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S u m m a r y .  - Bell 's inequali ty is a necessary condition for the existence of a classical 
probabilistic model for a given set of correlation functions. This condition is not sat- 
isfied by the quantum-mechanical correlations of two-spin systems in a singlet state. 

We give necessary and sufficient conditions, on the transition probabilities, for the 
existence of a classical probabilistic model. We also give necessary and sufficient con- 
ditions for the existence of a complex (respectively real) Hilbert  space model. 

Our results apply to individual-spin systems hence they need no (( locality >> assump- 
tion. When applied to the quantum-mechanical transition probabilities, they prove not 
only the necessity of a nonclassical probabilistic model, but also the necessity of using 
complex rather than real I l i lbert  spaces. 

Sta tement  of the problem.  - The problem of understanding tile empirical basis of the 
quantum-mechanical formalism has been studied by many authors, both physicists 
and mathematicians (cf. the excellent survey (~) and the bibliography therein). Recently 
a new approach to this problem has been proposed (cf. (2-4)) in which one considers the 
conditional {i.e. transition) probabilities as the basic cmpirical data from which the 
mathematical  model should be deduced. The main idea of this approach is to classify 
the probabilistic models, both Kolmogorovian and non-Kolmogorovian, according to 
statistical invar iants ,  which are expressed in terms of the transition probabilities. 

(1) A_. S. WIGItTMAN: Hilbert's sixth problem: mathematical treatment o] the axioms o/ physics, in 
IVlathematieal Developments .Arising ]rom Hilbert Problems. Proceedings Symposia in Pure Mathematics, 
Vol. 28 (Providence, 1976). 
(2) L.  A.CCARDI: Topics in quantum probability, to appear Rep. Phys. 
(3) L. ACC~RDI: Non-Kolmogorovian probabilities, in Rendiconti del Seminario Matematico dell'Uni- 
versitd e del Politecnieo di Torino. 
(4) L. ACCARDI: Foundations o! quantum probability, invited address to the I I I  Vilnius Con]erence, 
Probability and Mathematical Statistics, Vilnius, June 1981 (to appear). 
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I n  t h e  p r e s e n t  work  t h e  s t a t i s t i c a l  i n v a r i a n t s  for  some s imple  sys t ems  are  exp l ic i t ly  
c o m p u t e d  a n d  i t  is shown  t h a t  t h e y  a l low us  to  d i s t i n g u i s h  a m o n g  Ko lmogorov i an ,  real-  
H i lbe r t - space  a n d  complex -Hi lbe r t - space  models .  T h e s e  s t a t i s t i ca l  i n v a r i a n t s  d e p e n d  
on ly  on  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  w h i c h  can  be  cons ide red  as empi r i ca l  da t a ,  a n d  i t  
is v e r y  s imple  to p roduce  example s  of q u a n t u m  sys t ems  such  t h a t  t h e  s t a t i s t i c a l  
i n v a r i a n t s  a ssoc ia ted  to t h e i r  t r a n s i t i o n  p r o b a b i l i t i e s  do no t  al low a n y  K o l n m g o r o v i a n  
or  r ea l -H i lbe r t - space  mode l ,  b u t  obv ious ly  a l low a complex -Hi lbe r t - space  model .  

T h e r e f o r e  t h e  m e t h o d  of s t a t i s t i c a l  i n v a r i a n t s  a l lows us  to  solve t h e  p r o b l e m  of 
<( ... s ing l ing  ou t  in  fu l l  g e n e r a l i t y  t h e  emp i r i ca l  bas i s  for  t h e  choice of complex  n u m b e r s  
in  q u a n t u m  t h e o r y  ... ~) (el .  (~), w 8-5). T h e  p r o b l e m  of t h e  m e a n i n g  of t h e  n u m b e r  
field in  q u a n t u m  t h e o r y  ha s  been  s tud i ed ,  f r om d i f fe ren t  po in t s  of view, b y  seve ra l  
a u t h o r s  (cf. (n-9)). 

L e t  us  n o w  s t a t e  t h e  p r o b l e m  in  a prec ise  m a t h e m a t i c a l  form.  Le t  A,  B,  C . . . .  d e n o t e  
some (a f in i te  or  an  in f in i te  set)  o b s e r v a b l e  q u a n t i t i e s  w i t h  va lues  (a~), (b~), (cv), respect -  
ively.  W e  wil l  a s sume  t h a t  a, fl, y . . . .  = 1, 2 . . . . .  n for  some n < q- 0% i n d e p e n d e n t  of 
A,  B,  C . . . .  a n d  t h a t  aa,  b~, e v . . . .  e R. Cons ide r  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  

(1) P ( A  = a~IB = be),  P ( B  = b~IC = eu),  P ( C  = euIA = a~) . . . . .  

w h e r e  P ( A  = ac~lB = b~) deno t e s  t h e  p r o b a b i l i t y  t h a t  A t akes  t h e  va lue  a~ c o n d i t i o n e d  
b y  t h e  f ac t  t h a t  B is k n o w n  to  a s sume  t h e  va lue  b~. Since we are  i n t e r e s t e d  in  t h e  
c o m p a r i s o n  b e t w e e n  t h e  c lass ical  a n d  t h e  q u a n t u m - m e c h a n i c a l  s i t ua t ion ,  we wil l  a s sume  
t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  sa t i s fy  t he  s y m m e t r y  cond i t ions  

(2) P ( A  = a=lB = b~) = P ( B  = b~lA = a=) . . . .  

