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Admissible approximations for essential boundary conditions
in the reproducing kernel particle method

J. Gosz, W. K. Liu

Abstract In the reproducing kernel particle method
(RKPM), and meshless methods in general, enforcement of
essential boundary conditions is awkward as the approx-
imations do not satisfy the Kronecker delta condition and
are not admissible in the Galerkin formulation as they fail
to vanish at essential boundaries. Typically, Lagrange
multipliers, modified variational principles, or a coupling
procedure with finite elements have been used to cir-
cumvent these shortcomings.

Two methods of generating admissible meshless ap-
proximations, are presented; one in which the RKPM
correction function equals zero at the boundary, and an-
other in which the domain of the window function is se-
lected such that the approximate vanishes at the boundary.
An extension of the RKPM dilation parameter is also in-
troduced, providing the capability to generate approx-
imations with arbitrarily shaped supports. This feature is
particularly useful for generating approximations near
boundaries that conform to the geometry of the boundary.
Additional issues such as degeneration of shape functions
from 2D to 1D and moment matrix conditioning are also
addressed.

1
Introduction
In applying the Galerkin method to meshless methods
such as the reproducing kernel particle method (RKPM)
(Liu, Chen, Jun, Chen, Belytschko, Pan, Uras, and Chang,
1996; Liu, Chen, Chang, and Belytschko, 1996; Liu and
Chen, 1995; Liu, Jun, Li, Adee, and Belytschko, 1995; Liu,
Jun, and Zhang, 1995), difficulties arise because the ap-
proximates or shape functions generally do not satisfy the
Kronecker delta condition. Furthermore, the approximates
are not guaranteed to vanish at boundaries where essential
boundary conditions are prescribed.

Many solutions to this problem have been proposed for
the various meshless methods. For example the element
free Galerkin method (EFG) has incorporated Lagrange
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multipliers (Belytschko, Lu, and Gu, 1994), modified var-
iational principles (Lu, Belytschko, and Gu, 1994), and a
coupling procedure with the finite element method
(Krongauz and Belytschko, 1996). The h-p cloud method
has implemented Lagrange multipliers and has also re-
ported that a method which incorporates singular weight-
ing functions in Galerkin method format shows promise
(Duarte and Oden, 1995). The finite point method (FPM)
advocates point-wise enforcement of essential boundaries
(Onate, Idelsohn, Zienkiewicz, Taylor, and Sacco, 1996).
Other proposed methods include penalty methods, collo-
cation, and perturbed Lagrangian.

While these methods provide a means of overcoming the
inherent difficulties of meshless methods, none has yet
provided an inclusive method of conveniently handling
boundaries with essential conditions. Furthermore, each
method has limitations and drawbacks. For example, La-
grange multipliers pose difficulties in that the resulting
stiffness matrix is no longer positive definite or banded,
and the size of the problem is increased. While modified
variational principles enable the stiffness matrix to remain
positive definite and banded, they are reported to be less
accurate and are rather inconvenient. Coupling with finite
elements negates some of the advantages of meshless ap-
proximates and can result in discontinuities in the deri-
vatives of the approximates.

In the finite element method, essential boundary condi-
tions are efficiently enforced because the shape functions of
nodes not lying on the essential boundary automatically
vanish at the boundary. Furthermore, the FEM approx-
imations possess the Kronecker delta property. As a result
a zero displacement boundary condition, for example, can
be easily satisfied by setting the nodal values of nodes lying
on the boundary to zero. A positive definite stiffness ma-
trix results and the size of the problem is actually reduced.
This method of enforcing essential boundary conditions
has proved very convenient and intuitive.

At this point it is not realistic to think that the classical
method of handling essential boundaries in the finite
element method can be fully extended to meshless meth-
ods, however, there is evidence that a similar approach
can be used successfully on a number of important
boundaries (Liu, Li, and Belytschko, 1996). Specifically, by
utilizing the flexibility of the meshless shape functions, the
shape functions can be enforced to vanish at essential
boundaries. In RKPM it can be seen by the definition of
the shape function

Nj(x) = C(x;x — X;),, (x — X)) AV;



that if either the correction function, C(x;x — X;), or the
window function, ¢, (x — x;), equals zero at the boundary,
the shape function itself will equal zero. By utilizing this
concept and by introducing an extension of the dilation
parameter termed a dilation function, a;(x), shape func-
tions in the vicinity of an essential boundary condition can
be made to conform to the boundary and vanish at the
boundary.

The organization of the paper is as follows. Section 2
provides a brief review of the reproducing kernel particle
method while Section 3 incorporates the new concept of a
dilation function. The (Bubnov-) Galerkin Method is de-
scribed in the context of meshless methods in Section 4.
Section 5 is a study of admissible approximations near
essential boundaries and is followed by numerical ex-
amples in Section 6. Conclusions are given in Section 7.

2
Review of the reproducing kernel particle method (RKPM)
The purpose of this section is to review the main features
of the reproducing kernel particle method and present it in
a format that can be readily implemented. A body Q in =
will be considered with independent variables x, where

T
X = [xl,xz].

The mathematical foundation of the method is a con-
tinuous convolution defined to be the reproducing equa-
tion

whe(x) = /Q U(Y) buy) (X — y) 4D,

o4

(2.1)

Here u®«(x) is a reproduced function of the original
function, u(y), operated on a projector or window,
Pa(y)(x — ). In solving partial differential equations, the
reproducing kernel particle method solves a weak form of
the problem incorporating the Galerkin method. In order
to more accurately solve problems of finite domains, Liu
(Liu, Jun, and Zhang, 1995) introduced a correction
function which modifies the window to maintain com-
pleteness near boundaries.

2.1

Reproducing conditions

The underlying motivation of RKPM is to represent a gi-
ven function exactly up to a specified polynomial order
over the entire domain. For linear reproducing conditions
u(y) of the continuous convolution is approximated with a
first order accurate Taylor series expansion about x.

u(y) = u(x) — [(x1 —y1)ttr, (%)
Haxz = y2)the, (%)) -

The expansion is then substituted into Eq. (2.1) yielding

P (x) = u(x) / baty)(x— )40,

(2.2)

— Ux, (X)/Q (xl _yl)d)a(y) (X - Y)dQ}’

() /Q (52 — 72)aiy) (X — ), . (23)

The integrals in Eq. (2.3) can be used to define moments of
the window function.

my(a,x) = /Q Baiy) (x — y)dQ, (2.4a)
Y

mo(ax) = [ (6 =n)bay(x-v)dR, (24D
Y

mo(ax) = [ (o -pbuy(x-v)i, (249
v

In general the moments are defined as,

mii(a, x) =/ (k1 — y1) (32 — 32

Y
X Pory) (x —¥)dQ, . (2.5)

Rewriting Eq. (2.3) using the moment definitions (2.4)

gives

ufe(x) = u(x)mpo(a, x) — u,y, (X)myo(a,x)
— Uy, (X)mp(a,x) .

