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Abstract

The competition among a finite number of firms who must transport the fixed volurme of traffic over a prescribed planning
horizon is considered on a congested transportation network with one origin-destination pair connected by parallel routes. it
is assumed that each firm attempts to minimize individual transportation cost by making a sequence of simultaneous deci-
sions of departure time, route, and departure flow rate based on the trade-off between arc traversal time and schedule delay
penalty. The model is formulated as an N-person nonzero-sum discrete-time dynamic game. A Cownot-Nash network equi-
librivm is defined under the open-loop information structure. Optimality conditions are derived using the Kuhn-Tucker the-
orem and given economic interpretation as a dynamic game theoretic generalization of Wardrop's second principle which
requires equilibration of certain marginal costs. A computational algorithm based on the augmented Lagrangian method and
the gradient method is proposed and a numerical example is provided. Future extensions of the model and the algorithm are

also discussed.
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1. Introduction

The aim of this paper is to apply dynamic noncooperative
game theory (Basar and Olsder, 1982) to the prediction of
Cournot-Nash equilibria on a congested transportation net-
work. The dynamic game considered here is a simple
dynamic extension of the noncooperative game in Haurie
and Marcotte (1985). The extension is simple in that the
network has only one origin-destination pair connected by a
finite number of parallel routes. The extension is dynamic
in that the players have an additional dimension of choice,
that is, departure time choice.

Our dynamic game is also closely related to dynamic sys-
temn optimal traffic assignment models in the work of Mer-
chant and Nemhauser (1978), Wie (1988), and Friesz,
Luque, Tobin, and Wie (1989). However, there are two
major differences: [1] those models assume that a single
player (e.g., a central traffic controller) wants to' minimize
the total network transportation cost, and [2] they assume
that network users have no departure time choice. The
model presented in this paper is a discrete time version of
the open-loop differential game in the work of Wie (1993).

This paper focuses more on development of a solution algo-
rithm and analysis of numerical results.

The dynamic game considered in this paper corresponds
to several different situations. For example, automated
highways will be built in the 21st century and in-vehicie
dynamic route guidance systems will revolutionize ancient
tasks of navigation by providing drivers with optimal rout-
ing information. Suppose a finite number of private com-
munication firms sell route guidance services to customers
who are equipped with in-vehicle navigation systems. In
such a situation, these firms compete with each other to
minimize their customers' travel times and an equilibrium
will be reached when no firm can do better by unilaterally
changing their route guidances. Another corresponding sit-
uation may be found at a congested airport. Suppose a
finite number of airlines serve a common airport and each
airline has the limited number of landing slots. In the case
where no price competition prevails, airlines may compete
with each other to maximize their profits by changing
departure times. An equilibrium will be reached when no
airline can do better by unilaterally changing departure
times.
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This paper is organized as follows. In Section 2, the
model is formulated as an N-person nonzero-sum discrete-
time dynamic game under the open-loop information struc-
ture. In Section 3, the necessary and sufficient conditions
for an equilibriom solution are derived using the Kuhn-
Tucker theorem. In Section 4, economic interpretation is
provided for the optimality conditions as a dynamic game
theoretic generalization of Wardrop’s second principle
(Wardrop, 1952) which requires equilibration of marginal
costs. In Section 5, a computation algorithm is proposed
and a numerical example is presented. The paper concludes
with a discussion on future extensions of the model and the
algorithm.

2. Model Formulation

Consider a transportation network with one origin-desti-
nation pair connected by parallel arcs. We assume that a
finite number of transportation firms compete on this net-
work for sending flows (e.g., automobiles, trucks, aircrafts,
petroleum products, etc.) and attempt to minimize their
individual transportation costs over a prescribed time inter-
val [0,7]. We also assume that each firm must transport the
fixed volume of traffic to the destination by the terminal
time T Each firm has a most desired time of arrival at the
destination and wishes to reduce the total penalty associated
with schedule delays (ie., differences between desired
arrival time and actual arrival time).