(where,  he r e  a n d  in  t h e  fol lowing,  t h e  do t s  a f t e r  a r e l a t i on  wil l  s t a n d  for  t h e  same  r e l a t i on  
w r i t t e n  for  al l  t h e  r e m a i n i n g  observab les ) .  I t  wil l  also be  a s sumed ,  a l t h o u g h  t h i s  is no t  
e s sen t i a l  for  ou r  goals,  t h a t  for  each a, fl . . . .  

(3) P ( A  = a=]B = b~) > 0 . . . . .  

W e  will  s ay  t h a t  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  (1) a d m i t  a K o l m o g o r o v i a n  model ,  if  
t h e r e  ex i s t  

1) a p r o b a b i l i t y  space (f2, 0, ~) ,  

2) for  each  o b s e r v a b l e  A,  B,  C . . . . .  a m e a s u r a b l e  p a r t i t i o n  of ~ 2 - - ( A a ) ,  (B~), 
(C~) . . . .  

(~) J . M .  JAUaIX: Foundations of Quantum Mechanics (Reading, Mass., 1968). 
(s) G. EMCH: Hdv .  Phys.  Acta, 36, 739, 770 (1963). 
(~) D. FINKELSTEIN, J. M. JAUCH, S. SCHIMINOVICH and D. SPEISER: J .  2llath. Phys.  (N. Y.) ,  S, 
207 (1962). 
(*) D. FINKELSTEIN, J. M. JAUCH, S. SCHXMINOVIeH and D. SPEISER: J .  Math. Phys.  (N. Y.) ,  4, 
788 (1963). 
Q) E, C. G, STUECKELBERG: Helv. Phys.  Acta, 33, 727 (1960); E. C. G. STUECKELBERG and 
M. GUENIN: Helv. Phys.  Acta, 34, 621 (1961); E. C. G. STUECKELBERG, l~I. GUENIN, C. PIRON and. 
H. RUEGG: Helv. Phys.  Acta, 34, 675 (1961); E. C. G. STUECKELBERG and M. GUENIN** Helv. Phys  
.Acta, 35, 673 (1962). 
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such tha t ,  for  each ~, [~, y . . . .  

(4) P ( A  = a~lB = be) = ~(A~ v~ Be) . . . . .  
**(Be) 

W e  will  say tha t  the  t rans i t ion  probabi l i t i es  (1) admi t  a complex  (respect ively,  real) 

Hi lber t  space model ,  if  the re  exis t  

1) a complex  ( respect ively  real) Hi lber t  space of d imension  n - - ~ ;  

2) for each observable  A, B, C . . . .  , an o r thmmrma]  basis of J ~ -  (~0a), (~e), (Zy) . . . .  : 
such tha t ,  for  each ~., fi, y . . . .  

(5) P ( A  --  aalB = be) = [(~a, Y~e)] 2 . . . . .  

In  this  case we say tha t  the  given o r thono rma l  basis realize the  corresponding transi-  
t ion probabi l i t ies .  
Thus,  for a g iven  set of t r ans i t ion  probabi l i t i es  P ( A  = a~ lB  = b~) . . . . .  which  we can 
consider  as <( expe r imen t a l  da t a  ~), i t  is qu i te  na tu r a l  to ask the  fo l lowing ques t ions :  

Prob lem 1. Do they  a lways admi t  a Ko lmogorov ian  mode l?  

Prob lem 2. Do they  admi t  a Hi lber t  space mode l  but  not  a Ko lmogorov ian  one, 
or conversely  ? 

Problem 3. Do they  admi t  bo th  a Ko lmogorov i an  and  a Hi lber t  space model?  

Prob lem 4. Do they  admi t  a complex  Hi lber t  space, bu t  ne i the r  a real  Hi lber t  space 
nor  a Ko lmogorov ian  mode l?  

An example  of t rans i t ion  probabi l i t ies  admi t t i ng  a complex  Hi lber t  space, but  not  
a Kohnogorov ian  mode l  is impl ic i t  in Wigne r ' s  proof  of Bel l ' s  inequa l i ty  (~0) (in Bel l ' s  
or ig inal  proof ,  correla t ions  r a the r  t han  condi t ional  probabi l i t ies  are  considered (n)). 
I n  genera l  one can p rove  (cf. (2a)) t ha t  i f  the  condi t ional  probabi l i t ies  sat isfy (2) - -as  
is a lways the  case in q u a n t u m  t h e o r y - - t h e r e  is a lways a Ko lmogorov i an  mode l  for two 
observables ,  but  not  in genera l  for three or more  (for th is  reason,  hencefor th ,  we will  
a lways consider  three  observables  A, B, C). In  the  fol lowing i t  wil l  be shown tha t  the  
m e t h o d  of s ta t i s t ica l  invar ian ts ,  men t ioned  above,  allows us to give a comple te  solut ion 
of Prob lems  1 -4 - -and  of s imi lar  quest ions--- in the  case of three  observables  A, B, C 
each of which assumes two real  w~lues (cf. (~) for  t he  extens ion to the  case of an a rb i t r a ry  
finite number  of values) .  

