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Abstract.  We obtain (two equivalent) presentations — in terms of generators and
relations — of the planar algebra associated with the subfactor corresponding to (an outer
action on a factor by) a finite-dimensional Kac algebra. One of the relations shows that
the antipode of the Kac algebra agrees with the ‘rotation on 2-boxes’.

Keywords. Subfactor; standard invariant; planar algebra; Hopf algebra; Kac algebra.

1. Introduction

For an arbitrary finite index inclusion N C M of 11 factors, the basic construction of
Jones [J] gives a canonical construction of a tower of factors

NCMcCMCcMC....
The double sequence of finite-dimensional algebras

N'NN c NnM c NnM;, C...
U U ,
MNM cCc MNM; C...

known as the standard invariant, became an extremely important invariant in the study
of subfactors (see for example [GHIJ, JS, Pol, Po2]). In fact Popa [Pol] determined that
the standard invariant completely classifies certain kinds of subfactors. In [Po2], Popa
provided an abstract algebraic characterization of the standard invariant called a A-lattice.
Subsequently, Jones developed an equivalence between A-lattices and certain structures
that he called planar algebras [J1]. In the planar algebra framework, many of the seemingly
complicated algebraic conditions associated with a A-lattice can be simply described in
terms of the geometry of the plane.

Given a Kac algebra H and a /I; factor M, there is a well-known construction of a
subfactor M C M where M " is the algebra of fixed points of an outer action of H on
M. In this paper, we give a presentation — in terms of generators and relations — of the
planar algebra associated with M < M. Since the subfactor M¥ < M is known to
‘remember H’ — see [Sz] — this presentation contains a pictorial represention of the Kac
algebra H which we hope might be useful to those who have occasion to do complicated
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calculations in H. The presentation given here is motivated by earlier work of one of the
authors. In [L], a class of planar algebras, termed ‘exchange relation planar algebras’ was
defined and it was shown that the planar algebra corresponding to a subfactor coming from
a finite-dimensional Kac algebra (i.e. a depth-two subfactor, see [O] or [Sz]) is an exchange
relation planar algebra. In addition, a presentation of the planar algebra was given for the
case when H = CG, G a finite group.

We have attempted to render this paper ‘accessible’ and self-contained to a person who
is familiar with little more than the basics of subfactor theory and the definition of Kac
algebras. For this reason, we have chosen to include some material that appears elsewhere
in the literature. Specifically, we include a presentation of Jones’ planar algebras. We felt
that it could not hurt to repeat the description for the sake of the reader who has not yet had
the pleasure of making the acquaintance of Jones’ planar algebras. In addition, we have
always had trouble laying hands on references for basic definitions and facts concerning
finite-dimensional Kac algebras and their actions on 7 I factors. So, in spite of the existing
literature (cf. [D], [O], [Sa] and [Sz]) on the connections between subfactors and Kac
algebras, we have worked out most of the details here in an effort to make the treatment
essentially self-contained.

This paper is organized as follows: We begin in §2 by setting up the notation and recalling
some basic facts (from the operadic approach, see [J2]) of Jones’ planar algebras. Section 3
is devoted to recapitulating various facts concerning presentations of planar algebras. Here
things are closer to Jones’ initial — see [J1] — approach. We also recall some facts about
‘exchange relation planar algebras.” Section 4 is devoted to Kac algebras. After recalling
various standard facts about these objects, we give a description of the first few stages of
the tower of the basic construction that is associated to an outer action of a Kac algebra on
a [ I factor. A bonus of our presentation is the fact that ‘actions of finite-dimensional Kac
algebras on /1 factors are automatically normal’. We work out a matricial description
of the crossed-product of a I1; factor by such an action (analogous to the one given in
[JS] for the group-case), which is used in the subsequent discussion. In §5, we give two
presentations of the planar algebra of the subfactor coming from a finite-dimensional Kac
algebra H. The first one uses the entire algebra H as generators and has the advantage that
various relations (as well as proofs) become much more transparent while the second uses a
certain kind of basis of H as generators and has the advantage of being a “finite presentation’
(but has the disadvantage of being ‘unnatural’). It is this second finite presentation which
specializes to the description in [L] for the case of the group algebra. Some concluding
remarks form the content of §6. We give descriptions here, for instance — which constitute
natural generalizations, to the Kac algebra case, of results (in [L]) for the group algebra
{VIH M pMicm

case — of an orthonormal basis for P, as well as the partition function for

2. Planar algebras

This section is devoted to a survey of such facts about planar algebras as we will require.
(See [J1], where these objects first appear, and [J2] where the operadic approach is dis-
cussed and also [L] for a ‘crash-course’.)

We define a set Col, whose members we shall loosely call ‘colours’, by

Col ={04,0_,1,2,3,...}. @2.1)

Some of the basic objects here are the so-called k-tangles (where k € Col), towards
whose definition we now head.
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Consider a copy Dy of the closed unit disc D = {z € C : |z| < 1}, together with a
collection {D; : 1 <i < b} of some number b (which may be zero) of pairwise disjoint
(adequately compressed) copies of D in the interior of Dy. Suppose now that we have a

pair (T, f), where
(a) T is an oriented compact one-dimensional submanifold of Dy \ U?:1 Int (D;), where

‘Int’ denotes interior, with the following properties:
i) a(T) C uf’zoa(D,») and all intersections of T with d D are transversal,
(ii) each connected component of the complement of T in Int (D) \ Uf?zl Int (D;)
comes equipped with an orientation which is consistent with the orientation of 7',
@iii) |T Na(D;)| = 2k; for some integers k; > 0, foreach 0 <i < b, and
(b) f specifies some ‘distinguished points’ thus: whenever 0 < i < bis such thatk; > 0,
we are given a ‘distinguished point’ f(i) € T N d(D;); these distinguished points
(which we will sometimes follow Jones and simply denote by ) are required to satisfy
the following ‘compatibility condition” with respect to the orientation of (a)(ii): the
component of 7" which contains f (i) is required to be oriented (at f(i)) away from
or towards 90 D; according asi > Oori =0.

The orientation requirement above ensures that there is a unique chequerboard shading
of Int (Dg) \ (Uf’zllnt (D;) U T) as follows: shade a component white or black according
as it is equipped with the mathematically positive or negative orientation in (a)(ii) above.
Thus, whenever one moves along any component of 7 in the direction specified by its
orientation, the region immediately to one’s right is shaded black. With the above notation,
there are two possibilities, for each 0 < i < b: (i) k; > 0, in which case we shall say
that D; is of colour k;; and (ii) k; = 0, in which case we shall say that D; is of colour
04 according as the region immediately adjacent to d D; is shaded white or black in the
‘chequerboard shading’.

We shall consider two such pairs (7;, f;) to be equivalent if the T; are isotopic via an
isotopy which preserves the orientation and the ‘distinguished points’. Finally, an equiva-
lence class as above is called a k-fangle where k is the colour of the external disc Dy.

An example of a 3-tangle with 3 internal discs is illustrated here, in which b = 3 and
the internal discs D1, Dy and D3 have colours 3, 3 and 0_ respectively:
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There is a natural way to ‘compose’ two tangles. For instance, suppose (T, f) is a k-
tangle, with » > 1 internal discs. If one of these internal discs D; has colour k;, and if
(S, g) is a k;-tangle, then T op, S is the k-tangle obtained by ‘glueing S into D;’ (taking
care to attach g(0) to f (i) in case k; > 0).

For example, if (T, f) is as above and if (S, g) is the 3-tangle given by

The collection of ‘coloured tangles’ with the ‘composition’ defined above is referred to
as the (coloured) planar operad; and by a planar algebra is meant an ‘algebra over this
operad’. In other words, a planar algebra P is a family P = {P; : k € Col} of vector
spaces with the following property: for every ko = ko(T)-tangle (T, f) with b = b(T)
internal discs D1(T), ... , Dpr)(T) of colours ki (T), ... , kpr)(T), there is associated
a linear map

Zr @0 P, — Py

which is ‘compatible with respect to composition of tangles’ in the following obvious
manner.

If 1 <i < bis fixed, and if (S, g) is a k; (T')-tangle with b(S) internal discs — call
them D1 (S), ..., Dps)(S) — with colours k1 (S), ... , kycs)(S) (say), then we know that
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the composite tangle 71 = T op, (1) S is a kp-tangle with the (b(T') 4+ b(S) — 1) internal
discs given by

D;(T) ifl1<j<i
Dj(T) = {Dj_i1(S)  ifi<j<i+bS)—1 :
Dj p(sy+1(T) ifi +b(S) < j <b(T)+b(S) 1

it is required that the following diagram commutes:

(®j<i Prjm) ® (®I;(:S1)Pk,~(5)) ® (®j=i Prj(1))
ZTop, 1S N
id® Zs®id | Pro1)
Zr J
®I;(=T1) Py (1)
(2.2)

Strictly speaking, we need to exercise a little caution when 0 is involved. For instance,
in order to make sense of the domain of Zr, when the tangle 7 has no internal discs (i.e.,
b(T) = 0), we need to adopt the convention that the empty tensor product is the underlying
field, which we shall always assume is C. (So each P; has a distinguished subset, viz.,
{Z7(1) : T a k-tangle without internal discs }.)

