
Thermodynamic Modeling of Binary
and Ternary Metallic Solutions

R. L. S H A R K E Y , M . J. P O O L , A N D M . H O C H

A m o d e l i s p r o p o s e d f o r d e s c r i b i n g h e a t of m i x i n g b e h a v i o r in b i n a r y a n d t e r n a r y m e t a l l i c
.M a 2 2 2s o l u t i o n s . T h e b i n a r y m o d e l , w h i c h h a s t h e f o r m , & I t = otlX~i X B + o l e X A X~ -- otsX~i X ~ ,

w h e r e X A a n d X B a r e m o l e f r a c t i o n s o f c o m p o n e n t s A a n d B a n d a x , a 2 , a n d a s a r e c o n -
s t a n t s , i s a p p l i e d t o t h e h e a t of m i x i n g v a l u e s f o r 84 s o l i d a n d l i q u i d s y s t e m s a n d t h e
r e s u l t s a r e c o m p a r e d w i t h t h e s u b r e g u l a r m o d e l . T h e t e r n a r y m o d e l , w h i c h i s c o m p o s e d
o f t h e sum o f t h e b i n a r y e q u a t i o n s a n d a t e r n a r y i n t e r a c t i o n t e r m o f t h e f o r m O t A B C X A X B X c ,
w a s a p p l i e d t o t h e B i - C d - P b , C d - P b - S n , a n d C d - P b - S b s y s t e m s . T h e r e w a s e x c e l l e n t
a g r e e m e n t b o t h a s to t h e s h a p e s of t h e i s o e n t h a l p y o f m i x i n g c u r v e s a n d a s t o t h e h e a t of
m i x i n g v a l u e s in t h e t e r n a r y s y s t e m s w h e n t h e m o d e l w a s u s e d to p r e d i c t t h e e x p e r i m e n t a l
v a l u e s .

I H E n e c e s s i t y t o be a b l e t o d e s c r i b e t h e t h e r m o d y -
n a m i c p r o p e r t i e s o f m u l t i c o m p o n e n t a l l o y s y s t e m s
u s i n g a m i n i m u m a m o u n t o f e x p e r i m e n t a l d a t a i s we l l
k n o w n . S e v e r a l b i n a r y s o l u t i o n m o d e l s~-s h a v e b e e n
p r o p o s e d a n d h a v e s h o w n v a r i e d a m o u n t s o f s u c c e s s
w h e n u s e d t o c a l c u l a t e t e r n a r y s o l u t i o n c h a r a c t e r -
i s t i c s .

In o r d e r t o p r e d i c t t h e t e r n a r y h e a t s o f m i x i n g , t h e
b i n a r y h e a t s m u s t be d e s c r i b e d by s u i t a b l e e q u a t i o n s .
T h e e q u a t i o n s d e s c r i b i n g b i n a r y h e a t s o f m i x i n g c a n
be d i v i d e d into t w o b r o a d c a t e g o r i e s : t h o s e w h i c h a r e
d e s i g n e d t o d e a l s o l e l y w i t h t h e d i l u t e s o l u t i o n r e g i o n
a n d t h o s e w h i c h d e s c r i b e t h e h e a t of f o r m a t i o n o v e r
l a r g e c o m p o s i t i o n a l r a n g e s . T h i s p a p e r wi l l be c o n -
c e r n e d only w i t h t h e l a t t e r c a t e g o r y . S i n c e i t i s d e -
s i r a b l e t o f i n d a n e q u a t i o n w i t h a f i n i t e n u m b e r o f
t e r m s t o a p p l y t o m o s t b i n a r y l i q u i d a n d s o l i d m e t a l l i c
s o l u t i o n s , ; t h o s e m o d e l s b a s e d o n s e r i e s e x p a n s i o n s wi l l
a l so b e e x c l u d e d .

T h e m o d e l s in t h e l a t t e r c a t e g o r y a r e b a s e d p r i -
m a r i l y u p o n a b o n d i n g e n e r g y a n a l y s i s . T h e s e m o d e l s
a r e a s f o l l o w s :

1) H i l d e b r a n d ' s r e g u l a r s o l u t i o n m o d e l~ (&H M
= a X A X B ) ,

2) H a r d y ' s s u b r e g u l a r m o d e le ( A H M = o Q X ~ XB
+ o~2XAX~),

3) G u g g e n h e i m ' s 3 a n d R u s h b r o o k e ' s 4 q u a s i - c h e m i c a l
m o d e l ( A n = a X A X B [1 - 2 O t X A X B / ( z R T ) ] , a n d

4) D a r k e n ' s m o d e l5 t o d e s c r i b e t h e e x c e s s f r e e
e n e r g y of m i x i n g o v e r t h e c o m p o s i t i o n a l r a n g e w h e r e
t h e e x c e s s s t a b i l i t y f u n c t i o n i s c o n s t a n t
(AFAXSich r e g i o n = R T X B I n 7 B -- a x e ) .

I n t h e s e e q u a t i o n s , A H M i s t h e h e a t o f m i x i n g in
c a l o r i e s p e r m o l e of s o l u t i o n , A F X s is t h e d i f f e r e n c e
b e t w e e n t h e a c t u a l a n d i d e a l f r e e e n e r g y of m i x i n g ,
e , a l , a n d a 2 a r e c o n s t a n t s , X A a n d X B a r e t h e m o l e
f r a c t i o n s of c o m p o n e n t s A a n d B , r e s p e c t i v e l y , z i s
t h e c o o r d i n a t i o n n u m b e r o f t h e c r y s t a l s t r u c t u r e of
t h e s o l i d s o l u t i o n ( o r t h e a v e r a g e n u m b e r of n e a r e s t
n e i g h b o r s f o r l i q u i d s o l u t i o n s ) , R i s t h e g a s c o n s t a n t ,
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T i s t h e a b s o l u t e t e m p e r a t u r e , a n d 7~ is t h e a c t i v i t y
c o e f f i c i e n t of c o m p o n e n t i in t h e H e n r i a n L a w r e g i o n
f o r c o m p o n e n t i .

T h e r e g u l a r s o l u t i o n m o d e l h o l d s f o r o n l y a s m a l l
n u m b e r o f b i n a r y m e t a l l i c s o l u t i o n s a n d t h e q u a s i -
c h e m i c a l m o d e l i s a p p l i c a b l e o n l y f o r t h o s e s o l u t i o n s
s h o w i n g s m a l l n e g a t i v e d e v i a t i o n s f r o m r e g u l a r s o l u -
t i o n b e h a v i o r . D a r k e n ' s m o d e l , t h o u g h n o t d i r e c t l y a p -
p l i c a b l e t o t h e h e a t o f m i x i n g c o u l d , h o w e v e r , be u s e d
f o r m i x t u r e s h a v i n g a n i d e a l e n t r o p y o f m i x i n g . U n d e r
t h i s c o n d i t i o n , A HM = A1~Jcs = R T ( X B I n T B + X A In TA),
a n d A H M = R T X B In y ~ a s X B ~ O. D a r k e n ' s e q u a t i o n
g i v e s a v e r y g o o d c o r r e l a t i o n b e t w e e n c o m p o s i t i o n a n d
t h e c o r r e s p o n d i n g e x p e r i m e n t a l h e a t s of m i x i n g f o r
s y s t e m s w h e r e A ~x;s ~ 0 a s i s s h o w n f o r t h e l i q u i d
B i - P b s y s t e m in F i g . 1 , a n d p o o r a g r e e m e n t f o r sys -
t e m s h a v i n g l a r g e d e v i a t i o n s f r o m a n i d e a l e n t r o p y
o f m i x i n g a s i s s h o w n in F i g . 2 f o r t h e l i q u i d C d - S n
s y s t e m . T h i s i s n o t s u r p r i s i n g b e c a u s e t h e a s s u m p -
t i o n t h a t A F X s = A H M i s n o l o n g e r v a l i d .

T h e m o d e l w h i c h d e s c r i b e s t h e h e a t o f m i x i n g b e -
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F i g . 1--Experimental heat of m i x i n g v s mole f r a c t i o n for
l iqu id B i - P b a l l o y s a t 7000Kfi The e q u a t i o n s r e p r e s e n t
D a r k e n ' s m o d e l5 to desc r ibe the e x c e s s f r e e e n e r g y u s i n g
data points up to 30 at . pct s o l u t e . The e x c e s s entropy for
the s y s t e m is l e s s than 0.05 eat p e r m o l e , ~K.
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F i g . 2--Experimental heat of m i x i n g v s mole fraction f o r
l iqu id Cd-Sn a l l o y s a t 773°K.6 The e q u a t i o n s r e p r e s e n t
D a r k e n ' s m o d e ls to desc r ibe the e x c e s s f r e e e n e r g y u s i n g
data points up to 30 at . pet solute. The e x c e s s entropy e q u a l s
0.28 e a l p e r m o l e , °K at the 50-50 composition.
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Fig. 3--Experimental heat of mixing d i v i d e d by the p r o d u c t of
the mole f r a c t i o n s v s mole fraction f o r l iqu id B i - P b a l l o y s at
700°K.6 The experimental a c c u r a c y on the heat of mixing
v a l u e s i s ±15 c a l p e r mole.

h a v i o r r e a s o n a b l y we l l f o r m o s t b i n a r y m e t a l s o l u t i o n s
i s t h e s u b r e g u l a r m o d e l . I f t h e e q u a t i o n f o r t h i s m o d e l
i s p u t in l i n e a r f o r m a s in E q . [1],

AHM/(XAXB) = o~lXA + Ol2XB [1]

a n d p l o t t e d a s a f u n c t i o n of t h e m o l e f r a c t i o n of o n e
c o m p o n e n t t h e n t h e d a t a s h o u l d l i e on a s t r a i g h t l i n e
i f t h e m o d e l i s c o r r e c t . I f the l i n e h a s z e r o s l o p e
t h e n a l = a2 p r e d i c t i n g r e g u l a r s o l u t i o n b e h a v i o r . I t
w o u l d a l so be e x p e c t e d t h a t t h e d a t a s h o u l d b e s o m e -
w h a t s c a t t e r e d due t o t h e f a c t t h e e r r o r f o r e a c h d a t u m
p o i n t i n c r e a s e s by t h e f a c t o r 1 / ( X A X B ) w h e n p l o t t e d in
t h i s m a n n e r . F i g s . 3 a n d 4 s h o w p l o t s o f t h e h e a t o f
m i x i n g d i v i d e d by XAXB v s m o l e f r a c t i o n f o r t h e
l i q u i d B i - P b a n d C d - S n s y s t e m s , r e s p e c t i v e l y . R a t h e r
t h a n o b s e r v i n g a l a r g e s c a t t e r , t h e d a t a p o i n t s a p p e a r
t o l i e on a f a i r l y s m o o t h c u r v e d e v i a t i n g f r o m t h e
l i n e a r l i n e p r e d i c t e d by t h e s u b - r e g u l a r m o d e l . L a r g e
s c a t t e r o f d a t a a s we l l a s d a t a p o i n t s l y i n g o n a l i n e a r
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Fig. 4--Experimental heat of m i x i n g d i v i d e d by the p r o d u c t of
the mole f r a c t i o n s v s mole f r a c t i o n for l iqu id Cd-Sn a l l o y s a t
773°Kfi The experimental a c c u r a c y on the heat of m i x i n g
v a l u e s i s ±20 e a l p e r m o l e .

