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S u m m a r y .  - -  The difficulties with singular attractive potentials are traced 
to the fact that they lead to nonself-adjoint Hamiltonians. These are 
not acceptable in the framework of quantum mechanics. 

1.  - I n t r o d u c t i o n .  

Singul,~r ~ t t rac t ive  potentinls  huve been considered for some t ime  in quan- 
t u m  mechunics (~-s), and ,~ closer s tudy  revealed tha t  these potentiuls  exhibi t  

proper t ies  not  shared by  nonsingul'~r or less singular potent ia ls  like the Coulomb 

interact ion or the  harmonic  oscillator. I t  is the in tent ion of this note  to shed 
some light on these problems f rom a mathem~t ica l  point  of view. P~r t icular ly  

we want  to show tha t  even in classical mechanics difficulties are encountered 

in the naive approach.  An a rgumen t  is then  presented which indic~tes t tmt  

the  Hami l ton ian  connected with these potent ia ls  is not  admissible in quan tum 

mechanics,  since it  is not  esse~lti~lly self-gdjoint. Some r emarks  will also be  
mgde concerning the  uncri t ical  use of separat ion of ~ r i a b l e s  in spherical  

co-ordin~tes, which explains the  spurious second 1 = 0 solutions. 
For  simplici ty we consider only spherical ly symmet r i c  potent ia ls  V(r). 

(*) Supported by the U.S. Army Research Office Durh,~m. 
(1) K. CASE: Phys. Rev., S0, 797 (1950). 
(2) R. M. St'ECTOR: Journ. Math. Phys., 5, 1185 (1965). 
(3) R. M. St'ECTO~: preprint. 
(4) E. Voar and G. WANNIER: Phys. Rev., 95, 1190 (1954). 
('~) I1. AI,u and tt. Mi'TLL]~R: Journ. Math. Phys., 7, 1 (1966). 
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We call V(r) singular if r T M  V(r) ~- 0 as r ~ 0 for some e > 0 and V bounded 

and  continuous elsewhere. 

2.  - C l a s s i c a l  m e c h a n i c s .  

Solving the  equations of the orbits in classical mechanics,  one finds t ha t  

for a given energy  all t ra jectories  lead to the  origin if the impac t  para- 

me te r  b is below a cer tain critical value bo when the  potent ia l  V is singular 

a t t rac t ive .  As a par t ic le  approaches  the  origin its t r a jec to ry  smoothes to some 

tangent .  Physical ly  this means t ha t  a t  the  origin the  orbi t  is independent  of 

the  energy E and the  angular  m o m e n t u m  L. As the  par t ic le  emerges on the  

other  side of the  origin i t  has ~( forgot ten  ~ i ts  fo rmer  energy  and angular  mo- 

m e n t u m  because at  0 its orbit  was independent  of these quanti t ies.  The con- 

t inua t ion  of the  orbits  th rough  0 thus poses a problem.  

The reason for this difficulty is, t ha t  i t  is gcnendly  believed tha t  a classical 

sys tem of n degrees of f reedom is de te rmined  b y  n second-order differential 
equations with 2n initiM values.  However  in this case the  origin is a singular 

point  of these equations since infinitely m a n y  orbits  go through 0 with a given 

tangent .  Actmfl ly even a singular circle appears  for b0, but  it  poses no problem, 

since it will not  contr ibute  to scattering. Thus the  integral  curves of these 

equations are s t r ic t ly  only defined f rom 0 to c~ or vice versa and we need other  

cri teria besides the  initi~l values to continue the  in tegral  curves through 0. 

I n  physics these condi5ions are obviously energy  and angular  m o m e n t m n  

conservat ion along each orbit. However  it  should be clear tha t  in the  str ict  

differential  equat ion approach  to classical mech~mics, these conditions have  
to be  given in  addition to the  equations,  because though E and L conserva- 
t ion outside 0 are consequences of the symmetr ies  of the  differentiM equations 

this is not  necessari ly  so a t  0. The reason for this is t h a t  in the  usual  deriw~- 
tions of equations in classical mechanics smooth  potent ia ls  and  der ivat ives  

are required mf~thematically. So with some physical  goodwill, i.e. the  postula te  

of E and L conservat ion at  or around 0, the  prob lem with  singular potent ia ls  

can be made  well defined in classical mechanics.  I n  the  nex t  Sections we will 

see t ha t  the  problems in q u a n t u m  mechanics  are  much graver ,  since the  above 
difficulties remain  and new ones appear .  