The entire time interval is divided into (K+1) discrete
time periods of uniformly small length and the index & will
be used to denote a time period. To ensure dimensional con-
sistencies throughout the paper, the length of each time
period is assumed to be unity. Let A denote the set of arcs
which will be interchangeably called routes or paths herein-
after. Also, let /={1,...., N'} denote the set of firms or players
and let (//i} denote the set of players except a player indexed
by i. Tt should be noted that flow rate is defined as traffic
volume per unit time (e.g., vehicles per minute) and all flow
variables are taken to be continuous in the present analysis.
We shall employ the following notation:

w. (k) = the decision of player i on arc a in period k
denoting the rate of flow that player
dispatches onto arc 4 in period &

(k) = Lu(k): i€ 1] |

u = (k) ae 4,k=0,..,K-1]

u' =l (k): ae d,k=0,.  ,K-1, €]

x, (k) =the volume of aggregate traffic on arc ¢ in period &

x=[x (k) ae A,k=0,...K]

g.[x, (k)] =the rate of aggregate flow exiting from arc a

in period &

— 240 -

culx,(k), (k)] =the unit arc traversal cost perceived by
player i if entrance to arc a occurs in
period &
O lx,(k), u,(k), k] =the unit schedule delay penalty
perceived by player i entrance to
arc a occurs in period k
O™ =the cumulative volume of traffic that player {
would have dispatched from the origin
during the time interval [0,7]

The problem of determining Cournot-Nash equilibria on
a congested transportation network is formulated as an N-
person nonzero-sum discrete-time dynamic game as fol-
lows: foreach ie [,

min o' (5,007 = Y 3 k) {[ch(R), u k)1

k=0acAd
$alx, (), u,(K), K1} (1
subject to
N
x4 1) = x () + Y k)~ galxa(k)] @
j=i
Vaed,k=0,.,K-1
. K_l .
0 =3 ¥ uk) 3)
k=Dac 4
(k)20 Vaedk=0,.K-1 4
x,(k)20 VaeAk=0,..K (5)
x,(MN=x220 VYae4d ©

where u~ is treated as fixed.

The sum of ¢, [x,(k), u,(k)] and ¢[x,(k), u,(k), k] rep-
resents the unit generalized transportation cost perceived by
player i if entrance to arc a occurs in period k. The value
of the objective function J {x, ui, uf") thus represents the
total generalized transportation cost of player 1 who sends
flows from the origin to the destination over the time inter-
val [0,7]. It implies that simultaneous decisions of departure
time, route, and departure flow rate of player i are based on
the trade-off between arc traversal time and schedule delay
penalty. We assume that the arc traversal cost functions
Clxa k), u (k)] are convex, continuously differentiable,
nondecreasing, and positive for all x,(k)=20 and
u,(k)=0. We also assume that the schedule delay penalty
functions (f)f,[x,,(k), u,(k), k] are convex, continnously dif-
ferentiable, and nonnegative for all x,(k)=20 and u, (k)20 .

The evolution of the state of each arc is described by non-
linear difference equation (2) with initial condition (6). In
order to represent the congestion phenomenon, the arc exit
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flow functions g,[x,(k)] are assumed to be concave, con-
tinuously differentiable, nondecreasing, and nonnegative
for all x,(k)=0 with the restriction that g,(0) =0 forall
a a€ A . Because of this assumption, we do not have to
subsequently consider the state nonnegativity constraints
(5) in analyzing the dynamic game formulated above. In
fact, the analysis is considerably simplified by this assump-
tion. The isoperimetric constraint (3) ensures that each
player must dispatch the fixed volume of traffic from the
origin by the terminal time I\ We assume that T is large
enough for all players to complete their transportation tasks
during the time interval [0,7]. It should be noted that the
value of O™ is predetermined for each player and the inter-
est rate is neglected. In the remamder of the paper, a N-person
nonzero-sum discrete-time dynamic game formulated in
equations (1)+{6) will be refered to as the dynamic game G.
We now specify the information structure of the dynamic
game G. In this paper, we consider only one type of infor-
mation structure which simplifies the analysis considerably.

Definition 1

The set 7= {n,(k):ae 4,ie Lk=0,..,K} is called
the information structure of the dynamic game g. The infor-
mation structure is said to be open loop if 77,(k)= [k, x,(0)}
forall ae A,ie [,and k=0,.. . K.