l i n e s e e m t o b e t h e e x c e p t i o n r a t h e r t h a n t h e r u l e
w h e n t h e h e a t of m i x i n g d i v i d e d by XAXB i s p l o t t e d
a s a f u n c t i o n o f m o l e f r a c t i o n . T h e j u s t i f i c a t i o n f o r
t h i s s t a t e m e n t i s b a s e d u p o n a n a n a l y s i s o f 84 b i n a r y
l i q u i d a n d s o l i d s o l u t i o n s h a v i n g c o m p l e t e s o l u b i l i t y
a t t h e t e m p e r a t u r e of m e a s u r e m e n t . T h e d a t a w e r e
t a k e n f r o m H u l t g r e n , et al.6,7 a n d t h e r e s u l t s w i t h a n
a n a l y s i s a r e g i v e n in t a b u l a r f o r m l a t e r in t h i s p a p e r
in T a b l e I I . T h e s e d a t a in m a n y i n s t a n c e s a r e
s m o o t h e d a n d a v e r a g e d v a l u e s of e x p e r i m e n t a l r e s u l t s
a n d t h e e r r o r l i m i t s a r e e s t i m a t e s o f t h e t o t a l e r r o r
i n c l u d i n g r a n d o m e r r o r a n d b i a s . T h e f a c t t h a t wide
s c a t t e r i s not u s u a l l y p r e s e n t w h e n t h e d a t a a r e
p l o t t e d in t h i s m a n n e r d o e s not n e c e s s a r i l y s u g g e s t
t h a t t h e d a t a a r e m o r e a c c u r a t e t h a n t h e s t a t e d e r r o r
l i m i t s b e c a u s e t h e a c t u a l p o s i t i o n s o f t h e c u r v e s m a y
be in e r r o r due t o s y s t e m a t i c e r r o r s o n t h e m e a s u r e -
m e n t s . It i s i m p o r t a n t , h o w e v e r , t o n o t e t h a t t h e
g e n e r a l s h a p e o f t h e h e a t o f m i x i n g c u r v e s in F i g s . 3
a n d 4 c a n b e d e s c r i b e d by a n e x p r e s s i o n o f t h e f o r m
g i v e n in E q . [2].

AHM = o~IX~XB + ol2XAX~ ÷ ol3X.~X~ [2]

M O D E L A N A L Y S I S

I) B i n a r y Solutions

It is possible to consider that the e n e r g y of m i x i n g
for b i n a r y m e t a l solutions is c o m p o s e d of a series of
t h r e e reactions involving t h r e e different energies.
T h e first reaction involves a transformation e n e r g y
w h e r e the pure c o m p o n e n t s t r a n s f o r m to the crystal
structure of the mixture, ( A E ~ ) c N , for c o m p o n e n t i.
In the case of liquids this reaction e n e r g y can b e
thought of as involving the transition in the a v e r a g e
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c o o r d i n a t i o n o f the m o l e c u l e s . T h e i n c l u s i o n o f t h i s
t r a n s f o r m a t i o n t e r m a l l o w s t h e h e a t of m i x i n g e x -
p r e s s i o n t o be b a s e d o n t h e s t a n d a r d s t a t e s o f t h e
p u r e c o m p o n e n t s in t h e i r e q u i l i b r i u m s t r u c t u r e s a t
t h e t e m p e r a t u r e o f m e a s u r e m e n t .

T h e s e c o n d r e a c t i o n i s c o m p o s e d o f t h e e n e r g y
n e c e s s a r y t o e x p a n d o n e s t r u c t u r e a n d c o m p r e s s t h e
o t h e r s t r u c t u r e ( a t a c o m b i n e d p r e s s u r e o f o n e a t -
m o s p h e r e ) to t h e p o i n t w h e r e b o t h c o m p o n e n t s h a v e
t h e s a m e l a t t i c e p a r a m e t e r a s t h a t of t h e m i x t u r e .
T h i s q u a n t i t y wi l l be d e s i g n a t e d ( A E ~ ) D i l , s y m b o l i z i n g
t h e e n e r g y c h a n g e r e s u l t i n g f r o m a d i l a t i o n . F o r
s o l i d s , t h i s q u a n t i t y i s r e l a t e d t o t h e s t r a i n e n e r g y ,
a n d f o r l i q u i d s t h i s c a n be c o n s i d e r e d a s t h e e n e r g y
t o c h a n g e t h e a v e r a g e a t o m i c r a d i u s of e a c h c o m p o -
n e n t .

O n c e t h e c o m p o n e n t s h a v e t h e s a m e s t r u c t u r e a n d
a t o m i c s p a c i n g a s t h a t o f t h e m i x t u r e , t h e c o m p o n e n t s
a r e m i x e d a n d a l l o w e d t o i n t e r a c t . T h e e n e r g y c h a n g e
of t h i s t h i r d r e a c t i o n wi l l be a m e a s u r e o f t h e e n t h a l p y
of i n t e r a c t i o n o r w h a t i s c o m m o n l y c a l l e d t h e b o n d i n g
e n e r g y , (AH)Bond. S i n c e b o t h p u r e c o m p o n e n t s h a v e
t h e s a m e s t r u c t u r e a n d a t o m i c s p a c i n g a s t h e m i x t u r e
a s a r e s u l t of t h e f i r s t t w o r e a c t i o n s , t h e t e r m s
(AE)Bond a n d (AH)Bond a r e s y n o n o m o u s . T h e sum o f
t h e s e t h r e e e n e r g i e s s h o u l d be e q u a l t o t h e e n t h a l p y
o f f o r m a t i o n o f t h e a l l o y w h e n A ( P V ) i s s m a l l . T h r o u g h -
o u t t h e r e m a i n d e r o f t h e p a p e r i t wi l l b e a s s u m e d t h a t
A ( P V ) i s s m a l l s u c h t h a t t h e q u a n t i t i e s i n t e r n a l e n -
e r g y a n d e n t h a l p y a r e i n t e r c h a n g e a b l e .

A ) B O N D I N G E N E R G Y A N A L Y S I S

C o n s i d e r a m i x t u r e of t w o s p e c i e s A a n d B . T h e
f i r s t a s s u m p t i o n i s t h a t l o n g r a n g e f o r c e s b e t w e e n
a t o m s do not e x i s t . S e c o n d l y , i t i s a s s u m e d t h a t t h e
b o n d i n g e n e r g y of t h e m i x t u r e i s t h e sum of t h e e n e r -
g i e s o f p a i r w i s e i n t e r a c t i o n s a n d t h a t t h e b o n d i n g e n -
e r g y o f e a c h p a i r i s a f f e c t e d by t h e n u m b e r a n d t y p e
o f a t o m s o c c u p y i n g t h e r e m a i n i n g s i t e s in t h e f i r s t
c o o r d i n a t i o n s p h e r e a b o u t a g i v e n p a i r . T h e t h i r d
a s s u m p t i o n i s t h a t b o t h c o m p o n e n t s h a v e t h e s a m e
s t r u c t u r e a n d a t o m i c s p a c i n g a s t h e m i x t u r e .

C o n s i d e r o n e m o l e of a t o m s , N , c o n s i s t i n g o f NA A
a t o m s a n d NB B a t o m s . L e t Z N A B e q u a l t h e n u m b e r
o f A - B b o n d s in t h e m i x t u r e , w h e r e z i s t h e c o o r d i n a -
t i o n n u m b e r . N A B d i v i d e d by t h e t o t a l n u m b e r o f
a t o m s wi l l e q u a l t h e p r o b a b i l i t y of a n A - B b o n d w h e r e
N A B r e p r e s e n t s t h e n u m b e r o f A o r B a t o m s i n v o l v e d
in A - B b o n d s . S i n c e t h e r e wi l l be N A B A a t o m s i n -
v o l v e d in t h e A - B b o n d s , t h i s l e a v e s ( NA - N A B ) A
a t o m s f o r A - A b o n d s . S i n c e t w o A a t o m s a r e i n v o l v e d
in e a c h A - A b o n d a n d e a c h A a t o m f o r m s z b o n d s
t h e r e wi l l be ~ z ( N A - N A B ) A - A b o n d s . S i m i l a r l y ,
t h e r e wi l l be ~ - Z ( N B - N A B ) B - B b o n d s .

N o w t a k e o n e A - B b o n d a n d c o n s i d e r A a s t h e c e n t r a l
a t o m . T h e r e a r e ( z - 1) r e m a i n i n g s i t e s w h i c h m a y b e
o c c u p i e d by e i t h e r A o r B a t o m s in t h e f i r s t c o o r d i n a -
t i o n s p h e r e a b o u t t h e A a t o m . T h e t o t a l n u m b e r o f
b o n d s o f t h e type ( B - A ) A , w h e r e B - A i s t h e p r i m a r y
b o n d a n d A is a n a t o m next t o t h e A a t o m in t h e p r i m a r y
b o n d , i s z ( z - 1 ) N A B P A w h e r e P A i s t h e p r o b a b i l i t y o f
a n A a t o m b e i n g n e x t t o a n A a t o m in t h e p r i m a r y A - B
b o n d . S i m i l a r l y , t h e n u m b e r of b o n d s o f t h e type
A ( B - A ) w h e r e B is t h e c e n t r a l a t o m in t h e p r i m a r y
b o n d i s z ( z - 1 ) N A B P A . T h e t o t a l n u m b e r of A a t o m s
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Table I. Number and Energy of Each Bond Type

Energy of Each Average Energy
Bond Number of Primary Bond Influenceon the
Type Such Bonds Type in Mixture Primary Bond

A-A ~ ( N A-NA~)
A-B ZIVAB
B-B V2z(NB-NAB)
(A-A)A Z(Z.I)XA(NA-NAB)
(A-A)B z(z.I)Xs(NA-NA8)
(A-B)A 2Z(Z-I)XANAB
(A-B)B 2z(z-1)XBNAB
(B-B)A z(z-I)XA(NB-NAB)
(B-B)B z(z-1)XB(NB-NAB )

EAA
EAB

EBB
EAAA
EAAB
EABA
EABB
EBBA
EBBB

I f E q . [3]
m a d e

W A B = Z [ E A B - - ~ ( E A A + E B B ) ]

W A B A = z ( z -- 1 ) [ 2 E A B A -- ( E A A A + E B B A ) ]

a n d

w A S s = Z(Z -- I ) [ 2 E A B B -- ( E B B B + E A A B )]

in t h e f i r s t c o o r d i n a t i o n s p h e r e i n f l u e n c i n g A - B b o n d s
i s 2 z ( z - 1 ) N A B P A . I f t h e a s s u m p t i o n i s m a d e t h a t t h e
p r o b a b i l i t y o f a n A a t o m b e i n g n e x t t o a n A - B b o n d i s
r a n d o m , t h e n P A = X A , t h e m o l e f r a c t i o n of A . It i s
not a s s u m e d t h a t P A B i s n e c e s s a r i l y r a n d o m but
r a t h e r that t h e a t o m s s u r r o u n d i n g t h e A - B b o n d s a r e
r a n d o m . T h e l a r g e r t h e a s s e m b l y of a t o m s c o n s i d e r e d ,
t h e m o r e a c c u r a t e t h i s a s s u m p t i o n b e c o m e s .

