the boundedness in L? (R?) of
the Riesz transforms naturally associated to H. These Riesz transforms were introduced by
Thangavelu in [12], and some of their boundedness properties can be found in [5] and [10].

Observe that, in some sense, Theorem 4 allows us to say that the spaces £/ are the spaces
of functions in L? (R?) for which their derivatives of order a also belong to L? (RY).

Once we have a satisfactory definition of Hermite—Sobolev (or Hermite potential) spaces
and hence of fractional derivatives, we study their relationship with the corresponding
classical Euclidean spaces. We show in Theorem 3 that although the Hermite—Sobolev
spaces coincide locally with the Euclidean Sobolev spaces, they are in fact different. In §5,
we show that the Hermite—Riesz transforms are bounded on the Hermite—Sobolev spaces
while the classical Hilbert transform is not bounded on these spaces. From the careful
analysis of the kernel of H ¢, we also obtain certain inequalities of Poincaré type for the
derivatives A j in Theorem 9. Finally, in §7 we give an application to the almost everywhere
convergence of the solution of the Schrédinger equation (42) to the initial data.

Our work was heavily inspired in the paper by Thangavelu [14], where the spaces £§
were defined. These spaces were also considered in [6].

As we said above, in order to develop this work, some nontrivial estimates of the Hermite
fractional integral operator (Definition 2) were needed. However, it is not the aim of this
paper to make an exhaustive study of this operator. Hence, other natural questions like
weak and strong boundedness in the extreme points or BM O-type boundedness of the
operator H ¢ are left aside and they will be the motivation of a forthcoming paper.

2. Hermite-Sobolev spaces

Let n € Ng = N U {0} and consider the Hermite function of order n,

—1”

—12/2
a2 Hy(t)e , teR,

hn(t) =

where H, denotes the Hermite polynomial of degree n (see [12]). Given a multi-index
o= (x j);?: 1 € Ng, we consider the Hermite function, Ay, as

d
ho(x) = l—[haj(xj), x=(x1,...,xq) € RY.
j=1
These functions are eigenvectors of the Hermite operator H defined in (1). In fact
Hhy = Qla| + d) he,
where |a| = 27:1 aj. Moreover, for 1 < j <d,

Ajhazx/zajhafejv A_jhy =\/2(aj+1)ha+ej,

where ¢ is the jth coordinate vector in Ng . The operators A; and A_; are called annihi-
lation and creation operators respectively.
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DEFINITION 1

Given p € (1, 00) and k € N, we define the Hermite—Sobolev space of order k, denoted
by WP as the set of functions f € L?(R?) such that

Aj A feLP@®RY, 1<|jl,....ljml <d, 1<m<k,
with the norm

If e = > 1A - Aj Fllp + 11l

L=<l jtlseeslim|=d, 1<m<k

We will show that the set of finite linear combinations of Hermite functions, denoted
by §, is dense in the Hermite—Sobolev spaces. We shall need the following lemmas. Their
proofs may be found in [10] and [12], respectively.

Lemma 1. Letm € Ng and f € CZ°. There exists a constant Cp, 5 > 0 such that
[{f, had| < Co g (lal + D", @ € NG.
Lemma 2. As n — oo the Hermite functions satisfy the estimates
() Nhally ~n% 5, 1<p <4,

.. 1
(1) [1hn |, ~n"8logn), p=4,
1

1
(i) [[hnllp ~né T, 4 <p=<oo.

PROPOSITION 1

Let p be in the range 1 < p < oo and k € N. The set Wllj is a Banach space. Moreover,
the sets § and CZ° are dense in wk.p.

Proof. To see that W7 is complete, observe that if { f,,},,>1 is a Cauchy sequence in W7,
then

0

{ f”} and {xjfuln=1, 1<j<d, (3)
axj n>1

are Cauchy sequences in LP(RY). If we call f the limit in LP(RY) of {fuln>1, it is easy

to see that df /dx; and x; f* are respectively the limits in LP(R?) of (3) (see [8], p. 122).
Now we shall see that C2° is a dense set in W17 Let ¥ be a function in C2° such that

Jra ¥ = 1. For every € > 0, consider

X

€

1
pew = v(>).
€
Given f in W7, define f. = f * Y. Following the ideas in p. 123 of [8], we have

-0, 1<j<d.

d a
If = fellp > 0 and Ha—fe——f
X p

j dx;
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On the other hand, for 1 < j < d, we call ¢/ (x) = xj ¥ (x) and qbej(x) = GL,, ¢j(’€—‘), then
the function q)j € CX, and for € > 0,

. P — . . ! r-y d pd
”(xjf)*l//e_xjfellp—/;{d /Rdf(y)(y]—x])e—dl// c > y X
1 . (x—y p
—er / FOI= @] (—) dy| dx
Rd |JRA € €
=€ |Ifx L1 4)
Moreover, since x; f belongs to L? (Rd),
lCGxj f)* e —x; fllp > 0. (5

Equations (4) and (5) imply x; fe — x;f in L? (Rd). Therefore, we conclude that
fe e Wh? and f. — f in the W!P-norm.

