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C o m p a r i s o n s  of t r a n s m i s s i o n  e l e c t r o n  m i c r o g r a p h s  of t r a n s v e r s e  s e c t i o n s  of h e a v i l y  d r a w n  
p a t e n t e d  s t e e l  w i r e  with e x i s t i n g  m e t a l l o g r a p h i c  and s t r e n g t h  da t a  w e r e  m a d e  with the  a i d  of a 
c o m p u t e r .  Both  f r a g m e n t a t i o n  of the c e m e n t i t e  and the l o c a l  d e f o r m a t i o n  m o d e  wi th in  the w i r e ,  
i . e . ,  plane  s t r a i n  e l o n g a t i o n ,  an e f f e c t  of the (110} w i r e  t e x t u r e  of the f e r r i t e ,  w e r e  t aken  into  
a c c o u n t  in o r d e r  to ob ta in  a m o d e l  f o r  l a r g e - s t r a i n  d e f o r m a t i o n  of  p e a r l i t i c  o r  b a i n i t i c  m i c r o -  
s t r u c t u r e s  which i s  c o n s i s t e n t  with the o b s e r v e d  m i c r o s t r u c t u r a l  c h a n g e s  and s t r a i n  h a r d e n i n g  
r a t e .  The func t iona l  d e p e n d e n c e  of t h i s  m o d e l  on t rue  s t r a i n  and o r i g i n a l  s u b s t r u c t u r a l  s p a c i n g  
is  s i m i l a r  to the equa t i on  of E m b u r y  and F i s h e r  for  the s t r a i n  h a r d e n i n g  of d r a w n  p e a r l i t e  b e -  
c a u s e  t h e i r  a s s u m p t i o n s  (no f r a g m e n t a t i o n  of  the c e m e n t i t e  and  h o m o g e n e o u s ,  a x i a l l y  s y m -  
m e t r i c  e longa t ion )  p r o d u c e d  o f f s e t t i ng  e r r o r s .  The  p r e s e n t  m o d e l  a l l o w s  fo r  add i t iona l  s e n s i -  
t i v i ty  of the s t r a i n  h a r d e n i n g  r a t e  of d r awn  p a t e n t e d  s t e e l  w i r e  to m e t a l l u r g i c a l  and p r o c e s s i n g  
v a r i a b l e s  o v e r  and above  the s i m p l e  d e p e n d e n c e  on o r i g i n a l  s u b s t r u c t u r a l  s c a l e  p r e d i c t e d  by 
the m o d e l  of E m b u r y  and F i s h e r .  

DRAWN p a t e n t e d  c a r b o n  s t e e l  w i r e  has  a f i b r o u s  
m i c r o s t r u c t u r e  when v i e w e d  in a l ong i tud ina l  c r o s s  
s e c t i o n  with the e l e c t r o n  m i c r o s c o p e  1,2 but  a " w a v y "  
m i c r o s t r u c t u r e  when v i e w e d  in a t r a n s v e r s e  c r o s s  
sec t ion .~ '4  

E m b u r y  and  F i s h e r  1 found,  f r o m  t h e i r  m e a s u r e m e n t s  
on long i tud ina l  s e c t i o n s ,  a d i r e c t  p r o p o r t i o n a l i t y  b e -  
tween  the c h a r a c t e r i s t i c  t r a n s v e r s e  d i m e n s i o n  of t h i s  
s u b s t r u c t u r e  and the d i a m e t e r  of the a s - d r a w n  w i r e .  
T h i s  s e e m e d  to ind ica t e  that  the c a r b i d e  p a r t i c l e s  o r  
l a m e l l a e  c o m p l e t e l y  inh ib i t ed  d y n a m i c  r e c o v e r y .  They  
t h e r e f o r e  p r o p o s e d  an equa t i on  which a c c o u n t e d  s i m p l y  
fo r  the o b s e r v e d  s t r e n g t h - p r i o r  s t r a i n  r e l a t i o n  of 
t h e s e  w i r e s  : 

ky  
(~ = ao + ~ exp(E/4)  [1] 

w h e r e  CSo is  the " l a t t i c e  f r i c t i o n "  s t r e s s ,  do is  the 
o r i g i n a l  s u b s t r u c t u r a l  s p a c i n g ,  ky  i s  the H a l l - P e t c h  
p r o p o r t i o n a l i t y  cons t an t ,  E is  the t r u e  w i r e - d r a w i n g  
s t r a i n , *  and a i s  the r e s u l t a n t  f l ow s t r e s s  of the m a -  

*True stresses and strains are used thcoughout this paper. The strains are given 
by the well-known expression, 2 in (Do~D), where Do andD are the original and 
instantaneous specimen diameters, respectively. 

t e r i a l .  T h i s  r e l a t i o n ,  with s t r e n g t h  p r o p o r t i o n a l  to 
exp(E /4 ) ,  s e e m s  to be a l i m i t i n g  c a s e ,  s i nce  the data  
of Chandhok et al. 2 f o r  p a t e n t e d  s t e e l  w i r e  d rawn  at  
v a r i o u s  t e m p e r a t u r e s  above  and b e l o w  r o o m  t e m p e r a -  
t u r e  a p p r o a c h e d  th i s  b e h a v i o r  m o r e  c l o s e l y ,  the l o w e r  
the d e f o r m a t i o n  t e m p e r a t u r e .  F o r  c o n v e n i e n c e ,  t h e s e  
da ta  a r e  r e p l o t t e d  in F ig .  1. 