Under the open-loop information structure of Definition
1, we also introduce the following notation:

7, [7. (k)] =the strategy of player i on arc a in period k

7 = Im))ae 4,k=0,.. . K~1]

I" =the set of admissible strategies for player 7

A strategy of player i is here referred to as a rule for deter-
mining the decision variable u.(k) when the information
available to player i in period kis [k, x,(0)].

When no binding agreement can be made among the
players, the noncooperative Cournot-Nash equilibrium
solution concept appears to be a reasonable mood of play
for the dynamic game G .

Definition 2

An N-tuple of strategies (¥ ... ... ), with Y e I
for each ie I, is said to constitute an open-loop Cournot-
Nash equilibrium solution for the dynamic game G with the
information structure of Definition 1, if the inequalities

1)

i—1)* i+ 1)*

TG 2l Y Yy

are satisfied forall Ye I’ and ie 1.
The Cournot-Nash strategy has the property that if afl but
one player use their Cournot-Nash strategies, the deviating
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player cannot reduce the valie of J(x,u,u™). In other
words, the Cournot-Nash equilibrium strategy is the opti-
mal strategy for each of the players provided that all of the
other players continue to use their Cournot-Nash strategies.

3. Derivation of Optimality Conditions

In this section, we derive the Kuhn-Tucker necessary
conditions which a Cournot-Nash equilibrium solution of
Definition 2 must satisfy. We then derive the sufficient con-
ditions to determine whether an N-tuple of strategies char-
acterized by the necessary conditions is indeed a global
open-loop Cournot-Nash equilibrium solution,

As a first step to apply the Kuhn-Tucker theorem, let us
define the Lagrangian for player i as follows:

Lz A, 1) = ¥ Y w ) {clx k), ulk)

k=0ae A

B (0, DRI+ S A+ 1)

k=tac d

N .
[xa(k) + > ok =g [x (k)] ~x,(k + 1)}

=1

K-1
+u‘{Q’K—Z zu;(k)} )
k=0ue A
where AL(k+1) is the adjoint variable of player i associ-
ated with the state difference equation (2); A'= [AL(k):,
ae A4,k=0,..,K]; and g is the Lagrange multiplier of
player i associated with the isoperimetric constraint (3).
Using the Kuhn-Tucker theorem (see e.g., Bazararaa and
Shetty, 1979}, the necessary conditions can be written as
follows:
"]

+[1 —d—-—g“[x“(k)]]/‘tf,(h 1)- Ak =0

96lx, (). (0] | 0L Lx(h). ua(k),kl]
O, (k) e, (k)

dx (k)

Vaed,ie Lk=0,.. ,K-1 9)
A;(K):o YVacd,iel (10)
af:ik) = L Lxa(k), (R + 0 o), 1,0, K]

+ui(k)l:acta[xa(k)s ua(k)] + a@;[xa(k?’ ua(k)w k]]
i (k) ey (k)
+Ak+ 1)-f20 Vaed,ie Lk=0,.  ,K-1

, (1D
uL (k) ‘9.]‘: =0 Vaed,icLk=0,.,K-1 (12)

(k)
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(k)20 Vaediclk=0,.,K-1 (13)
i N

— B+ SR
AL (k+1) =

—galx,(B)) —x,(k+1)=0

VYacA,ie Lk=0,. ,K-1 (14)
(D) =x220 (15)

i K-1

aif=Q"K—22ua(k)=O Vael (16)
alu k=0ae A

where all variables, fimctions, and derivatives are evaluated
at a Cournot-Nash equilibrium solution (x¥, uf*, u'f*, /l*, ,u*).

The necessary conditions (9)-(16) can propose a certain
number of admissible open-loop Cournot-Nash equilibrium
solutions, while assuring that there will be no other candi-
date that solves the dynamic game . However, we need to
establish the sufficient conditions to ensure whether
(x*u,u, A%, 17) characterized by the necessary condi-
tions (9)-(16) is indeed a global open-loop Cournot-Nash
equilibrium solution to the dynamic game g. To simplify
our presentation, we make the following definition of regu-
larity.