Next, our statement of the ‘compatibility requirement (2.2)’ needs to be slightly modified
if the tangle S has no internal discs. Thus, if 5(S) = 0, the requirement (2.2) needs to be
modified thus:

®j#i Prj(r)

- \L ZTODZ»(T)S \
(®j<iPr;1) @ CR (=i Prj(r)) Pio(T) - (2.3)
d® Zs®id | Zr

b
®j_1 Prjr)
Further, we need to make an additional assumption in order to ‘rule out some degenera-

cies’. To see this, consider the k-tangles / ,f 1k € Col, with one internal disc also of colour
k; thus, in our notation, b(I,f) =1, ko(llf) =k (I,f) = k —defined as in the figure below:

DO
D+
AR

(The understanding is that I(()): consists of the ‘empty submanifold of Do \ D’ and that
the annular region Dy \ D is equipped with the ‘mathematically positive orientation’ and
hence shaded white in the chequerboard shading. In the case of [, O: , the only difference is
that the annular region is shaded black.)

'In the sequel we shall consistently use the convention of writing T," todenote atangle T withb(T) = 1, ko(T) =
m, k1(T) = n; so for instance we might have T;" o S,f = (T7)}} as with matrix multiplication.
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It is easily seen that, for every k, and for every k-tangle T', we have I,f op, T =T,and
hence

ZypoZr=2Zr. (2.4)

It follows that Z 1k is an idempotent endomorphism of P, whose range contains the range
of Zr for every k-tangle T.

The non-degeneracy condition we wish to impose is that Py is spanned by the ranges of
the Z7’s, as T ranges over all k-tangles. In view of the above comments, this is equivalent
to the following condition, which we shall henceforth assume is satisfied by all our planar
algebras:

Zy =idp ¥k e Col 2.5)

We shall need the following tangles:

The inclusion tangles: For every k € Col, there is an associated (k + 1)-tangle
with one internal disc of colour k£ where of course 0+ + 1 = 1. Rather than giving the
formal definition, we just illustrate / l+, 1(;_ and I;‘ below — the idea being that an ‘extra
vertical line is stuck on to the far right (in all but one exceptional case)’.

Do Do Dg I
.* .* .
1 1 4
1 b, 1 A 1 A

%

k1
Iy

It should be clear that Z Jert D Pe—> Py It will turn out that these ‘inclusion’ tangles
k

indeed induce injective maps in the case of ‘good’ planar algebras (the ones with a ‘non-
zero modulus’).

The product tangles: For each k € Col, these are k-tangles M} with two internal discs,
both of colour k, which equip Py with a multiplication. We illustrate the cases k = 2 and
k = 04 below:

D,

YR
)

(As in the case of the ‘identity annular tangles [ Oj, the tangles My, consist only of the

empty submanifold (of Dy \ Ul.z=1 Int (D;)), the only distinction between My, being that
the region Dg \ U?:1 Int (D;) is shaded white and black in Mo, and M _, respectively.)

It is easy to see that each P is an associative algebra, with respect to multiplication
being defined by

xX1x2 = Zpg (X1 ® x2).
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It must be noted that this convention — of putting the first factor in the disc on top — is
opposite to the one adopted in [BJ], for instance; and also that Py, are even commutative.

We also wish to point out that the fact that the Pj’s are unital algebras is a conse-
quence of our ‘non-degeneracy condition’ and of the compatibility condition (2.3). In fact,
consider the k-tangle 1%, which has no internal discs, defined analogous to the case 13
illustrated below: (The tangle 19+ again is the empty submanifold of Dy, with the inte-
rior of Dy shaded white and 1°- is defined analogously except that ‘white’ is replaced by
‘black’.)

~r

Note that My op, 1k = I,f, and if we write 1; = Zx(1) (where the 1 on the right is the
1 in C), then we may deduce from (2.3) that for arbitrary x € Py:

x - ik =Zy,(x® 1) =Zy, (x ® Z k(1))

= ZMkODZ]k(X) = lef(x) =Xx.

A similar argument, with D; replaced by D1, shows that 1 is also a ‘left-identity’. Hence
Py is a unital associative algebra with 1, as the multiplicative identity. A similar argument
also shows that the ‘inclusion tangles’ in fact induce homomorphisms of unital algebras,
so that, in ‘good cases’, any planar algebra admits the structure of an associative unital
algebra which is expressed as an increasing union of subalgebras.

The conditional expectation tangles: These are two families of tangles { £ ,’(‘ 41 -k € Col},
and {(E’ )]lz : k > 1}, where (by our notational convention for ‘annular tangles’) (i) E,](‘ 41 is
a k-tangle with one internal disc of colour k + 1, which is defined by ‘capping off the last

strand’; again, rather than giving a formal definition, we illustrate E3, E ?* and £ ?* below:

Dy By Do

0 0
E? E* E,
4 1
and (ii) (E’ )i is a k-tangle with one internal disc of colour k, which is defined by ‘capping

to the left’. Again, rather than giving a formal definition, we illustrate (E’ )% below:
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D

Clearly Zox : Pry1 — Pr while Z .\« : Pr — Px. (In fact, the range of Z .« is
Ef,, (E) (BN
contained in Zl,f oo lez(Pl)/ N Py.)

The planar algebras that we will be encountering have various additional good features,
which we now outline.

Connectedness: A planar algebra P is said to be connected if dim Py, = 1.

Since Py, are unital C-algebras, it follows that if P is connected, then there exist unique
algebra isomorphisms Py, = C; they will necessarily identify what we called 1o, (recall
the 1; above) with 1 € C.

For the next definition, we need to introduce two more tangles. Consider the tangles 71
of colours 04, and with one internal disc, given by:

D
DO 0

Modulus: A connected planar algebra P is said to have modulus § if there exists a scalar §
such that Zr, (13) = é 14+. We will primarily be interested in the case when the modulus
is positive.

It must be noted that if P has modulus §, then

Zpk o Zu+w =38idp, Yk € Col,
k+1 Ik
and in particular, if § # 0, then the ‘inclusion tangles’ do induce injective maps.

Finite-dimensionality: A planar algebra P is said to be finite-dimensional if dim Py <
oo Yk € Col.

Suppose P is a connected planar algebra and that T is a O-tangle (by which we shall
mean a 04 - or a O_-tangle). If 7 has internal discs D; of colour k;, and if x; € P, for
1 < i < b, then ZT(®f-’=1x,-) € C, where we have made the canonical identifications

Pyo, = C. This assignment of scalars to ‘labelled O-tangles’ is also referred to as the
partition function associated to the planar algebra.

Sphericality: A planar algebra is said to be spherical if its partition function assigns the
same value to any two O-tangles which are isotopic as tangles on the 2-sphere (and not just
the plane).
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The last bit of terminology we will need is that of the ‘adjoint of a tangle’. Suppose
(T, f) is a ko-tangle as defined earlier, with external disc Do and b internal discs D; of
colours k;. We then define its adjoint to be the kg-tangle (T*, f*) given thus:

(a) Let ¢ be any orientation reversing smooth map of Dy onto a disc D and let T* be
defined by requiring that its external disc is Dy, its internal discs are {D} = ¢(D;) :
1 <i < b}, and aregion ¢ (R) — in the complement of 7 in (D \ Uf’le;") — has the
same colour as R in the chequerboard shading.)

(b) If k; > 0, define f (i) to be the “first point” of 7' N d(D;) that is encountered as one
proceeds anti-clockwise along d(D;) from f(i); and define f*(i) = ¢ (f(@)).

Finally, we shall say that P is a subfactor planar algebra if:

(i) P is connected, finite-dimensional, spherical, and has positive modulus,
(ii) each Py is a C*-algebra in such a way that, if (7, f) is a kp-tangle as above, with
external disc Dy and b internal discs D; of colours k;, andifx; € P, 1 <i < b, then

Zr(x1 Q- Q@uxp)* = Zr+(x] @ --- Qxp),

and
(iii) if we define the ‘pictorial trace’ on P by

—k—1
trep1(x) 1y =6 ZE(1)+ ZE% e ZEII:H()C) (2.6)

for x € Pyy1, then try, is a faithful positive trace on P, for allm > 1.

It should be obvious that if P is a subfactor planar algebra, the ‘tr;,,’s are consistent and
yield a ‘global trace tr on P’.

