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In  part icle physics the axial  vector current,  together with the vector current, has 
p layed an impor tant  role in current  algebras (1) and chiral dynamics (2). Does i t  p lay  
any role in other branch of physics? In  this let ter  we argue tha t  the axial vector cur- 
rent,  along with the energy-momentum tensor, of the spin-�89 baryons and leptons may 
influence the space-time structure through the spin angular-momentum tensor contri- 
but ing to gravi tat ional  sources. In  high-energy physics both the mass and spin of the 
hadrons are dynamical ly  incorporated into the concept of Regge poles which has been 
successful in analysing the scattering data. On a macroscopic scale, however, the spin 
will p lay  no significant role as well as the electric charges. Therefore i t  appears quite 
reasonable tha t  Einstein 's  macroscopic theory of gravi ta t ion lets the mass, or the stress 
tensor, of macroscopic bodies alone be a unique source of gravi ta t ion and at  the same 
t ime lets i t  be a sole agency in generating a curved space-time. If  we take such a micro- 
scopic viewpoint as that  by  which gravi tat ion arises through individual  nucleons and 
electrons, or more generally spin-�89 baryons and leptons, s traightforward extrapolation 
of Einstein 's  idea to the realm of part icle physics would not be justified. In  this circum- 
stance we would rather  think that  the mass and spin, or the energy-momentum tensor 
and spin angular-momentum tensor, are both contributing to gravi tat ional  sources 
and hence have influence on the space-time structure. 

In  order to avoid unnecessary confusion we emphasize the macroscopic nature of 
Einstein 's  gravi ta t ional  field equations. The stress tensor  of macroscopic bodies ap- 
pearing therein as a source tensor of gravi tat ion is represented by  macroscopic observables, 
for example, the energy density, the fluid velocity and the pressure in the perfect-fluid 
model of a star. This stress tensor has nothing to do with the energy-momentum tensor 
of individual  hadrons and leptons, except for tha t  of the electromagnetic field which 
has a macroscopic and classical l imit .  Hence it would be incorrect to judge our theory to 
be developed below as an alternative theory to Einstein's. I t  must  be remembered tha t  
two theories stand on a different scale, one microscopic and the other macroscopic, and 
tha t  a relation between two could be established by taking the macroscopic limiting 

(1) M. GELL-MANN: Phys. Rev., 125, 1067 (1962); Physics, 1, 63 (1964). 
(z) J. SCHWI~(]ER: Phys. Left., 24 B, 473 (1967); Phys. Rev. Left., 18, 923 (1967). 
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procedure of our theory. Now we shall see how our hypothesis proposed previously 
nay be formulated and how a resulting theory may be reduced to Einstein's theory by 
such a limit. 

Let L = L~ A- Lq be a total Lagrangian for a system consisting of a spin-�89 particle 
and the gravitational field, where L~t denotes a material part involving arbitrary grav- 
itational interactions and L a an arbitrary free gravitational part. I t  is well known that  
the gravitational variables are not the metric tensor in this case but  the tetrads, b,g(x), 
or their inverse b,#(x), where the Greek index refers to a Riemann space and the Latin 
index to the local Lorentz space. See our previous papers for further details (3.4). 
First  we are going ~0 construct L a by demanding its action integral be invariant under 
A) a general co-ordinate transformation, B) a Lorentz transformation (with respect 
to the Latin index), and C) L a of quadratic form in the first derivatives of the tetrads. 
The  most general form of L a to meet these demands was already giver~ part ly in ref. (a) 
and here perfectly given with 4 arbitrary real coefficients: 

(~) La 2 f lV 2 + 2 = b(aT~t m + y A  k + ~V~A~) , 

where the Lorentz tensors are invariant  under a general co-ordinate transformation, 

(2) 
and 

~ , .  = (1)(~, .  + c, . . )  + (}}(~.~ v, + ~., v~) - (}) ~, v . ,  

v ,  = ~. .~ ,  

A k = (i/6) el:t~n C't~n, , 

are the irreducible components of C~z~= bl bm (bk~,.v--b~.u). We use the notation, 
b = det (b~#). The above Lagrangian can be rewritten into a more convenient form as 

(3) L a = L ~ / 2 n  ~ + b{(a + fl) V~ - -  (9/4)l)  A~ -4- 

where L s =  ~ / ~ R  (R = the Riemann scalar) is the Einstein's free gravitational 
Lagrangian, and we adjust an overall coefficient with the Einstein's gravitational 
constant as 3a = ~-2 and introduce the notation, ~ - - 4 r / 9  = ~-2. Note that in (3) we 
suppressed a four-divergence arising from the Riemann scalar because it does not af- 
fect the field equations. From (3), though L~ is yet unspecified, we can derive the field 
equations of gravitagion: 

(4) Gkz  - -  ~ 2 B k t  = - -  u 2 T k t  , 

where the first member on the left is the well-known Einstein tensor, now rewritten in 
terms of the tetrads, Gkt = b(Rkz--(�89 