The functions f. do not necessarily have compact support, but they can be modified as
in the classical case (see [8], p. 123).

It remains to prove that any function in C2° can be approximated in the WLP_norm by
a function in §. In fact, we will show that any f € CZ° is the limit, in the W7 L_norm, of
a subsequence of the partial sums

Snf =) (fiha) he.

le| <N

In [10], it is proved that there exists a subsequence of the previous sequence converging
to f in the LP-norm. Hence, it is enough to show that there exists a subsequence of
{A;(SN(fNIn=1 = {Sn(Aj f)}n=1 converging to A; f in the LP-norm, for every j with
l=ljl=d.

Letus fix jtobein 1 < j < d (the case —d < j < —1 is similar). The sequence
{Sn(A; f)}n=1 converges to A; f in the L?-norm. Hence we can take a subsequence
{Sni (A f)}k=1 converging to A; f almost everywhere. Since

SN(A )= Y (Ajfihadha = Y (f. A jha)hq

le|<N le|<N
= Z ,/2(0lfj + 1)<fy ha+ej>hou
le|<N

by Lemma 1 and Holder’s inequality,

p
SN (A NIP < C ( 3 20 + Dl +2>—M|ha|>

lo|<N

p
<cC < > el + 1>—M+1|ha|>

le|<N
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!

p/p
<cC ( > (el + 1)"”“) D (el + DM hg P

le|<N la|<N
<C Y (ol + )M |hy)P.
o
From Lemma 2, it is easy to see that the function »_ (|| + =M+, P belongs to
LY(R4, dx), and the dominated convergence theorem gives that {Sy, (A f)}x>1 converges
to A; f inthe L”-norm. Now we can repeat the argument for every j, taking a subsequence

of the previous subsequence in each step.
For k > 1 we leave the details to the reader. O

3. Fractional integral
With the ideas in [8] and [10], we introduce the following operator.

DEFINITION 2

Given a > 0, we define for f € §, the operator
1 o0 dr
Hf(x) = —/ et —, xeRY, (6)
F(a) 0 t

where {e ™" }t>0 is the heat semi-group associated to H.
Remark 1. Ifa > Oand o € Ng, by using the I function and the fact

e—tha _ e—t(2\oc|+d)ha7
we have

1 > dr
H %y (x) = —/ e Hhy(x)1* — = Qla| + d) %he(x), x eR?,
I'(a) Jo t

PROPOSITION 2

The operator H™“ has integral representation
H™f(0) = fRdKau,y)f(y)dy, x eRY, ™)

forall f € §. Moreover, there exist @, in LY(R?) and a constant C such that
Ki(x,y) <C®,(x —y), forallx,y e RY. (8)

Proof. If f € §, then for x € RY,

1 *© d
H 0 = s [ e e T

1 o G dy 74 dr
o [ [ o rorane T
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where
. — —Liy_yi2 —x-
Gt(x, y) (27_[ sinh 2[) d/2e 5 lx—y| coth 2t —x ytanht’

forx,y € R4, (see [10]). Therefore, if we show that for some constant C,

1
I'(a)

* a dr d
Gi(x,y)t = <C®,(x —y), forallx,yeR",
0
where ®, € L'(R?), then by Fubini’s theorem,
H™f(x) = /RdKa(x,y)f(y)dy, x € RY,
with
Kax,y) = — /OOG( e
ax,y—l_,(a) o lx’y t'

We perform the change of variables

; 11 14+
= — 10 s
2 & 1—=5

then

1 1 —4(sbrry P ey?) ds
K = 4 s
a(xs )’) F(d)(47'[)d/22a7] /0\ ;a(s)e s
41

2 a—1
Ca(s)=<1 u ) log<1+s) )
s 1—s

We split K, as K, = K40 + K4,1, where

1 V2 4 (bt P+ Ly
Kao(x,y) = W/O a(s)e 4 )

where

Since the integral

1 S
La(s) — < 00,
1/2 s

we have

1 1 _
Ka1(x,y) = T @) @n)d2aT /1/2 a(s)e

< Ce i IP gglatyP,

It is easy to see that there exists a constant C| which depends on d and a such that

“dia

Cy

d
<la(s) <Cis72% for0<s < 1/2.