Our primary interest in planar algebras stems from a beautiful result — Theorem 2.1 — of
Jones’ (see [J1]). Before stating it, it will be convenient for us to introduce another family
(X : k > 2}, of tangles, where EF is a k-tangle with no internal discs; we illustrate the
case k = 3 below:

Theorem 2.1. Let
N C M(: Mo) Cel Ml cC .- Cek Mk Cek‘H

be the tower of the basic construction associated to an extremal subfactor with [M : N] =
82 < o0. Then there exists a unique subfactor planar algebra P = PNM of modulus §
satisfying the following conditions:
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0) PkNCM = N’ N My_1 Yk > 1| where this is regarded as an equality of *-algebras
which is consistent with the inclusions on the two sides;

(1) Zgkn1 (1) =6ex Vk > 1;

2) Z(E,)i(x) =8 Eynm (X)) Yx e NN My, Vk > 1;

3) ZE/’erl (x) =8 Ennm,_,(x) Vx € N’ N My; and this is required to hold for all
k in Col, where for k = O, the equation is interpreted as

Z,0.(x) = Stry(x)Vx € N NM.
1

Conversely, any subfactor planar algebra P with modulus § arises from an extremal
subfactor of index 82 in this fashion.

Remark 2.2. (a) If P is any planar algebra with non-zero modulus, we have an induced
tower

PpCc.--CcP.C---

of unital associative algebras. We shall — taking a cue from (1) of the above theorem —
define

ex =8""Zan (1), V=1
It then follows that for all k£, we have

e,% = e
exem = eper  if [k —m| > 1

ereipt+1€er = 3_26k . 2.7

Of course if P is a C*-planar algebras, the e¢;’s will be genuine (= self-adjoint) projections.

(b) We want to single out one specific class of tangles which play a very important role
in the proof of the above theorems as well as in the general theory. These are the family
of tangles { Ry : k > 2}; (since this tangle will occur frequently in the sequel, we shall, for
convenience, drop our (otherwise) standing convention for annular tangles, and write Ry
rather than R'g). This rotation tangle Ry is a k-tangle with one internal disc of colour &,
and we shall just illustrate R3:
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3. Presentations of planar algebras

Jones’ initial approach, in [J1], to planar algebras was through a ‘generators and relations
approach’, which can be quickly shown to be equivalent to the ‘operadic’ approach which
was later espoused by Jones (see [J2]) and is the one presented in §2 here. This is analogous
to the two approaches one may adopt towards group theory. On the one hand, one could —
analogous to our approach here — take the axiomatic definition, then construct the example
of a ‘free group on an arbitrary set L of generators’, then consider the quotient (L : R)
of the free group on the generating set L, by the smallest normal subgroup generated by a
set R of relations, and finally prove that every group arises in this fashion. Or one could —
analogous to Jones — simply define a group as something which is given as an (L : R).

The analogue, for planar algebras, of the free group is the so-called universal planar
algebra on the label set L which is defined thus: suppose L = [ [;co L« is the disjoint
union of an arbitrary collection Ly of ‘label sets’ where some L; may be empty. Define
a ko-tangle labelled by L to be a ko-tangle (T, f) as above subject to one additional
constraint, viz., that T is allowed to have an internal disc of colour m only if L,, # @
and equipped with the extra structure of a label from L,, associated to every internal disc
of colour m. (Of course, two such tangles which are isotopic are considered to be the
same.) Define Py (L) to be the vector-space with basis given by the collection of ‘k-tangles
labelled by L’, and let P(L) = {Px(L) : k € Col}. It is not hard to see that P(L) has a
natural structure of a planar algebra.

A family J = {Jr : k € Col} is said to be a planar ideal of a planar algebra
P = {P, : k € Col}if (i) Ji is a vector subspace of Py for each k and (ii) if (T, f) is
any k-tangle, with b internal discs D; of colour k; for 1 <i < b, then it is demanded that
Zr (®§’:1xi) € Ji whenever x; € Ji,; for any one i.

Itis a simple matter to verify that if J is a planar ideal of a planar algebra as above, and if
we define P/J = {Py/Jx : k € Col}, then P/J is naturally a planar algebra and that the
natural quotient maps define a ‘morphism of planar algebras’, where a morphism from the
planar algebra P to a planar algebra Q is just a collection of linear maps mx : Py — Qg
which satisfy the obvious compatibility requirement that

T (Z5 (®F_1xi)) = ZE (®F_ i, (xi))
whenever T is a ko-tangle with b internal discs D; of colour k;, and x; € Py, forl <i <b.

It is easy to see that these are the ‘correct’ definitions in the sense that planar ideals are
precisely the kernels of morphisms of planar algebras, and images under epimorphisms
are isomorphic to quotients by planar ideals. We are now ready for the analogue of what
we called (L : R) in the group context.

DEFINITION 3.1

Given an arbitrary ‘label set” L = [ [, o o Lk, and an arbitrary ‘subset’” R = {R; : k €
Col} of the ‘universal planar algebra P (L) with generating set L’, let J (R) be the smallest
planar ideal ‘containing R’, and define P(L; R) to be the quotient P(L)/J(R).

An abstract planar algebra Q will be said to be ‘presented on the generating set L with
the relations R’ if there exists an isomorphism @ : P(L; R) — Q of planar algebras, and
we shall say that Q is ‘presented’ by the map ®.

The planar algebras P(L; R) will typically not possess many of the nice features of what
we have called a subfactor planar algebra. However, a condition has been identified in [L],
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that is known to ensure some of these ‘good’ properties. We shall discuss this condition,
which we will need. We pause with a digression concerning notation which might be
slightly different from the notation of [L], in order to dispel possible confusion in the
reader. We shall indicate the ‘basis vector’ Z7 (g1, - .. , g») by drawing the tangle 7" and
labelling the ith internal disc with a g;. Also, we shall indicate the ‘distinguished points’
f(@@) by simply marking a *; and rather than adopting Landau’s convention of drawing
labels which are ‘upside down’, we shall draw the labels ‘upright’ but the position of the
* will indicate the difference.

Our description of the condition will be facilitated by the introduction of the following
three 3-tangles, each having two internal discs of colour 2.

One way to remember our convention for these tangles is to remember that: (a) all the
tangles have the internal discs straddling a pair of strings that ‘go into the junction’, and
the distinguished point (*) of both internal discs ‘face the junction’, (b) if the points of
dT N Dy are labelled « = 1, 2, ... , 6, the tangle called H; does not have an internal disc
on the strands labelled 2i — 1 and 2i, and (¢) for 1 < j <2 and 1 <i < 3, the internal
disc D; of the tangle H; straddles the strands labelled 2i +2j — 1 and 2i +2j (mod 6). We
shall later use the following consequence of the circular symmetry of these definitions:

Ryo Hy = Hio Vi, 3.1

where all indices above are mod §
For a set Ly, we shall write L, = {Z,zz(g) 1 g € Lz}]_[{ZRz(g) : g € Ly} So, if

L, = {g} is a singleton, then L consists of the two L,-labelled tangles below:

We are finally ready for the condition.

DEFINITION 3.2

Assume that L = L, and that Ly = @ for k 5 2. An exchange relation algebra is a planar
algebra of the form P(L; R), where it is assumed that the set R C P(L) of relations
satisfies the following conditions:
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(0) there exists a positive number § such that
Zr (1) —81lg, , Z7 (1) = 8lp, € R;
(1) forevery g € L», there exist scalars A(g), B(g) such that

() Zgi(e) =A@ € K;
(ii) Z(E/)%(g) —B(g)l1 € R;

and
(2) Forall x, y, u, v, z, w € Ly, there exists scalars C;y, D2;, such that

Z ) = | Y. CiZm@.v)+ Y DiZu(z.w)| € R.

u,ve[z z,wely

In other words, the following ‘identities’ are assumed to hold in P(L; R) if R is an
‘exchange relation’:
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We will need the following facts from [L], which we state as a proposition for conve-
nience of reference.

PROPOSITION 3.3

Suppose P(L; R) is an exchange relation planar algebra. Then,

(i) dimP,(L; R) < oo Vn;
(ii) P(L; R) is connected and has positive modulus (= 38); and further,
(iii) P>(L; R) is linearly spanned by (1, e1} U Ly, where, of course, ey = Zg, (1).