I t i s a l so a s s u m e d t h a t e a c h A a t o m h a s t h e s a m e i n -
f l u e n c e o n a n A - B b o n d w h e t h e r i t i s t h e o n l y A a t o m
in t h e c o o r d i n a t i o n s p h e r e o r w h e t h e r i t i s o n l y o n e of
2 ( z - 1) A a t o m s in t h e c o o r d i n a t i o n s p h e r e . A n o t h e r
w a y t o s t a t e t h i s i s t o a s s u m e a l i n e a r v a r i a t i o n o f
t h e i n f l u e n c e o f a n A a t o m o n a n A - B b o n d . T h i s a s -
s u m p t i o n i s j u s t i f i e d i f in p l a c e o f a n a b s o l u t e e n e r g y
i n f l u e n c e , a n e n e r g y i n f l u e n c e a v e r a g e d o v e r a l l s u c h
b o n d s i s u s e d . T h e a v e r a g e e n e r g y i n f l u e n c e i s d e f i n e d
a s t h e e n e r g y c h a n g e o f t h e p r i m a r y b o n d e n e r g y c a u s e d
by a n a t o m n e x t t o t h e p r i m a r y b o n d . T a b l e I l i s t s t h e
n u m b e r of v a r i o u s b o n d t y p e s d e t e r m i n e d in t h e s a m e
m a n n e r a s w a s d o n e f o r t h e ( A - B ) A b o n d s a n d t h e
d e s i g n a t i o n s f o r t h e a s s o c i a t e d e n e r g i e s . I n d e s i g n a t i n g
t h e a v e r a g e e n e r g y i n f l u e n c e , t h e f i r s t t w o s u b s c r i p t s
d e f i n e t h e b o n d t y p e a n d t h e t h i r d s u b s c r i p t d e f i n e s t h e
i n f l u e n c i n g c o m p o n e n t .

T h e b o n d i n g e n e r g y o f t h e m i x t u r e c a n b e w r i t t e n a s
t h e sum of t h e t o t a l e n e r g y r e s u l t i n g f r o m e a c h t y p e
o f p r i m a r y b o n d a n d o f t h e a v e r a g e e n e r g y i n f l u e n c e o n
t h e p r i m a r y b o n d s a s in E q . [3].

E S o n d = ~ - z ( NA - N A B ) E A A + ~ - z ( NB - N A B ) E B B

+ Z N A B E A B + z ( z -- 1 ) ( NA - N A B ) X A E A AA

+ z(z -- 1 )(NA -- N A B ) X B E A A B

+ 2 z ( Z -- I ) N A B X A E A B A

+ 2z(z -- I ) N A B X B E A B B

+ z(z -- 1 )(NB -- N A B ) X A E B B A

+ Z(Z -- I ) ( N B -- N A B ) X B E B B B [3]

is r e a r r a n g e d a n d t h e f o l l o w i n g s u b s t i t u t i o n s

[4]
[5]

[6 ]
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then Eq. [3] can be written as
1

EBond = }-ZNAEAA + ~-ZNBEBB

+ z(z -- 1)NAXAEAAA

+ Z(Z -1 )NBXBEBBB + NABWAB

= NABXAWABA + NABXBWABB [7]

The change in bonding energy on mix ing will be
equal to the bonding energy of the m i x t u r e m i n u s the
bonding energy of the pure components.

AEMB/Bond =. NABWAB + NABXAWABA

+ NABXBCOABB [8]

The average v a l u e for the energy of mix ing will
o c c u r when NAB is replaced by an average value,
-~AB. The problem now is the evaluation of NAB. The
random v a l u e of NAB may be expressed as3

NfftB = (NA -- NAB)(NB -- NAB) [9]

If it is assumed, however, that the n u m b e r of A-B
bonds is not random then Eq. [9] must be modified
in a s i m i l a r m a n n e r as is .done in the quasi-chemical
m o d e l derivation.4

Consider an isolated A-A and B-B pair of a t o m s
and interchange one A and one B atom from one pair
t o the other. The resulting change in energy may be
expressed as 2WAB w h e r e both an A-A and B-B bond
are broken and two A-B bonds a r e f o r m e d . In a con-
densed phase, this change in energy would have t o be
divided by the coordination number, z. The work r e -
q u i r e d t o change an A-A and B-B pair into two A-B
p a i r s is therefore 2WAB/Z. This is not an exact ex-
pression since f i r s t it is a s s u m e d that the bond energy
for an isolated pair of atoms is l / z the bond energy
in the condensed phase, and secondly, the effects of
the surrounding a t o m s have been neglected.

The n u m b e r of A-B bonds should approach the ran-
dom v a l u e as T ~ ~. If OJAB is positive then the num-
ber of A-B bonds should be less than the random v a l u e
and the opposi te should be true when ¢OAB is negative.
This suggests that Eq. [9] be modified by a factor such
as exp(--2WAB/ZkT). Rushbrooke,4 through a statistical
analysis, shows this t o be a reasonable modifying factor.
NAB is then given by equation [10].

N'~B = (NA - N'AB )(NB -- 'NAB) exp(--2WAB/ZkT) [10]

Guggenheim3 states that this is the type of expression
which would be expected if the various m o l e c u l a r p a i r s
were in the gaseous state in chemical equilibrium. It
is for this r e a s o n that he has t e r m e d this approach as
quasi-chemical.

Solving the quadratic in Eq. [10] for the positive root
and letting X = 2WAB/ZkT gives

NAB -- {-(NA + NB) + [(NA + NB)2

+ 4NANBeX]I/2)/2eX [11]

If the radical in Eq. [11] is expanded in a Taylor s e r i e s
expansion as a function of eX and only the f i r s t t h r e e
t e r m s are retained, Eq. [11] can be rewritten as

NANB { NANB
NAB "m (NA + NB) 1 -- (NA + NB)2

)
× [exp (+2WAB/ZkT) -- 1] f [12]

w h e r e the v a l u e of X has been resubstituted. Now ex-
pand exp(2WAB/ZkT) as a function of 2WAB//zkT and
r e t a i n the f i r s t two t e r m s of the expansion. Substituting
this expansion into Eq. [12] and changing the n u m b e r
of atoms t o mole fractions gives

NAB -- N°XAXB[ 1 -2XAXBWAB/ZkT] [13]

The justification for including only a s m a l l n u m b e r of
t e r m s in the s e r i e s expansions is that for mix ing t o
o c c u r 2WAB/zkT must be s m a l l for solids. If
2WAB/ZkT becomes e i t h e r highly negative or highly
positive t h e r e will e x i s t an o r d e r e d phase or a
miscibility gap, respectively. For liquids the t r u n c a -
tion of the s e r i e s expansions will introduce g r e a t e r
e r r o r b e c a u s e the same l i m i t s on 2WAB/ZkT do not
apply.

Substituting the average v a l u e of NAB from Eq. [13]
into Eq. [8] and equating AEM t o AHM, the bonding
enthalpy of mix ing may be expressed as

AH~ondWl = NoXAXBWAB(1 _ XAXB 2WAB/ZkT )

+ N°X~XBWABA(1 -- XAXB 2 W A s / z k r )

+ N°XAX~WABB(1 -- XAXB 2WAB/ZkT)

[14]
If the assumption is made that the energy influence on
the various bonds is s m a l l compared t o the p r i m a r y
bonding energy then

2W~B/zkT >> 2WABWABA//ZkT [15]

and

2WeAB/ZkT >> 2WAB ¢OABB/ZkT [16]

The m a j o r correctional term for nonrandomness is
therefore

2 2 o 2- 2 X f i X ~ N WAB/ZkT [17]

If this term is retained but the o t h e r two correctional
t e r m s neglected the resulting expression should s t i l l
be a good approximation for the bonding enthalpy of
mixing. Thus,

AHgon d ~ N°XAXBWAB(1 -- 2XAXBWAB/ZkT)

+ N ° X ~ X B W A B A + N°XAX~WABB [18]

If the following quantities a r e defined

OtAB = N°WAB [19]

OtABA = N°WABA [20]

and

CrAB s = N°WABB [21]

and these substituted into Eq. [18], then this equation
can be written as

AHBMond = XAXB OtAB(1 -- 2XAXBOtAB/ZN°kT)

+ X~XBCZAB A + XAX~OtAB ~ [22]

Rearranging Eq. [22] gives
2

&HBMond = XAXBOtAB + Xf4XBOLAB A + XAXf3OtABB

-- 2 X ~ X ~ a ~ B / z R T [23]
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If the f i r s t term on the right of Eq. [23] is multiplied
by (XA + XB) which is unity then Eq. [23] can be put
into the form of the subregular m o d e l equation with a
correctional factor for nonrandomness as in Eq. [24].

aHBMond = X.~XB(OtAB + OtABA) + X A X ~ ( O t A B + OtABB)
- [24I

Eq. [24] is identical in form t o Eq. [2].

B) CRYSTAL STRUCTURE TRANSFORMATIONS

1) Solids. For a given structural transformation,
the enthalpy of reaction per m o l e , (LxH~)CN , will be
a constant for component A r e g a r d l e s s of the compo-
sition of the mixture. If the m i x t u r e is composed of
one mole of molecules then the heat resulting from the
transformation can be g iven by (AH~)cNXA . For
terminal s o l i d solutions one transformation energy may
be needed for each terminal region. For intermediate
compounds, both components may undergo transforma-
tions in which case two structural transformation
t e r m s must be included.