In order for the approximated function to be reproduced
exactly, the following reproducing conditons need to be
satisfied.

(2.6)

moo(a, x) = 1 (2.7a)
mio(a,x) = 0 (2.7b)
mor(a,x) = 0 (2.7¢)
or m;;(a, x) = do:dy; - (2.8)

An arbitrarily chosen window function does not necessa-
rily satisfy these reproducing conditions. Therefore a
corrected window function is obtained by modifying the
original window with a polynomial correction function,
C(x;x —y), such that the reproducing conditions are sa-
tisfied. The definition used in this approach is

<f_>a(y) x—y) =Clxx— Y)d)a(y) (x-y)
= [boo(a, X) + bio(a, x)(x1 — y1)
+ bo, (aa X) (x2 - y2)]¢a(y) (X - Y)

= PT(X - Y)b(a? x)d)a(y) (X - Y) > (2'9)

with
1
P(x—y)=|(t1—»)| and
(x2 — y2)

bOO(aa X)
b(a,x) = | bip(a,x)

b01 (a, X)

To calculate the correction coefficients, b(a, x), the re-
producing conditions are applied to the corrected window
function. By definition (2.9), the moments of the corrected
window function are:
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m;j(a, x) =/Q (x1 = y1) (32 — )

X (Ea(y) (x— y)dQ,

From the above definitions, a moment matrix can be de-
fined as

M@x)= [ Px-y)P(x-y)

4
X qba(y) (x—y)dQ, .

By expanding the moment matrix, it is easily seen that the
correction coefficients are obtained via the following linear
algebraic system of equations satisfying the reproducing
conditions

(2.10)

(2.11)

Moo (a, X) ( meo(a,x)  mig(a,x) mpo(a,x)
mp(a,x) | = my(a,x) my(a,x)
mp; (a, x) | symmetric mp,(a, x)
[ boo(a, x) 1
bio(a,x) | = |0]| or (2.12)
| boi(a, x) 0

m(a,x) = M(a, x)b(a,x) = P(0) ,

where PT(0) = [1 0 0]. The correction coefficients are thus
defined by the following relation

b(a,x) = M(a,x) "P(0) . (2.13)

2.2

First derivative reproducing conditions
The first derivative of the reproducing equation, Eq. (2.1),
with corrected window is defined by
i Ra

a0 = [ ) L Gux—y)a, 19

Expanding u(y) in a first order accurate Taylor series, as
was done for the reproduced function, and representing
the integral expressions with moments of the derivatives of
the corrected window function, 7#;x, Eq. (2.14) can be
represented as

U (x) =2 u(x)Moox(a,X) — U,y (X) 10,4 (a, x)

dx
— Uy, (X)91x(a,X) , (2.15)
where
d -
e x) = [ LGapx-v)a, (@1
My x(a,X) :/Q (x1 —y1)
d -
X (Bagy)(x — y))dQ, (2.16b)

os(ax) = [ (2 -72)

Q)’
d -
&(d’a(y) (x — Y))de .

In order to approximate u: (x) and u% (x), definitions
(2.16) must be constrained such that the following re-
producing conditions are satisfied

(2.16¢)

Mij = —01i0s for ufe (x) (2.17)
and
Mijx, = —50,‘52]' for ui“z (X) . (2.18)

In general, 2D reproducing conditions for the yth deriva-
tive are
i (2.19)

iy, = (-1) 103,65,

where y, represents the order of the partial derivative with
respect to x;, and y, represents the order of the partial
derivative with respect to x;.

Expressing the moments of the corrected window deri-
vatives, i, in terms of moment derivatives of the un-
corrected window, m;;y, correction coefficients and their
derivatives yields a system of equations which can be used
to derive the correction coefficient derivatives. For ex-
ample the following relation is obtained for the the deri-
vative with respect to x; subject to the above derivative
reproducing conditions

Mo0,x) M10,%y 01,1, Moy M Mo

myo,x) —Moo My, M0 Mg —Mor Mho My MIn

Mo1,xy Mm% Mo2,x mo My Mgy

bo (2.20)
boo.x,
blo,xl

L b()l,xl i

By incorporating the reproducing conditions of Eqgs. (2.7)
into Eq. 2.20, the following simplification results

Mo0,x, Migx; Moy Moo Mg Mg

LOTE M20,%; Milx Mo Mz My

Mo1,x, My, Mozx My Mn Mo

[ b0 ]
th
bo (2.21)

bOO,xI

blo,xl

[ borx, |
This result is equivalent to the derivative of Eq. (2.12)
M(a,x)b(a,x) = P(0) ,

which is

M, (a,x)b(a,x) + M(a,x)by (a,x) =0 .



Thus the derivatives of the correction coefficients can be
expressed as

bx(a,x) = —M'(a,x)M (a,x)b(a,x) .
This formulation has been termed the fast derivative

computation (Belytschko, Krongauz, Fleming, Organ, and
Liu, 1996).

2.3

Discretization

For problems in computational mechanics the convolution
equation (2.1) is discretized with trapezoidal rules and
represented as

NP

ulk(x) = E u(xj)ébaj (x—x;)AV; |

J=1

(2.22)

where NP is the number of particles and the subscript h is
associated with a discretized domain.

While the reproducing conditions have been presented
in a continuous case, in implementation the equations are
also discretized. To ensure that the sum of the shape
functions, Nj(x), equal one over the entire domain, the
same integration rule used to discretize the reproducing
equation must be used for the moments and their deri-
vatives. The discrete moments using trapezoidal integra-
tion are thus defined as

ii(a,x) = D (x = x)'(y — )
P (2.23)
X qbak(x — Xk)AV;( .

Note that the discrete moment matrix M(a, x) is non-sin-
gular provided there is an admissible particle distribution.
For conditions governing an admissible particle distribu-
tion refer to (Liu, Li, and Belytschko, 1996).

2.4

Shape functions

The reproducing equations, Eq. (2.22), can be expressed in
terms of global shape functions in the usual manner as

W) = Y Nwuly) | (2.24)
]=l

where the global shape functions are defined to be
Nj(x) = ¢, (x — x))AV;

(2.25)
= C(x;X — X))@y, (x — X;)AV; .

Note that a convenient particle weight definition is to use a
product rule such as, AV = Ax;Ax,. If AV; = 1, the dis-
crete reproducing equation can be interpreted as a mod-
ified Moving Least Square approximation (Liu, Li, and
Belytschko, 1996).