On the o the r  hand,  t r a n s v e r s e  s e c t i o n s  of s i m i l a r  
m a t e r i a l ,  a s  shown in the m i c r o g r a p h s  of Dewey  and 
B r i e r s  3 and Glenn et al. 4 as  we l l  a s  in t h i s  p a p e r ,  
exh ib i t  the c h a r a c t e r i s t i c  " w a v y "  o r  " c u r l y - g r a i n "  
m i c r o s t r u c t u r e  known,  a t  l e a s t  in s i n g l e - p h a s e  m a -  
t e r i a l s ,  to be a s s o c i a t e d  with the (110} b c c  w i r e  t e x -  
t u r e .  5-s T h i s  i m p l i e s  that  the l o c a l  shape  change  i s  
p lane  s t r a i n ,  a s  e x p l a i n e d  by H o s f o r d .  7 It shou ld  be  
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m e n t i o n e d  that  p a t e n t e d  s t e e l  w i r e s  a l s o  a r e  known 
to have  a <110) w i r e  t e x t u r e .  9 

If the l oca l  shape  change  c o r r e s p o n d s  to p lane  
s t r a i n ,  then  the  i n t e r l a m e l l a r  s p a c i n g  of p e a r l i t e  
o r i e n t e d  p a r a l l e l  to the w i r e  a x i s  and p e r p e n d i c u l a r  
to the m o s t  r a p i d l y  chang ing  t r a n s v e r s e  d i m e n s i o n  of 
a m i c r o r e g i o n *  shou ld  be i n v e r s e l y  p r o p o r t i o n a l  to 

*In this paper the term, "microregion", is used to describe one of the units or 
swirls in the wavy microstructure of a transverse section of the drawn pearlite. 
Each microregion corresponds approximately to a pearlite colony or at least part 
of that colony. Viewed in three dimensions each microregion is ribbon-shaped, 
with the long dimension straight and parallel to the wire axis. 

the w i r e  length  and,  t h e r e f o r e ,  p r o p o r t i o n a l  to the 
s q u a r e  of the w i r e  d i a m e t e r ,  i f  no d y n a m i c  r e c o v e r y  
o c c u r s .  The  l a t t e r  r e l a t i o n s h i p  has  b e e n  o b s e r v e d  by 
Glenn et al.  4 in the s a m e  d r a w n  p a t e n t e d  s t e e l  w i r e  
u s e d  in th i s  s tudy ,  whe re  the  f i n e s t  r e s o l v a b l e  i n t e r -  
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Fig. 1--Room-temperature tensile strengths of patented steel  
wi res  as a function of pr ior  strain at various temperatures ,  
af ter  Chandhok et al .  2 
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l a m e l l a r  spacing m e a s u r e d  on t r a n s m i s s i o n  e l e c t r o n  
m i c r o g r a p h s  of t r a n s v e r s e  sec t ions  of the drawn 
wi res  was plot ted as a function of the square  of the 
wire d i ame te r .  

The p re sen t  work was undertaken because  these 
sepa ra te  obse rva t ions  on longitudinal  and t r a n s v e r s e  
sec t ions  s e e m  to be incompat ib le .  If the local  shape 
change is  indeed plane s t r a in  e longat ion,  then e i t he r  a 
H a l l - P e t c h  r e l a t ion  (s t rength p ropor t iona l  to ( inter-  
l a m e l l a r  spacing) -1/2) i s  not fol lowed,  or  the actual  
s t r e n g t h - c o n t r o l l i n g  in te rcep t  is not the ex t rapo la ted  
i n t e r l a m e l l a r  spacing,  imply ing  that some kind of 
dynamic r e c o v e r y  is taking place.  Due to the absence  
of any informat ion  leading to such a weak s t r eng then-  
ing effect  of the in t e rcep t  s ize  (such as ,  s t rength  p ro -  
por t ional  to ( i n t e r l ame l l a r  spacing)-1/4) it will  be a s -  
sumed in the r e s t  of this  paper  that a H a l l - P e t c h  r e l a -  
t ion is  the c o r r e c t  one to be used  here .  