We conclude this section with some remarks on how to get a *-algebra structure on
P(L; R). As a first step, let us try to impose a *-structure on the universal planar algebra
P (L) thus: assume that each L has an involution, denoted Ly > g — g* € L. Note

that the typical basis-vector of Py(L) may be envisaged as Zr (g1, ..., 8&p), Where T
is a k-tangle with b internal discs Dy, ..., Dy, and g; € Lyg, (where of course k; is
the colour of D;); define Z7(g1,...,8»)* = Zr+(g}. ..., g}): and extend the adjoint

conjugate-linearly to all of P(L). (If we start with a k-tangle 7 with no internal discs, the
corresponding basis vector should be thought of as Z7 (1), whose adjoint is then given by
Z7+(1).) It is an easy matter to see that this gives each Py (L) the structure of a *-algebra;
and further, that if, U Ry is a subset of P (L) which is closed under the involution, then
each Py(L; R) also has a natural *-algebra structure.

4. Kac algebras

We recall some standard facts concerning finite-dimensional Kac algebras. (The reader
may consult [vD], for instance, for proofs and details.) We employ standard notation. A
finite-dimensional? Hopf algebra will be a tuple (H, i, n, A, €, S). We shall consistently
reserve the symbol z thus:

dmH =n.

A complex (finite-dimensional) Hopf algebra is said to be a Kac algebra if it is a C*-
algebra in such a way that the comultiplication A is a *-homomorphism. It is true that if
H is a Kac algebra, then

(a) S and * are commuting involutory product-reversing maps of H (the one being linear
and the other conjugate-linear), and

(b) the dual Hopf algebra (H*, A*, &*, u*, n*, §*) is also a Kac algebra with respect to
adjunction given by ¥*(a) = ¥ (Sa*) .

Define h € H (resp., ¢ € H*) to be the unique central minimal projection satisfying
hx = e(x)h, Yx € H (resp., v¢ = v(1g)p, V¢ € H*) where we naturally write
1y = n(1¢). It is a fact that & (resp., ¢) defines a faithful tracial state on H* (resp., H),
and that

dh) =1/n. “.1)

2We shall not consider any other kind. Thus we shall tacitly assume that all our Hopf algebras are finite-
dimensional, and over the field C.
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Further, we shall regard H (resp., H*) as being equipped with the inner product derived
from the trace ¢ (resp., h). Thus

(a,byn = ¢(b*a), (Y, p)u+ = h(p™Y).

Once and for all, we shall choose a ‘system of matrix units’ for the ‘multi-matrix algebra’
H*, call it {e,):l 1<kl <d,ye I-i*} and denote the associated dual basis for H
by {yvi :1 <kl =<d,ye I-f*}. In terms of these bases, the ‘integral’ & is known to
decompose as

dV
h = 1/n Z dyZykk. (4.2)
yers k=1

Further, these bases are known to constitute orthogonal bases for the underlying Hilbert
spaces. Thus, if we define

v [n v
e = Z ey 4.3)

Vi = /dy v s (4.4)

then {e,’:l 1 <kl<d,ye I-f*} is an orthonormal basis for H*, and {yg; : 1 < k,[ <
dy,y € H *} is an orthonormal basis for H.

We shall write triv for the trivial representation of H* — given by evaluation at 14;
since dyiy = 1, we shall simply write triv rather than trivy; (which is the same as trivyy).

Similarly "V = eﬁ“iv = %etlrliv. What needs to be noted is that

riv=1yg, ™ =¢. 4.5)
We list a few simple facts as a lemma, for convenience of reference.

Lemma 4.1. With the above notation, we have:

@) A1) =Y, Vkm @ Ymi> and €(yxi) = S,
(i) >, VmSVmi = SuilH,
(i) Sy = vik
@iv) A(h) = A°P(h), where A°P? = t o A and T denotes the ‘flip’ on H ® H, and
V) AW ®a)=AMh)(Sa® 1), Va e H.

The assertions (i), (iii) and (iv) are immediate consequences of the definitions, while
(ii) follows from (i) and the defining property of S, and the proof of (v) may be found in
[vD].

We should mention that we will, when necessary, use Sweedler’s notation — according
to which, for example, A(h) = Y_ h; ® ha, while assertion (iv) of the above lemma says
that this is also equal to Y hy ® hy.

For the sake of completeness, and for establishing notation, we shall go through the
construction of ‘the crossed product of a I/ factor M by an outer action of a Kac
algebra H’.
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DEFINITION 4.2

By an action of a Kac algebra H on a I I factor’ M will be meant a linear map o : H —
Endc (M) (where we shall write o, rather than o (a) fora € H and Endc (M) denotes the set
of linear self-maps of M) satisfying the following conditions, foralla,b € H,x,y € M:
(i) ay =idpy,
(i) agp = ag o ap,
(i) ag(1p) = e(a)lm,
(iv) aq(xy) =Y ag (X)ag, (), and
(V) aq(x)* = orgar (x¥).

We shall be working in the Hilbert space L?(M) ® H which we shall also want to think
of as the direct sum of n copies of L2(M) — where of course L2(M) = L?(M, try) — these
copies being indexed by {(pkl) : 1 < k,l <d,,p € H *}. More precisely, we identify the
element & ® a with the vector which has ¢ (0;;a)& in the *(pkl)th coordinate’.

The above identification shows that we have a natural bijection between Endc (L2 (M) ®
H) (the space of linear self-maps of L*(M) ® H) and M, (Endc(L*(M))) given by

T < ((t25) & TE®6m) =Y 12K 6@ pu. (4.6)
pkl

It should be clear that in eq. (4.6), the map T is a bounded operator if and only if each
t(ff,,l,, is. Note that an element x € M can be, and is, identified with the (bounded) operator
of ‘left-multiplication by x’ on L2(M). Tt follows then that M, (M) is a II,-subfactor of
L(L*(M) ® H).

Consider the maps 7 : M — M, (M) and X : H — M, (M) defined by

() = 800,03, 0.m) i (X) 4.7)
and
M) = p(Fradmn)lu - 4.8)

It follows from the preceding paragraph thatin fact 7 (x), A(a) can be thought of as bounded
operators on L>(M) ® H, these being the maps given by

T)E®D) = Y asp)(X)E @by (4.9)
and

Ma)E®b) = E@ab. (4.10)
PROPOSITION 4.3

With the above notation, we have:

(a) 7w and ) are morphisms of C*-algebras,
(b) trayr, (M) © A= ¢,and
(©) Ma)w(x) =D 7w (ota, (x))A(a2).

3We restrict to 11 factors rather than general von Neumann algebras, and we shall soon see that various maps
are automatically normal.
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Proof. (a) The assertion regarding A is obvious, since X is just an ampliation of the left-
regular representation of H. As for 7, it is clear that it is a linear map, while if x, y € M,

TOY)E ®D) =Y asipy) (xy)E ® by
=D sy (X)atsp) ()€ ® by
=7(x) (Z as@p) (¥)§ ® bz)
= ()T () ® D),
and also,

) hn = 80,00, (0m Spic ) = 800,11, (0m @z, (1)

= 3(p.1), (. ASpn () = (T (X))

(b) tryg, () (@) = 1/n Y ey (A (@)o) = 1/n Y p(plapu)

pkl pkl
=1/n) ¢ (a > ﬁkzsm)
pk I

=1/n Z ¢ (dpa) by Lemma 4.1(ii)
pk

=1/n) dy¢(a) = ().
14

© Y (e (@) E ®@b) =) 7l (X)) (E ® azb)
= ZaS(bl)S(ag)al (X)§ ® azby
= Zaa(a.)S(bl)(x)E ® axby
=Y asp) (0DE ® e(ar)azb
=) asp) (0)E @ ab
=Ma)r(x)(§ ®D) .
0J

Lemma 4.4. (a) try o oy, = try.

(b) There exists a unique morphism of C*-algebras H > a+> L, € L(L*(M)) such that
Lo(x2) = aq(x)2 Vx € M (where of course 2 denotes the ‘vacuum vector’ in L2(M ).

Proof. (a) By the uniqueness of the trace on a finite factor, it suffices to verify that trys o oy,
is a normalized trace on M. For this, note that for arbitrary x, y € M,

try o op(xy) = ZtrM(ozhl(x)ozhz(y))
=try (Z ap, (X))o, (y)) by Lemma 4.1(iv)

=t (D2 ety (et (1)) = trag 0 €4 (30),
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and trys o «, is normalized since o (1)) = 1. (Reason: the definition of & shows that
e(h) = 1, and Definition 4.2(iii) now does the trick.)
(b) Begin by observing that (a) implies that for x € M,

tr(x*x) = tr(op (x*x)) = tr (Z an, (xFot, (x))

d 1
=tr (Z fotpkl (X*)“pzk (x)) = r—ltr (Z ag, (X*)“ﬁzk (x))

pkl pkl
l %k
= ;tr Zaﬁlk(x) ag,(x) ],
pkl

and conclude that the operator x2 = o, (x)€2 extends uniquely to a bounded operator
on L%(M). Since this is true for every k, [, we only need, in order to complete the proof of
the lemma, to verify that L,« = L} V a € H, and this is because

(Lq(x£2), yQ)LZ(M) = tr(y*(xa (x))
—tr (Z atn, (Y @y (x)) by Lemma 4.4(a)

=tr (Z ohysa(y5)an, (x)) by Lemma 4.1(v)
= tr(as, (y*)x) by Lemma 4.4(a)
= tr(ag* (1)) = (xQ, Lax (Y) 20y
]

Before proceeding further, we digress with a lemma and its corollary, which we will
need (more than once). (This lemma is actually only about co-semisimple Hopf alge-
bras, meaning the *-structure is irrelevant.) We omit the elementary proof which relies on
Lemma 4.1(ii) to check that the asserted inverse is a left-inverse, and then appeals to the
underlying finite dimensionality.