In general, u®(x;) # u(x;) because Ni(x;) # &;; where d;
is the Kronecker delta equaling one when i = j and zero
otherwise. While the RKPM shape functions cannot be
strictly interpreted as an interpolant, for practical pur-
poses it can be viewed as such (Lancaster and Salkauskas,
1981). In order for the nodal coefficients to correspond to

1.2 " " — —

0 01 02 03 0.4 05 06 0.7 0.8 0.9 1.0

Fig. 1. Kronecker delta condition of quadratic basis shape functions

the nodal values, the coefficients must be transformed
using the RKPM shape functions.

An interesting property of one dimensional RKPM
shape functions, and meshless interpolants in general,
occurs when the shape function covers a number of nodes
equal to the number of monomials in it basis. For example
if a shape function with a quadratic basis (three mono-
mials: 1, x, x2) covers three nodes, Kronecker delta shape
functions will result as in Fig. 1. Beissel and Belytschko
(1996) report that this feature can be extended to higher
dimensions with non-concentric weighting functions. In
one dimensional boundary value problems, this feature is
very advantageous for handling essential boundary con-
ditions.

Derivatives of the shape funcitons are obtained by
straight forward differentiation with respect to x. For ex-
ample the first partial derivatives of linear two dimen-
sional shape functions are

N () | [ A€ (xix—3) by (x-3)+Clox3) by, (x) JAT;
N @) | | {Cap (%), (x3) +C(x5%—) by o, (53 }A; |
(2.26)

where the derivative of C(x;x — x;) is obtained as follows
Cxlxx —x5) = P:‘;(x — xj)b(a, x)

+PT(x — x;)bx(a,x) . (2.27)

3

Incorporation of dilation function

As seen in the previous Section, the standard RKPM for-
mulation allows only for a constant dilation at each node.
Thus each node may have an associated window function
with an oval or rectangular support in two dimensions; a
square and circular support being special cases. In order to
form window functions and thus shape functions with
arbitrary supports, the reproducing kernel particle method
can be extended to naturally include this feature. In the
standard definition of the reproducing equation

we(x) = /Q U(y) bugy (X — Y)AQ |

4

(3.1)
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the dilation, a(y) is viewed only as a function of y in the
continuous sense. Thus when the reproducing equation is
discretized, the dilation becomes a nodal parameter, a;.

However, if the continuous reproducing equation is in-
terpreted as follows

) = [ uly) ey (6= 10,
’d

with the dilation defined as a(x,y), the dilation becomes
a;(x) when discretized. The end result is a versatile dilation
function. With the incorporation of the dilation function,
the reproducing conditions of RKPM remain the same as
derived in Section 2, and only the window function is
modified.

The motivation for a dilation with spatial dependence, is
to incorporate the ability to generate conforming shape
functions in the context of meshless methods. The term
conforming shape function is used here to imply shape
functions generated with compactly supported window
functions over arbitrary domains. Thus shape functions
can be generated over supports other than ovals or rec-
tangles. This property is especially desirable for shape
functions near essential boundary conditions.

(3.2)

31

Dilation function definitions

The form of the dilation function is similar to that of the
standard dilation parameter (Liu, Jun, and Zhang, 1995)
and is explicitly defined as the following dot product

U
aj(x) = rj(x)Ax; :ZNQ(x)rdij no sumonj .
=1
(3.3)

Here, r;(x) is a non-dimensional refinement vector asso-
ciated with a particle and Ax; is a vector pertaining to the
particle weight. Components of the vectors correspond to
the space dimensions. The interpolants, N,(x), are used to
generate sufficiently smooth dilation functions given a set
of n dilation values. Obvious candidates for these inter-
polants are Lagrange or spline interpolants.

Figure 2 demonstrates the implementation of the above
concepts. By using boundary and nodal information, re-
finement values, rg, can be selected such that a portion of

XaYa)

q(X:;,lf'a)
(rxarrya) {rxas ry?

Node
[ ]

Support of shape
function

(rx1.ty1)

(re2,ty2)

(x1,y1) (rxs.fys (x2,y2)

(X5¥s)  Egsential boundary

Fig. 2. Conforming shape function diagram near an essential
boundary condition

the shape function’s perimeter can represent a boundary
modeled by a polynomial curve. The number of points
interpolated along the boundary will determine the order
of polynomial that can be represented.

3.2

Window function

The window function, referred to as a weighting function
in other meshless methods, is usually a compactly sup-
ported function and has the ability to be translated and
dilated. It is defined by

$q, (%) = E(a) ();Zx@ !

where E(a;) is a normalization factor that ensures the area
of the window is equal to one.

While the choice of the optimal window remains an
open issue, the cubic spline has been a popular choice due
to its compact support, explicit form, and smoothness. The
one dimensional cubic spline window is defined as

lz+2®  for—2<z< -1
$-22(1+% for-1<z<0

(3.4)

bo) = E(@) 5-2°(1-%) for0<z<1
~1(z-2) for1<z<2
0 for |z| > 2

(3.5)
where the following transformation is used
_ X = Xj
aj(x)
With the addition of the dilation function, the derivative of
the cubic spline window is

'%(z+2)2dz for -2<z< -1
—2z(3z+42)dz for -1 <z<0
¥, w=E@)y 23z —2)dz  for0<z<1
~1(z-2)’dz for1<z<2
L0 for |z| > 2 (3.6)
where
dz = _g(x) 25

() e

and aj(x) is obtained from differentiating Eq. (3.3) and
multiplying by the particle weight. Figure 3 shows a
symmetric window generated with a constant dilation and
a skewed window obtained with a linear dilation function.

It is reiterated that the normalization factor E(a;) is a
constant used to normalize the window. With the dilation
function, the normalization factor in the continuous sense
is defined as

1 s XX
E(a;) :/{Waaj(x);}—(;i}dx .

While the introduction of spatial dependence on the di-
lation complicates the normalization, it is not necessary to

(3.7)



5.0
45t
401 ]
35}
3.0¢
25!
2.0}
15}
10}
05}
ol T N
a 0 0102 03 04 05 06 07 08 09 1.0
5.0
45}
40}
35f
3.0}
2.5}
20}
1.5}
1.0}
0.5}

b 0 010203 04 050607 08 09 1.0

Fig. 3. a,b. Symmetric window with constant dilation and skewed
window with linear dilation function. (a) Symmetric window.
(b) Skewed window

differentiate it when taking the derivative of the window
function since its only purpose is to normalize the win-
dow. Moreover, the normalization factor is not a strict
requirement and in the discrete case could be approxi-
mated or even neglected as in other meshless methods.

4
The (Bubnov-) Galerkin method

4.1

Overview

While variations of the Galerkin method have been widely
applied to meshless methods, a strict application of the
(Bubnov-) Galerkin method has not. Following the ap-
proach of Hughes (1987), the (Bubnov-) Galerkin method,
commonly referred to as simply the Galerkin method, uses
two sets of functions to formulate a variational form of the
strong form. One set consists of trial functions and the
other consists of test functions.