By a de ta i led  ca lcula t ion  of the change in shape of 
m i c r o r e g i o n s  and of the change in pea r l i t e  spacings  

Table I. Chemical Composition of Steel Used in This Study 

E l e m e n t  Composition, percent 

C 0.94 
Mn 0.43 
P 0.006 
S 0.002 
Si 0.065 
Cu 0.005 
Ni 0.004 
Cr 0.050 
Mo <0.005 
V 0.005 
Ti <0.005 
N 0.002 

Acid Sol AI 0.043 
O 12 ppm 
Sn <0.001 

with s t r a in ,  the e f fec t s  of va r i ous  a s sumpt ions  r e g a r d -  
ing the local  mode of de fo rmat ion  upon the ca lcu la ted  
s t r e n g t h - s t r a i n  re la t ionsh ip  and m i c r o s t r u c t u r a l  
changes  can be inves t iga ted .  These  potent ia l  mode l s  
mus t  p red ic t  1) the e x p e r i m e n t a l l y  o b s e r v e d  changes  
of the flow s t r e s s  and 2) the c h a r a c t e r i s t i c  changes  of 
sca le  and shape of the m i c r o s t r u c t u r e  brought  about 
by the w i r e -d r aw ing  deformat ion .  

EXPERIMENTAL 

A s e r i e s  of samples  drawn f rom a 0.220 in. (5.60 
mm) diam patented s tee l  wire  were  p rov ided  by G. T. 
Spare of the Applied R e s e a r c h  L a b o r a t o r y .  The chem-  
ical  ana lys i s  i s  shown in Table  I and the p rev ious ly  
d e t e r m i n e d  tens i le  s t reng ths  of the w i r e s  x~ a r e  r e -  
plot ted accord ing  to the convent ion used in th is  paper  
in F ig .  2. 

T r a n s v e r s e  d i scs  0.015 in. (0.38 mm)  thick were  cut 
f r o m  the wi res  on a Se rvomet  s p a r k - d i s c h a r g e  machine ,  
modif ied  by the wire e l ec t rode  shown in Fig .  3. These  
d i scs  were  subsequent ly  wet ground on a b r a s i v e  paper  
to about 0.001 in. (0.025 mm)  and e l e c t r o l y t i c a l l y  
thinned by the technique of Glenn and Schoone. l l  T r a n s -  
mi s s ion  e l ec t ron  m i c r o g r a p h s  were  made of the r e -  
sul tant  thin foi ls .  This  is a l so  the s e r i e s  f rom which 
Fig.  4 of Ref. 4 was p repa red .  

Fig. 4 of this paper  shows the deve lopment  of the 
c h a r a c t e r i s t i c  " w a v y "  m i c r o s t r u c t u r e  as a function of 
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Fig. 2--Tensile strengths of the patented steel wire used for 
the transmission electron micrographs in this paper, as a 
function of prior strain, after Spare et  a l .  t~ 
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Fig. 3---Schematic representation of wire electrode used in 
spark-cutting transverse sections for transmission elec- 
tron microscopy. 
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F i g .  4 - - T r a n s m i s s i o n  e l e c t r o n  m i c r o g r a p h s  o f  t r a n s v e r s e  s e c t i o n s  o f  d r a w n  p a t e n t e d  s t e e l  w i r e  a s  a f u n c t i o n  o f  p r i e r  s t r a i n ,  ~. 
(a) ~ = 0, (b) e = 1 .1 ,  (c) �9 = 2 . 0 ,  (d) ~ = 2 . 6 ,  (e) �9 = 3 . 2 ,  ( f )  c = 3 .8 .  

M E T A L L U R G I C A L  T R A N S A C T I O N S  V O L U M E  1 , F E B R U A R Y  1 9 7 0 - 4 6 7  



Fig. 4 (Continued) 
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M E T A L L U R G I C A L  T R A N S A C T I O N S  

Fig. 4 (Continued) 
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w i r e - d r a w i n g  s t ra in .  The m i c r o g r a p h s  a r e  en la rged  
by a p r o g r e s s i v e l y  g r e a t e r  fac tor  to compensa te  for  
the d e c r e a s i n g  wire  d i a m e t e r ,  in o r d e r  to aid the ob- 
s e rva t ion  of the m i c r o s t r u c t u r a l  shape change. The re  
appea r s  to be no or ien ta t ion  re la t ionsh ip  between the 
thin d i r ec t ion  of a r ibbonlike m i c r o r e g i o n  and the o r i -  
enta t ion of the pea r l i t e  l ame l l ae  within it. Two ex-  
t r e m e s  of th is  behav io r  a r e  shown in Fig .  5. In one 
a r e a  of the m i c r o g r a p h ,  a,  the pea r l i t e  l amel l ae  a r e  
apparen t ly  pe rpend icu l a r  to the d i rec t ion  of thinning 
(para l le l  to the thin d imens ion  of a m i c r o r e g i o n )  
whe rea s  in a r e a  b the l a m e l l a e  a r e  pa r a l l e l  to the 

a b 

di rec t ion  of thinning. In the f o r m e r  case  the apparen t  
pea r l i t e  spacing is s m a l l e r  than would be p red ic t ed  by 
s imple  propor t iona l i ty  to the wire  d i a m e t e r ,  while in 
the l a t t e r  case  the apparent  spacing is  l a r g e r  than 
would be so pred ic ted .  The re  a re  many m o r e  e x a m p l e s  
of case  a than case  b. 