)

ds

L (sheyP+Li—y?) ds

N

©))

(10)

(11

12)

13)
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Therefore

VE | 2 ds
Kao(x,y) < C1/ sT2taeTa Y =
0 N

If |x — y| > 1, the last expression is bounded up to a constant by
12
e—%\x—y\z / S_%"'a e_Sls %
0

hence,

Kao(x,y) < Ce 5, (14)
Let us study now the region |[x — y| < 1. By a change of variables,

1/2 o0
[ st o gyl ds = - / s30e ds
d—2a '
0 s |x — ¥l 2x—y[2 s

Bl

In the case a < (d/2), we get

Kao(x,y) < =y 15)
For the case a = (d/2),

/oo s ds /2 ds /O" s ds
e —_— = — 4+ e 4
2|x—y|? s 2x—y|> §

| ( !
= Og
lx — y[?

e
=2l iy

IS

SN———
+
o

3
@
ke
hl%

N——
o
—
+
o
3
OI
IS
w | &
S~

Then,

Kao(x,y) = C log(|x - y|). (16)

Finally, when a > (d/2),

o0 d_, _sds 2 d_, ds © a_, _sds
s2 e 4 — S s2 J— —|— s2 e 4
2lx—y|? s 2

Thus,

Kao(x,y) =C. a7
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Therefore, from (12), (14)—(17), if we define for x € RY,

—|x[2

X(|L:‘|;l)2£f) +e7 T X(lx=13 (%), ifa < %,
= —Ix2 .
®al®) = ] log (&ﬁ) Xlxl <) +e 75 xuzn (), ifa=4, (18)
Xilxl<1}(X) + €75 Xz 13(%), ifa > 4,
we have proved (8). O

Theorem 1. The operator H=? defined by (6), is well-defined and bounded on LP (R?),
forall p € [1, 00]. Moreover, for all f in LP(R?) and o € Ng, we have

/ H™fhy = 2|a| +d)_“/ f he. (19)
R4 R4

Proof. The boundedness of the operator H ™% on L? (R%) is due to the fact that the kernel
K, is bounded by an integrable function. To see (19), let o € Ng. By Proposition 2 and
Hoélder’s inequality,

//IKa(x,y)IIf(y)llha(x)ldydx
R JRd

scf / 1®ax — IO ha ()] dy da
R4 JR4

= Clflplihellp,

where the constant C depends on «. Therefore, by Fubini’s theorem,

H—“fhazf fH_“ha=(2|a|+d)_“/ £ ha.
Rd ]Rd

R
O

Lemma 3. Let p € [1, 00] and a > 0, then the operator

X H~ f (20)
is bounded on LP (RY).
Proof. We will see that the kernel of (20) satisfies

x| fR Ko(x,y)dy = C 21
and

[ Pk e < c. @)

where the constant C depends only on d and a. Thus, |x |2a H—a f is bounded on L? (R%)
for all p € [1, oo] (Theorem 6.18 in [4]).
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We deal first with (21). From (8) and (18) we see that there exists a constant C such that
(21) is valid for all |x| < 2.
Assume that |x| < 2|x — y|. By using eq. (10) we obtain

lx—y[?

—4 (shryP-Le—y?) ds

= W/ alore 5

—eJX_sylzK ( x y )
= a ﬁ’ﬁ .

Therefore, for some constant C,
_ X y
XK (x,y>dys/ x — y[*e K (—,—) d
/{x|<2|x—y|} ‘ R ‘\V2' v2

e )

which is bounded by a constant independent of x.

It remains to consider integral (21) restricted to the set £, = {y: |x| > 2|x — y|} when
|x| > 2. Observe that in this part, due to the identity |x + y|> = 2|x|> — |x — y|*> +2|y|%,
we have

Ka(x,y) <

vl2

[x] < |x + yl|. (23)

As in the proof of Proposition 2, we consider K, = K, 0 + K4,1. Then, by using (23),
x| / Ka1(ro )y < ClePe e / ey sc
Ex R

where in the last inequality we have used that for each positive b, there exists a constant
Cp such that |x|?e~ ¥ < C},.
In order to handle K, o, from (13) and (23), after some changes of variables we obtain

12 Nd
/E ao(xy)dy<C// —g+ag” S|X‘+|xy|)ssdy

lx[2/2 (g ] )2
_ C|x|d—2a/ / y— g (i hriy?) du
x v0

u

2 2 .
_C|x|u/|X|/ /'X'/ - bra—h(wr) du g dr

u r

The last double integral is bounded by

du dr * 4 2 ydrdu
/ / a ) d = u_7+“e_% e 21u r _
u r 0 0 r u

and both integrals clearly converge.
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Finally we shall prove (22). We split
[ ko= +f I Kot
Rd {Iy1=2lx=yl}  J{lyl<2x—yl}
(24)

