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I t  is known that  all associative classical field theories can be formulated in terms 
of quaternions (see e.g. the review paper (1)). Recently, a revival of interest  in the 
quaternionic formulation has been exhibited in papers, where quaternions were used 
mainly for purposes of obtaining desirable (spinor) forms of equations, for providing 
easier proofs or for providing more general interpretations (2). 

I t  is herein suggested that  the quaternionic approach has much more profound 
meaning in physics than being just  a convenient mathematical  tool. In  this connection 
consider an interesting and convincing example in which a quaternion-based metric 
generates the SchrSdinger-Pauli spin equation. 

Take the special representation of constant (~imaginary ~> quaternionic uni ts :  
q k = - - i n k ,  where ak are the Paul i  matrices; Lat in  indices run through 1, 2, 3. Then 
i t  is easily verified that  the following multiplication rule holds: q,q~ = -  ~iJ + e~jkq~ 
(~iJ is the Kroneeker symbol, e,k is the 3-dimensional Levi-Civita tensor, the summation 
convention is valid). As each of the three qi can be regarded as determining a direction 
independent  and orthogonal to the other two, or as a uni t  vector of a frame in certain 
3-space, it  is possible to associate the quaternionic multiplication rule with a local 
metric of this part icular space: 

(1) gi~ ~ q iq i  ~ 6 1 j -  eiJkqk " 

The standard multiplication rule has been slightly modified, its sign has been changed 
by quaternionie conjugation (or (( space reflection ,)) qi ~ - -  qi. Obviously the metric (1), 
(from now on we call it Q-metric) consists of two parts:  a symmetric part ,  which is the 
usual fiat-space Cartesian metric multiplied by the (2 • 2) uni t  matrix, and an antisym- 
metric containing (2 • qi with vanishing trace. There is a case where the 
antisymmetric term aquires great significance. 

(*) Temporary address:  Depar tment  of Physics, Univers i ty  of Houston,  Houston, U.S.A. 
(i) P. RASTALL: Rev. Mod.  Phys . ,  36, 820 (196~:). 
(2) F. A. DoRIA: Left.  Nuovo  Cimento, 14, 480 (1975); V. )][AGERNIC and M. ~AGY: Left.  Nuovo  
Cimento,  16, 265 (1976); A. SINGH: Lett. Nuovo  Cimento, 33, 457 (1982). 
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\Vith aid of the  Q-metr ic ,  i t  is possible to form a I I ami l ton ian  funct ion for a par t ic le  
hav ing  mass m and genera l ized  m o m e n t u m  / 5 :  

(2) 
1 I 

H = - -  P i P ~ g , j  = - -  ( P ,  P i -  P ,P~e i~ l ,q~ , )  . 
2 m  2 m  

In  classical theory  the  second te rm in (2) must  vanish,  since it  is a cont rac t ion  of sym- 
met r ic  and an t i symmet r i c  tensors,  bu t  in quan tum mechanics  for a par t ic le  wi th  
charge e, in the  ) [ axwel l  field ~1~, P ~  p ~ - - ( e / e ) A  ~, which when subs t i tu ted  in the  
second t e rm of (2) gives 

e 
(3) - -  ( i ~ , l j  A jp , . ) e i~7 .q l  , .  

C 

The sum in bracke ts  is not  s y m m e t r i c  under  the  opera t ional  subs t i tu t ion  PI~ = - - ' i h ~ k .  
Af ter  pe r fo rming  the  c o m m u t a t i o n  p,A~ = --i;:~_l~, i _ A ~ p i ,  (3) becomes 

i h c  eli 
_ _  __ Bl , ,a  L, , (4) 2c  s  ei:~" q~" c 

and (2) when rewri t ten  in vector  no ta t ion  aquires  the  fami l ia r  forlu 

(5) 
)2  eh  1 _ e A B ' a .  

H ~ 2 m~ P c 2 m c 

Equa t ion  (5) represents  the  energy opera tor  for a charged par t ic le  wi th  spill ~ moving  in 
a magnet ic  field, i . e .  the  Hami l ton ian  of the  SchrSdinger-Paul i  spin quan tum-mechan ica l  
equat ion ,  which or iginal ly  had been der ived  f rom heuris t ic  considerat ions.  Here  the  
coefficient e h / 2 m c  (Bohr magneton)  appears  na tu ra l ly  wi th  the  correct  sign, hence there  
is no need to eva lua te  an a rb i t ra ry  mult ipl ier /~,  usual ly  a t t ached  to the  Pau l i  spin t e rm,  
f rom the  re la t iv is t ic  Dirae  equat ions  (see e.g. (a)). The use of the  qua tern ionie  inetr ie  
produces  the  correct  coupl ing cons tant  direct ly.  

This  resul t  renders  s t rong support  to the  idea of considering the  nml t ip l iea t ion  rule 
of quaternionic  basis as a local metr ic  in a 3-space. This  space possesses a r icher  geo- 
met r ica l  content ,  since the  q-metr ic  displays  under  cer ta in  physical  condi t ions  (in quan- 
t u m  mechanics  for instance) the  spin s t ructure ,  no rmal ly  h idden  in the  Euc l id ian  
geomet ry  of classical physics. 

The  possible const ruct ion  of a var iab le  Q-metr ic  and its 4-dimensional  extens ion 
wil l  be g iven elsewhere. 

* * *  

The au thor  wishes to t hank  Prof.  R. )[. KIEHN for many  helpful  di.acussions of qua- 
ternions and impor t an t  references.  

(3) L. ]). LANDXL" and E. 5[. LIFSItITZ: Qual~l~o~ 3Iecba~dcs  (Lm~don, 1958), p. 173. 