Only a f rac t ion  of the a s - p a t e n t e d  s t r u c t u r e  of th is  
s tee l  cons i s t s  of r ecogn izab le  c l a s s i c a l l y  l a m e l l a r  
pea r l i t e ;  the balance is  e i the r  upper  baini te  o r  pea r l i t e  
unfavorably  or ien ted  with r e s p e c t  to the foi l .  The 
950~ (510~ t r a n s f o r m a t i o n  t e m p e r a t u r e  f a v o r s  the 
fo rmat ion  of both m ic rocons t i t uen t s .  The appea rance  
of the baini te  is  much like a f r agm en ted  p e a r l i t e ;  that 
i s ,  the cement i t e  " l a m e l l a e "  ac tua l ly  cons i s t  of rows 
or  shee ts  of fine p la te le t s ,  Fig .  6. Because  of the r e -  
sui t ing uncer ta in ty  about the or ig ina l  appearance  of a 
given region in the drawn wire ,  it i s  diff icult  to d i s -  
cuss  the in tegr i ty  of the cement i t e  l ame l l ae  following 
wi r e -d rawing .  It is  only poss ib le  to say that s o m e  of 
the pea r l i t e  is  de fo rmed  without f r agmen ta t ion  of the 
cemen t i t e ,  Fig .  7, but that the re  i s  l e s s  r ecogn izab ly  
pe r fec t  pea r l i t e  in the m i c r o s t r u c t u r e s  of the drawn 
wi r e s  than in the undrawn wi res .  None of the voids 
p rev ious ly  r epo r t ed  12 between the ends of f r a c t u r e d  
cement i t e  l ame l l ae  in bent drawn or undrawn wi r e s  
of c o a r s e  pear l i t e  were  obse rved  here  in t r a n s v e r s e  
sec t ions  of drawn wi res .  

MODELS AND COMPUTER CALCULATIONS 

A model  for  the deformat ion  of pear l i t e  must  be con-  
s i s ten t  with the expe r imen ta l  obse rva t ions  on drawn 
patented s tee l  w i r e s ,  which a re  s u m m a r i z e d  below: 

Fig. 5--Transmission electron micrograph of a transverse sec- 
tion of a patented steel wire drawn to a strain of 2.0, showing 
two extremes of the orientation relationship between a ribbon- 
like microregion and the pearlite lamellae. 

Fig. 6--Transmission electron micrograph of upper bainite 
in as-patented steel wire. 

Fig. 7--Transmission electron micrdgraph of a transverse 
section of the neck of a tensile specimen of drawn patented 
steel wire showing heavily deformed but intact pearlite, 

= 0.7(drawing) + 0.7(necking) = 1.4 total. 
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Fig. 8--Schematic representation of the 
changes of interlamellar spacing and ori- 
entation brought about by homogeneous 
elongation. 

) 

IPl : l . lO i 

(b) AFTER HOMOGENEOUS, AXIALLY 
SYMMETRIC ELONGATION, (E :l 0) 

I P[ : i.41 
(d=O.71d o} 

0.371 

(c.) AFTER HOMOGENEOUS, PLANE 
STRAIN ELONGATION (E: IO)  

1) The rate of s t r a in  hardening ,  when plotted as  
ln(g go) VS E, h a s a  slope of i 

2) A "wavy"  s t ruc tu re  develops in a t r a n s v e r s e  
sect ion and becomes  more  apparen t ,  the g r e a t e r  the 
s t ra in .  

3) The range of apparent  pear l i te  spacings  b roadens  
with i nc r ea s ing  s t ra in .  

The following d i scuss ion  contains  the quant i ta t ive 
evaluat ion of the behavior  of a s e r i e s  of potent ia l  
models  and combinat ions  of models  dur ing  hypotheti-  
cal  w i re -d rawing  deformat ion .  

Three  modes of deformat ion  a re  cons idered :  
1) homogeneous axial ly  s y m m e t r i c  e longat ion,  2) homo- 
geneous plane s t r a in  elongat ion,  and 3) inhomogeneous 
i n t r a l a m e l l a r  shear ,  producing inhomogeneous plane 
s t r a in  elongation.  Mode 1) would be expected in an 
i sot ropic  cont inuum. Mode 2) is  cons ide red  to be an 
effect of the (110) bcc wire tex ture ;  the i n t e r c u r l i n g  
of the r ibbon- l ike  m i c r o r e g i o n s  to ma in ta in  constant  
aggregate  volume is not cons idered  in o rder  to s i m -  
plify the ca lcula t ions .  Mode 3) is  cons ide red  in com-  
b ina t ion  with each of the other modes  in o rde r  to 
take account of a second potent ial  mechan i sm of for -  
mat ion  of the wavy m i c r o s t r u c t u r e .  The ques t ion of 
the in tegr i ty  of the cement i te  is  a lso taken into account.  