2) Liquids. Most liquid binary m e t a l systems do not
show miscibility gaps over extended temperature
r a n g e s . If it is a s s u m e d that in genera l the average
coordination n u m b e r for pure liquid m e t a l s at identi-
cal temperatures is not the same then for t h e r e t o be
a continuous single phase, liquid solution, the average
atomic configuration must change as the composition
changes. The transformation enthalpy would therefore
have to be a function of composition for each compo-
nent such that as the mole fraction of A goes to unity
the transformation enthalpy for A goes t o z e r o . This
suggests a transformation enthalpy in ca lo r i e s per
mole for component A of the form

(AHf~ )CN = (AHA )CN - - (AHA)CNXA

= (AfflA)CNXB [25]

w h e r e XA equals (1 - X B ) . A s i m i l a r equation applies
to the B component. The total structural transforma-
tion enthalpy is then given by:

(AH)c y = XA(AHf~)Cy + XB(AH~)cN [26]

which, upon substitution of t e r m s of the form in Eq.
[25] and multiplication of the r igh t hand side by
(XA + XB), becomes

(AH)c N =. [(AHA)CN + (A~rB)cN]X~XB

+ [(AHA)CN + (AHB)CN]XAX~ [27]

The following meanings have been g iven t o the t e r m s
used in Eqs. [25], [26], and [27]:

(AHi)cN = structural transformation enthalpy of pure
i transforming t o the structure of pure j,

(AH~)CN = structural transformation enthalpy for
pure component i transforming to the
structure of the m i x t u r e

= (AHi)cNXj, and

(AH)c N = integral transformation enthalpy

= Xi(AH~)CN + Xj(AHf)CN

Since the true n a t u r e of liquid solutions is unknown,

this analysis r e s u l t s in an approximate form for the
structural transformation t e r m s . (If the t r a n s f o r m a -
tion energy contribution, (AHft)CN, was a s s u m e d t o
be a second o r d e r function of composition, the final
form of the equation would s t i l l be the same as in the
subregular equation.) It is also not c l ea r whether or
not the transformation energy would be independent
of composition in a s ing l ep h a s e reg ion for liquid
systems having a miscibility gap at the temperature
of measurement. Application of the m o d e l to this
type of system is not included in this paper.

C) DILATION TRANSFORMATIONS

1) Solids. This is m e r e l y the s t r a i n energy con-
tribution in solid solutions. S ince the lattice p a r a m -
eter of a crystal structure is a function of composi-
tion it would be expected that the strain energy would
be a function of composition. Lawsons has c a r r i e d
out an analysis for the s t r a i n energy in a binary,
solid solution u s i n g a hard sphere m o d e l . His e q u a -
tion as modified by S p e i s e r9 is

(VA -- VB)2 XaAXB2
AEStrain = ~-GA VA

( VA~B VB)2 2
+ XAX[ [28]

w h e r e G is the bulk modulus and V is the m o l a r
volume for the pure component. If the constants within
each term a r e lumped together and a s m a l l M P V ) is
assumed, then Eq. [28] can be written as

o o 2

(AH)Di 1= (AH~4)Dil X~XB + (AH~)DilXAX ~ [29]
which is equivalent in form t o the subregular m o d e l
equation. It should be noted that this is only an ap-
proximation t o the strain energy contribution and
that the model a s s u m e s only s m a l l solute concen-
trations.

2) Liquids. The energ ies t o expand one and com-
p r e s s the o t h e r component t o the average atomic
spacing of the m i x t u r e should be a function of compo-
sition s i n c e the structure of the liquid will vary as a
function of composition. It is assumed that the form
of the dilation t e r m s should be s i m i l a r t o the form of
the structural transformation t e r m s . This reaction
enthalpy can then be expressed as

(AH)Di1 = [(ALrA)Dil + (AHB)Di1 ]X~tXB

+ [(dXHA)Di1 + (AHB)Dil]XAX~3 [30]

D) G E N E R A L H E A T O F M I X I N G E X P R E S S I O N S

1) Solids. S u m m i n g the t h r e e reaction enthalpies
gives

AHM = ~(AH~)cNXi + (OtAB + aABA)X~XB

+ ( AB ÷  ABB)XAX -- 2X2X   B/ RT

+ (AH.~)DilX~XB + (AH/~)Di1XAXb [31]

If like t e r m s are combined and new constants defined,
Eq. [31] may be expressed as

AHM = ~(AH?)cNXi + a l X ~ XB + otRXAXb

- [32]
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w h e r e ot~ and or2 are composed of bonding and s t r a i n
energy effects. This expression should define s ing l e
phase regions of an e n t i r e binary system when the
c o r r e c t transformation energ ies are included. As a
f i r s t approximation, the total bond energy can be
a s s u m e d structure independent for a g iven system.
The correctional factor for nonrandomness, a3, how-
e v e r , will be a function of coordination n u m b e r and
this should be taken into account. The magnitude of
the strain energy may vary as t o crystal structure,
introducing some e r r o r into the expression for sys-
tems having short range solid solubility in the dilute
solution regions or forming intermediate compounds.
T h e s e effects, however, cannot be separated from Eq.
[32]. Two-phase regions are expressed as the l i n e a r
combination of the heat of mix ingva lues at the tie
line end points.

2) L i q u i d s . Summing the t h r e e reaction enthalpies
and adding like t e r m s together gives an expression of
the form

A H M = a , X ~ X B + ~ 2 X . , X ~ - a 3 X ~ X ~ [33]

w h e r e a~ and a2 are composed of bonding, dilation,
and transformation enthalpies. Again, a3 should be a
function of composition as the a t o m i c r a d i a l distribu-
tion changes. However, since average coordination
numbers for liquids are generally unknown, this term
has t o be a s s u m e d as a constant throughout the entire
compositional r ange .

In both the equations for solids and liquids a3 is
solely a m e a s u r e of the nonrandomness. S ince

c~3 = 2C~2AB/ZRT [34]

a3 must always be positive and s i n c e the sign on a3
is negative, t h e r e should always be a negative d e v i a -
tion from the subregular m o d e l s i m i l a r t o the d e v i a -
tions shown previously in F i g s . 3 and 4. The absolute
v a l u e of O~AB can be calculated from aa and an e s t i -
mate made as t o the magnitude of the change in the
primary bonding energy s i n c e

X [1 -- 2 X A X B W A B / Z k T ]

+ z ( z -- 1 ) N ° X A X c X B E A C B

x [1 - 2XAXc Ac/zkT]

+ Z(Z -- 1 ) N ° X B XC XA E s CA

x [1 - 2XBXc Bc/ kT] [36]
If the same assumption is made as for the b i n a r y

systems that the main correctional term for non-
randomness is that b a s e d on the primary bonding
energy t e r m , then the t e r m s of the form
- 2 X ~ X } X k E i j k w i j / z R T may be neglected without g r e a t l y
d e c r e a s i n g the accuracy of the expression. Neglecting
these t e r m s and m a k i n g the substitution

C~AB C = z ( z -- 1 ) N ° ( E A B C + E A C s + E B C A ) [37]

gives for the ternary bonding enthalpy of mix ing

~HMond = ~XHMond (binary systems)

+ O t A B C X A X B X C [38]

If it is a s s u m e d that the structural transformation
energ ies for liquids and the dilation energ ies for both
the liquids and solids in the t e r n a r y systems can be
represented by the sum of the binary t e r m s then the
total heat of mix ing may be expressed as

AHMotal = ~ ~HMotal(binary systems)

+ O L A B C X A X B XC [39]

for completely miscible liquid and solid ternary sys-
t e m s . (The s t r a i n energy for a ternary solid is as-
s u m e d as the sum of the binary expressions for lack
of a b e t t e r model.)

For solid ternary systems having regions of i m m i s -
cibility the appropriate structural transformation en-
erg ies must be used. It may be necessary t o d e t e r -
mine some of t h e s e transformation energ ies from the
ternary d a t a .

OlAB z N O [ E A B 1= -- ~ - ( E A A + E B B ) ] [35]

These genera l binary heat of mix ing expressions
will be t e r m e d the modified quasi-chemical model.
It g ives the form of the regu la r solution m o d e l e q u a -
tion for ~1 = ~2, and a3 = O; the form of the q u a s i -
chemical m o d e l equation for a~ = a2, and -a3 < 0; and
the subregular m o d e l equation when ~ J a2, and
t~a =0.

II) Extension of Model t o Ternary Solutions

If the derivation of Eq. [22] is extended t o ternary
mixtures then the identical binary bonding energy
t e r m s will appear in the expression as are in each
of the t h r e e binary systems plus t h r e e t e r n a r y i n t e r -
action t e r m s and t h r e e correctional t e r m s for non-
randomness. In the ternary system t h e r e is the effect
of the t h i r d component on bonds between the o t h e r two
components, ( A - B ) C , ( A - C ) B , a n d ( B - C ) A . Following
the same derivation as was done for a r r i v i n g at Eq.
[22], the ternary bonding enthalpy can be expressed as

MAHMBond = ~ AH~ond (binary systems)

+ z ( z - 1 ) N ° X A X B X C E A B C

RES ULTS

I) Application of Model t o Binary Systems

Both the subregular and modified quasi-chemical
mode l s were applied t o 84 binary liquid and solid
solutions b a s e d on data taken from Hultgren, e t a l .6'7
All substitutional liquid and s o l i d solutions having
complete solubility at the temperature of m e a s u r e -
ment were included. Also included were liquid sys-
tems having no miscibility gap but which did have the
liquidus line intersect the temperature of m e a s u r e -
ment provided at l e a s t six data points in the single
phase reg ion were known. Systems having limited
solid solubility were excluded b e c a u s e of a lack of
sufficient data in single phase regions t o w a r r a n t the
determination of the transformation energ ies as well
as the constants a l , a2, and a3 in the modified q u a s i -
chemical model.