Kolmogorovian  models.  - Let  A, B, C be three  n-vMued observables.  

Propos i t i on  1 (ef. (a)). I n  the  no ta t ions  and assumpt ions  in t roduced  above the  three  
t rans i t ion  mat r ices  wi th  coefficients 

P(A = a / B = b a ) ,  1 ~  ~ ( C = c d A = a o , )  

(~, fi, y = 1 . . . . .  n) admi t  a Ko lmogorov i an  mode l  if  and only if there  are  n a real  numbers  

(to) E.  P. ~VIGNEI~: Am. J. Phys., 38, 1005 (1970). 
(n) ft. S. BELL: Physics, 1, 195 (1964). 
(le) L. AOOARDI and A. FEDULLO: Statistical invarianls /or the probabilisllc models o/ ]inite-valued 
observables (in preparation). 
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(F~,a,v) such that  

(6) F~,~,v> 0, 

(7) Z Fg,~,v = P ( A  = a~lB = b~) , 

(s) Z F~,.,v = / ' (A  = a.IC = c~), 

(9) EF~, , ,v  = P(B = b~lC = cv).  
o~ 

Proo]. Necessity. Let (Q, ~, f~), (A~), (Ba), (Cv) be a Kolmogorovian model for 
the given transition matrices. Then the symmetry  condition (2) implies that  (cf. (2)) 

hence 

1 
if(At,) = ff(B~) = ff(Cv) = - ,  Vo~, fi, ~ , 

Ib 

1 

which implies (6) and (7) with F~,~,v = ~.ff(A~ t~ B a n  Cv). (8) and (9) are obtained 
in a similar way. 

Conversely, let (F~,~,v) be n a numbers which satisfy (6)-(9). Then on the set D of 
all triples (a, fl, 7) (a, fl, Y = 1 . . . . .  n) one can define the measure it by 

1 
i f ( a ,  f l ,  7 )  = - F . , a , v  

n 

and the partit ions 

A.=U(~,/~,7), B~=U(~,/~,7), c~=u(~,~,~) 

and it is easy to check tha t  they provide a Kolmogorovian model for tile given transi- 
tion matrices. 

From now on we will limit our discussion to the case in which the three observables 
A, B, C take only two (arbitrary) values. The associated transition probabili ty matrices 
will be denoted 

(10) 

P ( A / B )  = P =  ( p 
\ 1 - - p  

P(B/C)  = (2 = ( q 
\ 1 - - q  

P(C/A)  = R =  ( r 
\ 1 - - r  

1 = (cos2(~/2) 

p P )  \sin~(~/2) 

1 - - q ) = ( c ~  

q \sin2(fl/2) 

1 - -  = (cos2@/2) 

r r )  \sin2@/2) 

sil~-"(~/2)], 

cos2(~/2)/ 

sin2 (/3/2)t, 

cos~(fl/2)/ 

sin2(7/2) 1 , 

eos~(r/2)/ 
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where,  because of the  assumpt ion  (3), 0 < p, q, r < 1 and therefore  the  angles e, fi, y 
can always be chosen to sat isfy 

( l l )  0 <  ~,fi, y < z .  

Theorem 2. The  t rans i t ion  mat r ices  P ,  (2, R defined by (10) admi t  a Ko lmogorov ian  
model ,  if and only if 

(12) I p - i - f f - l l < r :  1 I p - q [ .  

Remark.  The  a s y m m e t r y  bctween the  pa ramete r s  r and p,  q in condi t ion  (12) is only 
apparent .  The  inequal i t ies  (12) p rov ide  a s imple example  of a s ta t is t ical  invar i an t  for 
Kolmogorov ian  inodels. 

Pro@ - We show tha t  (12) is a necessary and sufficient condi t ion  for the  so lvabi l i ty  
of (6)-(9) wi th  rl - 2 and P(A /B) ,  t ' (B/C) ,  P(C/A)  given by (10). 

Ill our case (7), (8), (9) y ie ld  twelve  equat ions  in the  eight  unknowns  F~,~,v 
(~, fi, ~ = 1, 2). Using this  eqm~tions, we express  seven of these  unknowns  as func- 
t ions of F2,1, I and p, q, r obta in ing  

(13) 

~ 1 , 1 , 1  - -  q - -  1 2 , 1 , 1 '  

FI,1, 2 -- ~o - -  q ! I~2,1,1, 

1'1,2, 2 1 - - r - - 1  ) ! q - -  F2d,1, 

1',~,2,2-- I~,1,1 1 t p t r .  

I ~ , 2 , 1  - -  r q + / '2 ,1 ,1  , 

F.2,1, ~ --  1 - - p  - -  F2,1,1 , 

1'2,2,1 -- 1 r - -  ]'2,1,1 , 

The  pos i t iv i ty  condit ions (6) are then equ iva len t  to 

04)  
{ q ) F 2 , , , 1 ; ~ l  p - - r ,  1 - -p>~F2,1 ,1>~q--r ,  

1 p + q r ~ : F e , l , ~ O ,  1 r>~F2,1,1>q-- p . 