S={uluc H ,u=gonTl,} (trial functions) (4.1a)
V={wwe H ,w=0onT,}

(test functions) (4.1b)

The boundary of the domain'is defined by the following

Iyul', =T (boundary) (4.2a)

CoNTy =0 (empty set) | (4.2b)

where [’y is an essential boundary, I'; is a natural
boundary and g is the prescribed essential boundary
condition.

The discretized test functions in meshless methods ty-
pically do not satisfy the condition that they vanish on the
essential boundary. However, by selectively choosing the
dilation, window and particle distribution, RKPM shape
functions can be devised such that the following finite
dimensional approximations of S and V, denoted S" and
V¥ respectively, satisfy the following

S'={u"|uf e B, u" = 5" on I} {4.3a)
V= {whwh c H' " =00nT,} , (4.3b)

where S* and V* are subsets of S and V. While it is re-
quired that «" and w" € H' for 2nd order problems,
RKPM shape functions can be H™, or continuous to any
degree for higher order problems.

In the classical Galerkin approach, the trial functions are
defined to consist of the following approximations

W=t g

(4.4)
where v" are usually taken identical to w", the test function
approximations, and g” are arbitrary approximations used
to represent the prescribed essential boundary condition.
It is important to note that unlike current meshless
method test functions, all members of ¢" vanish on Iy in
this formulation.

The approximations of v, g”, and w* consist of the
following interpolation expressions

P = Y M) (45)
JENP—1,

g = 3 Ni(x)g0x) (46)
Jen,

Wi = 3 NEw) | (47)
]GNP—ng

where Nj(x) are standard RKPM shape functions and Nj(x)
are constructed from reproducing conditions such that
completeness is maintained throughout the domain (Liu,
Chen, and Uras, 1995). The variable Ng denotes the set of
nodes that reside on the essential boundary.

To clarify the above formulation, the discretization of a
one dimensional domain with NP nodes is presented in
Fig. 4. For illustrative purposes, the boundary points are
comprised of an essential boundary condition I'y on the
left and a natural boundary condition Iy on the right. The
nodes not associated with the essential boundary are
numbered from 1 thru neq where neq represents the
number of global equations to be solved. The node be-
longing to the essential boundary is labeled neq+1. Thus,
neq+1 € 4, and 1,...,neq € NP — 5,. The approxima-
tions, v" and w”, can then be comprised of identical shape
functions associated with the particles belonging to the set,
NP — 1, while the essential boundary condition on I'; is
represented with Ny.41(Ig). The trial and test collections
are comprised of the following shape functions,

Sk = {N17N27-~~7Nneq7Nneq+1} (4.8)
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Fig. 4. Nodal numbering for one dimensional Galerkin description

V' = {N1,Na, ..., Nyeg } - (4.9)

Unlike the finite element method in which the shape
satisfy the Kronecker delta condition, RKPM shape func-
tions in general do not. Therefore nodal displacements
must be imposed indirectly on the global system of
equations. For example, to represent g"(x) on I, over the
nodes belonging to 1, with the approximation of Eq. (4.6),
the nodal displacements, g(x4), are obtained by solving a
linear system of equations. For {1,...,n} € #, the follow-
ing system would result.

Ni(x1) Nap(x1) Nu(x1) | [ g(x1)

Ni(x2) Nx(x3) Ny(x2) | | g(x2)

Ni(x,) Np(xn) Nn(.xn) g(;‘n)
g:(xl)

_ g(:XZ) . (4.10)
gh(;‘n)

Having evaluated the nodal values on the essential
boundary, the global matrix equation can be manipulated
in the usual FEM manner to enforce the essential boundary
condition. The global system is thereby reduced to the
number of degrees of freedom for the particles belonging
to NP — n,. The stiffness matrix also remains positive
definite, banded, and symmetric for the case when "
identical to w".

is

4.2
Elastostatic formulation
Linear elastostatics can be posed in the following manner,

V-6+f=0 in Q (4.11a)
u=g on I, (4.11b)
n-c=h on I, (4.11¢)

where ¢ is the Cauchy stress tensor, f is a body force, g is the

prescribed displacement on the essential boundary I'y and

h is the prescribed traction on the natural boundary I'.
The constitutive relation is

o = Cijkien (4.12)
where the strain-displacement equation is

1
=5 (s + ui) (4.13)

The strong form is multiplied by the test function and
integrated over the domain to obtain the weak form

a(w,u) = (w,f) + (w,h) . (4.14)

where a(-,-) and (-, ) are symmetric bilinear operators
defined by

a(w,u) = / Wi ) CikiV(k,ndQ (4.15a)
Q
(w,f) = /w,f,-dQ , (4.15b)
0
nsd
(w,h) = Z ( / w,-hidF) . (4.15¢)

=
Substituting the shape function approximations, the
matrix form is obtained from the following Galerkin form

a(wh, vh) =(wh, f)

+ (WP, h)p — a(wh, g") . (4.16)

5

Implementation of admissible approximations

This Section provides conditions for generating admissible
shape functions in the proximity of essential boundaries
by forcing either the correction function or window
function equal to zero at the boundary. For one dimen-
sional problems both methods are fairly straightforward
and shed light on the main concepts of constructing ad-
missible approximations. In two dimensions matters are
more complicated in that boundaries can take on many
different shapes. Curved as well as straight boundaries will
be addressed.

5.1
Forcing the correction function to equal zero

5.1.1

One dimension

In the one dimensional case, for all v to vanish at the
boundary, the Kronecker delta condition must exist at that
boundary. Consequently, the essential boundary condition
can be enforced simply by setting the nodal coefficient
equal to the prescribed value in the global matrix equation,
avoiding the procedure of transforming the nodal coeffi-
cients as described in Section 4.

In order for the shape functions near the essential
boundary condition to satisfy the above conditions
through the correction function, the associated dilations
must be chosen in accordance to the Kronecker delta
conditions of Section 2. Consequently for a linear basis,
the shape function at the boundary must cover two nodes
and likewise, for a quadratic basis, the shape function
must cover three nodes.

To verify the Kronecker delta condition at the essential
boundary condition for a linear basis, it can be shown
using the notation of Fig. 5 that

Ni(x) = Clx; x — x1) ¢, (x — x1)Ax; =1

(5.1)
atx =x; ,

where C(x;x — x1) = bo(a, x) + b1(a,x)(x — x;). Evaluat-

ing the shape function at x = x; simplifies Eq. (5.1)

yielding
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Fig. 5. One dimensional particle distribution notation near an
essential boundary condition

Ni(x1) = bo(a, x1) ¢, (0)Ax; . (5.2)

The correction coefficients, by(a, x;) and b;(a,x;), are
obtained from one dimensional linear reproducing con-
ditions as described in Section 2.

mmo(a, x) ﬁn(a,x)] [bo(a,xl)] - {1} . (5.3)

my(a,x) my(a,x) bi(a,x;) 0

where 1q(a, x), m(a,x) and m,(a, x) are the discrete
moments of the moment matrix.