(5) B~t = - -  (b,,/'Fkt,~),~, + {(�89 Ct,,~F~m,,-- C,~,~F~,u} + ~k~{the second terms of (3)}, 

(6) Fkzm = 4b{(~ + fl) ~kEz V,,O + (3i/8~ 2) ~z~A~ ~- (*//2)(~kz~A~j - -  (i/6)ekz~ V. ) ) ,  

(*) K. HAYASHI a n d  T. NAKA~O: Progr.  Theor.  Phys . ,  38, 491 (1967). 
(*) K. HAYAS~I: Lef t .  Nuovo Cimento, 5, 529 (1972). 
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and the energy-momentum tensor is defined as a source tensor of gravi tat ion with 
respect to L~ ye t  unspecified: 

(7) T ~  ~ - -  ( ~LM/~b~ , )  b~, . 

Here symbol 8/~b~,  means taking the Euler derivat ive with respect to the inverse te trads 
Observing tha t  the second terms in (5), enclosed by  curly brackets,  are symmetric  in k 
and l (this can be proved by  using the irreducible tensors (2)), we decompose the field 
equations into the symmetr ic  and skewsymmetric par t s :  

(8)  G ~  - -  ~ B r  - -  - -  ~2 T r  

(9) - -  (b.~" F~t~r~) # = T ~  , 

where parentheses enclosing indices mean symmetr izat ion and square brackets  mean 
antisymmetrizat ion.  Making use of the invarianee proper ty  B) mentioned previously, 
we can derive the g e n e r a l i z e d  te t rode  r e l a t i o n  between the ant isymmetrie  par t  of the 
energy-momentum tensor and divergence of the spin tensor:  

(10) 

where 

(11) S~'~ : ( ~ c L ~ / ~  , ) ( iS~ t )  ~ ~- (~LM/~b,~# , ) ( iS~)m~b,~  ~ . 

Here Sk~ is the spin matr ix ;  for a spin-�89 part icle Skz= (7~7~--7~7~)/4/ and for the 
te t rads  ( S ~ ) , ~ . : - - i ( ~ . - - ~ . ~ . ~ ) .  Formula  (10) can be easily obtained from 
eq. (2.22) of ref. (3). Assuming the boundary  condition tha t  there is no gravi tat ion in 
the  absence of the  nucleon's spin, we can integrate (9) with (10) only to find 

(12) Fi k~j,~ ~ (�89 S,~kt , 

where S~z  = b , ,~S~ '~ .  Next we turn  our at tent ion to the remaining free parameters,  
fl, 7, and ~. Can they  take a rb i t ra ry  values? To answer this question, we make use 
of the  weak-field approximation specified by  

(13)  bk~ -~  ~k,,~ ~ ak.~ .  

I t  is not  necessary in this approximation to distinguish Greek index from Lat in  index. 
I t  follows from (8) and (9) tha t  

(14) 

(15) [~A~ - -  (i/3) ~22 e~j~ k ~tj ~j A,,~ = - -  ~TEk~ , 

where we have used the new linearized variables 

~tA~t ~ a~ ]  , 
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together  with the divergence-free conditions a z S . ~  z = 0 = OtA~t. Thus the pari ty-vio-  
lat ing term ~V~A~ in L a makes both sets of field equations coupled each other. We 
shall set V = 0 so as to let  each set of field equations closed in itself. Thus one may 
find the re tarded  solution to (14) with the absence of the last term on the left-hand 
side (5) : 

(16) S~t(cr, x ) = - ~  dsy Tc~)(ct - - lx--y l '  Y) + (~/1-- + 

~ ffd~yd~za~O~T,~,~(et--lx--yl--!y--zl,~) 
+ (~)~ 1 -  3~ Ix--YllY--~l ' 

where the argument of T ,~  appearing in the first integral  is T,~m(ct--]x--y I, y )  and 
= z:(a + fl). The first term in Skz represents the re tarded solution to the usual wave 

equations; gravi tat ion propagates on the backward light-cone. On the other hand 
the second term implies that  gravi tat ion propagates inside the backward light-cone 
to its vertex, thus violating Huyghens'  principle, however small ~ might be. We shall 
set a + fl = 0. F rom (6) we obtain the completely ant isymmetr ie  tensor 

(17) F~t~ = (3/2~ 2) bi%z~nA, , 

and hence from (12) we get upon mult ipl ing it the Levi-Civita tensor 

( IS)  A~ = (12/18i) e, tm,8,,~, = - -  (i2/3) & ,  

where Sezm = bS~tm and 8~ denotes the to ta l ly  ant isymmetric  par t  of the spin tensor. 
Insert ing (17) with (18) into (8), we finally reach the desired form of the field equa- 
tion of gravi ta t ion:  

(19)  R k t -  (�89 r162 = - -  ~ : { T ( , : , ) -  ( t )  ( O,.,,, ,S<,,,,,,, - -  ~V,,, , , , ,S,.. ,)} - -  ( .~2/4)r S ~ .  