3.  - S y m m e t r i c  operators .  

In  qua~ttum mechanics the  Hami l t on i an  is defined to be  tile infiai tesimal 

genera tor  of tile dynamica l  group {~(t)}. I t  is therefore  necessary t ha t  the  

Hami l ton i an  be self-adjoint.  However  in general  tile differential  operator  

54 ~ = - -  (~/2m) A ~- V(r),  which we are used to calling tile Hami l ton ian  is only 
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symmet r ic .  This means  (.,7) t ha t  ~)f has a dense domain 0~ and satisfies 

/rllg) = ~]l,~g} for all ], g ~ 0.~. 

For  differential operators  self-adjointness in general  is difficult to establish, 

since it involves questions about  tile domain.  Because of this VO~ 2N=]~IJMAN~ 

in t roduced the  concept  of essenli~dly self-adjoint  operators .  We call an opera tor  

essential ly self-adjoint (e.s.) if it has a unique self-adjoint extension. Thus 

we see t ha t  the  actual  Hami l ton ian  in quan tum mechanies  is in general  not  

the  differential  opera tor  ) Y = -  (t~2/2m)A +V(r ) ,  bu t  r a the r  a self-adjoint ex- 

tension ~ of this operator .  This implies tha t ,  in general,  a quan tum mechanical  

problem is only well defined if i t  is given b y  an e.s. differential operator .  This 
fact  has so far  a t t r ac ted  only very  l i t t le  a t tent ion,  because most  potent ia ls  

considered in quan tum mecha~dcs lead to e.s. operators  (8.9). There  are however  

indications t ha t  sb~gular a t t r ac t ive  potent ia ls  do not  have  this p roper ty .  

Le t  us retur~l to the s tudy  of 2 'd= - -  (~2/2m) d + V(r). For  real  potent ia ls  , ~  

commutes  with the opera tor  of complex conjugation.  Therefore  Y~ has a self- 

adjoint  extension ~ ((e)p.  1231). However  these extensions are, in general,  

not  unique. This lack of uniqueness is expressed b y  the  deficiency index, 

d.i., (m, m) m = 0, 1, 2, ..., 0% m is here the  number  of pa r ame te r s  or bounda ry  

conditions needed in order to de te rmine  a self-adjoint extension of .-;r uniquely.  

Thus a symmet r ic  opera tor  is only e.s. if and only if its d.i. is (0, 0). I n  par t i cu la r  

we need one p a r a m e t e r  to make  well defined a quan tum mechanical  problem 
with an opera tor  whose d.i. is (1, :1). An example  for this is the potent ia l  
V= --g/r ~ for some suitable g. Here  it  turns  out t ha t  all bound s tates  depend 

on one or more  pa rame te r s  (~o). 

4. - S i n g u l a r  a t t r a c t i v e  p o t e n t i a l .  

We know f rom the above t ha t  o ; P = -  (h/2m)A + V has a self-adjoint  ex- 

tension ~-,  even if V is singular a t t rac t ive .  Since o~ is self-adjoint its spec t rum 

is not  e m p t y  and there  exists at  least  one eigenfunction of the  continuous or 

discrete spectrum.  Since V is spherically symmet r ic  there  exists a t  least  one 

eigenfunction for every  l, m. For  simplici ty we res t r ic t  ourselves to 1 = 0, 

m = 0; the other  c'~ses are t r ea t ed  s imilar ly since the  poten t ia l  V dominates  

the  a~)gular m o m e n t u m  t e r m  + (l(l+l)/r ~) near  the origin. 

(6) N. DUNFORD aIld J. T. SCHWARTZ: Linear Operators, vol. 9. (New York, 1963). 
(7) N. I. ACHIESER and  I. M. GLASMANN : Theorie tier lineare~ Operatoren im Hilbert 

Raum (Berl in ,  1960). 
(s) T. KATO: Transactions Ant. Math. Soe., 70, 195 (1951). 
(9) N. LIMIt:  Comm. o] Math. Phys., 1, 321 (1966). 