Since |x| < %I y| when |y| > 2|x — y| and the kernel K, is symmetric, the first integral of
(24) is less than or equal to

3 2a
<§|y|> [ Ka(yvx)d-xa
{Ily1>2]x=y1}

which can be bounded, in the same way as (21), by a constant depending only on d and a.
For the second term of (24), we have

/ IX|?*Kq(x, y)dx < c/ K, (x, y)dx.
{Iyl<2lx—y|<4) Rd

On the other hand, by estimate (8) and the expression (18),

=y

/ |x|2“Ka(x, y)ydx <C / lx — y|2"e_ s dx
{Iyl<2lx—yl, 4<lx—yl} {4<lx—yl}

lx[?
<C / Ix|?%e” % dx
{4<lxl}

<C.

Then, we have proved (22). O

4. Potential spaces
DEFINITION 3

Given p € [1, o0) and a > 0, we define the space
£) = H (L ®R),

with a norm given by
Ifllgr = lglps

where g is such that H=%/?g = f.

Remark 2. The space sz’ is well-defined for p € [1, co) and a > 0, since H —4/2 is one-
to-one. As § = H~%/2(§F) then § is a dense space of £F.

Due to the boundedness of the operator H~?, the space £ is a subspace of L7 (R?).
Moreover, we have the following theorem.
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Theorem 2. Let 0 < a < b, then

@) 25 C £F < L? and the inclusions are continuous.
(i) £7 and 25 are isometrically isomorphic.

Proof. Since H™%/> = H=%/2c H™Y ,where y = (b—a)/2, we see that (i) easily follows
from the definition of £% and SZ , and the boundedness of H 7. From Definition 3 and
the fact that H~7 is one-to-one, it is easy to verify that H~7: £f Slf is an isometric
isomorphism, and this gives (ii). O

The members of £ have a special decay at infinity, as the following proposition shows.
PROPOSITION 3
Ifpell,o0),a>0and f € £F, then |x|? f (x) belongs to LP (RY).

Proof. By Definition 3, we have f = H~%/?g with g € L”(R?%). Then it is enough to
apply Lemma 3. O

We remind the classical Sobolev spaces LY, with p intherange 1 < p < coanda > 0,
defined by

Li = - AP RY). (25)
In this case, the norm for f € LY is given by
Iflr = lglps

where the function g € LP” is such that (I — A)~%2g = f (see [8]). In the following
theorem we describe the relation between the spaces LY and £7.

Theorem 3. Leta > 0 and p € (1, ), then

() £ c Ll
(i) £8 # L§.
(i) If f € LY and has compact support, then f belongs to £F.

Proof. To see (1) we follow the argument in [14]. Namely, the symbol of
([ _ A)a/ZH—a/Z

belongs to the class S ?,0 and so it defines a bounded operator on L” (Rd ) (see [9]). Let f €
£ thenh = [(I — A)Y2H~%/2)(H? f) is a function of L? (R%) with (I — A)~%/2h = f.
Hence f belongs to LY.

In order to see (ii) let

1

- - — (] — A)~9/?
AT apire and f={—-A)"%g.

glx) =
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Since g € L”(Rd), then f € Lg. We will see that f is not in £P From Proposition 3, if f
were in £4 we would have |x|* f € LP(RY). However, if G, is the kernel of (I — A)~%/2,

1 o0
ga<x)=—(4n)a/2r(a/2)fo L :

then

f = =8 g) = /R ,Ga()g(x = y)dy

z/{l ]}ga(wg(x—y)dyz(2+|x|)—”f’—“/ Ga(y) dy.
y|<

{lyl<1}

Thus, |x|? f is not in L? (R?).
Finally, (iii) is a direct consequence of the following inequality,

/ IH“(Wf)IPSC(w)/ I(=A+ D fIP,
R4 R4

where ¢ € CZ° and C(y) is a constant depending on . This inequality was proved in
[14] for p = 2 and the same proof works for p in the range 1 < p < oo. o

Theorem 4. Let k € N and p € (1, 00), then
whp = gl
and the norms || - || y«.p and || - ||££ are equivalent.
We first present some technical results that we shall need for the proof of this theorem.

Lemma 4. Let b € R, then for all f in§, we have

AjH f = (H+2"A;f, 1<j<d. (26)

AjH' f = (H =2)"A;f, —d<j<-1, 27)

HPAjf=A;H-2"f 1<j<d (28)
and

HPAjf =Aj(H+2)"f, —d<j<-1, (29)

where H?ho = (2|at| +d)’ho and (H + 2)°hg = 2lat| +d +2)hy, for all @ € N, and
(H —2)°hy = Qla| +d — 2)°hg, for all « € N& with || > 1.