Definition 3

The dynamic game G is said to be regular if it satisfies the
following conditions:

1. the arc traversal cost functions c,[x,(k),u, (k)] are
convex, continuously differentiable, nondecreasing, and
positive for all x,(k}=0 and u(k)=0

2, the schedule delay penalty functions ¢ [x.(k},
u,(k), k] are convex, continuously differentiable, and non-
negative for all x (k)20 and 1 (5)=0;

3. the arc exit flow functions g,[x,(k)] are concave,
continuously differentiable, nondecreasing, and nonnega-
tive for all x,(k)>0;

4. 9c,[x, (k) u ()Y (kY 2 9y [x, (), u, (k) K1/

(k) Vae A,ie I, and k=0,...,K-1

Note that the regularity condition 4 is the behavioral
assumption such that each player prefers one minute of
schedule delay to one minute of travel time,

Essentially, the sufficient conditions are the Kuhn-Tucker
necessary conditions (9)-(16) plus the convexity of
J{x, o', 1) in x,u' and the constraint qualification. The
convexity of J'(x, 1,4 ') inx,u is apparent from the reg-
ularity conditions of Definition 3. The constraint qualifica-
tion is satisfied as long as the arc exit flow functions
g.[x.(k)] are concave for all x,(k)=0 and the following
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conditions are satisfied:
=0 Yiel (17

A(k+1)20 Vaed,ie Lk=0,. K1 (18)

Nonnegativity of the Lagrange multipliers can be ensured
by its well-known interpretation as the sensitivity of the
optimal value of the objective function J{(x", 2", 4™") to
variations in the constraint constant O as follows:

i = aJ(x ,u“{,u }

00

Since we require both arc traversal costs and schedule
delay penalties to be nonnegative, nonnegativity of the
Lagrange multipliers is ensured. As will also be demon-
strated in Theorem 1, the Lagrange multiplier i can be
interpreted as the marginal cost of an additional unit of traf-
fic that player 7 has to transport from the origin to the desti-
nation during the time interval [0,7]. Nonnegativity of the
adjoint variables can be ensured by the complementary
stackness condition (11) and the regularity condition 4,
Heunce, the optimality conditions (9)-(16) are both neces-
sary and sufficient for an open-loop Coumnot-Nash equilib-
rium solution of the dynamic game g when it is regular in
the sense of Definition 3,

Vael (19)

4. Economic Interpretation

In this section, we wish to ascertain that an N-tuple of
strategies characterized by the optimality conditions (9)-
(16) corresponds to the notion of a Cournot-Nash equi-
librium of Definition 2. To this end, let us define the
marginal generalized ftransportation cost function for
player ie I as

W Lo (), 1 (), A (k+ 1), Ag(k), &)
=chix,00), 4, (0] + 0 olx, (), u, (), k]
oc o,

&Jm+&mm}

i aC; a¢; i i
+{ua(k)[axn(k)+&xﬂ(k)}+lg(k+1)—2.a(k)}

+¢m{

x—t Vaed,k=0,.,K-1  (20)

8alx,(K)]
where g,[x,(k)] denotes dg lx,(k}1/dx, (k). We observe
that the marginal cost function defined in equation (20)
consists of the static and dynamic cost components. The
term [AL(k+1)-Ai(k)] is considered to be dynamic in
that it represents the intertemporal change of the impact of
an additional unit of traffic on the optimal value of the
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objective function J (x7, u' u_i*) . This dynamic compo-
nent is scaled by 1/ o.[x,(k)] which represents the physi-
cal effect of congestion. In fact, 1/g,[x,(k)] is positive,
increasing, continuously differentiable, and convex for ail
x,(k)20 . The static component is the sum of three terms:
LIX,(R), o)1+ Qhlx,(k), u,(k), k] =the umit cost per-
ceived by player i on arc a in period £
Uy (k) [ dcy/ (k) + ¢/ du (k)] =the additional travel-
cost burden for player ; inflicted by an infinitesimal
increment of traffic entering arc a in period &
() dcs/ e (k) + 04,/ Ix (k)] =the additional travel-
cost burden inflicted by an infinitesimal increment
of traffic already traveling on arc a in period &
We are now ready to state and prove the following theorem.