In the following d i scuss ion  the usual  t e r m s  used to 
desc r ibe  pear l i t e ,  l ame l l ae ,  co lonies ,  and so forth, 

METALLURGICAL TRANSACTIONS 

will be used in like m a n n e r  to desc r ibe  the hypothetical  
model .  

COMPUTATION METHOD 

During homogeneous deformat ion  by a x i s y m m e t r i c  
elongation or plane s t r a in  elongat ion the t r a n s v e r s e  
d imens ions  of a finite medium are  reduced,  while i t s  
length is i nc reased .  As shown in Fig. 8 this  should 
have the effect of changing the spacing of an i so t ropic  
l a m e l l a r  aggregate  and geomet r i ca l ly  rota t ing the 
l amel lae  towards p a r a l l e l i s m  with the tens i le  axis  (for 
axia l ly  s y m m e t r i c  elongation) or with the plane of the 
r ibbon (for plane s t r a in  elongation).  At infinite e longa-  
t ion,  all  l amel lae  will be comple te ly  r eo r i en ted  and 
will have zero  spacing,  even without l a m e l l a r  r e o r i e n -  
ta t ion by nonhomogeneous flow. 

The spacing of the ith pear l i te  colony, a region 
where the pear l i te  is  of the same or ienta t ion  and spac-  
ing, is :  

d i = do/qh~ + k~ + l~ [2] 

where do is the or ig ina l  i n t e r l a m e l l a r  spacing of al l  
the colonies ,  and hi,  k i ,  l i are  the coordina tes  of a 
vec tor  P i  which is  pe rpend icu la r  to the lamel lae  and 
whose magnitude is  the ra t io  of or ig ina l  to i n s t an tane -  
ous spacing at a given s t ra in .  These coordinates  va ry  
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Fig. 9--Schematic representat ion of the 
process  of elongation by inhomogeneous 
in t ra lamel la r  shear  (deck-of-cards defor- 
mation) indicating the change of or ienta-  
tion and the effectively plane strain elonga- 
tion without a change in the in te r lamel la r  
spacing. 

(b) AFTER PLANE STRAIN ELONGATION BY 
INHOMOGENEOUS INTRALAMELLAR SHEAR 

(E= l,O) 

with s t r a i n  (E) a c c o r d i n g  to the f o l l o w i n g  e q u a t i o n s :  

hi = h~f~(E) [3] 

k i = te~ [4] 

li = t;A(E) [5] 
w h e r e  f~ ,  f 2 ,  and  f3 a r e  d i f f e r e n t  func t ions  of s t r a i n  
depend ing  on the type  of d e f o r m a t i o n ,  and h~, k~, l~ a r e  
the c o o r d i n a t e s  of the o r i g i n a l  v e c t o r  P~. 

By r e f e r e n c e  to F ig .  8 i t  can  be  s e e n  that  the c o o r -  
d i n a t e s  (hi ,  k i ,  l i )  of the v e c t o r  P i  v a r y  i n v e r s e l y  with 
the c h a n g e s  in d i m e n s i o n s  of  the a g g r e g a t e ,  so  that  
for  a x i a l l y  s y m m e t r i c  e l o n g a t i o n ,  a s s u m i n g  c o n s t a n t  
v o l u m e ,  

f~(e) = exp (~ /2 )  [6] 

f z (E )  = exp(E/2 )  [7] 

f3(r = e x p ( - r  [8] 

F o r  p lane  s t r a i n  e l o n g a t i o n ,  

f l ( e )  = exp(E) [9] 

fe(E) = 1 [10] 

f3(r = e x p ( -  r [11] 

When a l l  the c o l o n i e s  have  the  s a m e  in i t i a l  s p a c i n g ,  
the l o c i  of the  t ips  of the v e c t o r s  P i  wil l  f o r m  a 
s p h e r e ;  if  the l a m e l l a e  a r e  r a n d o m l y  o r i e n t e d ,  the d i s -  
t r i b u t i o n  of the v e c t o r  t i p s  wi l l  be  u n i f o r m  o v e r  the 
s u r f a c e  of tha t  s p h e r e : *  

*In the computer program, the vectors (Pi) are drawn to the centers of equal- 
sized "rectangles", bounded by continuous lines of latitude and discontinuous 
lines of longitude, drawn on the surface of an octant of a sphere. The surface has 
the appearance of the wall of an Eskimo igloo. 