Proof. Letl < j <danda € N¢, then
AjH hy = Qla| + &)’ Ajhe = 20 Qla| + d)’ ho—e,
=20 Qal = 1) +d +2)" ha—e; = 20 (H+2) o,
= (H+2)"Ajh,,

and this gives (26) by linearity. In the same way we obtain (27) and (29). We are assuming
in (28) that f is a linear combination of Hermite functions with order || > 1. O
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The Hermite—Riesz transforms associated to H are defined as
Rj=AjH 2 1<|jl<d
and the Hermite—Riesz transform vector
R=({R_4g,R_g41,...,R_1,R1,...,Ry_1, Ry).

These operators were introduced by Thangavelu in [12] (see also [10]). He proved that
they are bounded on L”(R?) for 1 < p < oo, and of weak type (1, 1). Given m € N the
Hermite—Riesz of order m is defined as

—m/2
Ry = AjyAjy - Ay H2, (30)

where 1 < |j,| <d, forevery 1 <n <m.
For further references, we enounce the following crystallized theorem of known facts
about the Hermite—Riesz transforms.

Theorem 5.

(a) The Hermite—Riesz transforms R, 1 < |j| < d, are pseudo-differential operators
whose symbols belong to S ?,0' In particular, they are bounded in the classical Sobolev
spaces (25).

(b) Let m € Nand p € (1, 00). Then there exists a constant C, », not depending on the
dimension d, such that

1/2
2
( > IRj],...,jmﬂ) < Copm Il
1<ljil,ec,ljml=d

p

Proof. For the proof of (a) see [13]. For (b) see [5] (see also [10] and [12] for the case
m=1). O

Now we have the following proposition.

PROPOSITION 4
For f and g in §, we have

/Rdfg=2fRd Y. RifRjg

1=<|jl=d
Let p € (1, 00). Then there exists a constant C such that for all f in §, we have
1/2
Ifll, <C ( > |ij|2> : 31
I<ljl=d
p
Proof. For 1 < |j| <d, we have

—-1/2 —-1/2 —-1/2 —-1/2
RiR;j=H 'PA%A;H V2 = H'?A_jA;H7'2,
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Then by formula (2),
> RiRj=H'? ( > A,»A,-) H 2 =21
1<|jl=d 1<|jl=d

Therefore, if f and g are in §,

> /Rdeijg= > /RdR}‘ijg=/Rd< > R7R1f>g

1<|jl=d 1<ljl=d 1<|jl=d
=2 fe.
R4

In order to prove (31), by Holder’s inequality, we get

1
= s [ore=5 w3 [ kR

{ge3: ligly=1) (€5 gl =1} 1<|77<d

1/2 1/2
sup ( > |Rj(f>|2) < > |R,-<g>|2>
P 14

=

N =

{geSt gl =1} || \i<|j|<d 1<|jl<d

1/2
<C (Z |R,-<f)|2) :

1=|jl=d »
where in the last inequality we have used Theorem 5(b). a

Proof of Theorem 4. Since § is dense in both spaces it is enough to show the equivalence
of the norm for functions in §. Let f € &, and let f = H /2. Then by Theorem 5(b)
and Theorem 1, we obtain

1f lwer = > IRy, HC gl + I1H g,
1=<ljil,.-,ljkI=d, 1=m=k

< Crallgllp = Cra ||f||2f-

To prove the converse inequality, we first consider the case k = 1. By Proposition 4, we
get

Ifllgp =1H'2flp <€ D7 1A fllp < Clf -

1<ljl=d

Now we shall use an inductive argument. Suppose we have

Ifligr = NH™2f1lp < Cull £ 1w,

for f € §, with m < k. Since for some constants cy, ¢3, ... ,Ck—1,

k—1
* * . . _ Ak gk m
A./k"'A,hAJl"'AJk—ZH +ZcmH )

L=<l j1lsees |k |=d m=1
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and, since H is autoadjoint, for all f, g € §,

Ifllgr = 1H? fll, = sup (H"?f) g
¢ {g€5: ligll =1} JR

= sup (H* ) (H7*?g).
{geF: llgl =1} JRE

Now by using formula (4) and the definition (30) of the Hermite—Riesz transform of
higher order, we have

ok /Rd HY f H K2

-

k—1
—k/2
Ajfk“.Alejl A= ZCmHm>fH g
1=<ljil, o Lkl <d m=1

k=1
_(k=m)
= ) /Ajl'“Ajkijl...,jkg—Zcmf H"PfH™ 7 g.
1<ljilooljel<d /R m=l JRI
Thus, by Holder’s inequality the last expression is bounded by
D Ay A flplIRG gl
1=ljil,-s ljkl=d
k—1 5 )
+ D leml 1H™ 2 FIpIH™ 7 gl (32)
m=1

From Theorem 5(b), Theorem 1, the induction hypotheses and Definition 1, there exists a
constant C such that (32) is bounded by

k—1
(c > |cm|) ILf lwep-

m=1

5. Boundedness of some operators on fv4

Theorem 6. Let p € (1,00),a > land 1 < |j| < d. Then A; is bounded from £ into
eh..