(lO) p .  M. MORSE and H, FESHBACn: Methods o] Theoretical Physics (New York, 1953). 
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Assume tha t  .;4~v(r) = E~p(r). Thc~l we know f rom Friedr ichs '  theorem (11 ) ,  

t ha t  .Y['y~(r)= Ev(r) for ~ll r outside the singuh~rity, i.e. for r ~  0. In other  

words W is a weak solution of the  differential  equation. 
B y  using the W K B  method  this implies t ha t  v(r) ~ AW,_(r)§ with 

r j 

i IfV/'/~ r 
r 

for small r and this holds for any  solution ~ F ( r )  = Ew(r ). At this stage tile 

~-funetion a rgumen t  is usual ly  in t roduced (a) to show tha t  ~ (respectively .~/) 

has no solutions, which is absurd in view of the spectral  theorem of self-adjoi~t 

operators  o~l Hi]ber t  spa('e. The a rgumen t  is t ha t  ~f does not  sat isfy o~f~V = EF 

str ic t ly  blr~ leads to some 0-function term,  i.e. ~162 EyJTg(r)](r)% This ar- 

gument  is fallacious in two respects:  

a) The b-function is ne i ther  an e lement  of (~.~(1~'~), nor  a f lmctional on 

~2(Ra), in fact  point  ewfluation on ~f2(R3) is senseless. 

b) The real  Hami l ton i an  is not  ,~' bu t  27". Tile ditficulty is tha t  most  

t~rguments for par t ia l  differential equations which are valid on func- 

t ion spaces of differentiable functio~ls (,case to bc valid in a Hi lber t -  

space theory  in this ( 'onnection. 

I f  ~/' were e.s. the ra t io  A/B could be de~ermined uniquely  and we wouhl 

be able to de te rmine  a condition tha t  singles out a par t icular  l inear combina- 

tion. The condi ' ious in this case could be t~iven in two forms 

a) y~(r)~ .~-(R ~) lo(,ally. 

b) A boundary  condition at  0. 

The boundary  condition has to be given a t  0 because the problem is prac- 

t ical ly insensit ive to changes made  in the potc~ltial for r >.Ro > 0 for some Ro. 

Bu t  bo th  conditions f:~il to single out  a par t icular  % because if ~f+ is locally 

square integrable,  then  so is ,~_, and ~+ and W- have  the same behaviour  
as r --> 0. 

Requir ing or thogonal i ty  for all solutions we find (~) tha t  

~o 

w(r) ~ -  V(r) -'~ cos V(r)~ dr -~ ~. , 
r 

where ~ is an ~ rb i t r a ry  pa ramete r ,  which is not  de te rmined  by  i f .  

(11) K. O. FRIEI)RICHS: zJ~lt. Jourtt.. Math., 61. 523 (1939). 
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Since for every  l and m we have to determine the paramete r  o~zm, we see 
tha t  the differential operator  ~ is not  only not  e.s. bu t  even has d.i. (0% oo). 

The a rb i t ra ry  phases a,,, were first in t roduced by  CAsE (1) in the case 
l = m = 0 .  

In  general  therefore  the operator  J f=- - (?~2 /2m)d-kV(r )  with V(r) sin- 
gular a t t rac t ive  is not  admissible in quan tum mechanics since it  is not  e.s. and 

only yields a well-defined problem in quan tum mechanics if we are given the 

phases a~,, or some physical model which determines these parameters .  I t  should 
be remarked here  tha t  the various methods of analyt ic  continuations are just  
par t icular  ways to fix these constants ~ .... Physical ly  this is probably  not  a 
ve ry  compelling procedure.  The determinat ion of the ~,~ by  cut-off has the 
disadvantage tha t  all results will s trongly depend on the cut-off. 

