
LETTERF. AL NUOV0 CIMENTO VOL. 32, ~.  6 10 0 t t o b r e  1981 

The Space-Time Metric Inside a Black Hole. 
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( r iccvuto  il  24 Agos to  1981) 

A spher i ca l ly  s y m m e t r i c  u n c h a r g e d  b l a c k  ho le  w i t h  mass  M is u sua l l y  desc r ibed  (1) 

b y  t h e  space - t ime  m e t r i c  

(1) ds 2 = (1 - -  Es/r )  c 2 dt  2 - -  (1 - -  Rs) -1 dr  2 - -  r3(d02 + s in  2 0 dq02) , 

w h e r e  R s = 2 G M / c  3 is  t h e  Schwarzsch i ld  r a d i u s  a n d  r is a r a d i a l  co -o rd ina t e  chosen  to  
m a k e  t h e  sur face  a r ea  of a sphe re  of r a d i u s  r equa l  to  4~r  3, as in  Minkowsk i  space.  E q u a -  
t i o n  (1) h a s  t h e  we l l -known  s ingu la r i t i e s  a t  r = R s a n d  r = 0. 

So lu t ion  (1) g ives  t h e  s t a t i c  i so t rop ic  me t r i c  for  t h e  e m p t y  space - t ime  d i s t u r b e d  b y  
t h e  g r a v i t a t i o n a l  f ield of a n  outside b o d y  w i t h  m a s s  M.  I t  a p p e a r s  t h e n  t h a t  one  shou ld  
n o t  use  a so lu t ion  of t h e  field v a c u u m  e q u a t i o n / ~ v  ---- 0 to  desc r ibe  t h e  space - t ime  me t r i c  
i n s ide  a so m a s s i v e  ob jec t  as  a b l a c k  ho le  whe re  one  m u s t  i n d e e d  use  t h e  fu l l  E i n s t e i n  
e q u a t i o n  (2) / ~ v - -  � 8 9  = - -  8zGT~v ,  w h i c h  in  s t a n d a r d  fo rm reads  (3) 

(2) 

(3) 

(4) 

(8z~G/e a) T~ = c x p  [ - -  2J (v'/r ~- 1/r 3) - -  1/r 2 , 

(8~G/e 4) T O = exp  [ - -  2] (1/r 3 -  2'/r) - -  1/r 2 , 

(8zG/c  4) To1 = exp  [ - -  2] 2 ' / r ,  

w h e r e  t h e  co -o rd ina t e s  r, O, q~, et h a v e  been ,  r espec t ive ly ,  d e n o t e d  b y  x 1, x 2, x 3, x ~ so 
t h a t  - -  g0o = gll  ~_ exp  [ - -  2] = exp  Iv]. 

I f  we a s s u m e  t h a t  t h e  v a c u u m  Schwarzsch i ld  so lu t ion  (1) is  no  longer  v a l i d  ins ide  
a b l a c k  hole ,  we n e e d  a n o t h e r  d i f fe ren t  so lu t ion  t h e r e  which ,  in  t u r n ,  s h o u l d  also b e c o m e  
no  longer  v a l i d  for  v a c u u m .  T h u s  t h e  e v e n t  h o r i z o n  s h o u l d  b e  v i ewed  as t h e  space - t ime  
sur face  s e p a r a t i n g  two  d i f fe rent  space - t ime  met r ics .  There fo re ,  s ince  t h e  space - t ime  
reg ion  occup ied  b y  a b l a c k  ho le  s h o u l d  no t  be  m e r e l y  a g i v e n  def in i te  p a r t  of t h e  inde-  
f ini te  v a c u u m  space- t ime ,  b u t  t h e  p a r t  of a n o t h e r  indef in i t e  space - t ime  w h i c h  is r ea l i zed  
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physically,  the mathematical  translat ion of the above conceptual scheme is simply 
to remove the integration l imits in  the formal integration of eqs. (2) and (3) for nonzero 
values of the energy-momentum tensor components and impose after that ,  for r > R s, 
the so-obtained solution becomes no longer valid, such as the Schwarzsehild solution 
is here assumed to do for r <~ i~ s. 

Thus, for an uncharged black hole with mass M about equal to a solar mass, the Hawk- 
ing's temperature (4,5) and, thereby, the average kinetic energy of the matter  particles 
making up the black hole should be very small, so that  T O ----- - -  e ---- - -  McS(4~i~/3) -1 and 
T~ --~ p (a pressure parameter tha t  we allow to be determined later). Then, from eq. (3), i t  
follows that  

(5)  exp [-- ~t] = 1 - -  (8~G/c4r)f~r2dv = 1 - -  (a~'~ § ~/r),  

where ~ --  Rs 2 and fl is an integrat ion constant. The value of fl is simply obtained by  
considering that,  in  order to roach interior and exterior solutions at  event horizon, 
e x p [ - - 2 ] = 0 f o r r - - - - ~ R  s, so that  f l = 0 .  

Now, from eqs. (2) and (5), one obtains tha t  

(6 )  ~' = [ ( 8~G/c 4) p r  -~ R s  ~ v] (1 - -  ~ s  ~ v~)-x ; 

in  order to reproduce the singularity of metric (1) at ~ ---- i~s, ~.e. exp [~] ~ exp [--  2], 
the following unusual  state equation in  then required: 

( 7 )  p = - -  e 

(which will be discussed later). We finally obtain 

(8) dsb~ = (1 - -  R s  ~ r ~) c 2 d t  2 - -  (1 - -  R s  ~ r ~ ) - I  dr2  __ r~(d02 q_ s i n  ~ 0 d ~  2) . 

Equat ion (8) is our main  result. I t  becomes the same as eq. (1) a t  r ---- i~ s. Moreover, 
in  the same way as eq. (1) reduces to the Galilean metric for r ---- co, eq. (8) reduces also 
to the fiat-space metric at r -- 0. 

The metric potentials in eq. (8) possess two properties: i) they give rise to an infra-red 
divergence for r = J?s (matter confinement inside the black hole) and if) they have an 
ultraviolet free-field asymptotic behaviour for r -- 0, which are just  the two most dra- 
matic features of strong interactions. Property i) is simply an alternative form for defin- 
ing the black-hole event horizon (1), while property if) is at least compatible with the 
featuIe that  only a theory with non-Abelian gauge field, such as the gravitat ional 
theory in (e), can be asymptotically free (~). Is this a further argument in favour of 
the unification between black holes and elementary particles (s) 
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As to in te rpre t ing  eq. (7), i t  should be t h o u g h t  t h a t  p > 0 for m a t t e r  in te rac t ing  
under  C o u l o m b - N e w t o n - t y p e  po ten t ia l s  r ---- K / r  (i.e. the  po ten t ia l s  of  al l  known macro-  
scopic in terac t ions) ;  bu t  th is  is no t  the  case for  the  po ten t i a l  inside a b lack  hole  which  
depends  on r ~. W e  discover  then  t h a t  p < 0 for po ten t ia l s  K ' r  2. In  th is  way,  our  mos t  
genera l  s ta te  equa t ion  would  read  (9) 

(9) - -  4e ~ T i i ( ~  - -  e -[- 320 ) < 0 .  

An extens ion of these  ideas  wi l l  be soon publ ished.  The  au thor  is indeb ted  to F.  COR- 
T~s-GuILL~N and C. SIGt~ENZA for  useful  discussions. 
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