Lemma 4.5. The element C € M, (H) defined by
kl
Clirs = 8(o.1)(u.5)SPr
is invertible and

—1\MUTS
(C™ Dkt = 8.1y (.5) P+

COROLLARY 4.6
Consider the matrices ac and Lc defined by
@Cins = degl

and

pkl
(LC)/LVS - Lcllzlr‘i'

Then ac and L¢ define invertible elements of M,(End M) and L(L*(M)® H), and their
inverses are given by the obvious matrices oc-1 and L -1 respectively.
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We shall also need the right regular representation of H. Thus, we define p : H —
M, (C) by

p@E, = ¢(55mnSa). (4.11)

As before, we may regard p as the C*-morphism from H to L(H) given by
p(a)(b) = bSa. (4.12)
With the foregoing notation, consider the following sets:

Al = (m(M) U A(H))"
Ay = the algebra generated by (7 (M) U A(H))
As = (L ® p)(AP(H)) N M, (M) .

We shall prove in Proposition 4.8 that all the A;’s are the same. We begin with a lemma.

Lemma 4.7. (a) Every element of Aj is uniquely expressible in the form

Z n(y;Lrs))L(,ars)’ Yurs €M .
rs

(b) Every element of Az is uniquely determined by its ‘triv’-column.

Proof. (a) Begin by observing that since {};} forms a basis for the algebra H, the com-
mutation relation in Proposition 4.3(c) guarantees that the set

{Z 7 (Vprs ) (firs) © Yurs € M} (4.13)

urs

is an algebra and is consequently equal to A;.
Observe now that

pkl
(Z n(yp.rs))"(,ars)> = Z n(yMrS)g?jl')‘(/l”)g;\j’

mrs triv Bij.urs

= Z 8(0.1)(8.1)%Spi Vurs )P (B frs)
Bij.urs

= Y 86065 Vurs)SBif), (urs)
Bij,urs

= Z‘;(p,l)(u,s)“b“prk Ypurs)
urs

= (@) Gurs) -

Urs

In view of Corollary 4.6, it follows that each y,; is determined by | urs 7T (Yprs)A(fhrs),
and (a) is proved.
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(b) We need to show that if A € A3 has its triv-column identically 0, then A must be
identically O; for which, it will suffice to show that AL¢c = 0.
For this, we shall first show that

(L))o = ((L ® p)AP (Siirs)) i (4.14)

urs triv

Indeed, note that, for any a € H,

(L ®P)AP (@) (@ triv) = Y Ly (E) ® S(ar)
= Z Z(S(al)v &mn>H L[JQ(E) ® 6mn S

omn

and hence

omn

(L& p)AP @) = > (Sa1), Smn) s Lay -

but note that for a = S,

Aa=(S® $)AY(fip) = Y Situs ® Stiru,
u

and hence

((L & p)AOP(SﬁrS))Zin:n = Z(ﬁum &mn>H LSMm

u
= 8(u,9),(0,m) LSyt
— (LC omn

urs
so that eq. (4.14) indeed holds.
Finally, conclude that for arbitrary p, k, [, u,r, s,

(AL, = 3~ (D5, (L ® AT (S e

omn

~ kl
=Y (L ®PAP (S, A"

omn
=0,
and the proof is complete. ]
PROPOSITION 4.8
A = Ay = Az

Proof. We only need to establish that A, D A3 D Ay, since clearly A; D A».

For the second inclusion, since M, (M) is a von Neumann algebra containing (r (M) U
A(H)), it suffices to show that (L ® p)(A°P(H)) C (w(M) U A(H))'. Notice that as
the left- and right-regular representations have commuting ranges, it is clear that (L ®
P)(A°P(H)) C A(H)'. So it suffices to verify that

aeH xeM = Z(L“2 ® p(ar)) commutes with 7 (x) .
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Compute as follows:

D w@) (Lay ® @) (YR @ b) = Y 7(x) (e, ()R ® bS(ar))
=D sy (X)ay (V)Q © b2 S(ar)
=) day (@sy) () Y)R ® brS(ar)
= ((Lay ® pla)7(x))(yQ® b) .

For the first inclusion, suppose now that A = ((Agﬁfn ) € Aj. Define

3 kl
Yurs = Z((ac—l)ﬁﬁ> (Ag.iv) ,
pkl

(in the notation of Corollary 4.6).

Deduce then from Lemma 4.7(a) that the matrix A; = A — (ZWS T (Yprs)A(fLrs))
has triv column identically 0, and belongs to A3 since A} C Aj3. Since A € A3, we may
conclude from Lemma 4.7(b) that A; = 0, and the proof is complete.

DEFINITION 4.9

(a) The crossed product of M by H with respect to the action « — denoted by M xo H
— is defined to be the set given by any of the A;’s of the previous proposition.
(b) The fixed-point subalgebra — denoted M — is defined by

MY ={x e M:a,(x)=¢a)x, Yac H}. (4.15)

(c) The action « is called outer if (MY N M = Cly.

PROPOSITION 4.10

(@) M xo H is a von Neumann algebra.
(b) Every element of M x, H is uniquely expressible in the form

> A Ours)A(firs)- (4.16)

WUrs
(c) Forx € M, the following conditions are equivalent:

(i) x e MH |
(i) ap(x) =x,
(iii) x € L(H)'.

(In particular, M" = M N L(H)' is a von Neumann algebra.)

(d) T(M) = (M xq H) N{ey}) , where (ez)gl,c,{n = 8, wivlo,wivlm. (In particular, w (M)
is a von Neumann subalgebra of M x, H.)

(e) m and hence each oy, a € H is a normal map on M.

() If a is an outer action, then also T (M) N (M x H) = C.
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Proof. (a) The set A of Proposition 4.8 is a von Neumann algebra.
(b) This follows from Proposition 4.8 and Lemma 4.7.
()Ifx e M" a e H, and y € M, then
Lax(yQ) = ag(x3)Q = Yt (), ()R
= Zs(al)xaaz(y)Q =x0,(V)Q2=xL,(y2),
and hence (i) = (iii).
For (iii)) = (ii),
xLp = Lpx = xLjp(RQ) = Lpx(RQ) = xap(1)Q2 = ap (x)Q
=x=ox).
For (ii) = (i), notice thatforanya € H, a =ah +a(l — h) = e(a)h +a(l — h). So

if ap(x) = x, we see that o, (x) = e(a)x + aq(a1—p(x)) = e(a)x.
(d) Note first that if y € M, then

kl
(T(e)ih, = TN (e, = (T ()i Suiv.o
Urs
= aﬂ,triv(striv,ay == (ezn(y))ﬁl,{,fn s

thereby showing that m (M) C (M x4 H) N {e2}. _
Conversely if A € (M x, H)N{ez), and if we define y = A"V, itis seen that A and 7 (y)

have the same triv-column, and Lemma 4.7(b) clinches mattter;vs.

(e) The map 7 is injective since M is a factor, and it defines an isomorphism of one
von Neumann algebra onto another, and is consequently necessarily normal. The assertion
regarding the «,,’s is a consequence of the identity

Asp (¥) = (T

and the fact that {Spy/ : pkk’} spans H.
(f) This is a simple (matrix-) computation. L]

We assume henceforth that we have a fixed outer action « of H on the /1 factor M.
Our objective is to establish the following facts concerning the initial stages of the tower
of the basic construction associated to the subfactor N = M7 ¢ M.

Theorem 4.11. The ‘tower’
n(MH) ca(M)cC" M x H C® M,(M) 4.17)

is isomorphic to the tower N C M C My C M», with the ‘Jones projections’ e1 and e;
being given by ey = A(h) and e being as in Proposition 4.10(d).

We pave the way with a few intermediate propositions.

PROPOSITION 4.12
(a) The restriction — call it tr —to M x H, of try,(m) satisfies

tr(A (@) (y)) = ¢(a) try(y) .