Thus  any number  1'2,1,1 sat isfying (14) defines, th rough (13) and proposi t ion 1, a Kolmo-  
gorovian  mode l  for the  g iven  t rans i t ion  matr ices.  Since, as shown by e l emen ta ry  com- 
putat ions ,  (12) is the  necessa.ry :rod sufficient condi t ion  for the  so lvabi l i ty  of the  sys tem 
of inequal i t ies  (14), t he  theorem is proved.  

Remark.  Under  our  assumpt ion  0 < p, q, r < 1, i t  is easy to ver i fy  tha t  if  a solution 
for the  system (14) exists,  then there  will  be infini tely many  solutions.  In  o ther  terms,  
the  Ko lmogorov ian  model ,  when exis t ing,  will  not  be un ique  up to s tochast ic  equi- 
valence.  This  is in tu i t ive ly  obvious,  since the  t rans i t ion  probabi l i t ies  provide  informa-  
t ion only on the  jo int  probabi l i t ies  of couples of the  observables  A, B, C, and it  is well  
known tha t  the  s tochast ic  equiva lence  class of the  process A,  B,  C is de te rmined  by  the  
joint  d is t r ibut ion  of the  t r ip le  A, B, C. 

Spin  models. - Our discussion of problem 4 will  consist of th ree  main  steps:  1) first 
we character ize  those t r ip les  of t rans i t ion  probabi l i t ies  which admi t  a eomplex-Hi lber t -  
space mode l  snell t ha t  the  three  o r thonormM basis sat isfying (5) can be chosen to be 
c igenveetors  of three  spin m a t r i c e s - - t h e s e  will  be cal led (, spin models  ~; 2) we then  
find a necessary condi t ion for a t r ip le  of t rans i t ion  matr ices  to admi t  a eomplex-Hi lber t -  
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space rea l iza t ion  and show t h a t  this  condi t ion  is equ iva len t  to the  one character iz ing 
the  exis tence  of a spin model .  F r o m  this  we can casi ly deduce tha t  all  complex Hi lber t  
space models  for the  g iven t rans i t ion  mat r ices  are spin models ;  3) finally we character ize  
those  t r ip les  of t rans i t ion  matr ices  which admi t  a ~'eal Hilber t -space  mode l  and show 
t h a t  the re  are  m a n y  t r ip les  of t rans i t ion  mat r ices  which admi t  a complex Hi lber t  space 
model ,  bu t  do no t  admi t  ne i the r  a real  Hi lber t  space nor, a Ko lmogorov ian  modcl .  

Le t  P , Q ,  R be the  t rans i t ion  mat r ices  defined by  (10), (I1). In  the  following, 
whencve r  we speak of a complex  Hi lber t  space mode l  for P ,  Q, /~ we shall  a lways sup- 
pose tha t  an o r thonorma l  basis has  been singled out  in ~ ~ C 2. W i t h  respect  to th is  
basis we define the  Pau l i  mat r ices  

(i5) 

and the  spin opera tors  

where  

(~ .a  = a l a l - -  a2a 2 ~- aaa 3 , 

3 

a =  (al ,  a 2,aa) e S  ( e ) =  ( ( a  1 , a  n,aa)  E R  a" ~ a ~  = 1 } .  
1 

W e  wil l  a lways refer  to th is  f ixed (( canonical  ~) basis when speaking of <,componcnts ~) 
of a vec to r  in ~f  wi thou t  fu r the r  specification. The  e igenvec tor  of a'a corresponding  
to the  e igenva lue  § 1 (respect ively,  - - 1 )  wil l  be deno ted  ~l(a) ( respect ively,  ~2(a)). 
A complex  Hi lber t  space mode l  for P ,  Q, R wil l  bc cal led a spin model if  the re  exis t  th ree  
vec to r s  a, b, c e S (2) such tha t  the  three  o r thonorma l  basis (v~(a)), (~ (b ) ) ,  (~v(c)) real ize  
the  mat r ices  P ,  Q, R in t he  sense of the  equal i t ics  (5). Since for each a, fl, y 

(16) K~l(a),  Fl(b)>l 2 = cos ~ (~ /2 )  . . . .  

(17) K~l(a), F2(b)}I 2 = sin 2 (~ /2 )  . . . .  

(where a~ denotes  t he  angle be tween  a and b), one easi ly verif ies tha t  a spin mode l  for 
P ,  Q, R exis ts  i f  and only  if there  exis t  th ree  vectors  a, b, c e S (2), such tha t  

(18) cos~ = e o s ~ ,  cosfl  = c o s ~ ,  c o s y  = c o s c a .  

Proposition 3. Th ree  vec tors  a, b, c e S (2) sat isfying (18) exis t  if  and only if  

(19) cos 2a + cos 2 f l §  cos ~ , - l < 2 c o s ~ c o s f l c o s y .  