(h~) 2 + (k~) 2 + (l~) z = 1 [12] 

In the  c a s e  w h e r e  the a g g r e g a t e  i s  w e a k e r  in the 

l a m e l l a r  p l ane ,  t h e r e  i s  a l s o  the p o s s i b i l i t y  of non-  
h o m o g e n e o u s  d e f o r m a t i o n  by s h e a r  wi th in  and p a r a l l e l  
to the l a m e l l a e ,  s i m i l a r  to the s l i d i n g  of a deck  of 
of c a r d s ,  a s  shown in F i g .  9. If the s l i p  d i r e c t i o n  i s  in 
the  s a m e  d i r e c t i o n  a s  the  m a x i m u m  s h e a r  s t r e s s  on 
that  p lane ,  the p lane  of the e n s u i n g  p lane  s t r a i n  i n t e r -  
s e c t s  the long a x i s  of the a g g r e g a t e  a s  a l s o  shown in 
F i g .  9. In th i s  c a s e  t h e r e  i s  no change  in the l a m e l l a r  
s p a c i n g  a s  a l l  the s h e a r  d i s p l a c e m e n t  would  be  c o n -  
f ined  to the p lane  of the l a m e l l a e ;  the a g g r e g a t e  i s  a s -  
s u m e d  to be f r e e  to r o t a t e  to a c c o m m o d a t e  the  r e -  
su l t an t  ro t a t i on .  T h i s  m e a n s  tha t :  

(hi) 2 + (k i )  z + (l i)  2 = (h~) e + (k~) 2 + (Z~) 2 [13] 

With r e f e r e n c e  to F ig .  9, the c o r r e s p o n d i n g  e q u a t i o n s  
f o r  the c o m p o n e n t s  of the v e c t o r s  (Pi) a r e :  

= [{[ h i (h~) 2 + (k~) ~ + (l i)  ] 

[ (h )2 I]1'  
- (l~) z exp( -2e ) }  1 (hT) ~ ~- (k~)2j J [ 14] 

k i = h z 

If h~ = 0, then  

---- o 2 k i {(k~) 2 + (l i) [ 1 -  exp( -2E)]}  x/~ [15a] 

In e i t h e r  c a s e ,  

Z i = t ;  e x p ( -  e) [16] 

The  s h e a r  s t r e s s  r e s o l v e d  in t h e  p lane  of the l a m -  
e l l a e  i s  

i 
i Ohom . 

r r e  s = ~ s m  24~i [17] 

w h e r e  (a~o m) i s  the s t r e s s  fo r  h o m o g e n e o u s  f low of 
that  co lony  and q5 i i s  the ang l e  b e t w e e n  the t e n s i l e  
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axis  and the vec tor  P i .  Nonhomogeneous flow occurs  
i i under  a s t r e s s  Onhom) when Tres r eaches  a c r i t i ca l  

value ,  T c : 

i _ 2~-c 
~nhom s in  2q~ i [18] 

T c is a s sumed  to be a f rac t ion  a (0 < a < 1) of the 
shear  s t r e s s  for homogeneous flow of the aggregate .  

Thus 

ai  2(aa~o m / 2 )  / \ a  i 
- s~-n ~ /  - ~ )  Oho m [ 1 9 ]  flow 

The s t r e s s  for homogeneous deformat ion  (~hom) is  
a s sumed  to be re la ted  to the l i n e a r - i n t e r c e p t  i n t e r -  
l a m e l l a r  spacing in the d i rec t ion  of max imum shear  
s t r e s s .  This  re la t ionship  is  a s s u m e d  to be 

- -112 [ 2 0 ]  a~o m = ao + k y ( d  i) 

which is  the well-known Ha l l -Pe tch  re la t ion  as  f i r s t  
applied to the problem of the deformat ion  of pear l i t e  
by Embury  and F i she r .  1 In this  ca lcu la t ion ,  k y ,  (to, 
and do were chosen so as  to obtain the same in i t ia l  
s t rength  as  patented pear l i t e .  If ( a / s in  2~bi) is  l e s s  
than uni ty ,  deformat ion  is  cons ide red  to take place by 
the deck -o f - ca rds  m e c h a n i s m ,  with the flow s t r e s s  of 
the ith colony given by Eq. [19], but if (a / s in  2(hi) is  
g r ea t e r  than unity, homogeneous deformat ion  takes 
place under  the s t r e s s  given by Eq. [20]. Since the 
aggregate is  by defini t ion of the problem fully p las -  
t ic ,  however,  there  will be a finite s t r a i n  rate by one 
deformat ion  mode super imposed  on the other at al l  
t imes .  F o r  s impl ic i ty ,  this  effect is  not taken into 
account  in the ca lcula t ions ;  it will be seen la te r  that 
this  is  just i f ied for the p r e s e n t p r o b l e m .  