The planar algebra associated to a Kac algebra 37

(b) {)(px1) : pkl}is an orthonormal Pimsner—Popa basis for M x H over t (M), meaning
that

En(M)()\(,akl)*)\(&mn)) = 5(pkl),((rmn) ﬂ(lM)~ (4]8)

In particular, for any A € M x H, we have

A =" Mfirs) Exquy(M(firs)* A).
urs

)M x H:7(M)] =n.
Assertion (a) is an easy computation and implies (b), which implies (c).

PROPOSITION 4.13

(a) There exist normal representations 1 : M — M Xq Hand ) : H - M x4, H
satisfying the commutation relation in Proposition 4.3(c).

(b) If P is a von Neumann algebra and if there exist normal representationst’' : M — P
and \' : H — P satisfying the commutation relation in Proposition 4.3(c) (suitably
primed), then there exists a unique normal representation x : M x4 H — P such
that m’' = y o and X = x o A.

Proof. (a) has already been noted and requires no proof. For (b), simply define

X(A) =" N (firo)m' (™ (Ex i M(firs) *A))),

urs
and verify that this x works. ]

Proof of Theorem 4.11. Let N = M < M C¥ M, be the basic construction. Define
7' M - Myand )M : H - M; by n'/(x) = x and A (a) = L,. Note, by
Proposition 4.10(c), that My = Jy(M"))Jy = Jyy(M' U L(H)"Y'Jy = (M U
JuL(H)Jy)" = (MUL(H))" (since Jyy Lo Jyx Q2 = oy (x*)*Q = gy (x) Q2 = Lgg+xQ2
so that JysL,Jy = Lsg+). Hence the representations 7, A" do indeed land in M. The
fact that these representations satisfy the commutation relation in Proposition 4.3(c), is a
consequence of the definition of an action.

Hence there exists a unique morphism y : M x H — M (of von Neumann algebras)
such that x(w(x)) = x and x(A(a)) = L,. This x is 1-1 since M x H is a factor
(which follows from Proposition 4.10(f)), and it is onto since — see the last paragraph —
M, = (MUL(H))". Thus x is an isomorphism. But x (A(h)) = Lj, whereas Proposition
4.10(c)(ii) says that ey = Lj,. This completes the verification that 7 (M) c (M) i
(M x H) is a basic construction.

To prove that w (M) C (M x H) C®2 M, (M) is a basic construction, we need to verify
three facts:

(1) e2Aex = Ezmy(A)ex , YA € M x H; both sides describe the matrix whose only
possible non-zero entry is in the (triv,triv) spot, with that entry being Agiz,
(ii) try,my(e2) = 1/n;and
(iii) Mn(M) = Alg((M x H) U {e2}).
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For (i), if A = ZWS
Exmy(A) = 7 (yuiy) = 7(A"Y). Now calculate to get

triv

7 (Yurs)A(fLrs), then notice from Proposition 4.12(b) that

ki kl
(Exuy(A)e2)? = (Ex(ay(A))iy Susiv.o 1y
= 8triv, o 6triv,zr Yiriv

kl
= (e2Ae)Pr . .

The statement (ii) is obvious and requires no proof. As for (iii), observe that M,,(M) is
generated, as an algebra, by the following three kinds of matrices (all of which belong to
Alg((M x H) U {e2})): (a) exmr(y)ez, y € M, which has a unique non-zero entry at the
(triv,triv)-spot, (which entry can be any element of M); (b) e2A(fL),), which has a unique
non-zero entry at the (triv, prs)-spot, that entry being 1,7; and (c) A(fi,s)e2, which has a
unique non-zero entry at the (urs, triv)-spot, that entry being 1;. ]

Lemma 4.14. The equations

F(eé‘r glfr{n = 8.p0ucOnrdmidsi (4.19)
and
)M = (Témn. pra) (4.20)

define faithful representations (of C*-algebras) T : H* — M,(M) and © : Endc(H) —
M, (C) C M, (M). Further, tryr,my o I’ = h.

We omit the proof, which is a routine verification. We conclude this section by explicitly
identifying some relative commutants in the tower 4.17.

PROPOSITION 4.15

(@) 7M7Y N (M x H) = L(H),
(b) m(M) N M, (M) =T (H*), and
() 7(MH")Y N M,(M) = ©(Endc(H)) = M, (C).

Proof. (a) In the equation A(a)w(x) = Y 7w(ag (x))A(az) valid for all @ € H,x €
M, if we specialize to the case when x € MM then we find that A(a)7(x) =
> e(a)m(x)r(az) = w(x)A(a);ie., (MY N (M % H) D LH). Conversely, it follows
from Proposition 4.10(b) that

Z”(yurs))‘(/lrs) € N(MH)/ < T(Yurs) € ”(MH)/ . Yu,rs
urs

but the outerness of the action ensures that 7 (M) N (M) = C, and the proof of (a) is
complete.

(b) A simple matrix-computation and the definitions show that = (M) N M, (M) D
['(H*). However, the ‘Fourier transform for subfactors of finite index’ (together with
Theorem 4.11) shows that (n <) dim (7 (M) "M, (M)) = dim (x(M7YN(M x H)) = n,
and the proof is complete.

(c) Note that 7 (M ') consists precisely of those diagonal matrices in M,, (M) all of whose
entries are equal and belong to M ¥ Tt follows that w (M) "M, (M) = M, (M"Y nM) =
M,(C) = ©(Endc(H)). O
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5. The main result

The purpose of this section is to obtain a presentation of the planar algebra PM fem ,
where M* is the fixed-point algebra for an outer action of a Kac algebra H on a I I factor
as in §4. Our goal is to prove the following theorem:*

Theorem 5.1. Let H be an n-dimensional Kac algebra acting outerly on the hyperfinite

111 factor M as in §4. Then there is a presentation ® : P(L; R) — PMICM _ ohich is
a x-isomorphism — where:

(a) L = Ly = H acquires the involution from the Kac algebra structure of H; and

(b) R is given by the following set of relations (where (i) we write the relations as
identities — so the statement a = b is interpretedasa—b € R;and (ii)¢ € C, a,b €
H):

(00) | ca+b| = C a b Q = = n"”?

+

%
LY
R

(id) 1

N

(h) h | =np-172

%]”(a)\/ @ = 1" 4@
. L/

éé 2# 2 \ ”’1 #
Fb

Remark 5.2. There are two advantages with stating the result in the above form:

>

=

M)

(I

(1) The adjoint appears nowhere in the relations; so although the above presentation is
an isomorphism of *-algebras (with the * on the label set H being defined as in the
Kac algebra), this theorem leads us to a natural planar algebra associated with any
n-dimensional complex semisimple Hopf algebra.

4We adopt the convention, throughout this section, that L-labelled k-tangles will be drawn without their external
disc, and the distinguished * on the external disc (in case k # 04 ) will be taken as the ‘top-left point’.
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(i1) The description is basis-free and naturally highlights the role of each of the Hopf
algebra ingredients; for instance, relation (4) might be thought of yet another vindi-
cation of the use of the word ‘antipode’ in Hopf algebras.

There is one obvious drawback with stating the result in the above form; namely, it would
be naturally desirable to have a ‘finite presentation’, where both L and R are finite. We
shall also describe such a finite — albeit basis-dependent — presentation, in the next result.
‘We shall employ the orthogonal basis for H that was denoted {yy; : ykl} in the last section.

Theorem 5.3. Let H, M be as above. Then there is a presentation ®* : P(L*; R*) —

H C o . .
PMTCM _sohich is a x-isomorphism — where

@ L*=1L4=1{mw:yeH 1 <kl<d)ly:veH"1<kl=<d)is
2 14 kl 14
equipped with the obvious involution and
(b) R* is given by the following set of relations:

(mod) @

o
(00)

(0) Yk’ *
I' S

where ZWS S}‘flr,fu” = Sy, with yix, urs as in §4; and

(1) V

@ = n1/2 Sy, triv

y

ki
3 ti M,
@ CssCus) e sw

.

turs Amn v

mn Kt

S L
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[
where Y, C;:,;n (Urs)prs = Yiihmn; and

Y.
Nz d _
)y ! T /\

Y k
The proof of these theorems will be a consequence of several intermediate results.
We shall adopt the foregoing notation in the rest of this section — with one exception.
We shall use the symbols 7 and ¥ for the quotient maps = : P(L) — P(L; R) and
7% . P(L*) — P(L*; R¥). (We will soon, after eq. (5.2) to be precise, be identifying
x € M with what we were calling 7 (x) in earlier sections.)

4)

O

Lemma 5.4. There exists a unique *-isomorphism
@1 : P(LY RY) — P(LiR) (5.1)
such that

(I>1(JT#(Z122(a))) =n(Zp@) . Yae L.