Representing by(a, x,) in terms of discrete moments and
substituting into Eq. (5.2) yields

Ni(x)) = 7 }q, (0)Ax; .

Evaluating the moments for the case in which the dila-
tion parameters are selected such that only two nodes
contribute at the boundary yields

iy (a,x)
fitg(a,%1 )iz (@, ) =7 (@,x:

(5.4)

np
my = Z D, (x — %) Ax; = ¢, (0)Axy
=1

+ d)az (an;zxz) AX2
np
iy = 3 (5 — 1), (x — 5)A%
=1 (5.5)
= (x1 — x2) P, (xl — x2>A 2
np
my = Z(x - xj)z(ﬁa (x — xj)Ax;
=1

X1 — X2
= (x; — xz)zqﬁa2 (——-—-) Ax, .
a;
By representing 7, is terms of 7,
(5.6)

a factor of m; can be canceled out of Eq. (5.4) giving,

m, = (x1 —xz)ﬁh »

(x1 — x2)

N = 0)Ax; . 5.7
l(xl) (xl_xz)mo_ml ¢a1( ) xl ( )

Noting from Eq. (5.5) that
(XI - xZ)f;lo = (x1 - .9(.'2)(]5‘11 (0)Ax1 -+ 1’;11 , (58)
a final form is obtained that is clearly equal to 1.

- 0)A
N](X]) — (xl x2)¢a1( ) X1 — (59)

(xl - x2)¢a1 (O)Axl

By showing that the shape function associated with the
node at the boundary is equal to 1, it can be concluded that
all interior shape functions must vanish at the boundary to
satisfy consistency.
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Fig. 6. a,b. Kronecker delta property of shape functions at boundary
achieved by choosing dilations such that the correction function

of the node adjacent to the boundary equals zero at the boundary.
(a) Linear basis. (b) Quadratic basis

The above condition holds for any compactly supported
window function. The dilation criteria near the essential
boundary to generate admissible linear and quadratic ba-
sis shape functions for the Galerkin method is given by the
following equations.

xz—x] X3—X1
Zind < a4 < xlzzu;lc
linear basis : { 2% « g, <« =1
Zpnd 2 xzbmjc
n_*1 — .
ap < T n=3,---,NP
X3—X] X4—X)1
g S 1S g
: fe e 3—X) 4—X1
quadratic basis : { ' < @ < ing
a, < Zond n =23, ,NP

where it is assumed the window function has been defined
to be nonzero over the range [—2pn4, Zpng)- For example,
Zpnq = 2 for the cubic spline window function given in
Section 3. The above equations are valid for nonuniform as
well as uniform particle distributions. Examples of one
dimensional admissible shape functions for linear and
quadratic bases are depicted in Fig. 6.

5.1.2

Two dimensions

In two dimensions, the requirement of the shape functions
in the proximity of an essential boundary equal to zero at
the boundary as a result of the correction function
equaling zero is much more involved than in the one di-
mensional case. An example for which this occurs follows
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for a uniform discretization, of grid size h, by h,, along the

boundary as depicted in Fig. 7. Constant dilations of

ax = hy and a, = h, along with a linear basis are assumed.
By evaluating the correction function at an arbitrary point

along the boundary (X, —h,) for a particle J located at
(0,0), it will be shown that with the proper choice of

window function, shape functions adjacent to an essential

boundary can vanish at every point along the boundary
making them admissible.
From the definition of the RKPM shape function

N](X) = C(X;X_X})¢a;(x_x})AV} s (5'10)

we see that if the correction function C(x;x — x;) equals
zero, then the shape function will also equal zero. The
correction function for a linear basis is defined as

C(x;x — x7) = boo(a, x) + bo(a, x)(x — xy)
+ bor(a,x)(y —y) - (5.11)

In solving for the correction coefficients, the discrete

moment matrix is inverted and multiplied by P{0) yielding

b(a,x) =M(a,x) 'P(0) . (5.12)

By setting C(x;x — x;) equals to zero and factoring out

the determinant of the moment matrix, the following is
obtained.

Ay —Ap(x—x) +As(y—y) =0, (5.13)

where A1, and Aj,, and A,; are the cofactors of K’[(a,x)
defined by

Ayy = g thy — (5.14a)
Az = migma; — MyMo (5.14b)
Ay3 = ygfiy — figefitgr - (5.14¢)

Evaluating the discrete moments at (X, —h,) yields the
following

np
Mg = Z(x - xj)‘ﬁaj (x - x;)AV;
j=1

= {xl ¢x (%) + x2¢x (';Ci) + x3¢)x (’:Ti)
4 hvh
rrate (1) oy 052
{4 (GE) 0 ()
e, (;1—“5) }qﬁy(l)hxhy
np
oy = 3 07— 3)bg (X~ X)AV,
j=1
)62

QR

np
=Y (% = %)y = ¥j) b (x — X)) AV
j=1
= _h)’{xl ¢x (z_i) + x2¢x (%)
+x30, (:-i) + x50, GE) }qsy(l)hxhy (5.15)
np
oo = Y (x — %) ¢, (x — ;) AV
=1

= o) w0 ()
+ {X?du (%) + 20, (2—2)

+ x§¢x (%) + xi(bx (i—i) }st(l)hxhy

np
oy = Z()’ *}’j)zflﬁaj(x —X;))AV;
=1

) 0)
4, (;-) b, 0,

where np, the number of particles that contribute to the
moment calculations, equals 8 for the example depicted in
Fig. 7 and

+ hy

xR

Xl =X5 =

2

Xy = Xg =
X3 =Xx7; =X — hy
X4:JC3=)_C~2hx .

Substituting the cofactor expressions into Eq. (5.13) and
evaluating at particle J located at (0,0) as in Fig. 7, gives

(myptig, — ﬁﬁ,) — (Mg, — Mg ) (%)
(5.16)

From the moment calculations, the following relations
from Eq. 5.15 can be used to simplify Eq. (5.16).

+ (myormy — ﬁ120ﬁ101)(h),) =0.