In the s t rength  ca lcula t ions ,  d i was taken as  the 
mean  l inea r  i n t e r l a m e l l a r  in te rcep t  in the d i rec t ion of 
maximum shear  s t r e s s ,  which is at a 45 deg angle to 
the longitudinal  axis .  There  is  a slight dependence of 
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Fig. 10--Calculated flow stress-s t rain curves for initially 
axially aligned, and for randomly oriented pearlite, for 
various combinations of homogeneous axially symmetric 
and inhomogeneous deck-of-cards elongation. 
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di on the or ien ta t ion  of the pear l i te  colony. For  pur -  
poses  of compar i son  with actual  m e a s u r e m e n t s  the 
apparen t  spacings  on a t r a n s v e r s e  sect ion of the hy-  
pothet ical  aggregate  have a l so  been calculated.  

Each hypothet ical  pear l i t e  colony will therefore  have 
a unique s t r e s s - s t r a i n  re la t ionsh ip  dependent on i ts  
o r ig ina l  or ien ta t ion;  the s t r e s s - s t r a i n  curve  for the ag-  
gregate is  the average  of al l  the colonies .  Since an 
ana ly t ica l  average r e q u i r e s  an e l l ip t ic  in tegra l ,  the 
computat ion was done for a finite number  of colonies  
by f i r s t  de t e rmin ing  the s t r a i n  l imi t s  of the deck-of-  
ca rds  deformat ion mode for each colony and then com-  
puting the average s t rength  of the aggregate  f rom the 
s t rength  of each colony, at each i n c r e m e n t  of s t ra in .  

PRESENTATION AND DISCUSSION OF COMPUTER 
RESULTS 

Fig.  10 contains  a fami ly  of flow s t r e s s - s t r a i n  
curves  ca lcula ted  for  var ious  combina t ions  of homo-  
geneous axia l ly  s y m m e t r i c  elongat ion and inhomo- 
geneous i n t r a l a m e l l a r  shear ,  r e f e r r e d  to below as  the 
de c k - o f - c a r d s  mode. The top curve is  for pear l i te  
o r ien ted  pa ra l l e l  to the longi tudinal  axis  and the others  
a re  for randomly  or iented  pear l i te .  All the cu rves  
asympto t ica l ly  approach a l imi t ing  slope of ~ ,  the ex-  
pe r imen ta l l y  observed  value,  despite va r i a t ions  in 
in i t ia l  or ienta t ion and deformat ion  mode. Note e s -  
pecia l ly  that the d e c k - o f - c a r d s  mode is  exhausted and 
ins igni f icant  beyond re la t ive ly  low s t r a in s .  Note a lso  
that the rate of s t r a in  harden ing  is  quite rapid dur ing 
operat ion of the deck -o f - ca rds  mode. This  form of 
s t r a i n - h a r d e n i n g  curve  has not been observed  expe r i -  
menta l ly .  

A second s e r i e s  of ca lcula t ions  was made,  using the 
a s sumpt ions  cor responding  to va r ious  combina t ions  of 
homogeneous plane s t r a in  elongat ion and de c k -o f - ca rd s  
elongat ion;  the r e su l t s  a re  shown in Fig.  11. The deck- 
o f - ca rds  deformat ion  mode is the same as  in Fig.  10, 
but the homogeneous deformat ion mode has been 
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Fig. M--Calculated flow stress-s t rain curves for initially 
axially aligned, and for randomly oriented pearlite, for vari- 
ous combinations of homogeneous plane strain and inhomo- 
geneous deck-of-cards elongation. 
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changed f rom ax i a l l y  s y m m e t r i c  to plane s t r a i n  e longa-  
t ion.  The top curve  is  aga in  for  o r i en t ed  p e a r l i t e ,  and 
the lower  c u r v e s  a r e  for  r a n d o m l y  o r i en t ed  p e a r l i t e .  
All  the c u r v e s  a s y m p t o t i c a l l y  app roach  a l imi t ing  s lope 
of �89 This  wil l  be d i s c u s s e d  below.  The s ame  c o m -  
men t s  about the d e c k - o f - c a r d s  mode as  made above 
apply  he re  a l so .  

T h e r e  a r e  s e v e r a l  p o s s i b i l i t i e s  fo r  the f a i l u re  of 
the ca l cu l a t i ons  s u m m a r i z e d  in F ig .  11 to p r ed i c t  the 
e x p e r i m e n t a l l y  o b s e r v e d  s t r eng then ing  r a t e :  

1) the {110) bcc wire  t ex tu re  was a s s u m e d  pe r f ec t  
f rom the v e r y  beginning of the d e f o r m a t i o n ,  while ex -  
p e r i m e n t a l l y  a s t r a i n  of about 0.5 i s  n e c e s s a r y  to de -  
velop a de tec tab le  (110) t ex tu re ,  which cont inues  to 
sha rpen  at  h igher  s t r a i n s .  Th is  e r r o r  would have the 
effect  of o v e r e s t i m a t i n g  the s t r eng then ing  r a t e ,  e s -  
pec i a l l y  at  low s t r a i n s .  