Proo]. Two vectors  a, b e S (2) sat isfying the  first of the  equal i t ies  (18) always exist ,  
and we can choose co-ordinates  in R a so tha t  a = (1, 0, 0), b = (cos a, sin ~, 0). 

The  exis tence  of a c e S (~) sat isfying (18) is there fore  equ iva len t  to the  exis tence of 
a vec to r  (el, c2, cs) e R s, sa t isfying 

3 

(20) c , =  c o s y ,  c l c o s ~  + c  2 s i n ~ =  cosf l ,  ~ c ~  = 1 
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and  (19) is the  necessary and sufficient condi t ion  for this  occurrence. 

Propos i t i on  4. i) If  a t r iple  of coplanar  vectors satisfies (18), t hen  all the tr iples 
wi th  th is  p roper ty  are made  of coplanar  vectors, ii) If  there  is a t r iple  of vectors 
a, b, c e S (z) which are not  coplanar  and  sat isfy (18), thcn  for any  other  t r iple  a/, b', c 'e  S (2) 
sat isfying (18) one has 

(21) ab = a 'b  ~, ~ = b' c ~, ~ = c' a' . 

PToo]. 

(22) 

(23) 

Any  three  vectors a, b, c e S '(~) are such tha t  

a~ + ~ + ~ < 2 ~ .  

(cf. (~), w X-689, 690) and  the  equal i ty  in (23) holds if and  only  if a, b, c are coplanar.  
If a, b, c sat isfy (18), then  for each of the  angles wc have only  two possibi l i t ies:  

(24) a~ = ~ o r  2 ~ - - ~ ,  b ~ =  fl or  2 , ~ - - f i ,  ~a = y o r  2 n - - r .  

Because of (11), 2 n - - a ,  2z~--fi, 2 ~ - - y > . u  therefore, because of (23), the second 
possibi l i ty  can take  place at  most  for one of the  angles. Let  now a ' ,  b', c' e S re) be another  
t r iple of vectors sat isfying (18). P u t  0~ = a~, 05 --  b~, 0 a = ~ and  0~ the  corresponding 
angles for a ' ,  b', c'. If  (21) does no t  hold,  then  for the  reasoning above there  is at most  
an i n d e x - - l e t  us call i t  / - - s u c h  tha t  0'~ = 2~ - -  0~. Denot ing  ~, k the  remain ing  indi-  
ces, one has, from (23) and  (22), 

(25) 2.~>O~t § 0~' + 0~1~ 2 n - - O  i §  O j §  2 ~ - - 0 i §  Oi=  2n 

Thus  a ' ,  b', c' mus t  be coplanar.  Bu t  in this  case from [0~ ~ ' ~  ~' - - . j l ~ k  we deduce 2Jr~ 
(0~ § 0j § 0k)< 2zr, hence also a, b, c mus t  be coplanar.  If  a ' ,  b', c' are no t  coplanar  

the  first i nequa l i ty  in  (25) is strict,  and  this  contradic ts  the  last  inequal i ty .  Hence for 
no index  i we can have 0 i # O~i and  this  proves (21)�9 

Complex  Hilbert -space models  ]or P ,  (2, R .  - Assume tha t  there  exists a complex- 
Hilber t -space model  for P,  Q, R. Then,  there  are a Hi lber t  space ~ ~_ C2; three  ortho- 
normal  basis  ( ~ )  ( ~ ) ,  (Z~) sat isfying (5); and real num ber s  O~r B), e~v(B, C), Ova(C, A )  
such tha t  

(26) 

Therefore us ing tile or thogonal i ty  re la t ion 

one immedia te ly  verifies the  equal i ty  

(27) exp [--  i~ll(~ y, A)] c, os ~2/2 : exp [i[~ll(A , B) _1_ Eli(B, C)]] cos 0~/2 cos/~/2 -~ 

�9 exp [i[e12(A, B) § e~(B, C)]] sin ~/2 sin/~/2.  

(~3) F. ENRIQUEZ and U. AMALDI: Elemenli di geometria (Bologna, 1921). 
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L e m m a  5. Le t  41, 42, )'3 be pos i t ive  real  numbers .  A necessary and sufficient con- 
di t ion for the  exis tence of real  numbers  x, y, z, which solve the  equa t ion  

(28) 

is t ha t  

(29) 

or  equiva len t ly ,  that 

(30) 

41 exp [ix] § ~ exp [iy] = 4 3 exp [iz], 

41- (4 ]  + ~)  
- - 1 ~  ~ 1  

2414~ 

4 ~ + 4 ~ - 4 ~  
- - I ~  i ~ 1 .  

241~ 3 

Proof. - I f  a solut ion of (28) exists ,  then  

(31) c o s ( x - - y )  --  
24142 

and (29) is satisfied. Conversely,  if  (29) holds  one can choose an a rb i t r a ry  couple x, y 
such t h a t  (31) is satisfied, and wi th  th is  choice bo th  sides of t he  equa l i ty  (28) have  the  
same modulus ,  thus  a solut ion of (28) exists .  F inal ly ,  the  so lvabi l i ty  of (28) is equ iva len t  
to the  so lvab i l i ty  of 

(32) 41 exp [ix] - -  23 exp [iz] = - -  22 exp [iy] 

and,  wr i t ing  condi t ion  (29) - -wi th  the  appropr ia te  coeff ic ients- - for  cq. (32) one 
finds (30). 