Proof. Define maps W : P(L*y > P(L; R)and W, : P(L) — P(L*; R%), as follows:

Vi(Zp(@) =n(Zp(@) . Yae L]

) <lez (Z Dykl)’kl)) = Z Dykln#(zlzz(yk[)) , Y{Dyu : ykl} C C.

ykl vkl
We shall now verify that

@) R* C ker W; and R C ker W, and hence conclude that ¥; descend to planar algebra
morphisms ®; : P(L¥; R*) — P(L; R) and ®, : P(L; R) — P(L*; R¥); and

(ii) @ and P, are inverse to one another.

(i) The ‘kernel inclusions’ hold basically because of standard Hopf algebra facts (as
described in Lemma 4.1) and the fact that the relations (mod), (00), (0), (1), (2), (3)
and (4) of Theorem 5.3 are more or less equivalent to relations (00), (id), (4), (1), (2),
(3) and (h) of Theorem 5.1.

(i1) The identity ®; o ®,(x) = x is obvious for x = 7 (Z 12 (vk1)), while for general
xen(Z, 2 (H)), this follows from the first (linearity) relation in (00) of Theorem 5.1,
and the identity @, o ®(x) = x is obvious for x = n#(ZIZz(ykl)), while the case
x=n%Z 12 (Vk*l)) is a consequence of (the linearity relation in (00) of Theorem 5.1
and) the equality of the two extreme terms of relation (3) of Theorem 5.3.

Finally it is clear that the ®; are x-preserving. ]
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We shall consider the subfactor N = M < M, and write
NCMcMiCcM,C---CM,C---
for the tower of the basic construction. We shall freely use the identifications
Mi=MxH, M,=M,M).
(Thus we identify x € M with 7(x) € M, (M).)
It is seen from Theorem 2.1 and Proposition 4.15(a)) that we have identifications
PzMHCM = NNM = oMY n(Mx H) = rA(H);
and we shall define

<I>(JT(Z,22(a))) = Aa), aeH. (5.2)

The proofs of Theorems 5.3 and 5.1 will be completed (in view of Lemma 5.4) once we
have been able to establish that eq. (5.2) extends uniquely to a planar algebra isomorphism
®: P(L,R) —» PNM,

Proof of extendability of ®

In order to conclude that ® does so extend to a morphism of planar algebras, we only
need to verify that the A(a)’s satisfy all the relations (in PV<M) expressed by R; and this
is what we shall do now.

The first relation of (00) is satisfied by the A(a)’s because of the linearity of A; while the
validity of the second relation is a consequence of Jones’ Theorem 2.1 and the fact that
[M; : M] = n — see Proposition 4.12, for instance.

The relation (id) holds because A(1y) = 1p,; while the truth of relation (h) is a
consequence of Theorem 4.11.

For relation (1), we see that for any a € H, we have

ah =¢e(a)h = Aa)e; = e(a)e;

and hence,

¥ [ V
= n-1/2><7) = }f’/)e’ = s(a)"'”zo =s(a)U

:

As for relation (2), notice that if a € H, then

Z (M) = n'? Exiam (M(a)) (by Theorem 2.1(3))
=n'? tr (\(a)) (since N'N M = C)
= n'? ¢(a) (by Proposition 4.3(b)) .
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The proofs of the fact that relations (3) and (4) are satisfied by the A(a)’s will require
some preliminary lemmas.

We will use the following notation: if ¢ € H*, a € H, we shall write ¢(a-) to denote
the element of H* defined by (¢ (a-) ) (b) = ¢(ab).

Lemma 5.5. With the above notation, we have

V1 $((Siirs) ) = el (5.3)
and
o o dy
tr(r(esr)r(ekl)) = \/;S(pkl),(urs)- (54)

Proof. The first assertion is verified by applying both sides to 07, and appealing to Lemma
4.1(iii), the orthonormality of the ji,’s, and the fact that (by definition), the el’s and the
WUrs s constitute a pair of dual bases.

The second assertion is a consequence of the fact that I' is a homomorphism and is
‘trace-preserving’ — see Lemma 4.14 — and of eq. (4.2). ]

Consider the maps® v; : (N’ N M) — (M’ N\ M3), i = 1,2 defined by
Y1) = 1’ Eyo, (xezer) (5.5)
and
¥2(x) = 1”2 Eyr, (ere20) . (5.6)

It is known — see [BJ] — that these maps are described, pictorially, by

A

and

ﬁéi =
| ™

'

and that both the ;s are linear isomorphisms which are ‘isometric’ in the sense that they
satisfy

trpg, (Wi ()" Yi (X)) = trpy, (x*x)

sometimes also referred to as Fourier transforms.
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Further, it is easily verified that

Y10Zg, = Yo soalso Yoo Zp, = Y.
PROPOSITION 5.6
For arbitrary a,b € H, we have
Y1 (A(a)) VnT(¢((Sa)-))
Y2(A(a) = /nT(¢@a-))
(07'G@) ) ) = ab

and

(e i@ ) 1) = Vi Y ¢(Saby) by

(5.7)

(5.8)
(5.9)

(5.10)

(5.11)

Proof. To prove eq. (5.8), we may assume that a = fi,4, in which case we need to check

—in view of equation (5.3) — that

V1 (firs) = Tl .

(5.12)

Since {I" (:,fl) . pkl} linearly spans M’ N M, (by Proposition 4.15(b)), we need to show

(by the definition of ) that

Pt (MireaT(e)) = tr (CEs)TE)) .

Now the left side (LHS) of eq. (5.13) is seen to be given by

1 B - : 7
o ST s iy M) (D

Bij,omn

= ﬁ Z (frs, Bij>H(h5'mnv triV)ngﬂ(spcr(Sjl(Sim(Skn

Bij,omn

= V1Y (Gun ) 18,08 pos 51 8rm Sk

omn

1
= \/ﬁ\/dp ;SrkSPMSSI by eq. (4.2)

du
= 75<ms>,<pk1) ,

which is equal to the RHS of eq.( 5.13) by eq. (5.4).

(5.13)

As for eq. (5.9), we may assume that a = Sfi,s, and as before we find that it is enough

to verify that

- d
n32tr (erear(Siir)T(ef)) = ,/f«sws),(pu) ;

(5.14)
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and we calculate thus:

LHS — n3/2_ Z )\'(h)ﬂl]x(sllrs)lrlv (F(el/c)l))o'mn

triv omn Bij
Bij,omn
=1 (h Bij) 1 (ShirsGmn, WiV) 18 ppS 0 j18imSkn
Bij,omn
Jd
= Jn ZaijTﬁapﬂawa 118158
Bij

= RHS.
As for eq. (5.10),
(0710:@) ) Gun) = 3 @)t
pkl

= Z(a‘}mn, Okl)H Pkl = A0mn -
pkl
Finally, for eq. (5.11), we shall verify that ¥ (A(a)) = ®(A), where A € Endc(H) is
given by A(b) = /nY_ ¢ ((Sa)by) by; and we may assume that a = fi,;. Observe that —
see eq. (5.12) —

~ ~ pkl 7
W1 GG = (@) = [ 8u0808unisdu -
%

omn
whereas
1
(OAN Sy = V1Y (i Gin) —==Gmi Pri) 1
omn Z srvitn «/Z mt
n
= d_ 8;1.(75up8km61s8nr ’
n
and the proof is complete. ]

Verification of relation (3)

Let us write m; for the left-regular representation of H. We need to show that
Ma)y1 (A (D)) = Z Y1 (A(azb))A(ar) .
Since © is an isomorphism, it suffices (by eq. (5.10)) to check that
m(@O~ (Y1 (b)) = Y 07 (Y1 (u(azb)))m(ar)
in Endc(H). If ¢ € H, we have
(Do wnt@bmman) © = (3 7 G @b) @e)
=V )¢ ((Sh)(Saz)arca) arcy
=1 Y ¢ (Sh)e(a)ea) ac
=1 Y ¢ ((Sh)cy) acy
=m(@) (Vi Y ¢ ((She) 1)

= (m@O~ W1 G.6M) ©
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where we have used eq. (5.11) at the second and fourth equalities.
Verification of relation (4)

We need to verify that Zg,(A(a)) = A(Sa) , Ya € H. In view of the first relation of
(00), and the linearity of A and S, it suffices to verify the relation for a = S(fi,5), and by
virtue of eq. (5.7), we need to check that ¥ (A(firs)) =12 (A(Sitrs)), which is guaranteed
by eqgs (5.8) and (5.9). UJ

Proof that ® is an isomorphism

We need to prove that ® — which has been now shown to define a planar algebra morphism
— is an isomorphism. We prepare for this with a couple of lemmas, the first of which is
about abstract planar algebras (where, of course, the e;’s are as in Remark 2.2(a)).