A l e a s t squares analysis was c a r r i e d out t o d e t e r -
mine the unknowns in both the subregular and modified
quasi-chemical models. The standard deviation b a s e d
on the difference between the values predicted by the
equations and the experimental va lues were calculated
for both models. Each equation was rewritten so that
it could be represented by a l i n e a r function of the
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Table II. A Comparison of the Modified Quasi-Chemical Model to the Subregular Model for Eighty-Four Binary Systemsa

System Information

ErrorbAlloy
System + cal. Error,c Data Temp,

A-B Mole Pct Points °K Phase aa

Modified Quasi-Chemical Equation Subregular Equation
Least Squares Fit Least Squares Fit

An 'u = o,,X~X8 + .~XAX~ +, ~ 3 ~ x ~ ZXHM : ,~,X~XB + o,~XAX~

Linear Linear
Coefficients Correl. __C°efficients Correl. Fi

2 2ot z -Or3 IOtAB Id Coeff.e ol f t~1 t~ Coeff.g o2h o2/o 1

Ag-Au 40 3,6 9
Ag-Au 160 15.1 9
Ag-Bi 200 45.5 9
Ag-Cu 50 4.9 9
Ag-Ga 250 28.8 8
Ag-Ge 100 15.7 9
Ag-Pd 100 7.4 9
Ag-Sb 50 6.7 9
Ag-Sn 1O0 13.7 9
A1-Au 600 7.4 9
A1-Cu 150 6.7 9
A1-Ga 50 31.3 9
A1-Ge 50 5.4 9
Al-In 50 3.7 9
A1-Mg 200 22.2 9
A1-Sn 50 5.2 9
Au-Bi 50 33.3 7
Au-Cu 75 5.9 9
Au-Cu 100 9.6 9
Au-Fe 700 17.0 6
Au-Ni 100 5.5 9
Au-Ni 200 34.5 6
Au-Pb 100 52.9 9
Au-Sn 100 3.8 9
Au-T1 25 73.5 7
Bi-Cd 80 36.4 9
Bi-Cu 200 15.4 8
Bi-ln 50 11.4 9
Bi-Pb 15 5.7 9
Bi-Sn 50 200.0 9
Bi-TI 50 4.7 9
Bi-Zn 200 17.9 9
Cd-Ga 40 6.5 9
Cd-ln 20 5,8 9
Cd-Mg 50 3.8 11
Cd-Mg 200 14.9 11
Cd-Pb 25 3.9 9
Cd-Sb 200 39.2 6
Cd-Sn 20 4.6 9
Cd-TI 20 3.6 9
Cd-Zn 20 4.0 9
Cr-Mo 100 5.8 9
Cr-V 200 25.7
Cu-Fe 100 4.7
Cu-In 150 18.7 9
Cu-Mg 500 20.1 9
Cu-Ni 100 21.7 9
Cu-Pb 100 6.2 9
Cu-Pd 100 3.8 9
Cu-Pt 150 5.6 9
Cu-Sb 550 40.8 9
Cu-Sn 150 15.3
Cu-T1 200 9.8
Cu-Zn 500 27.8
Fe-Mn 400 34.0
Fe-Ni 1O0 9.4
Fe-Si 1750 19.3
Ga-Mg 200 8.3 9
Ga-Zn 50 13.2 9
Hg-In 30 5.6 9
Hg-K 1500 28.3 9
Hg-Na 300 4.5 9
Hg-Fb 50 41.7 9
Hg-Sn 25 11.6 9
In-Mg 50 2.9 9
In-Pb 50 21.7 9

800 Sol. -4849 -4016 -78 864 -0.9996 1.8 -4872 -4025 -0.9994 1.9 1.14
1350 Liq. -4642 -3808 -117 1374 -0.9988 2.3 -4675 -3822 -0.9980 2.3 0.98
1000 Liq. 44 2927 185 -0.9998 3.0 94 2954 -0.9997 3.5 1.35
1423 Liq. 5332 4121 -2668 6750 0.9944 6.5 4562 3814 0.9048 32.0 24.50
1000 Liq. -6505 1400 0 0 -1.0000 0.2 -6505 1400 -1.0000 0.2 0.85
1250 Liq. -3145 3491 7 6 8 0 -0.9995 10.9 -928 4377 -0.9694 92.5 72.57
1200 Sol. -8206 -1982 581 -0.9973 24.6 -8038 -1914 -0.9970 23.7 0.93
1250 Liq. -8345 1561 12681 -0.9945 49.7 -4685 3024 -0.9606 164.7 10.97
1248 Liq. -7701 41 11878 -0.9976 28.5 -4272 1411 -0.9484 145.4 25.95
1338 Liq. -15277 -31096 -36299 24142 0.9992 22.4 -25755 -35283 0.8819 427.0 362.30
1373 Liq. -2986 -8393 -11745 13911 0.9771 61.7 -6376 -9748 0.8785 154.6 6.28
1023 Liq. 849 528 -238 1711 0.9992 0.7 780 500 0.9847 2.9 17.79
1200 Liq. -2630 -3102 -3376 6972 0.9898 2.6 -3605 -3491 0.4884 39.8 233.86
1173 Liq. 6861 5047 -1974 5272 1.0000 1.1 6291 4819 0.9710 23.3 414.85
1000 Liq. -3443 -3389 -904 3293 0.0000 24.1 -3698 -3491 0.0000 21.5 0.79

973 Liq. 5467 3666 -2846 5765 0.9961 7.4 4645 3339 0.9417 33.5 20.81
973 Liq. 166 408 1205 -0.9763 3.3 549 568 -0,0702 l lA 11.60
800 SN. -2073 -5387 -5005 6932 0.9565 37.6 -3518 -5964 0.8795 65.0 2.99

1550 Liq. -3720 -4622 -18 573 0.9999 0.3 -3725 -4625 0.9999 3.0 1.15
1473 Liq. 14295 9443 1 6 1 0 2 0.9433 99.5 22172 6 0 7 5 0.0780 609.3 37.50
1150 Sol. 4539 7222 5435 -0.9826 20.4 6108 7849 -0.8720 66.0 10.45
1369 Liq. 2393 2732 -975 4003 , -0.9949 1.0 2392 2147 -0.4180 7.8 57.44
1200 Liq. -879 824 -2721 6260 -0.9807 17.7 -1644 510 -0.9336 34.9 3.87
873 Liq. -13016 -8426 1351 -0.9821 51.5 -12658 -8237 -0.9809 50.7 0.97
973 LN. -106 1 750 -0.9919 0.8 140 98 0.4638 4.9 42.08
773 Liq. 1021 1935 -2817 5111 -0.9917 6.5 208 1610 -0.8400 33.7 27.15

1200 Liq. 5571 7693 -5902 9219 -0.9979 8.2 4010 6814 -0.7993 65.1 63.32
623 Liq. -1186 -1707 -1238 3043 0.9333~ 7.3 -1544 -1850 0.7873 16.1 4.86
700 Liq. -830 -772 -1015 2920 -0.6227 2.1 -1123 -889 -0.1629 12.0 31.93
608 Liq. 43 43 253 0.0000 1.3 116 72 0.0000 3.0 3.42
732 Liq. -2472 -5765 124 0.9943 15.0 -2437 -5751 0.9942 14.0 0.87
873 Liq. 4043 6881 -4404 6793 -0.9943 13.6 2771 6374 -0.9424 52.1 15.75
700 Liq. 3461 3036 -3181 5169 0.9920 3.3 2543 2670 0.5307 37.2 128.14
723 Liq. 1722 1154 -291 1590 0.9972 2.4 1638 1120 0.9902 3.9 2.58
543 SN. -2994 -3724 -7593 7034 0.9859 5.9 -4995 -4749 0.4404 78.1 173.46
923 Liq. -5189 -5101 -790 2959 0.2679 10.6 -5397 -5207 0.2388 13.3 1.56
773 Liq. 3456 2368 -1515 3749 0.9944 5.3 3018 2194 0,9525 18,1 11,59
773 Liq. 2279 3188 -19172 13335 -0.9951 4.0 -2204 -603 0.7741 186.5 2125.31
773 Liq. 2279 1613 -799 2722 0.9951 3.2 2049 1521 0.9680 10.2 10.03
673 Liq. 2 9 0 3 1 8 2 0 -741 2446 0.9982 3.0 2690 1735 0.9863 8.9 8 . 6 9
800 Liq. 2117 2202 -628 2456 -0.9463 1.4 1936 2130 -0.5337 7.8 32.00

1471 Sol. 8317 5459 50 0.9925 17.5 8331 5465 0.9924 16.2 0.86
9 1 5 5 0 Sol. -7519 -2363 12442 -0.9229 100.3 -3927 -928 -0.7969 178.8 3.18
9 1823 L~. 9574 11297 -7656 12942 -0.9937 10.7 7364 10414 -0.7314 90.5 71.20

1073 Liq. -8833 300 12699 -0.9990 23.5 -5459 2062 -0.9608 140.6 35.92
1100 Liq. -13713 -10022 8394 -0.9804 30.8 -11473 -8870 -0.8373 88.8 8.33
973 Sd. 600 2800 0 0 -0.9999 0.4 600 2800 -0.9999 0.3 0.86

1473 Liq. 8193 6939 -4637 9053 0.9796 14.4 6855 6404 0.7972 55.4 14.72
1350 Sol. -12394 -9841 2379 -0.8392 69.6 -11707 -9567 -0.8376 73.8 1.13
1350 Sol. -13794 -7286 -498 2839 -0.9940 45.1 -13938 -7343 -0.9939 42.4 0.88
1190 Liq. -13119 1037 12450 -0.9994 27.0 -9565 2509 -0.9824 152.9 32.11

9 1400 Liq. -9506 548 9977 -0.9998 24.0 -6626 1699 -0.9774 123.8 26.70
9 1573 Liq. 6196 5043 10192 0.9753 15.9 9138 6219 0.4991 122.7 59.63
8 1300 Liq, -7621 -7574 2461 0.1207 68.4 -6920 -7232 0.0778 65.7 0.92
9 1450 Sol. -3350 -6930 2479 0.9999 0.3 -2635 -6654 0.9880 29.1 8137.20
9 1200 Sol. -1102 -6787 938 0.9881 36.9 -831 -6679 0.9876 36.3 0.97
9 1873 Liq. -34047 -20904 -35083 28081 -0.9700 134.1 -44175 -24950 -0,7975 430,9 10.33

923 Liq. -6646 -9393 -5075 7498 0.9601 54.0 -8111 -9979 0.9234 83.2 2.37
723 Liq. 1315 2148 -923 2829 -0.9972 3.5 1049 2042 -0.9639 10.9 9.96
433 Liq. -2113 -1777 -874 2131 -0.9066 12.7 -2365 -1878 - 0 . 8 3 8 2 12.8 1.02
600 Liq. -27577 -12678 -1168 2899 -0.9975 50.5 -27914 -12813 -0.9971 47.5 0.88
648 Liq. -23843 -4631 -42511 18182 -0.9212 337.5 -36115 -9534 -0.7898 585.6 3.01
600 Liq. 1201 -410 - 8 2 9 2443 0.9986 3.9 962 -505 0.9923 10.4 7.07
423 Liq. 1362 478 -438 1491 0.9991 1.3 1235 428 0.9932 5.2 16.40
923 Liq. -3499 -8341 -2799 5568 0.9711 49.9 -4307 -8664 0.9590 55.9 1.25
673 Liq. 929 824 190 0.9539 2.4 985 846 0.8928 3.0 1.56
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T a b l e I I . C o n t i n u e d