Theorem 1

If, for each player ic I,u'(k}>0 in some time period
lx, (), u,(K), Ay (+ 1), A (), k) = inff [x,(k), uy (k)
A(k+1), A(k), k1Y : Vbe A} for an open-loop Cour-
not-Nash equilibrium solution of the dynamic game G
when it is regular in the sense of Definition 3.

Proof
Manipulating the adjoint difference equation (9) yields

Ap(k+1) =
i aCi a¢i
L) — e+ — |4 A (k= 1) = Ax, (K
{“( )L%ca(!c)+ébcc,(k)}+ (ot )}
1
g.[x. (0]
However, we know from equation (11) that
calx, k), u (kY] + 0, [x (k). u (k). K] + (k)
aci 3¢j i
=y P A k1) 2
[Bua(k)-'-c?ua(k)}- (krDzp
Vacd,ielLk=0,.,K-1 (22)

Vaed,ie Lk=0,.,K-1 1)

x

It follows at once from equations {21) and (22) that
LR, w,(R), Ak + 1), Agh), K1 2 4
Yaed,iellk=0,.,K-1 (23)

If w,(k)>0 in some time period k, then equation (20)
holds as an equality because of the complementary slack-
ness condition (12). Hence, the theorem is proved. Q.E.D.

Theorem 1 states that the marginal costs on the arcs that
are being used (i.e., uh(k)>0) are the same and equal to the
minimum marginal cost. In other words, player  discharges
flow onto arc a in period k only if W,[x,(k),u,(k),
AL (k+1), AL(k), k] is equal to . Clearly, the optimality
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conditions (9)-{16) can be interpreted as a dynamic game
theoretic generalization of Wardrop™ second principle
which requires equilibration of marginal costs for all the
arcs that are being used in each time period. Thus, an M-
tuple of strategies characterized by those optimality condi-
tions is consistent with the notion of an open-loop Cournot-
Nash equilibrium of Definition 2.

5. Solution Algorithm

In this section, we propose an iterative algorithm for solv-
ing the dynamic game . The proposed algorithm makes use
of the augmented Lagrangian method in conjunction with
the gradient method. The augmented Lagrangian method,
also known as the method of multipliers, was initially pro-
posed by Hestenes (1969) and Powell (1969) and has been
applied to the solution of optimal control problems (see
e.2, Rupp 1972 and Glad 1979). The awngmented
Lagrangian method can be regarded as a combination of the
penalty method and the primal-dual method (Bertsekas
1982). The gradient method (see e.g., Bryson and Ho 1975}
has been widely used to solve optimal control problems,

The motivation for choosing the augmented Lagrangian
method is related to the presence of the the isoperimetric
constraints (5). Although the gradient method can be modi-
fied and applied to solve the dynamic game g. by means of
the penalty functions, the penalty functions usually become
ill-conditioned when the penalty parameter is increased to
infinity (see e.g., Bryson and Ho 1975). In order to improve
slow convergence and numerical instabilities associated
with ill-conditioned penalty functions, the augmented
Lagrangian method is selected in the proposed algorithm.

- The role of the gradient method in the proposed algo-
rithm is to solve two-point value problems with fixed val-
ues of the Lagrange multipliers associated with the
isoperimetric constrains (3). For the sake of computational
simplicity, the first-order gradient method with a fixed step-
size is chosen in the proposed algorithm. The rate of con-
vergence might be improved by employing other gradient
methods such as steepest-descent, conjugate gradient, and
second-order gradient methods.

Let us define the augmented Lagrangian for player i as

L w7, AL ) = L(x, o0, A i)
0 K-1 2
ik i
+2[Q -3 u.,(k)} 24)
k=Gac4d
where L'(x, 1, u”, 1, u) isthe lagrangian defined in equa-
tion (8) and p is a suitably large positive constant. The
minimization of the augmented Lagrangian is equivalent to
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the minimization of the Lagrangian because the constraints
adjoined as the penalty functions do not affect the mini-
mum value of the Lagrangian. In fact, at the optimum
%, u 0, A0, ,u"*] , the gradient of the augmented
Lagrangian is zero for any value of p and the constraints (3)
are binding.