Proof. Let1 < j <d (thecase —d < j < —1 is similar). If f € §, by Lemma 4,

Ajf=H"@D2 (—H

@-1/2
H+2) RjH Y. (33)

As the function m(%) = (A/(x + 2))@~D/2 satisfies the hypotheses of Theorem 4.2.1 in
[12], the operator (H/(H + 2))@=D/2 is bounded on L?(R?). Hence, by Theorem 5(a)
and Theorem 1, the operator

w2 g \@-D2
H _ Rj (34)
H+2
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is bounded on LP(RY). If f € £/, then A;f = R;H~@~D/2H%/2 f_Since operators
(34) and R; H~@~D/2 coincide in §, both are bounded on L? (R?) and § is dense in £5,
formula (33) also works for all f € erb.

Therefore, if f € £F, the function h = (H/(H +2))“~Y/2R; H4/2 f belongs to
L?(R?) and by (33), we have

14 fllgr = Ihll, < CIH fll, = Cllfllgp.
O

Theorem 7. If p € (1,00),a > 0and 1 < |j| < d, then the operators R are bounded
on £F.

Proof. By Theorem 2, H~!/2 is bounded from £f into £7_ . Hence, Theorem 6 gives the
desired result. O

Remark 3. As the Hermite—Riesz transforms are pseudo-differential operators with sym-
bols in the class S?,o (see Theorem 5(a)), they map the classical Sobolev spaces L% into
themselves for all p € (1, o0) and a > 0. However, the classical Riesz transforms are not
bounded on £ for any a > (1/p’) as the following proposition shows.

PROPOSITION 5

Let p be in the range 1 < p < o0o. The Hilbert transform on R is not bounded in £ for
anya > (1/p").

Proof. Let H be the Hilbert transform on the line, that is

Hf(x) = lim Mdy.
e—0 ly|>€ y

Consider the function f in £7 given by

Fx) = exp(—|x]?).

Given € > 0 and x > 2, we have

_ -1 00 _
ey y)dy=(f +/ +f )—f(x Y gy, (35)
ly|>e€ y e<|yl<l —00 1 y

By the mean value theorem, the first integral of the last expression can be written as

e—lx—yI? e P _ e—lx—yP
dy = — —dy
e<|y|<l y e<lyl<l X — (}C - y)

_ _2/ 0(x, y)e 0=y,
e<|y|<l

wherex — 1 <x—y <f(x,y) <xife<y<l,andx <O(x,y) <x—y <x+1if
—1 <y < —e. Thus

eyl
dy
e<|y|<l1 y

e<|y|<l

< 4(x + 1)e 17 (36)
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For the second integral of (35),

—1o—lx—y? e [ eIy
dy| < e dy. 37
—00 y —0o Y
Finally, since x > 2,
oo e—\x—y\z 1 X 1 1
f dy| > —/ e P dy > —/ e " du. (38)
1 y X J1 X Jo
Therefore, from (36)—(38), there exist constants C and M independent of €, such that
- C
/ Mdy > — forallx > M.
lyl>€ y X

Thus, for any a > (1/p’), |x|* H f is not in L? (R), and by Proposition 3, H f is not in
£r. O

6. Poincaré inequalities
This section is devoted to some Poincaré-type inqualities.

Remark 4. Observe that by formula (18), if @ < d and we take a positive function f, then

H_a/2f(x)§C/ _Je

dy.
Rd |x — y|d=a

Therefore, in the case a < d the operator H~%/? inherits the boundedness properties

of the fractional integral. In particular, H~%/? is bounded from L” (R?) into L9 (R¥) for
L _ —f—i,wherel<p<q<oo.

1
g p
Next theorem gives the behavior of H —a4/2 on LP (RY), for p > 1.Inequality (21) allows

us to obtain some boundedness of the operator H ~%/? that has a different flavor from the
boundedness of the classical fractional integral.

Theorem 8. Let a, d such that 0 < a < d, then
(1) There exists a constant C, such that
IH= fllq < Cl £l

forall f € L"RY) ifand only if 1 < q < d/(d — a).
(i1) There exists a constant C, such that

IH™ flloo < CIfllp,s

forall f in LP(R?) if and only if p > %.
(iii) There exists a constant C, such that

IH™2 flly < Cll f lloos

forall f € L°RY) ifand only if ¢ > (d/a).
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(iv) There exists a constant C, such that
IH= flli < CIlfllps

forall f € LP(R?) ifand only if 1 < p <d/(d — a).