The le]t-hand sides o/ the resulting ]ield equations are same as that o] Einstein's; it is the 
Einstein tensor, now rewritten in terms o] the tetrads. The r ight-hand side, however, dif- 
fers from tha t  of Einstein's.  Our equations involve the spin tensor, besides the energy 
tensor, in the source tensor of gravitat ion.  I t  should be noticed here tha t  the physical 
meaning of a gravi ta t ional  source tensor in Einstein 's  theory is di]]erent from ours; 
in the former i t  is the stress tensor of macroscopic bodies as a phenomenological rep- 
resentation of matter ,  completely independent ly  of how consti tuent particles interact  
with gravitat ion.  In  our theory,  however, a gravi tat ional  source is the energy-momentum 
tensor of individual  spin-�89 baryons and leptons, and its propert ies may be completely 
determined when a par t icular  gravi ta t ional  interaction of these particles is known. 
For  example, whether the energy-momentum tensor is symmetric  or not  depends 
crucially on how a spin-�89 particle couples to the gravi ta t ional  field. I t  i t  happens to 
be symmetric,  then the spin tensor must  be vanishing owing to the generalized Tetrode 
relation (10), thus having no influence on spaeetime. To choose such a speei]ie gravita- 
tional interaction as symmetrizes the energy-momentum tensor is equivalent to the dynamical 
assumption that the sl)in tensor is ]orced to play no role in curving space-time. There is, 
however, no reason why the microscopic energy-momentum tensor must be sym- 

(5) I a m  indebted  to Dr. N. SETO for in forming  m e  his resul ts  on (14) by  p r iva t e  communica t ion .  
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metric, because we do not know which type of gravitational interactions of a spin-�89 
particle is allowed or forbidden. Under these circumstances there might be no other 
way than proceeding with trials and errors. 

First  let us consider the  simplest gravitational coupling (a) in that  it does not involve 
the derivatives of the gravitational field and it reduces, without gravitation, to the 
Dirac Lagrangiau; 

(20) 

From (7) we get 

(21) T ~  : b((�89 ~.~ - -  ~p.~,7~)) . 

The spin tensor is defined by (11) as 

(22) 

where we denot6 the axial vector current as J~ = i ~ 7 5 y ~ .  Hence it  follows from (18) 
that  A~ = (~/6)J~.  1] spin-~ baryons and leptons interact with the gravitational ]ield 
according to the above .Lagrangian (20), then the axial vector current will a]]eet the space- 
time cont inuum through the ]orm o] the spin tensor. On a macroscopic scale, however, 
such an effect due to the axial vector current will be negligible with the possible ex- 
ception of the neutron stars with strong magnetic field which tends to align spin 
orientation. 

Secondly, can we find such a gravitational interaction as symmetrizes the energy- 
momentum tensor? To do so, we just add a more complicated axial vector interac- 
tion to L M (20}: 

(23) L ~ -  (~)AkJ~b.  

The spin tensor arising from the second term just counteracts the spin tensor (22) from 
the first term, thus rendering the total spin tensor null:  Tk~----Tz~. 

I t  would be worth noting that  the gravitational interaction (20) may be obtained 
by replacing the ordinary by  eovaria~t derivatives with respect to an asymmetric a]- 
f ine connexion 

FZ~v = b~ bk~. ~ , 

while the latter interaction (23) may be derived by  using the covaxiant derivative with 
respect to the Christoffel symbol. We can envisage more complex interactions of a 
spin-�89 particle, but  it  is difficult to find an affine connexion corresponding to each of 
these interactions. This  ]act implies that i t  is not always clever to attack the present pro- 
blem by the con~ventionat geometrical approach to gravitation. Presumably the gravita- 
tional intaraction of spin-} baryons and leptons would be very complicated, thus mak- 
ing the energy-momentum tensor generally asymmetric. For example, some authors 
investigated if it  conserves pari ty and time-reversal (6). The conclusion reached up 

(6) J. LEITNER and S. OKUBO: Phys. Rev., 136, B 15{t2 (1964); K. HIIDA and Y. YAMAGI~CHI" Progr. 
Theor. Phys. Suppl. (Kyoto), Commemoration Issue ]or lhe X X X  Anniversary o] the Meson Theory by 
]Dr. Yukawa (1965); K. HAYASHI: Parity, charge conjugatiOn and time reversal in the gravitational inter- 
action; the possible existence o] a massless scalar particle and Schwinger's equal-time commutation relalivn 
]or energy densily, preprint, MPI. 
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to now is rather uusatisfactory and not yet conclusive; one cannot rule out the pos- 
sible violation of these discrete symmetries, We cannot help leaving the answer to this 
question to further researches in the future. 

Finally, we close this letter by remarking that the macroscopic l imit taken in our 
field equations brings them to the Einstein 's  field equations of gravitation (presumably 
with the exception of the neutron stars with strong magnetic fields) whatever gravita- 
tional interactions of spin-�89 baryons and leptons may exist, because all the spin polar- 
ization effects will be averaged out in this l imiting process and hence the stress tensor 
of macroscopic bodies will have n o  m e m o r y  of microscopic gravitational interactions 
whatsoever. 
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