Remark .  - One easi ly  verif ies tha t  an equ iva len t  condi t ion  for the  exis tence of solu- 
t ions of eq. (28) is t ha t  the  inequa l i ty  41< 42 + 43 and those  ob ta ined  f rom this  by  
c i rcular  p e r m u t a t i o n  hold.  This  fo rm of the  condit ion,  as we will  show elsewhere,  has  
a more  genera l  charac te r  than  (29) or  (30), bu t  in the  present  paper  only this  last  type  of 
inequal i t ies  wil l  be used. 

Corollary 6. The  fol lowing equ iva len t  inequal i t ies  are  necessary condi t ions  for the  
exis tence  of a complex-Hi lber t - space  mode l  Ior the  t rans i t ion  matr ices  P ,  Q, R :  

(33) cos ~ § cos ~fl~-  cos 2 F - l ~ 2 c o s ~ c o s f l c o s y ,  

(34) 

(35) 

eosZ ~/2 + cos ~ fl/2 + cos ~ f l / 2 -  I 
- - 1 ~ <  ~ 1  , 

2 cos ~/2 cos fl/2 cos ~/2 

[cos a/2 cos fl/2 - -  sin ~/2 sin fl/2] 2 ~< cos 2 7/2 

[cos ~/2 cos fl/2 + sin ~/2 sin fl/2] 2 . 

Proof. - I f  a Hi lber t  space mode l  for P,  Q, R exists ,  then  (27) holds  and therefore  
eq. (28) w i th  the  coefficients 

2 a = cos y / 2 ,  21 = cos a/2 cos f l /2,  22 = sin ~/2 sin fl/2 
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must  be solvable.  W i t h  this  choice of the  coefficients the  so lvab i l i ty  condi t ion  (29) 
becomes 

(36) - -  sin e sin f i<  cos y - -  cos e cos f l< sin ~ sin fl 

and this  is an equ iva len t  fo rmula t ion  of (35). 
Because  of ( l l )  the  sines arc posi t ive ,  hence (36) is equ iva len t  to 

lcosy cos c~ cos/~1: ~ sin~ c~ sin~ fi ,  

which is easi ly seen to be equ iva len t  to (33). If, ins tead  of the  so lvabi l i ty  condi t ion  (29), 
the  equ iva len t  condi t ion  (30) is used wi th  the  same coefficients 21, ~ ,  ~a, the  resul t  is (34). 

T h e o r e m  7. - The  fol lowing assert ions are equ iva len t :  

i) the  t rans i t ion  matr ices  P, Q, R admi t  a complex-Hi lber t - space  mode l ;  

ii) the  t rans i t ion  mat r ices  P ,  Q, R, admi t  a spin model ;  

(37) iii) cos 2 a -t- cos 2 P ~,- cos 2 y - -  1 ~-: 2 cos ~ cos fi cos y;  

cos 2 ~/2 4- cos 2 f l /2 4- cos 2 ~ / 2 -  1 
(38) iv) - -  1<  . . . .  ~ 1 ;  

2 cos ~/2 cos ~/2 cos ~/2 

(39 )  v )  - -  1 ~ p + q + r - -  1 -5 1" 

(40) vi) [ V ~  - -  V(1 --  p)(1 --  q ) ] 2 < r <  [ V ~  4- ~/(1 --  p)(1 --  q)].2. 

P r o @  - The equiva lence  iii) ~ iv) has been shown in corol lary  6 and v) is jus t  iv) 
in different  notat ions .  T h a t  iii) ~:> ii) is the  conten t  of proposi t ion  3. Clearly ii) : :>i).  
But ,  because of corol lary  6, i) : :~ii i)  and hence ii). The  equiva lence  v) ~:> vi) has  been 
establ ished in corol lary  6. 

C o r o l l a r y  8. - i) E v e r y  complex-Hi lber t - space  mode l  for t ), Q, R is a spin model.  
ii) I f  a spin mode l  for P ,  Q, R is defined by  three  noncoplanar  vec tors  a, b, e e R a, then  
all spin models  are un i ta r i ly  equ iva len t  (in the  sense t h a t  there  exis ts  a single mf i t a ry  
opera to r  which maps the  three  o r thonorma l  basis of one mode l  into those  of the  
o ther  one). 

P r o o ] .  - If  (~0a), (y~), (Zv) ~re any th ree  o r thonorma l  basis of ~ which  real ize a com- 
p lex  Hi lber t  space mode l  of P ,  Q, R,  then  by  theo rem 7 there  are in 9 f  three  o r thonorma l  
basis of spin type  (y~a(a)), (~ (b ) ) ,  (y~(e)) wi th  the  same proper ty .  I f  U~, Us, Ua are 
three  uni tar ies  such tha t  

(4]) Ul~fc~(a) - -  q~c,, U2F~(b)  = ~fZ, Usury(e) = Zv 

t hey  define th ree  ro ta t ions  R 1, Re, R~ such t h a t  

~/'c~(RLa) - -  q~a; ~f~(R2b) = ~f~; ~Pv(R3 e) = ;iv 

and this  p roves  i). I f  a,  b , c  are not  coplanar  then,  denot ing  a ' =  R l a ,  b ' =  R z b ;  

c ' =  Rae ,  propos i t ion  4 impl ies  t h a t  a~ = a"T~ ', b~ = b~'c ', ~a = c~aa ' hence there  is a 
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ro ta t ion  R in R s such tha t  Ra = a', Rb = b', Re = c'. Therefore  in (39) the  three  uni- 
t a r ies  can be t aken  equal.  