A double set of iterations constitutes the solution algo-
rithm. The objective of the main iterations is to determine
the new values of the Lagrange multipliers until a Cournot-
Nash equilibriurn solution is obtained. On the other hand,
the objective of the subiterations is to solve for each player i
a two-point boundary value problem which is transformed
from the augmented Lagrangian minimization problem
when the value of the Lagrange multiplier is fixed.

The solution algorithm is structed as follows:

Step 1: Initialization

choose the initial values of the Lagrange multipli-

ers:

W [uie

Set the main iteration index 7=1 and go to Step 2.

Step 2: Solving the Two-Point Boundary Value Problem

with Fixed Lagrange Multipliers

Substep 1: Choose the initial values of the deci-
sion variables:
W= Ul k)ae Ayie Lk=0,..,K-1]
Set the subiteration index s=1 and go to Sub-
step 2.

Substep 2: Solve the state difference equations
forward in time:

N
x; (k+ 1) = x5 (B + 3 v (B) — g [z ()]
=1
Yae d4,k=0,..,K-1
(O =x;20 Vaec4d
Substep 3: Solve the adjoint difference equations
backward in time:

dg.[x; (k)]

rs
a

x[aci;[x;‘(k), 7], IR, K ]
k) o ()
VaeAdjie Lk=0,..,K-1

A.°(%) =[ }l’"(k+ 1) +ug'(k)

AP(K)=0 Yacd,icl

Subs-tep 4: Determine the gradient of the aug-

mented Lagrangian  with respect to
the decision variables:

aLirs i rs rs

—— =[x, (k),u" (k)]
o, (k)

244 —

+ @, (), 1), K+ ()
ek [ k), 1 ()]

+u;”(k)[ Y

| 9alxT (), uf (K), 4]
Jug" (k)

}+&;”(k+ 1y—p”

K-1
—p{Q‘K— yy u;"(k)]
k=084
Vaedie Lk=0,.. K1
Substep 5: Compute the new values of the deci-
ston variables:

aLirs
(k)
Yaed,ie Lk=0,..,K-1
where 8 is the fixed stepsize. Set s=s+1 and repeat the

computation starting at Substep 2 until the following stop-
ping criterion is satisfied;

" k) = u) (k)-8

N K-1 irs
S35

Step 3: Updating and Convergence Test Update the values
of the Lagrange multipliers:

#1,r+1 = #:r+p|:Q1k 2 z u;r(k)} V iE 1
k=0acd
Set r=r+1 and repeat the computation starting at Step 2
until the following stopping criterion is satisfied:

ir+1

2}‘_‘#_<§

i=1

6. Numerical Example

The solution algorithm is tested for a small numerical
example. The test network is comprised of one origin-desti-
nation pair connected by two parallel arcs as follows:

e

' N/

origin " destination
arc 2

Fig. 1 Two Arcs Network.

We assume that two Cournot-Nash players share the net-
work. The time interval is discretized into 200 periods of
one minute length. The cumulative volume of traffic that
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each player would have sent from the origin during the time
interval is given as follows: @' ~'* and 0**"*". The arc
exit flow functions are expressed in the following fune-

tional forms:
)
PALAC3] =g:‘“[1—e o } Ya=1,2,k=0,...,200
{25)
where g2** is the maximum exit flow rate on arc a in
each time period, and 7, is the parameter that is deter-
mined by arc characteristics such as length, speed limit,

traffic signal setting, etc. The values of g;* and 7,
i ].

|
I
H

$

. = 8 5 F

T -
'C_
w_
/

Aggregate Departure Flow Rate

f I\..I’
M ETEEEES
Time Perod

— wylh) —  uefh)

Fig. 2 AggregatE Departure Flow Rates.

Aggregate Exit Flow Rate
B

Time Period
— ainfll — alni)
Fig. 3 Aggregate Exit Flow Rates.