(i,-hy) I‘g

Fig. 7. Particle distribution along a straight essential boundary that
enables the correction function to vanish at boundary
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Fig. 8. Window moment symmetry condition of cubic spline window,
my, = 219(21) + 220(22) + 23¢(23) + 24¢(24) = 0, where
21=2+1=02z+2=2,+3

7;101 = — y?;’loz (517)
- hxhy X1 X,
mip =¢,(0) 3 {x1¢x (h_> + x20, (h_)

+X3¢x (%) +X4¢x (%)} - ﬁ’l]l . (518)

For ease of presentation, the following definition is used

My = X1 ¢x (;) + x2¢x <%>
+ x3¢x (;_3> + x4¢x (?) »

- X+h _ x
= (% + hx) ¢, — +XPy | (5'19)
hx hy
x—h
+ - hooe ()
X
X —2h
+ (X — 2hy) ¢, <—h—x>
X
Equation (5.16) can now be expressed as
—(myothg, — Mg )X + mytiy; =0 . (5.20)
Further simplification using Eq. (5.18) yields
—my, M X + myfy; =0 (5.21a)
mw(ﬁm — ﬁ’lozf) =0 . (521b)

The most obvious way for Eq. (5.21b) to equal zero is for
m,, to equal zero. This expression is only dependent upon

Fig. 9. Linear basis shape function near straight boundary in which
correction function equals zero along the entire boundary
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Fig. 10. a,b. Linear basis shape function (corresponding to particle J)
near the edge of an essential boundary condition. (a) Particle dis-
tribution near edge of essential boundary. (b) Particle J shape func-
tion

the type of window function and particle distribution. By
direct substitution, it can be verified that the cubic spline
window given in Section 2 satisfies this condition which
can be thought of as a moment symmetry condition of the
window function (see Fig. 8). A shape function for particle
] is plotted in Fig. 9. Note that while the above proof was
given for a boundary coincident with the coordinate axes,
orthogonality is not necessary for this condition to hold.

In the presence of an edge or other deviation from the
straight boundary, the above conditions do not hold.
Measures can be taken however to avoid these difficulties.
An example is an essential boundary condition prescribed
along one side of a rectangular geometry. By using the
particle distribution in Fig. 10(a), shape functions can be
generated near the boundary that will vanish at the es-
sential boundary provided the proper choice of window,
dilation, and particle weights are used. An admissible
shape function near the edge of the essential boundary is
shown in Fig. 10(b).

5.2
Forcing the window function to equal zero

5.2.1

One dimension

As mentioned earlier, admissible shape functions may also
be generated by forcing the window function to vanish at
essential boundaries. However, in the one dimensional
case this results in an undefined shape function (belonging
to 77,) at the boundary point. Assuming that the only
contributing node at the boundary is the boundary node
itself, evaluating the moments from Eq. (5.5) yields
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o = ¢, (0)Ax,
m; =0 (5.22)
my =0 .

From the shape function definition of Eq. (5.2) the fol-
lowing results

Ni(x1) = g¢a1 (0)Ax; .

In the limit, however, N;(x;) can be taken equal to 1. This
can be seen by evaluating Nj in the limit at a point near the
boundary, x; + ¢ as ¢ goes to zero. While an arbitrary
number of nodes can contribute x; + ¢, for illustrative
purposes, only two nodes will considered. Thus the 1D
discrete moments, evaluated at ¢ (taking x; = 0), are

o(€) = ¢, (6)Ax1 + Py, (6 — x2)Axs

i (e) = e, (8)Ax1 + (€ — x2) P, (€ — x2)Axz

iy (e) = e, (€)Ax1 + (8 — 12)° B, (8 — x2)Axy . (5.24)
Evaluating N (¢) yields

Ni(e) = C(g; 6 — x1) ¢, (e)Axy

@)
=% = %)
Mmomy — m;

T () b 0

Mmomnty — My

(5.23)

(5.25)
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Fig. 11. a,b. Linear shape functions with window forced to zero at
boundary. (a) Constant dilation. (b) Linear dilation function

Dropping the second term of the correction function that
is multiplied by ¢ and substituting the expressions for the
moments, gives the following after simplification

&, (e)Ax + (e — )2 d,, (e — x2)Ax;
Nl (8) B { x%d’al (g)d)az (8 - xZ)AxleZ }

X ¢, (€)Ax, (5.26)
_ & (e —x,)°
T\ Bae—x)Bx; | B, (AE;

X ¢, (e)Ax .

Finally, taking the limit of Eq. 5.26 gives the desired
result

Nl(xl) = %i_l}gNl(xl + 8)

2
X

x%d)al (E)Axl
X ¢, (6)Ax; = 1, where x; =0 .

(5.27)

Figure 11 shows two methods of forcing the window
function to equal zero at the boundary. The first
(Fig. 11(a)) uses a constant dilation for each node defined
by the distance the particle is from the essential boundary.
For instance, the particle nearest the boundary has a di-
lation that covers three nodes and likewise, the adjacent
particle has a dilation that covers five nodes. The irregular
shape functions produced by this procedure can be alle-
viated by incorporating a linear dilation functions in the
shape function near the boundary. The linear dilation
function used in Fig. 11(b) enables the shape functions
near the boundary to die down quickly near the boundary
while extend further into the domain opposite the
boundary.

5.2.2

Two dimensions

To avoid the restrictions of the particle distribution, di-
lation, and window function near a straight essential
boundary in two dimensions, the dilation can be selected
such that the window function will equal zero at the
boundary as in the one dimensional case above.

In doing this however, shape functions associated with
the essential boundary cannot be evaluated along the
boundary with the standard two dimensional RKPM shape
function calculation. As will be shown, the 2D calculation
degenerates into a 1D calculation along the boundary.
Thus for boundary shape functions along a straight es-
sential boundary, a 2D shape function calculation can be
used in the interior of the domain and a 1D calcuation can
be superimposed along the boundary.

Degeneration in two dimensions occurs when a group of
particles fails to define a plane, or in other words, the
particles fall on a straight line. Thus even though a given
particle distribution may be sufficient, the dilations of
distribution may be such that the moment matrix becomes
singular. Referring back to Fig. 7, at the boundary (y — y;)
equals zero for approximations at the boundary. Moments



Fig. 12. Linear basis shape function near straight boundary in which
window function is forced to zero at boundary

Fig. 13. a,b. Derivatives of linear shape basis function near boundary:
(a) Derivative with respect to x. (b) Derivative with respect to y

associated with the y-direction therefore provide no con-
tribution

np
or = (5~ )b (%~ X)AV] = 0
=1
np
my = Z(x —x)(y _)’j>¢aj(x —x)AV; =0

=1

np
Mgy = Z()’ "Yj)2¢aj(x —x)AV; =0 .

=

As in the one dimensional case, the approximations
associated with I'; can be defined in a limiting sense.
Conditions for which a 1D RKPM shape function calcu-
lation can be used along a boundary are derived for the
particle distribution shown in Fig. 14. While the following
example of degeneration is for three particles, the princi-
ples can be easily extended for other particle distributions.