V) Ifl<p<oo,1<gqg <ooand%—§< L l—i—%,thenthereexistsaconstant

—q 4
C, such that
IH™2 1, < Clfllp,

forall f € LP(RY).

Proof. By Minkowski’s integral inequality,

q
[ = [ ([ &nwonromn) a
1/q 4
< (fRd VG (/Rd Kapa(x, y)? dX> dy) :

forall f € L'(R?). From inequalities (8) and (18), we get

dx Ix2
[ Kap(x,y)dx <C (f —d—f—/ e 1+ dx),
R (lx|<2) |x]9¢d=a) (1x|>2)

and this integral is finite if 1 < g < d/(d — a), proving (i). Conversely, by (13) and a
change of variables, if |[x — y| < 1,

Kap(x,y) = i /1/2 O
x,y) > s e & —
a2 Y= O T (a)2) @dm)d2a2 T ), s

1

—y2 d—a 1
Jo s Tewd omlehl?

CiT(a/2)(4m)d/225~1 |x — y|d—¢

v

1 g
Jo s _%% el 39
T 1T (a/2)@m)/22571 |x — yld=a’

Now, let f,,, n > 0, be an approximation to the identity. Suppose that inequality (i) holds
for all f € L'(R?), then by inequality (39) there exists a constant C, such that

2 q
X{lx—y|<1)(y)e” P!
€= /]Rd (/Rd |x — y|d—a fa(y)dy | dx,

for all n > 0, so that

e—alx
C> f T 4y
(x| <1} |x|9¢@=

but this is false when ¢(d — a) > d.
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To obtain inequality (ii), by Holder’s inequality,

. 1/p
<1If1, (A;d Kapa(x, y)" dy) ,

and in the same manner as we dealt with (i), the last integral is finite when p > (d/a). To
see that p > (d/a) is necessary, let € > 0 and

‘ / Kap(r. ) £ () dy
Rd

if [x] < 1/2,
if |x| > 1/2.

—(a/d)(1+€)
—a 1
sy = [ (loe )

Then f € LP(RY) for all p < (d/a). However, H “ f is essentially unbounded as by
estimate (39),

H2f(0) > c/

lx[<1/2

= 00,

1\~ @ad+e
)

x|~ (Iog —

when € is small enough.
To see (iii), let f in L>°(R9), then

q
/ |H*“/2f|q§||f||zo/ (/ Ka/z<x,y>dy) dx
R4 R4 R4
q
sufuzo[/ +/ (/ Ka/z(x,wdy) dx].
{lx|=<1} {lx|>1} R4

The first integral of the last expression is finite due to estimate (8). By inequality (21), the
second integral is

? dx
/ (/ Kap(x,y) dy) dx < Cq/ —,
{|x|>1} R4 {|x|>1} |x|q

which is finite when g > (d/a).
To see the converse, let f = 1. Then,

q
/Rd |H =% f|4 =/Rd (fR Ka/zoc,y)dy) dx, (40)

and we will see that there exists a constant ¢ such that

/ Kap(x,y)dy = clx|™, forall [x| > 2. (41)
R4

Thus, integral (40) is infinite when ¢ < (d/a).
To see (41), let x € R? with |x| > 2. If |x — y| < 1/|x|, then |x + y| < %lxl, and

1. 2.1 12 o2l o2
(P Hnl) o 2okl fxy?)
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Therefore, from (13) and a change of variables, we have

[ Kateyrar= Kao(x, y)dy
R {lk=yl<pp)

1/2 2.1 2
. L / —dra 2 (s ey ) d_sdy
C1 Jix—y1<y Jo s
1 1/2 2
e f /IxI/ / —dta e_2<s|x|2+7) d_Srdd_V
0 0 S r

L kP2 o(ur2) d dr
— C |x|—2a/ (f u—%-{—ae 2(M+u) _u> td _
0 0 u t

1 1 2
>C |x|_2a/ (/ u e e_2<”+7) d—u) =8
0 0 u t
Thus, we have proved (41).