Vol. 4, No. 4 / December 2000

assumed are; g} =10, %, = 10,and 3 = 10
The average arc traversal time functions are expressed as

chlx,(k), 4,001 = ED,Ix k), u (k)]
_ é,-xa(k) +0.5u,(k)
Zlx. ()]
Ya=1,2,k=0,..,200 (206)

where D,[x,(k), u, (k)] isthe anticipated arc traversal time
if entrance to arc a occurs in time period £ and& s the
transportation cost per minute incurred by one unit of traffic
of player k. In this numerical example, the values of & are
assumed to be identical for each player and given as unity.
The initial values of the state variables are also given as
x{0)=3 and x,(0) = 3

After de Palma ef al. (1983), the average schedule delay
penalty functions are expressed in the following piecewise
linear functional form;:

Fulx k), u (), k=
@' {k+D,[x (K] ~(T-AYY if k+D,[x, (k)] < T - A
0, if 7=A'<k+D,[x,(k)]<T+ A
BUk+D,[x (k)] (7+ )} if (T+A'<k+D,(x,(k)))
27n
where o is the penalty coefficient of early arrival of player
i, T is the penalty coefficient of late arrival of player i, 7 is
the most desired arrival time period of player i, and A’ is the

number of time periods measuring the flexibility of arrival
time of player i. The values of these parameters are given as

o'=-05 B'=08 ©=100 A'=5

-
. | | |
| |
5 .‘i J""} .\ I
g -] /»« \\\ |
e " 4 [
E - / i P o N \\
? ol | 7 \\'
N/ \ |
- )

Fig. 4 Aggregate Traffic Volumes.
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a'=-05 §'=08 7'=100 A'=5

Figure 2 presents time trajectories of aggregate departure
flow rates on arcs 1 and 2. Figure 3 presents time trajecto-
ries of aggregate exit flow rates on arcs 1 and 2.

It can be observed that each arc is capacitated and traffic
congestion develops as inflow rate exceeds maximum exit
flow rate on each arc. Figure 4 shows that time trajectories of
aggregate traffic volumes on arcs 1 and 2. Since all two play-
ers wish to arrive at the destination within specified time win-
dows which are close each other, the network tends to be
severely congested during peak periods. Figure 5 plots time
trajectories of average traversal costs on arcs 1 and 2. Figures
6 and 7 present time trajectories of average schedule delay

Aggregate Traffic Volume
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Fig. 5 Aggregate Traffic Volumes.
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Fig. 6 Average Schedule Delay Penalties on Arc 1.
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penalties for both players on arc 1 and arc 2, respectively.

We now wish to ensure as to whether the solution of this
numerical example satisfies the optimality conditions (9)-
(16) and is indeed an open-loop Cournot-Nash equilibrium
of Definition 2. To this end, we plot time trajectories of
marginal costs as defined in eguation (20) and compare
them with time trajectories of departure flow rates. Figure 8
illustrates that departure flow rates of player 1 on arc 1 are
positive only when marginal costs are equal to the mini-
mum marginal cost. The same observations can be made in
Figure 9-11. Hence, we can conclude that proposed solution
algorithm converges to an open-loop Cournot-Nash equi-
librium solution.
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Fig. 7 Average Schedule Delay Penalties on Arc2.
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Fig. 8 Comparison of Departure Flow Rate and Marginal Cost
for Player 1 on Arc 1.
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7. Conclusion

We have shown that a discrete-time dynamic game model
can be formulated to determine open-loop Cournot-Nash
equilibria on a simple congested traffic network. We have
also developed an iterative algorithm to solve the model.
Computation results of a numerical example illustrate that
the algorithm converges to a discrete-time dynamic
Cournot-Nash network equilibrium solution.

Future extensions of the model and the algorithm include
the following issues. First, the model needs to be extented
to a general network with many origins and many destina-
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Fig. 11 Comparison of Departure Flow Rate and Marginal
Cost For Player 2 on Arc 2.

tions. This extension appears to be very difficult because
path traversal times should be predicted while preserving
the first-in-first-out quene discipline. Second, the model can
be reformulated under different information structures.
Recent advances in computerized traffic information sys-
tems convince that a feedback information structure may
give rise to more realistic modeling of traffic flows than an
open-loop information structure. However, analyses and
solutions of dynamic game models are generally very diffi-
cult under the feedback information structure. Third, the
proposed solution algorithm needs to be modified to accel-
erate the rate of convergence. Convergence properties of
the algorithm should also be investigated theoretically.
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