Fig. 14. Particle distribution demonstrating degeneration along a
straight essential boundary

The shape function associated with particle 1 in Fig. 14 is
evaluated in (X,¥), where ¥ is a distance ¢ from the
boundary and X is arbitrary. As ¢ approaches zero, it will
be shown the 2D shape function calculation degenerates
into a 1D calculation along the boundary.

As seen from the 2D RKPM shape function definition for
particle 1 at X

N1 ()—() = C(i;i - X1)¢al (i - xl)AVl
= {boo(a, i) + blo(a, i)(f — xl)
+ bo1 (3, X) (¥ — y1)} ¢, (X — x1)AV)

the correction coefficients can be expressed in terms of the
discrete moments,

(5.28)

s )
Moy —My;

bo = . ., L o - (5.293)
oo Mg o2+ 2119 Mgy i) — Moo Y, — Mag Ty —Moa i,
— ) g+,
b= ——— Mgty (5.29b)
T g Mgy +2 P g i1y — Mg 11y | — Mg Mg — Moa Y,
Moy — Mg M
b = 107111~ MMzg Mg — (5.29(:)

——— = — ——5 =
Moo M gy +2 Mo g1 ity — flgo 1Y) — Pty ity —Moa My

Evaluating the discrete moments for the particle dis-
tribution of Fig. 14 gives

Moo = @, (X — x1)¢,(e)Ax1Ap1 + ¢ (X — x2)
X ¢, (e)Ax28y; + ¢ (X — x3)eAx3Ay;
i = (X — x1) (X — x1) P, () Ax1 Ay
+ (X — x2) (% — x2) ¢, () Ax2Ay2
+ (X — x3) ), (X — x3)eAx3Ay3
o1 = £¢,(X — x1) P, () Ax1 Ay,
+ e¢, (X — x2)$, () Ax2 Ay,
+ e, (X — x3)eAx3Ay;
i = (X — x1)e, (X — x1) P, (6) Ax1 Ay
+ (X — x2)e, (X — x2) ¢, () Axz Ay,
+ (X — x3)e0,. (X — x3)eAx3Ay3
fitg = (X — x1)° (X — x1) ¢, (8)Ax; Ay
+ (% — 1) 9% — %) ¢, (6)Axs A,
+ (X — %3)° (X — x3)eAx3Ays3
fitoy = &2, (X — x1) ¢, (e) Ax1 Ay
+ &g, (x — x2)¢,(e)Ax2Ay;
+ 2@, (X — x3)eAx3Ay;

(5.30)
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where (¥ —y1) and (¥ — y;) = ¢, and ¢, (¥ — y3) = ¢ by
definition.

In the limit as ¢ goes to zero, the by (¥ — y1) term in
Eq. (5.28) will drop out leaving by and by (X — x, ). Taking
the limit of the above moments (Eq. 5.30) yields the fol-
lowing nonzero moments

oo = @, (e) Ay{P(X — x1)Axy + P (X — x2)Ax, }
= ¢,(e)Aymy
o = @, (e)Ay{(X — x1) (X — x1)Ax,
+(X — x2) P (X — x2)Axz }
= ¢, (e)Aymm,

i = ¢, (e)Ay{(% — x1)’ (X — x1)Ax;
+(x -~ x2)2¢x(’—c - xz)sz}
= ¢,(e)Aymm
where it has been assumed that Ay, = Ay, = Ay, and
mo, My, and 7, are one dimensional moment calculations
for particles I and 2.

By inspection, the second term in the numerators of Egs.
(5.29b) and (5.29¢) will vanish as & goes to zero, leaving

(5.31)

b iz
00 = -~ ) )
~ ~ 2myo Mg My __ Mmgomty,  ~ 2 . Moty
Moo tze + My Mgy 10 My
(5.32a)
b —hho
10 = PR P )
s >y 2mpgtgihyy _ Mooy =2 MMy,
Moo ttizo + Moz oy Mo Mgy
(5.32b)

where both the numerator and denominator have been
divided through by ;.

The following expressions result from taking the limits
of Egs. 5.32b,

Mz0 _ @

(5.33a)

Fig. 15. Kronecker delta RKPM shape function along straight essential
boundary

Essential boundary

Modeling error

Fig. 16. Modeling error caused by using circular window supports
near essential boundaries. By using conforming shape functions,
the error can be avoided

by = —Mmyp —m
Mootiag — My, (figtity — i1 ) $(0) Ay (5.33b)
— bl .
¢(0)Ay '

in which by and b, are 1D correction coefficients.
By substituting Eqgs. (5.33) into Eq. (5.28), Ni(X) is
defined in the limit as

N1 (i) = ig‘%{boo + blo(f - xl)
+boi(8)} 9. (% — x1) ¢, () Ax1 Ay

N %+h@~m?
B { ¢7y(0)A)’1

X (% — x1)¢,(0)Ax; Ay,
={by+ b1 (X — x1)} (X — x1)Ax; .

This is clearly a one dimensional calculation.

An interesting choice of linear basis shape functions for
a straight essential boundary would be to use a dilation
parallel to the boundary that corresponded FEM hat
functions (Liu, Chen, Uras, and Chang, 1996). This shape
function would satisfy the Kronecker delta condition at the
boundary allowing the nodal values to be simply pre-
scribed on the global equations. Such a shape function is
depicted in Fig. 15.

In the case of curved boundaries, the typical approach is
to approximate the boundary with piecewise polynomials.
Given an admissible particle distribution, circular or oval
shape functions can be generated with constant dilations
that ensure that the interior shape functions vanish at the
essential boundary. However, one should be aware that
this procedure could introduce modeling error near the
boundary. As seen in Fig. 16 a collection of admissible
shape functions can fail to accurately represent a parti-
cular boundary. The shaded regions in the figure represent
areas within the domain where there are no free inter-
polants associated with v*.

By incorporating the dilation function, shape functions
can be made to conform to the boundary thus removing
areas of poor interpolation. Note that the dilation function
is only necessary for shape functions in the proximity of
the essential boundary. Following this method, an ad-
missible particle distribution can be generated and dila-

(5.34)



tion coefficents for the dilation function can be defined
using the geometry of the boundary.