System Information

Modified Quasi-Chemical Equation
Least Squares Fit

Subregular Equation
Least Squares Fit

AHM =oqX2AXB +o~2XAX2B
Alloy Err°rb Linear Linear F i

System + cal, Error,C Data Temp, Coefficients Correl. Coefficients Correl.
A-B Mole Pct Points °K Phase at a2 "~a [aABld Coeff. e GI f O/l O~2 Coeff.g 02h 02/0]

In-Sb 50 6.4 9 900 Liq. -3321 -1865 -2061 4718 -0.9698 14.9 -3916 -2103 0.9044 26.8 3.24
In-Sn 40 80.0 9 773 Liq. -487 -237 741 -0.9744 3.0 -273 -151 0,8419 8.9 8.70
In-T1 30 21.4 9 623 Liq. 699 356 44 0.9932 2.8 712 361 0.9925 2.6 0.86
In-Zn 40 5,2 9 700 Liq. 2674 3843 -680 2390 -0.9968 4.2 3478 3675 0,9893 8.9 4.45
Li-Mg 500 38.9 9 I000 Liq. -1319 -3680 -10402 11172 0,9505 30.7 -4322 -4880 0.6206 126.4 16.97
Mg-Pb 200 8.8 9 883 Liq, -13456 -3288 -112 1056 -0.9999 2.8 -13487 -3303 -0.9999 2.9 1.05
Mg-Sn 400 11.6 9 1073 Liq, -18877 -7609 -148 1378 -0,9999 3.3 -18919 -7626 -0.9999 3.7 1.33
Mg-TI 200 11.9 9 923 Liq. -8033 -2057 -5365 7707 -0.9900 35.2 -9582 -2675 -0.9636 68.2 3.76
Mg-Zu 400 30.3 9 1073 Liq. -2962 -8589 2039 0.9997 6.3 -2374 -8354 0.9960 24.1 14.68
NaoPb 250 6.0 9 698 Liq. -21528 -7998 -4741 6302 -0.9980 35,0 -22897 -8545 0,9940 61.1 3.05
Na-T1 300 9.0 9 648 Liq. -12792 -18544 9216 0.9981 19.8 -10131 -17481 0.9421 110.8 31.27
Ni-Sn 1000 21.5 9 1773 Liq. -32692 -11984 25226 -0.9917 176.9 -25410 -9075 -0.9532 336.6 3.62
Pb-Sb 100 125.0 9 900 Liq. 160 -577 -107 1074 0.9966 2.9 129 -590 0.9962 3.0 1.05
Pb-Sn 30 9.2 9 1050 Liq. 1500 1370 -496 2500 0.9966 0.4 1356 1313 0.7658 5.9 207.15
Pb-T1 300 83.3 7 773 Liq. -532 -1437 -1728 4004 0.9963 4.6 -983 -1704 0.9706 20.3 19.18
Sb-Sn 300 60.0 9 905 Liq, -2182 -586 -2180 4866 -0.9976 6.2 2811 -837 -0.9562 27.3 19.51
Sn-T1 50 29.4 9 735 Liq. 840 406 83 0.9906 3.7 864 415 0.9903 3.6 0.95
Sn-Zn 50 6.3 9 700 Liq. 2547 4943 -2593 4667 -0.9914 15.5 1798 4644 -0.9653 32.5 4.40

aBased on data from Hultgren, et al. 6,7.
bStated error,
CStated error times 100 divided by the absolute maximum experimental value.
dCalculated only for systemshaving a negative deviation from the subregular equation, For liquidsa coordination number of 12is assumed.
eDetermined for (AHM - aaX~X2B)/XAXB vsXB.
f [Z(deviations)2/(N - 3)]Y2,where N is the number of experimental values.
gDetermined for AHM/XAXB vsXB.
h [Z(deviations)2/(N_ 2)]~A, where N is the number ofexperimenta~ -alues.
iF is the ratio of the variances and can be related to the probability that the change in the variance by the inclusion of an additional term to the equation did not occur

by chance distribution of the data. The probability values are based on the number of datapoints and can be found from F distribution tables.

m o l e f r a c t i o n of one c o m p o n e n t a s in E q s . [40] and
[41]

A H M x p / ( X A X B ) = or1 + (or2 -- o t l ) XB [40]

and

+ot3X~IX~3)/(XAXB)= or1+ (or2 - o t l ) XB [41](AHMxp 2 2

N e w d a t a w e r e g e n e r a t e d a n d a l i n e a r c o r r e l a t i o n c o -
e f f i c i e n t d e t e r m i n e d . The l i n e a r c o r r e l a t i o n c o e f f i c i e n t
i s a m e a s u r e o f h o w well t h e d a t a c a n b e r e p r e s e n t e d
by a s t r a i g h t l i n e . T h e l i n e a r c o r r e l a t i o n c o e f f i c i e n t
c a n t a k e on v a l u e s - 1 . 0 to +1 .0 i n c l u s i v e . A v a l u e of
- 1 . 0 i n d i c a t e s that the d a t a l i e s d i r e c t l y on o r i s p e r -
f e c t l y r a n d o m l y s c a t t e r e d a b o u t a s t r a i g h t l ine of n e g a -
t ive s l o p e . A v a l u e o f +1 .0 i n d i c a t e s that the s l o p e i s
p o s i t i v e a n d a v a l u e o f 0 .0 i n d i c a t e s that t h e s l o p e i s
z e r o ( c o r r e s p o n d i n g to a r e g u l a r s o l u t i o n f o r ~1 = a2
and ~3 = 0 , o r a q u a s i - c h e m i c a l s o l u t i o n f o r a l = a2
a n d a3 < 0). I n t e r m e d i a t e v a l u e s f o r the l i n e a r c o r r e -
l a t i o n c o e f f i c i e n t i n d i c a t e that the d a t a a r e s c a t t e r e d
n o n r a n d o m l y o r that the d a t a c a n b e r e p r e s e n t e d
m o r e a c c u r a t e l y by a d i f f e r e n t f o r m o f e q u a t i o n .
T a b l e II l i s t s the d a t a d e t e r m i n e d f o r t h e 84 s y s t e m s
a n a l y z e d . The t a b l e i n c l u d e s the a b s o l u t e v a l u e o f
O~AB w h i c h w a s c a l c u l a t e d only f o r s y s t e m s s h o w i n g
a n e g a t i v e d e v i a t i o n f r o m t h e s u b r e g u l a r m o d e l . In
al l but f o u r c a s e s the a b s o l u t e v a l u e of the c o r r e l a t i o n
c o e f f i c i e n t s f o r t h e m o d i f i e d q u a s i - c h e m i c a l f o r m of
e q u a t i o n [ 3 3 ] w e r e e i t h e r 0 .0 o r g r e a t e r than 0 .90 a n d
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in m o s t c a s e s the s t a n d a r d d e v i a t i o n w a s e x t r e m e l y
low in c o m p a r i s o n to the s t a t e d e r r o r . The f o u r s y s -
t e m s , B i - P b , C d - M g , C u - P d , a n d C u - Z n , h a v i n g p o o r l in
e a r c o r r e l a t i o n c o e f f i c i e n t s , f e l l in to two c l a s s e s . T h e
p o o r c o r r e l a t i o n f o r t h e s y s t e m s C u - P d a n d C u - Z n
r e s u l t s f r o m a n o n r a n d o m d i s p l a c e m e n t o f the d a t a ,
a s i s s h o w n in F i g . 5 f o r the C u - P d s y s t e m , w h e r e i t
a p p e a r s that t h e d a t a c o u l d not b e d e s c r i b e d m o r e
a c c u r a t e l y b y any o t h e r r e a s o n a b l e h e a t o f m i x i n g
e x p r e s s i o n . T h e h e a t o f m i x i n g d a t a f o r t h e s y s t e m s
B i - P b a n d C d - M g w h e n p l o t t e d in the s a m e m a n n e r
a s in F i g . 5 show a n " S " - s h a p e d n a t u r e to t h e c u r v e
a s i s i l l u s t r a t e d f o r the C d - M g S y s t e m i n F i g . 6 . F o r t h e
B i - P b s y s t e m the d e v i a t i o n f r o m the l i n e a r l ine i s
only s l i g h t a s i s e v i d e n t by t h e s m a l l s t a n d a r d d e v i a -
t ion o f ~ . 8 cal p e r m o l e

In T a b l e II i t c a n b e s e e n f r o m t h e s ign on ( - a 3 ) t h a t
o f the 84 s y s t e m s a n a l y z e d , the d e v i a t i o n f r o m t h e s u b -
r e g u l a r s o l u t i o n e q u a t i o n i s n e g a t i v e f o r 52 o f the b i -
n a r y s y s t e m s , p o s i t i v e f o r 30 o f the s y s t e m s a n d 0 .0
f o r two s y s t e m s . T h e m o d i f i e d q u a s i - c h e m i c a l m o d e l
a l w a y s p r e d i c t s a n e g a t i v e d e v i a t i o n . The f a c t that
the s ign on a3 i s n e g a t i v e o r p o s i t i v e d o e s not in i t s e l f
i n d i c a t e that the s y s t e m t r u l y d e v i a t e s f r o m the s u b -
r e g u l a r m o d e l a s i s s h o w n f o r t h e A g - G a s y s t e m w h e r e
t h e r e w a s no i m p r o v e m e n t in t h e s t a n d a r d d e v i a t i o n
when the n o n r a m d o n c o r r e c t i o n a l t e r m in t h e m o d i f i e d
q u a s i - c h e m i c a l m o d e l w a s i n c l u d e d . T h e s h a p e o f the
h e a t o f m i x i n g c u r v e f o r t h e A g - G a s y s t e m c a n b e d e -
s c r i b e d e q u a l l y w e l l by e i t h e r m o d e l .
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Fig. 5--The modified q u a s i - c h e m i c a l equat ion plotted a s a
l i n e a r function of mole fraction for the C u - P d s y s t e m a t
1350°Kfl The experimental a c c u r a c y on the heat of m i x i n g
v a l u e s i s ~100 c a l p e r m o l e . The s t r a i g h t line r e p r e s e n t s the
l e a s t s q u a r e s fit to the modified q u a s i - c h e m i c a l equation.
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Fig. 6--The m o d i f i e d q u a s i - c h e m i c a l equation plotted a s a
l i n e a r function of the mole fraction for the C d - M g s y s t e m at
923°K.7 The experimental a c c u r a c y on the heat of m i x i n g
v a l u e s i s ~200 c a l p e r mole. The s t r a i g h t line r e p r e s e n t s the
l e a s t s q u a r e s fit to the modified q u a s i - c h e m i c a l equation.