The fact  tha t  ~ has d.i. (0% oo) shows tha t  5/f also has nonself-adjoint  
extensions and would for example allow inelastic scattering. Most of the 
peculiar problems with singular a t t rac t ive  potentials  can be t raced to the 

great  var ie ty  of possible extensions. These difficulties make the s tudy of sin- 
gular a t t rac t ive  potentials  ra ther  academic. However  our discussion shows 
tha t  before t ry ing  to solve a quan tum mechanical  problem it is impor tan t  to 

establish the essential self adjointness of the operators. 

5. - Separation in spherical co-ordinates. 

Another  problem which has puzzled physicists for some t ime is the appear-  
an te  of spurious l = 0 solutions of the  Schr6dinger equat ion for not  too sin- 
gular potentials,  par t icular ly  the hydrogen atom. Indeed let V be such tha t  
r*-'V(r)--+O "rs r---~O for some e > 0 ,  then  we know tha t  the  two solutions 
~ol, V02 of the radial Sehr6dinger equation behave as (12) ~,~r-~- l ,  v o ~ r ,  as 
r - > 0 .  For  / > 1 ,  ~Ol is not  square inte~'rable, hence can be discarded. For  l =  0 
the radial  Schr6dinger equat ion however gives two possible solutions and the 
above argument  fails. Many explanations have been given in order to show 

tha t  ~0~ is not admissible. The most prominent  ones are: 

and 

i) ~ol is more singular than  ~02, 

ii) &function argument.  

Both  argmnents are however not  acceptable in a Hilbert-spaee theory,  which 
is the f ramework of quantum mechanics. To state this di lemma in more 

rigorous terms, we have (8): 

(le) A. MESSIAH: Quantum Mechanics, vol. 1 (Amsterdam, 1958). 
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Theorem. The Schr6dinger Hami l ton ian  ~ / =  - -  (~:/2m) A ~- V(r) with V(r) 

such tha t  fr~] V ( r ) [  2 d 3r < co for some 3~ > 0 and [ V(r)] < c~ for r > R is e s s e n -  
o 

t ial ly self-adjoint and the eigenfunetions are bounded. 

But  the  radial  Sehr6dinger equat ion is not  e.s. for l - :  0. In  fact  one 

c a n  s h o w :  

Theorem. The differential opera tor  o ~ -  - -  (h2/2m)(d2/dr ~)~- V(r) with V as 

above and a t t r ac t ive  has d.i. (1, 1) on ~ ( [ 0 ,  c~]). 

The reason for this is, t ha t  through the separat ion in spherical co-ordinates 

we int roduce an addi t ional  bounda ry  point  0, for which we need an addi t ional  

boundary  condition in order to make  the  problem self-adjoint. This boundary  

condition has to be obta ined f rom the full Schr6dinger equation.  F rom Ka to ' s  

t heorem it  is the  requ i rement  t ha t  the  F bounded a t  0. 

For  the singular a t t r ac t ive  case however  this fails since bo th  functions 

behave  essential ly in the  same manner  at  0. We therefore  had to conclude 

t ha t  in this case the  I t ami l ton i an  has d.i. (c~, co). 

We have  seen above t ha t  the  uncrit icul use of the separat ion of variables  

in spherical  co-ordinates introduces difficulties through spurious solutions. 

Obviously we would expect  similar  results  for the separat ion of variables  in 
other  co-ordinates as soon as we introduce new boundary  points. 

I would like to t hank  Prof. 3[. E. 3[AYER for his encouragement  and the 

discussions we had  on this ma t t e r .  I am par t icular ly  indebted  to Prof. 1~. G. 

NEW~ON for in i t ia t ing this s tudy  ~nd for his valuable comments .  

R I A S S U N T O  (*) 

Si rintraccia l'origine dellc difficolts che si incontrano con i potenziah attrattivi 
singolari nel fatto che essi portano ad hamiltoniane non autoaggiunte. Queste non sono 
accettabili nello schema della meccanica quantistica. 

(*) Tracluz ione a eitra de l la  Redaziot te .  

H e K o r 0 p b m  3aMeqaHHH o CHHFyJI~pm, IX n0TeH~HaJIaX HpHTx~eHHg. 

PC3K)Me aBTOpOM He r t p e ~ C T a B ~ e H o .  

5l  - I I  N u o v o  Ciraento A .  