6
Numerical examples

6.1

Helmholtz equation

To compare the accuracy of the various one dimensional
techniques described in Section 5, the following Helmholtz
equation is studied

w(X) +ulx) =0, 0<x<10 (6.1a)
u(0)=0 (6.1b)
u(10) =1 (6.1c)
where the exact solution is given by

sin(x)
= 6.2
u(x) sin(10) (6:2)

A cubic spline window and four point Gaussian quad-
rature was used with uniform particle distributions of 11,
22, 44, and 88 particles. Four methods of enforcing the
essential boundary conditions were considered:

1. Lagrange multipliers (constant dilation of 1.17Ax)

100
O Lagrange multipliers (s =1.97)
+ Correction fnct = 0 (s=2.27)
% Window = 0, constant dilation (s=1.88)
101k * Window = 0, linear dilation (s=0.77)
£
2102
3
103 | .
104
107 100
a h
100
O Lagrange multipliers (s=1.36)
+ Correction fnct = 0 (s=1.52)
X Window = 0, constant dilation (s=1.09)
* Window = 0, linear dilation (s=0.44)
10-1 L
£
9]
c
T
102
108
1071 100
b h

Fig. 17. a,b. L2 and H1 convergence of essential boundary techniques
of one dimensional Helmholtz equation normalized by the norms
of the exact solution. (a) L2 norm. (b) H1 norm

2. C(x; x — x;) = 0 (interior dilation of @ = 1.17Ax and
dilation of Ax near the boundaries)
3. ¢(x — x;) = 0 (interior dilation of 1.17Ax and reduced
constant dilations near boundaries)
4. ¢(x — xj) = 0 (interior dilation of 1.17Ax and reduced

linear dilation functions near boundaries)

The L, and H; error norms defined by

L =] (s — uet) || = { JICE dﬂ}m (63)

sty | { / T dQ}l/Z (6.4)

were used to measure the accuracy of the various methods.
Figure 17 shows that the Lagrange multiplier technique
gave the lowest error by the method of forcing the cor-
rection function to zero gives comparable accuracy with a
higher convergence rate. In avoiding the inconveniences of
Lagrange multipliers, the method in which the correction
function equals zero at the boundary seems very attractive.
The methods in which the window function was forced to
zero suffered in accuracy, but for fine meshes the error was
of the same order of magnitude for all the methods. It is
evident that the error near the boundary dominates the
convergence.

In comparing the constant and linear dilation methods
used in forcing the window function to zero at the
boundaries, it is apparent that the linear dilation yields a
better solution for coarse grids, but does not perform as
well for fine grids. The improved accuracy for coarse grids
using the linear dilation function is a result of smoother
shape functions as shown in Section 5. The shift in accu-
racy between the two methods for fine grids cannot be
explained at this time.

Hy =|| (i,

6.2

Cantilever beam

The displacement given by Timoshenko and Goodier
(Timoshenko and Goodier, 1970) for a unit width canti-
lever beam loaded at the end for plane stress (Fig. 18) are

Uy = 63 ((6L—3x)x+(2+v)(y —D—)> (6.52)

x)+ (4+ SU)Dsz-‘r (3L - x)xz)

(6.5b)

p
Y T6E (‘W (L=

'l
>

Fig. 18. Cantilever beam

]



134

100
o Displacement error norm (s =1.31)
I+ Energy error norm (s=0.52)
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Fig. 19. Cantilever beam displacement error norm and energy error
norm

The stresses are then

P(L —x
o = 2L . 4
Oxy =0

P /D
Oy =—|——
Yy 2I\ 4 Y s

where I is the moment of inertia of the rectangular cross-
section.

To reproduce the above solution, the essential boundary
condition at x = 0, was imposed using Egs. (6.5a) and the
traction boundary condition at x = L was distributed with
a parabolicly according to Eq. (6.6¢). The following ma-
terial properties were used: E = 1000, v = 0.3, L =8 and
D =1 with a unit load, P (Krongauz and Belytschko,
1996). A linear basis and a cubic spline window were used
for the approximates and 4 x 4 Gauss quadrature was used
for the integration.

To quantify the numerical accuracy of the methods, a L,
displacement error norm and an energy error norm were
used.

(6.6¢)

1/2
“EHZ — /(uh _ uexact)T(uh _ uexact)dQ (6.7)
Q
1/2
Bl = § [ 3 e — o)
Q
(6.8)
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Fig. 20. Cantilever beam particle distribution with special distribu-
tion near essential boundary

Solutions were obtained for 18, 51, 100, and 165 nodes
by forcing the window functions of nodes near the
boundary to equal zero on the boundary. A dilation of
1.5Ax was used in both the x- and y-directions except for
nodes near the boundary. The two rows of nodes closest to
the boundary had dilations of 0.5Ax and Ax in the y-di-
rection respectively. The convergence rates of the dis-
placement norm and energy norm were 1.31 and 0.52
(Fig. 19).

The problem was also solved by forcing the correction
function to equal zero on the boundary. A uniform grid of
nodes was used except near the edges of the essential
boundary. Near the edge, a distribution was used as shown
in Fig. 20. Nine particles were used in the y-direction and
36 in the x-direction. With the two nodes removed near
each edge, a total of 320 nodes were used.

Because a special node distribution was required near
the essential boundary condition, the problem parameters
were adjusted to allow for uniform grid spacings with a
reasonable number of nodes. The following parameters
were changed: E = 3e7, L = 48 and D = 12, P = 40000. A
constant dilation of Ax was used.

The maximum analytic tip displacement under the
above conditions is 0.356. The numerical solution yielded
0.353 giving an error of 0.843 percent.

7

Conclusions

A method of satisfying essential boundary conditions with
meshless, admissible approximations has been introduced.
The motivation for this development is to alleviate the
burden of using Lagrange multipliers, modified variational
principles, or other techniques for imposing essential
boundary conditions that are not intuitive or result in
undesirable global matrix configurations.

A dilation function, an extension of the RKPM dilation
parameter, was also introduced. The advandage of a dila-
tion function over a simpler definition, is its ability to
allow shape functions near a boundary to conform to the
geometry of the boundary thus reducing interpolation
error. It was also shown that the dilation function can be
used as a transition between shape functions with different
dilations. In the case of the Helmholtz problem, it was
evident that the incorporation of the dilation function
reduced error for coarse grids when the window function
was forced to zero on the boundary.

The admissible approximation technique, which satisfies
the classical definition of the Galerkin method, can be
achieved in two distinct ways; by forcing the correction
function or the window function to equal zero at the
boundary. In two dimensions, it was shown that near the
boundary restrictions on the particle distribution, window
and dilation were required to force the correction function
to equal zero. In forcing the window function to zero,
special care was needed to define approximations asso-
ciated with the boundary to account for degeneration in
certain geometries.

The Helmholtz equation studied in one dimension de-
monstrated that both techniques of generating admissible
shape functions can achieve sufficient accuracy for two-
point boundary value problems. The method of forcing the



correction function to zero was particularly promising.
The cantilever beam problem however, showed that much
is yet not fully understood in this technique. The con-
vergence rates for forcing the window function to zero
were not acceptable and prompt the question of what led
to the error. At this time, it is believed that the moment
matrix conditioning degrades near the essential boundary
condition as a result of the degeneration of the shape
function calculations.

Future areas of research should be concentrated in
characterizing the behavior of the irregular shape func-
tions produced by forcing the window function to zero
near boundaries. Another area that needs development is
extending the method of forcing the correction function to
zero at boundaries of various geometries
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