T h e l a s t c o l u m n in T a b l e II l i s t s F v a l u e s f o r e a c h
s y s t e m . T h e F v a l u e i s t h e r a t i o of t h e v a r i a n c e b a s e d
o n t h e m o d i f i e d q u a s i - c h e m i c a l m o d e l e q u a t i o n w i t h
r e s p e c t t o t h e v a r i a n c e b a s e d o n t h e s u b r e g u l a r m o d e i
e q u a t i o n . T h e F v a l u e i s a m e a s u r e of w h e t h e r o r not
t h e m o d i f i e d q u a s i - c h e m i c a l m o d e l e q u a t i o n a c t u a l l y
i m p r o v e s t h e f i t of t h e d a t a o v e r t h e s u b r e g u l a r m o d e l
e q u a t i o n . F r o m F d i s t r i b u t i o n t a b l e s a p r o b a b i l i t y c a n
b e a s s i g n e d t o a n F v a l u e b a s e d o n t h e d e g r e e s of f r e e -
d o m on t h e e x p e r i m e n t a l d a t a , w h e r e t h e d e g r e e s of
f r e e d o m a r e t h e n u m b e r o f e x p e r i m e n t a l d a t a p o i n t s
m i n u s t h e n u m b e r of i n d e p e n d e n t t e r m s in t h e e q u a t i o n .
T h e a s s i g n e d p r o b a b i l i t y i s t h e p r o b a b i l i t y t h a t t h e
c h a n g e in v a r i a n c e did not o c c u r by c h a n c e d i s t r i b u -
t i o n of t h e d a t a .

It w a s d e c i d e d t o e x c l u d e t h o s e s y s t e m s w h e r e t h e r e
was not a t l e a s t a 75 p c t c o n f i d e n c e t h a t t h e i m p r o v e d

T a b l e I I I . S y s t e m s f r o m T a b l e I | W h e r e t h e C o n f i d e n c e Level o n t h e D e v i a t i o n
f r o m t h e S u b r e g u l a r Model is a M i n i m u m o f 7 5 Pct

System Phase Pct Error -ixa [OtABI

Ag-Cu
AI-Au
AI-Cu
A1-Ga
A1-Ge
Al-In
AI-Sn
Au-Cu
Au-Ni
Au-Pb
Bi-Cd
Bi-Cu
B i - I n
Bi-Pb
Bi-Zn
Cd-Ga
Cd-In
Cd-Mg
Cd-Pb
Cd-Sb
Cd-Sn
Cd-TI
Cd-Zn
Cu-Fe
Cu-Pb
Fe-Si
Ga-Mg
Ga-Zn
Hg-ln
Hg-Pb
Hg-Sn
In-Sb
In=Zn
Li-Mg
Mg-T1
Na-Pb
Pb-Sn
Pb-TI
Sb-Sn
Sn-Zn

Ag-Ge
Ag-Sb
Ag-Sn
Au-Bi
Au-Fe
Au-Ni
Au-T1
Bi-Sn
Cr-V
Cu-In
Cu-Mg
Cu-Sb
Cu-Sn
Cu-TI
Fe-Mn
In-Sn
Mg-Zn
Na-T1
Ni-Sn

Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Sol.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq,
Liq.
Sol.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
L~q.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.
Liq.

Liq.
Liq.
Liq.
Liq.
Liq.
Sol.
Liq.
Liq.
Sol.
Liq.
Liq.
Liq.
Liq.
Liq.
Sol.
Liq.
Liq.
Liq.
Liq.

4.9 -2668 6,750
7.4 -36299 24,142
6.7 -11745 13,911

31.3 -238 1,711
5.4 -3376 6,972
3.7 -1974 5,272
5.2 -2846 5,765
5.9 -5005 6,932

34.5 -975 4,003
52.9 -2721 6,260
36.4 -2817 5,111
15.4 -5902 9,219
11.4 -1238 3,043

5.7 -1015 2,920
17.9 -4404 6,793
6.5 -3181 5,169
5.8 -291 1,590
3.8 -7593 7,034
3.9 -1515 3,749

39.2 -19172 13,335
4.6 -799 2,722
3.6 -741 2,446
4.0 -628 2,456
4.7 -7656 12,942
6.2 -4637 9,053

19.3 -35083 28,081
8.3 -5075 7,498

13.2 -923 2,829
4.5 -42511 18,182

41.7 -829 2,443
1 1 . 6 -438 1,491

6.4 -2061 4,718
5.2 -680 2,390

38.9 -10402 11,172
11.9 -5365 7,709
6.0 -4791 6,302
9.2 -496 2,500

83.3 -1728 4,004
60.0 -2180 4,866

6.3 --2593 4,667

15.7 7680
6.7 12681

13.7 11878
33.3 1205
17.0 16102
5.0 5435

73.5 750
4.7 254

25.7 12442
18.7 12699
20.1 8394
40.8 12450
15.3 9977
9.8 10192

34.0 2475
80.0 741
30.3 2039

9.0 9216
21.5 25226

f i t d id not o c c u r by c h a n c e . T h e s y s t e m s l o o k e d a t
a r e t h o s e w h o s e F v a l u e s a r e g r e a t e r t h a n 1 . 6 0 , 1 . 7 1 ,
1 . 7 9 , 1 . 8 9 , a n d 2.05 b a s e d o n t h e n u m b e r o f e x p e r i -
m e n t a l d a t a p o i n t s of 11 , 9 , 8 , 7 , a n d 6 , r e s p e c t i v e l y . 11
F o r t h e s y s t e m s e x c l u d e d i t m u s t be a s s u m e d e i t h e r
t h a t t h e s y s t e m s do n o t d e v i a t e f r o m t h e s u b r e g u l a r
m o d e l b e c a u s e of t h e l o w c o n f i d e n c e l e v e l b u s e d o n
t h e v a r i a n c e r a t i o o r t h a t t h e a c c u r a c y of t h e d a t a
d o e s n o t w a r r a n t t h e d e t e r m i n a t i o n o f t h e t e r m .

T a b l e H I l i s t s t h o s e s y s t e m s w h e r e t h e s h a p e o f
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t h e h e a t o f m i x i n g c u r v e c a n be d e s c r i b e d m o r e a c -
c u r a t e l y w i t h t h e m o d i f i e d q u a s i - c h e m i c a l f o r m o f
e q u a t i o n t h a n t h e s u b r e g u l a r m o d e l e q u a t i o n b a s e d o n
a m i n i m u m of a 75 p c t c o n f i d e n c e l e v e l . T h e u p p e r
p o r t i o n of t h e t a b l e l i s t s 40 s y s t e m s w h i c h d e v i a t e
n e g a t i v e l y f r o m t h e s u b r e g u l a r m o d e l a n d t h e l o w e r
p o r t i o n l i s t s 19 s y s t e m s w h i c h d e v i a t e p o s i t i v e l y . F o r
t h e s y s t e m s t h a t d e v i a t e n e g a t i v e l y , t h e a b s o l u t e v a l u e
o f OtAB a p p e a r s t o be we l l w i t h i n t h e r a n g e of u s u a l
v a l u e s d e t e r m i n e d f r o m r e g u l a r s o l u t i o n b e h a v i o r .
F o r t h e s y s t e m s s h o w i n g a p o s i t i v e d e v i a t i o n , t h e
p h a s e d i a g r a m s , t h e c r y s t a l s t r u c t u r e s , a t o m i c r a d i i ,
a n d e l e c t r o n e g a t i v i t i e s of t h e s o l i d p u r e c o m p o n e n t s
w e r e c h e c k e d f o r s i m i l a r i t i e s . T h e r e did n o t a p p e a r
t o be a n y c o r r e l a t i o n t o s u g g e s t t h e r e a s o n f o r t h e
p o s i t i v e d e v i a t i o n f r o m t h e s u b r e g u l a r m o d e l . T h e
p e r c e n t e r r o r o n t h e e x p e r i m e n t a l m e a s u r e m e n t s i s
s l i g h t l y h i g h e r f o r t h e s e s y s t e m s t h a n f o r t h o s e w h i c h
s h o w a n e g a t i v e d e v i a t i o n . T h e p e r c e n t e r r o r w a s d e -
t e r m i n e d by m u l t i p l y i n g t h e a b s o l u t e e r r o r by 100 a n d
d i v i d i n g by t h e a b s o l u t e m a x i m u m e x p e r i m e n t a l v a l u e
f o r t h e s y s t e m . It s h o u l d a l so be n o t e d t h a t f o r m a n y
of t h e s y s t e m s t h e p r e s e n c e o f s m a l l s y s t e m a t i c
e r r o r s c a n r e v e r s e t h e s ign on t h e d e v i a t i o n f r o m
t h e s u b r e g u l a r m o d e l . F o r e x a m p l e , i f 10 c a t p e r
m o l e a r e a d d e d to e a c h d a t u m p o i n t f o r t h e B i - S n
s y s t e m , t h e d e v i a t i o n c a n be r e v e r s e d g i v i n g a n ab-
s o l u t e v a l u e f o r OtAB o f 1065 c a t p e r m o l e .

Due t o t h e l a r g e e r r o r s o n e x p e r i m e n t a l h e a t s of
m i x i n g v a l u e s , i t i s i m p o s s i b l e t o s t a t e w h e t h e r o r
not a n y s o l u t i o n m o d e l i s v a l i d . H o w e v e r , s t a t i s t i c a l l y
i t c a n be s t a t e d t h a t o f t h e s y s t e m s e x a m i n e d , a l l but
f o u r fit t h e f o r m o f t h e m o d i f i e d q u a s i - c h e m i c a l m o d e l
( d i s r e g a r d i n g t h e s ign o n t h e l a s t t e r m ) r a t h e r we l l
b a s e d on t h e v a l u e s of t h e c o r r e l a t i o n c o e f f i c i e n t s .
S i x t y - t w o p c t o f t h e s y s t e m s f i t t h e m o d e l a s to t h e
s ign on t h e n o n r a n d o m t e r m a n d 68 p c t of t h e s y s t e m s
fit t h e m o d e l w h e r e t h e c o n f i d e n c e f o r u s i n g t h e m o d e l
in p l a c e o f t h e s u b r e g u l a r m o d e l w a s a m i n i m u m of 75
p c t . I t i s f e l t t h a t t h e m o d i f i e d q u a s i - c h e m i c a l m o d e l
d e s c r i b e s t h e s h a p e o f t h e h e a t of m i x i n g c u r v e a s
we l l a s o r b e t t e r t h a n o t h e r s o l u t i o n t h e o r y m o d e l s .