Remark. - I t  is easy to ver i fy  tha t  because of (11) condi t ion (37) is equ iva len t  to the  
fol lowing couple of inequal i t ies :  

which are  necessary  and sufficient condi t ions  on ~, fi, y to be  ad jacen t  angles of a tr i-  
hedron  in R 3. Th is  p rov ides  a geomet r ica l  in te rpre ta t ion  for condi t ion (37). 

Real-ttilbert-space models /or P,  Q, R. 

Theorem 9. - The  t rans i t ion  matr ices  P ,  Q, R admi t  a real-Hilbert-space model ,  if  and 
only if 

p §  p §  
(42) --  + 1 o r  - -  1 

2 x / ~  2 Vpqr  

or equ iva len t ly  

V r  = V ~  § V(1 --  p)(1 -- q) or  ~/~ = ] V ~  - -  ~/(1 -- p)(1 -- q)]. 

T h e  proof  of theorem 9 will  be based  on the  fol lowing 

Theorem 10. The  t rans i t ion  mat r ices  P ,  Q, R admi t  a rea l -Hi lber t - space  model ,  if  
and only if t hey  admi t  a spin mode l  defined by  a coplanar  t r ip le  of vectors  a, b, c ~ S (2). 

Proo]. Su]]iciency. If  the  t rans i t ion  matr ices  P ,  Q, R admi t  a spin mode l  defined 
by  a eoplanar  t r ip le  of vec tors  a, b, c e S ~2), then  by  proposi t ion  4 all  t r ip les  are  co- 
p lanar  and in appropr ia te  co-ordinates  in R s the  vectors  a, b, e will  have  the  fo rm 

(43) a = (a 1 , 0 , a s ) ,  b = (b 1 , 0 , b 3 ) ,  c = (c 1 , 0 , % ) .  

B u t  in a basis  of 9~ in which the  Pau l i  mat r ices  have  the  usual  form (15), the  e igenvee tors  
of a . x ( x  = (xl, x2, x3) �9 R s) have  components  (defined up to a common phase) 

[ V ~  + %)/2~ 

~l(X) = |  xl + ix~ | ,  ~(x) = 

v '0-  %)/2 
Xl 4- ix2 ~ , 

hence for  each vec tor  of the form (43) the  phase  can be chosen so tha t  i t  has real  com- 
ponents .  W i t h  this  choice of the  phase the  vectors  of the  two basis (~ (b ) ) ,  (~v(c)) 
belong to the  real Hilbert space genera ted  by  the  basis (~a(a)), hence this  space provides  
a mode l  for P ,  Q, R. 

Necessity. Assume tha t  the t rans i t ion  matr ices  P,  Q, R admi t  a rea l -Hi lber t -space  
model .  Then  t h e y  admi t  a complex-Hi lber t - space  mode l  and,  by corol lary 8, a spin 
model .  Le t  (~0a(a)), (~ (b ) ) ,  (~v(e)) be a t r ip le  of o r thonormal  basis which define this  
mode l  (a, b, e e S(2)). Then ,  because  of our  assumpt ion,  (27) mus t  hold  wi th  the  phasis  
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which are in teger  mul t ip les  of z.  Using condi t ions  (29) and (30) wi th  the  no ta t ions  

(44) ~a -- cos y/2 , ).1 -- cos ~./2 cos/5/2 , ~2 ~ sin ~/2 s in/5/2,  

one easi ly verif ies tha t  at least  one of the  fol lowing equal i t ies  must  be sat isf ied:  

(45) I) ~l ~- ~2--  ~3' 2) - -~1-~,  ~2 = ~3' 3) ~1- -~2  = ~3 

and, because of (44), the  equal i t ies  (45) are, respect ively ,  equ iva len t  to 

(46) 1) 2 z - - ~  - -  / 5 - -  y = 2 ~ ,  ~ - -  /~ + y = 2 n ,  a + /5 + 2 ~ - - y  : 2 z .  

Because of (24) any of the  equal i t ies  (46) will yield 

~ + ~ + ~ = 2 ~ .  

Hence a, b, c arc coplanar.  