Lemma 5.7. In any planar algebra P = {Py : k € Col}, we have:

(a) ex Py = ey Piy1, and Prex = Piyyex forany k > 1;
(b) Prey Py is anideal in P41 for any k > 1; and
(c) if P has non-zero modulus, say §, and if Pyex Py = Px41 for some k > 1, then,

(1) PePp = Py foralll > k; and
(ii) Prerery1---ePr=PpVIi>k

Proof. (a) Putting exactly one cap on a ‘(k + 1)-box’ results in a k-box. (We illustrate the
case k = 2 below.)

\

g

(b) follows from (a).

(c) Both assertions are proved by induction on / > k. Both assertions are clearly valid
for k = I. Suppose they have been proved for some / > k. Then, by induction hypothesis,
we can find a;, b; € Py suchthat 1(=1p_,) = Zi a;erb;. Hence,

lp,(=1p,) = Zaielbi
i

2 )
=4 Zaielel+lelbi € Pryiej+1Pryr s

1

and we may deduce from (b) that Pj1e;+1 Pj+1 = P42, thereby establishing the inductive
step in (i). As for (ii), the induction hypothesis is that Prexeg+1---e;Pp = P11 and we
find that

Piy2 = Pyiei41 P41 by (0)@) above
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= Prexery1---erPrej1 Py
= Prepery1---erejv1 PPy

= Prexery1---erey1 Py,

and the proof is complete. L]
Lemma 5.8. (a)

dimc Po(L*, R*) = dim¢ PN ; (5.15)

and
(b)
Py(L*, R*) = Py(L¥, RHea Py (L¥, RY) . (5.16)

Proof. We shall write &* = & o P with ® as in eq. (5.2) and @ as in Lemma 5.4 and
so we now know that ®* and ® are morphisms of planar algebras.
For (a), note that

dimc P)M = dimcr(H) = dimcH = n .

On the other hand, begin by observing that P(L*; R*¥) is an exchange relation planar alge-
bra. (Reason: Condition (0) of Definition 3.2 is met because of relation (mod). Condition
(1) of Definition 3.2 amounts to the requirement that any way of ‘putting one cap’ on a
labelled 2-box results in a scalar. In view of relation (0), we may restrict ourselves to boxes
with labels from {yy; : yk[}; and relations (1) and (2) give us the desired condition (1)
of Definition 3.2. Thanks to eq. (3.1), we see that condition (2) of Definition 3.2 amounts
to verifying that for any one 1 < i < 3, the range of Zy, is contained in the sum of the
ranges of Zp,, for j # i. However, we see from relations (0) and (3) that the range of Z
is contained in that of Zp, .)

Hence, Proposition 3.3 applies; and according to Proposition 3.3(iii), we know that
Py(L*, R%) is linearly spanned by the image under the quotient map 7* of the set

(Zp () YK UAZ2 () s kD U 1)

while it is seen from relations (0), (00) and (4) that the above set is contained in the linear
span of ({2122 OE ykl}); and hence, dimc P>(L*, R¥) < n.Finally the map % isa

linear surjection since {A(yx;) = q)#(]'[#(ZA2 (v&k1))) : vkl} is a basis for PZNCM = A(H),
so that

n > dimg Po(L*, R*) > dime PYM =n,

and eq. (5.15) is proved.
As for (b), it suffices, by Lemma 5.4, to prove that

P3(L:R)=P,(L:R)eoPy(L:R).

For this, it suffices, in view of Lemma 5.7(b), to verify that 1 € P»(L; R)e2 Po(L; R).
In terms of the tangles H; defined earlier (cf. eq. (3.1)), this is shown to translate into
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the requirement that 1(= 1p,1.r)) € ran(Zp,). For this, note, from Theorem 5.1(3),
that

T(Zuy(h A w)) = Y w(Z, (. h)) ; (5.17)

apply eq. (3.1) twice (and use the fact that 7 is a morphism of planar algebras), to find that

n(Zg, (h, 1)) = Zﬂ(zﬂz(hhhz)): (5.18)

Notice however, thanks to the relations (id) and (h) of Theorem 5.1, that the left side of
eq. (5.18) is nothing but n—1/2 1 py(L; R, and conclude that

Lpy:r) = /1 ZJT(ZHz(hIa h2))
=V Y Zm,((Zp () @ n(Zp (1) - 0
We are now ready to prove that ®*, and hence also ®, is an isomorphism of planar
algebras. Since N C M has depth 2 (by Proposition 4.15), it is true that PV <M is generated,
as a planar algebra, by PzN M. since the image of CDg linearly spans PZN M e find that

ot is surjective. To complete the proof, we shall prove that CDf is injective, for each [ > 2,
or equivalently (in view of the already established surjectivity of each <1>f) that

dimg P(L*, R*) < dim¢ PNM, vi>2. (5.19)
In other words, we need® to show that
dime P(L*, R*) < n'™', wvi>2. (5.20)

We prove this last inequality by induction. For [ = 2 this follows from eq. (5.15). Also,
eq. (5.16) says that the hypotheses for Lemma 5.7(c) are satisfied with P = P(L*, R*)
and k = 2, and Lemma 5.7(c)(ii) then says that

dimc P41 < (dimc P2) x (dim¢ P;) VI > 2,

and the inductive step is seen to follow. ]

6. Concluding remarks

‘We wish to conclude with a few remarks.

(a) If « is any outer action of the finite-dimensional Kac algebra H on M (which
will always denote the hyperfinite 71; factor), it is seen from Theorem 5.1 that the
isomorphism-type of the planar algebra P oM g independent of «, and since a
finite-depth subfactor is uniquely determined by its planar algebra, we recover the
fact that the isomorphism-type of the subfactor (M < M) is independent of the
outer action .

6The fact that dim¢ PIN M — =15 a standard fact from ‘subfactor theory’ and can be deduced from Proposition
4.15 and facts about ‘the basic construction’.
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©

(d)
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It might be worth observing that an equivalent form of Theorem 5.1 is obtained if we
replace condition (3) by the following two conditions:
(3.1) which is just condition (3) with b replaced by 1x; and
(3.2) Zm,(a,b) = Z,zz(ab).
(The advantage with this formulation is that it seems to split the condition (3)
neatly into two components, one corresponding to comultiplication and one

corresponding to multiplication.)
(Reason: On writing b = 1 b, itis easy to see that the new version — with (3) replaced

by (3.1) and (3.2) — implies the old version (with (3)). Conversely, it is clear that
(3.1) is a consequence of (3) and relation (id). Observe next that if the bottoms of
the two left-most strands are ‘capped’, the LHS of (3) reduces to the LHS of (3.2),
while the RHS of (3) reduces to the RHS of (3.2), thanks to relations (1), (00) and
the fact that )" e(aj)ap =aVa € H.)

We wish to observe here that the dual of the subfactor (M C M) is isomorphic to
(MH" < M). One way of seeing this is to verify that the equation

Gp(r(r@) =Y fla)m(x)iar)

extends uniquely to an outer action of H* on M x H such that (M x H) T = M.We
omit the straightforward verifications. (This is just ‘the dual action’, and it follows
from Theorem 4.11 and standard facts about ‘duality for subfactors’ (see [PP] or [JS],
for instance) that (M xy H) xg H* = M ® Endc(H).)

Suppose that H = CG, with G a finite group. Then, the minimal (central) projections
of H* are given by the ‘point-evaluations’ {ev, : ¢ € G} and the associated dual
basis is {g : g € G}. So the presentation given by Theorem 5.3 is equivalent to the
one given in [L].

As in [L], we find that for each k > 2, an orthonormal basis for PkM fem is given
by {Zp, (g1,...,8k-1) : & € {yu : vkl},1 <i < k — 1}, where the By’s are the
k-tangles given as follows:

L @E
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if k is even. The proof is very similar to the group case.

(f) Again, as in [L], the partition function — of what we have called P(L; R) — can
seen to be obtained according to the following prescription, which we illustrate in an
example, rather than give the abstract prescription (which is the same for tangles of
colour 04 and 0_).

Suppose we want to compute the partition function of the following 0 -tangle:

(1) Replace each labelled 2-box — with label / (say) — by a pair of parallel strands and
insert a symbol /; close to the strand through the distinguished point () and a symbol
Sl (= S(I»)) close to the other strand. Thus, in our example, we would arrive at the
following:

(2) Then arbitrarily pick a base point on each component of the resulting figure, read the
labels on that component in the order opposite to that prescribed by the orientation of
the loop, evaluate +/n¢ on each resulting product, multiply the answers, and form the
summations indicated. Thus, in our example, we would obtain
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D D00 Vnd(ai(Sda)er) Vg ((Sea)(Sha)(Sar)) V/ng(brdh)

(@ B (© @

and this is the value of the partition function of the labelled 0-tangle that we started
with. (The answer is independent of the choices of base-points since ¢ is a trace.)
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