In order to show (iv), let f € LP(RY) with 1 < p < 2% By Fubini’s theorem, (18)
and Holder’s inequality,

f IH’“/szS/ /Ka/z<y,x)dy|f<x)|dx
R4 {lx|<1} JRY

+/ fKa/2<y,x>dy|f(x>|dx
(lx|>1} JRA

p/
§C||f||p+||f||p/ (f Ka/z(y,x)d)’) dx.
{|x|>1} R4

By the symmetry of K2, inequality (21) and p < d/(d — a), the last integral is finite.
On the other hand, if p > d/(d — a) and

[|y|d+“<log|y|)1 for |y| > 2,

otherwise,

fO) =

then f belongs to L?(R?) but, from (41),

/RdIH_“/ZfI zf{ | 1}/Rd Kaj2(r, ) dx | £ ()] dy
y>
z/{ ozl ay = o
y>

Finally, (v) is a consequence of Remark 4, (i), (ii), (iii), (iv) and the Riesz—Torin inter-
polation theorem. a

As a consequence of the last theorem we have the following Poincaré-type inequalities.
Theorem 9. Let d > 1. Define the Hermite gradient as

Vuf=QA_af, ....,A_1f. A1 f, ..., Asf).
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. 1 1 1 1 1
Let p, q in the range 1 < p, q<oosuchthat;—3§5 <,ta Then

Ifllg = CUIVE fllpr
r2d

p
forall f € £.
Proof. It is enough to prove the result for f € §. From inequality (31), we see that

Ifllg =C D IR (Hllg-

1<ljl=d
so that, by Lemma 4,
H 1/2
Rif=——=) H'24;f,
if <H+2) it

where 1 < j <d.
We have already seen in the proof of Theorem 6, that the operator (H/(H + 2012 s
bounded on L7 (R%). Hence, by using Theorem 8(v),

IR fllg = ClA;flip,

here 4 — 1L <1 1, 1L O
where o — 5 < 7 p—i-d

7. Some applications to Schrodinger solutions

In this section we deal with the unidimensional Schrodinger equation

Cou(x,t) _
i o = Hu(x,t) x,teR 42)
u(x,0) = f(x)

for some initial data f.
We are interested in where we have to pick the function f in order to have almost
everywhere convergence of the solution

u(x, 1) = e f(x)

of (42) to f as t tends to 0.

In [1] and [3] the problem with the classical Laplacian is considered. In [2] the problem
for amore general operator is studied. From that work, it can be derived, for H as a particular
case, that if f belongs to £2 with a > 1, then we have almost everywhere convergence.
Next theorem gives convergence for orders of differentiability greater than 1/2.

Theorem 10. If a > 1/2 and f belongs to Sg (R), then " f converges to f almost
everywhere as t tends to 0.

Proof. If f is a finite linear combination of Hermite functions,

lime# f(x) = f(x)
t—0
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everywhere. Since this kind of functions are dense in 25, it is enough to prove that the
maximal function

T*f =sup e f|

t>0

satisfies the inequality

/ T*f <Clflg,
I
for all compact interval I of the real line not containing the origin, and C a constant that
may depend on the interval / but not on f.

In order to see this property, we will use the following estimate of Hermite functions
that can be found in [11] (Theorem 8.91.3, p. 236).

If 7 is a bounded interval and does not contain the origin, there exist constants C and
ko such that

C
)| = 77 (43)

forall x € I and k > ko.
Let f bein 25. As f belongs to L2(R) it can be written as

) =" ax ().
k=0

By Tonelli’s theorem, estimate (43) and Holder’s inequality, we get
0 .
Z ax ell(2k+1) hk(x) dx

/IT*f(x)ldx s/sup
1 It>0 |r—o

o
<> lal [ Il
k=0 1

. | 12 /o 1/2
2 a
<C (c + Y T 1)“) <Zak Qk+1) )
k=kg k=0

1 \'2
=C C+ka:W /12
=ko

Since a > 1/2, we have 1/2 4+ a > 1 and the last series is convergent. O
Theorem 11. Ifa < 1/4, then there exists a function f in Eg (R) such that
lime " f(x) = 00
t—0

for almost every x € R.
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Proof. For a < 1/4,in [3] the authors find an f belonging to the classical Sobolev space
Li and compactly supported so that

lim inf |e ™2 £ (x)| = oo. (44)
t—0

Since f is compactly supported, it follows from Theorem 3(iii) that f belongs to 2[%.
Then, it is sufficient to compare the kernels of e 72 and e ~/*¥ for small values of 7. In fact,

eIt f(x) = /R Wir(x — y) £(3) dy,

with
1 —IXI)
W, (x) = X » z€t
z( ) \/m p( 4z
and
e iH f(x) = /RG,-,(x,y)f(y)dy,
where
G (x,y)
=————exp|l —=|x — y|“coth(2z) —x - ytanh(z) ), z '
27 sinh(2z) \2 ’ '

Then, for a fixed x € R, we have
fhi% [Wir(x —y) — Gir(x, y)]

) 2
Pyt e i lx—yl
ez Zanan XY tan(r) el T

1
= lim - =0
2 =0 A/sin(2t) 2t

uniformly for y in a compact subset of R. Thus, by (44) we also have

liminf |e =" £ (x)| = 0.
t—0
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