Proo /  o] Theorem 9. In  the  no ta t ions  (44), the  t rans i t ion  matr ices  P ,  Q, R admi t  
rea l -Hi lber t - space  mode l  if  and only if the  equa t ion  

~'1 exp  [ix] ~ )'2 exp [iy] = 2 a exp [iz] 

has a solut ion such tha t  x, y, z are in teger  mul t ip les  of zc. F r o m  the  proof  of l emma 5 
i t  follows tha t  such a solution exists ,  if and only if, for  some in teger  ]c 

and this  is equ iva len t  to (42). 

cos (kn) -- - -  
22123 

Conclusions.  - Let  us denote  (Kolm),  (( :-Hilbert)  (R-Hilbert)  the  f ami ly  of t r iples  
P ,  Q, R of bi-s toehast ic  mat r ices  of the  form (10) which admi t  respect ive ly  a Kolmo-  
gorovian ,  a complex-Hi lber t - spaee ,  a I real-Hilber t -space model .  Clearly (R-Hilbert)  C 
_C (C-Hilbert) ,  a.nd theorems  7 and 9 show t h a t  the  inclusion is str ict .  The  e lementa ry  
inequal i t ies  

(47) [ ~ / ~  - -  \ /(1 -- p)(1 -- q)]2< ]p ~_ q _ 1]--<. 1 - -  IP - -  ql < [ V ~  + ~/~ - p)(1 - q)]~, 

t oge the r  wi th  theorems  2 and 7, show tha t  also the  inclusion (Kolm)_C ({::-Hilbert) 
t akes  place. Since, in the  first i nequa l i ty  the  equa l i ty  sign holds  if  and only if p + q = 1, 
~nd in the  th i rd  one if and only if  p = q, also in th is  case the  inclusion is str ict .  In  
par t icular ,  if the  three  matr ices  P ,  Q, R correspoI~d to a spin mode l  defined by  three  
noneoplanar  vec tors  a, b, c �9 S (e) and are  such tha t  e i ther  

[~/~ - ~ / i v : ~ -  p ~ l  - q)]2 < ~ <  Ip + q - II or 

1 - - I P - - q l  < r <  [ ~ / ~  + ~ / ( 1 - - p ) ( 1 - - q ) ]  ~, 

then  t h e y  will  not  admi t  ne i ther  a Ko lmogorov ian  nor  a rea l -Hi lber t - spacc  mode l  but,  
by  construct ion,  t hey  admi t  a complex-Hi lbe r t - space  model .  
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Whi le  the  inclusion (R-Hilbert)_c (C-Hilbert)  is of general  character,  the  inclusion 
(Kolm)_C (C-Hilbert)  depends  s t rongly on the fact tha t  we are consider ing 2-valued 
observables.  

For  three  (or ~> 3) va lued  observables this  inclusion fails a l ready at the level of couples 
of observables,  i . e .  in  the  case of a s i n g l e  bistochastie matr ix .  For  example,  it  can 
be shown (cf. (~)) tha t  if 0 < 6 < 1/2 o the  bistochastic mat r ix  

) 1 
+ ~ 2 - ]  2~ 2 

1 ( ~  ) 1 1  ~11 1 ] 
+ ~  - - - - - + ~  1 - -2 ,~  . . . .  

2 2~ \ 2  4 2 ] 

1 1 
- - - ( ~  - - - 6  2~ 
2 2 

(which, of course, admi ts  inf ini te ly m a n y  Kolmogorovian  models) does  n o t  admi t  a com- 
p lex-Hi lber t -space  model.  

R e m a r k .  - Our theorem 2 is equ iva len t  to a resul t  es tabl ished by  D. GUTKOWSKI 
and  G. ]V[ASOTTO (14) (necessary condit ion) and  by  G. COnL~o, G. GUTKOWSKI, G. ]V[A- 
SOTTO, M. V. VALD~S (xs) (sufficient condit ion).  The i r  result  is expressed in te rms  of 
j o i n t  ra ther  t h a n  c o n d i t i o n a l  probabi l i t ies ,  and  our inequa l i ty  (12) is ob ta ined  by  the i r  
i nequa l i t y  (1) ( in (15)) jus t  d iv id ing  each t e rm by  �89 The factor �89 is canonical  since, 
due to the  s y m m e t r y  condi t ion  (2), any  Kolmogorovian  model  for the  given set of 
t r ans i t i on  probabi l i t ies  mus t  satisfy 

t~(A = a s )  = # ( B  = b~) = # ( C  = cv) = ~ , ~ , ~ , 7 = 1 , 2 .  

The equivalence of our  theorem 2 with the  men t ioned  results  of Gutkowski  et al .  was 
k ind ly  po in ted  out  to us by  prof. R. AscoH,  to whom we wan t  to express our  grat i-  
tude  for this  as well as for other  in te res t ing  remarks.  Le t -us  also remark  tha t  a neces- 
sary  condi t ion  on the  2-dimensional  jo in t  probabi l i t ies  of any  finite n u m b e r  of 2-valued 
observables,  for the existence of a Komogorovian  model,  has been establ ished by  A. GA- 
RUCCIO and  F. SELL~RI (16). 

(,4) D. GUTKOWSK[ 0.I14 G. ~r NUOVO Cimenlo D, 22, 121 (1974). 
(15) G. CO,LEO, D. G[TT•OWSKr, G. 1VI~SOTTO and M. V. VALDES: NUOVO Cimento B, 25, 413 (1975). 
(le) A. GARUCC~O and F. SELLER1: Found.  Phys . ,  10, 209 (1980). 