II) A p p l i c a t i o n o f M o d e l t o T e r n a r y S y s t e m s

E q . [39] w a s a p p l i e d t o t h e t e r n a r y l i q u i d s o l u t i o n s
of B i - C d - P b , C d - P b - S n , a n d C d - P b - S b . T h e d a t a w e r e
t a k e n f r o m w o r k d o n e by E l l i o t t a n d C h i p m a n 12 in 1 9 5 2 .
T h e y d e t e r m i n e d i n t e g r a l h e a t of m i x i n g v a l u e s a l o n g
t w o p s e u d o - b i n a r y l i n e s in e a c h of t h e s e t h r e e t e r n a r y
s y s t e m s a t 773°K. T h e y u s e d t h e s e d a t a , c o m b i n e d w i t h
b i n a r y h e a t of m i x i n g d a t a , to i n t e r p o l a t e v a l u e s t h r o u g h -
o u t e a c h of t h e t h r e e t e r n a r y s y s t e m s . T h e f i n a l r e s u l t s
w e r e p r e s e n t e d a s i s o e n t h a l p y of m i x i n g c u r v e s f o r
e a c h s y s t e m . F r o m t h e i s o e n t h a l p y c u r v e s 51 h e a t of
m i x i n g v a l u e s w e r e e s t i m a t e d f o r e a c h of t h e t e r n a r y
s y s t e m s a l o n g p s e u d o - b i n a r y l i n e s . T h r e e e s t i m a t e d
v a l u e s a t X i / X j = 1 . 0 , X k = 0 . 2 , w h e r e i , j , k a r e not
e q u a l a n d e a c h c a n h a v e t h e v a l u e s A , B , C , w e r e u s e d
t o d e t e r m i n e t h e t e r n a r y i n t e r a c t i o n t e r m . T h e f i n a l
e q u a t i o n f o r e a c h s y s t e m w a s u s e d t o r e g e n e r a t e t h e
h e a t of m i x i n g v a l u e s a t t h e s a m e c o m p o s i t i o n s a s
t h o s e f o r t h e 51 e s t i m a t e d v a l u e s . T h e s t a n d a r d d e v i a -
t i o n w a s d e t e r m i n e d b a s e d o n t h e d i f f e r e n c e s in v a l u e s
a t e a c h c o m p o s i t i o n . T h e s a m e e s t i m a t e d v a l u e s w e r e
a l so u s e d t o d e t e r m i n e t h e s t a n d a r d d e v i a t i o n w h e n
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t h e t e r n a r y i n t e r a c t i o n t e r m w a s o m i t t e d f r o m t h e
e q u a t i o n . T h e r e s u l t s f o r e a c h t e r n a r y s y s t e m a r e
g i v e n in T a b l e IV. T h e t e r n a r y e q u a t i o n s a r e c o m p o s e d
o f t h e sum o f t h e b i n a r y t e r m s l i s t e d in T a b l e I I a n d
t h e t e r n a r y i n t e r a c t i o n t e r m , a s s u m i n g n o t e m p e r a t u r e
d e p e n d e n c e f o r A H M f o r t h o s e b i n a r y s y s t e m s w h e r e
t h e e x p e r i m e n t a l d a t a w e r e n o t d e t e r m i n e d a t 7 7 3 ° K .

I n F i g s . 7 , 8 , a n d 9 t h e i s o e n t h a l p y c u r v e s a s d e -
t e r m i n e d by E l l i o t t a n d C h i p m a n 1~ h a v e b e e n r e p r o -
d u c e d a n d a r e r e p r e s e n t e d by s o l i d c u r v e s f o r t h e
B i - C d - P b , C d - P b - S n , a n d C d - P b - S b s y s t e m s , r e -
s p e c t i v e l y . I n e a c h f i g u r e , t h e b r o k e n l i n e s r e p r e -
s e n t t h e i s o e n t h a l p y c u r v e s b a s e d o n t h e e q u a t i o n s
in T a b l e IV. M o r e r e c e n t e x p e r i m e n t a l h e a t of
m i x i n g v a l u e s h a v e b e e n d e t e r m i n e d f o r s e v e r a l of

Table IV. Equations for Describing Heat of Mixing Behavior for Three
Ternary Liquid Systems

System Modified Quasi-Chemical Ternary Equation* o'~ o~:

Bi-Cd-Pb

Cd-Pb-Sn

Cd-Pb-Sb

A H M = 1 0 2 1 X 2 B i X c d + 1935XBiX~d - 2817X~iX~d
+ 8 3 0 X B i X p b - 7 7 2 X B i X ~ b - 1015X~iX2pb 16 26
+ 3456X~dXpb + 2368XcdX~,b - 1515X~dX~
- 7 1 5 X B i X c d X p b

AHM = 3456X~dXpb + 2368XcdX~b - 1515X~dX~b

+ 2 2 7 9 X ~ d X s n + 1 6 1 3 X c d X ~ n - 7 9 9 X ~ d X ~ n 26 117
+ 1500X~.oXsn + 1370XpbX~n _ 496XpbXsn 22

+ 466 I X c d X p b X s n

A H M = 3456X~dXpb + 2368XcdX~b - 1515X~dX~b

+ 2279X~dXsb + 3188XcdX~b- 19172X~dX~b 32 92
+ 160X~bXsb _ 577XpbX~b _ 107XI,bXsb22

- 3915XcdXpbXsb

*The ternary term was determined from three experimental values.
~-Based on 51 experimental values.

Based on 51 experimental values with the omission of the ternary term from
the equation.

Cd

.8 .2

. 6 .4

X c X ~'b

~ o.4 .6

8i; VV ~ P b
.8 .6 .4 .2

Xsl

Fig. 7--Isoenthalpy of mix ing c u r v e s for the B i - C d - P b s y s t e m
a t 773°K. The s o l i d c u r v e s w e r e t a k e n from Elliott a n d
Chipman 12 and the b r o k e n c u r v e s a r e t h o s e p r e d i c t e d by the
equation in T a b l e IV f o r this s y s t e m .
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• . 8 .2

.6 .4

Xca Xpb

. 4 . 6

. 2 8

Sn ~ Pb
. 8 .6 Xsn ,~ . 2

Fig. 8--Isoenthalpy of m i x i n g c u r v e s for the Cd-Pb-Sn s y s t e m
at 773°K. The s o l i d c u r v e s w e r e t a k e n from Elliott and
Chipman 12 and the b r o k e n c u r v e s a r e t h o s e p r e d i c t e d by the
equation in T a b l e I V for this s y s t e m .

I

\

sb / V v V \~'~-. \ Pb
. 8 . 6 . 4 . 2

Xsb

F i g . 9--Isoenthalpy of m i x i n g c u r v e s for the Cd-Pb-Sb s y s t e m
a t 773°K. The s o l i d c u r v e s w e r e t a k e n from Elliott and
Chipman 12 and the b r o k e n c u r v e s a r e t h o s e p r e d i c t e d by the
equation in T a b l e IV for this s y s t e m .

t h e b i n a r y s y s t e m s . I n a l l c a s e s , t h e m o s t r e c e n t
d a t a h a v e b e e n u s e d . T h e r e i s t h e r e f o r e s o m e
d i s c r e p a n c y b e t w e e n t h e e x p e r i m e n t a l a n d p r e d i c t e d
c u r v e s a s t o t h e c o m p o s i t i o n s w h e r e t h e i s o e n t h a l p y
of m i x i n g c u r v e s e n t e r t h e s e b i n a r y s y s t e m s . H o w -
e v e r , t h e r e i s e x c e l l e n t a g r e e m e n t b o t h a s t o t h e
s h a p e s of t h e i s o e n t h a l p y of m i x i n g c u r v e s a n d a s t o
t h e p r e d i c t i o n o f t e r n a r y h e a t o f m i x i n g v a l u e s b a s e d

o n t h e b i n a r y d a t a a n d t h r e e t e r n a r y h e a t of m i x i n g
v a l u e s .

S U M M A R Y

A m o d e l i s p r o p o s e d f o r d e s c r i b i n g t h e h e a t o f
m i x i n g b e h a v i o r in b i n a r y a n d t e r n a r y m e t a l l i c s o l u -
t i o n s . T h e m o d e l i s d e r i v e d a s s u m i n g t h a t t h e h e a t
o f m i x i n g f o r b i n a r y s y s t e m s i s c o m p o s e d o f t h r e e
r e a c t i o n s i n v o l v i n g t h r e e d i f f e r e n t e n e r g i e s . T h e f i r s t
i s a t r a n s f o r m a t i o n e n e r g y w h e r e t h e p u r e c o m p o n e n t s
t r a n s f o r m t o t h e s t r u c t u r e o f t h e m i x t u r e ; t h e s e c o n d
i s r e l a t e d to t h e e x p a n s i o n o f o n e s t r u c t u r e a n d t h e
c o m p r e s s i o n o f t h e o t h e r u n t i l b o t h h a v e t h e s a m e
l a t t i c e p a r a m e t e r a s t h a t o f t h e m i x t u r e a n d h a s b e e n
t e r m e d a d i l a t i o n t r a n s f o r m a t i o n ; a n d t h e t h i r d i s
t h e e n e r g y c h a n g e r e s u l t i n g f r o m t h e i n t e r a c t i o n o f
t h e c o m p o n e n t s w h e n m i x e d . T h e m o d e l h a s b e e n
d e s i g n a t e d a s t h e m o d i f i e d q u a s i - c h e m i c a l m o d e l b e -
c a u s e t h e b o n d i n g e n e r g y a n a l y s i s a s s u m e s t h e q u a s i -
c h e m i c a l d e v i a t i o n f r o m r a n d o m n e s s . T h e a n a l y s i s
a l so a s s u m e s t h a t t h e e n e r g y l e v e l f o r a p a i r o f a t o m s
i s a f f e c t e d by t h e t y p e a n d n u m b e r o f s u r r o u n d i n g
a t o m s . T h e t e r n a r y m o d e l i s c o m p o s e d o f t h e s u m
o f t h e b i n a r y e x p r e s s i o n s p l u s a t e r n a r y i n t e r a c t i o n
t e r m d e r i v e d f r o m t h e b o n d i n g e n e r g y a n a l y s i s . ( F o r
s o l i d s t h e a p p r o p r i a t e t r a n s f o r m a t i o n e n e r g y t e r m s
m u s t be i n c l u d e d in t h e t e r n a r y e q u a t i o n . ) S i n c e f o r
m a n y s y s t e m s o n l y o n e t e r m n e e d be d e t e r m i n e d f r o m
t e r n a r y d a t a i t i s p o s s i b l e t o d e s c r i b e t e r n a r y h e a t s
o f m i x i n g by c o m b i n i n g t h e b i n a r y d a t a w i t h a l i m i t e d
n u m b e r o f t e r n a r y h e a t o f m i x i n g v a l u e s .
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