2) The in i t i a l  s t r eng then ing  r a t e  i s  z e r o ,  e s p e c i a l l y  
for  o r i en ted  p e a r l i t e  and a l so  for  homogeneous ly  de -  
f o rming  r andomly  o r i en t ed  p e a r l i t e .  E x p e r i m e n t a l  
s c a t t e r ,  o r  o the r  m o r e  t r a n s i e n t  s t r a i n  ha rden ing  m e c h -  
a n i s m s  af fec t ing  the ~o t e r m  in Eq. [20], could hide 
th is  low in i t i a l  r a t e  and lower  the ove ra l l  s t r eng then -  
ing r a t e ,  up to the h ighes t  s t r a i n s  ye t  i nves t iga t ed ,  
E ~ 4 .  

3) If cemen t i t e  l a m e l l a e  were  f r a g m e n t e d  by d e f o r -  
ma t ion ,  the ave r age  s t r a i n  in the cement i t e  would be 
lower  than the app l i ed  s t r a i n .  The p robab i l i t y  (p) of 
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Fig. 12--Schematic representation of the effect of fragmenta- 
tion of the cementite lamellae in a pearlite colony on the 
average inter lamellar  spacing as viewed on a longitudinal 
section. 

i n t e r s e c t i n g  a given p l a t e l e t  would then be l owered  
f rom unity acco rd ing  to the equat ion,  

p = e x p ( E e m -  e) [21] 

where  e and ecm a r e  the app l i ed  and cemen t i t e  
s t r a i n s  r e s p e c t i v e l y ,  t he reby  i n v e r s e l y  r a i s i n g  the 
i n t e r cep t  i n t e r l a m e l l a r  spac ing  above the p r o j e c t e d  
i n t e r l a m e l l a r  spac ing  and reduc ing  the ra te  of s t r a i n  
harden ing .  This  would a l t e r  the a p p r o x i m a t e  equat ion 
for  the change in d with s t r a i n ,  by homogeneous  plane 
s t r a i n  e longat ion,  f rom 

do e x p ( -  e) [22] d = 

to 

do d = ~- e x p ( - ~ )  [23] 

which,  when combined  with Eq. [21] b e c o m e s  

d = do e x p ( -  r [24] 

A s c h e m a t i c  r e p r e s e n t a t i o n  of th is  p r o c e s s  is  shown 
in F ig .  12 for  the c a s e  where  Ecm is  one half  of E. 
Thus ,  a s t r a i n - h a r d e n i n g  s lope of �88 would r e s u l t  for  
Ecm = ~E because  Eq. [24] can then be combined  with 
Eq. [20] to y ie ld  Eq. [1]. 

T h e r e  a r e  addi t ional  da ta  in the l i t e r a t u r e  which 
suppor t  this  hypo thes i s :  The t r a n s v e r s e  i n t e r cep t  
spac ing  of ro l l ed  p e a r l i t e  m e a s u r e d  on t r a n s m i s s i o n  
e l e c t r o n  m i c r o g r a p h s  of edge s ec t i ons  by E m b u r y  
et  al .  I~ d e c r e a s e s  more  s lowly than in s imple  p r o p o r -  
t ion to the s t r i p  th i ckness ;  a n a l y s i s  of the i r  da ta  in-  
d i ca t e s  that the i n t e r cep t  spac ing  v a r i e s  vr s t r a i n  
a c c o r d i n g  to the a p p r o x i m a t e  equat ion,  

d = do exp(-0.43 ~) [25] 

If i t  can be a s s u m e d  that  th is  i s  e n t i r e l y  due to f r a g -  
menta t ion  of the cemen t i t e  l a m e l l a e ,  r a t h e r  than to 
some kind of inhomogeneous  d e f o r m a t i o n ,  the s t r a i n  
in the cement i t e  in th is  r o l l ed  p e a r l i t e  i s  t h e r e f o r e  43 
pct  of the app l i ed  s t r a in .  

These  p o s s i b i l i t i e s  will  be d i s c u s s e d  fu r the r  with 
r e s p e c t  to the i r  e f fec t s  on the d i s t r i bu t ion  of appa ren t  
i n t e r l a m e l l a r  spac ings .  

F ig .  13 conta ins  a s e r i e s  of f a m i l i e s  of h i s t o g r a m s  
r e p r e s e n t i n g  the changes  in the d i s t r i bu t ion  of a p p a r -  
ent i n t e r l a m e l l a r  spac ings  ( t r a n s v e r s e  sec t ions )  with 
p r i o r  s t r a i n .  The de fo rma t ion  modes  a r e  the s ame  as  
those in Fig. 10. As it was assumed for simplicity in 
the calculations that there was but one initial spacing, 
there is no distribution or even the development of a 
distribution of spacings for axially symmetrically 
elongated, oriented pearlite. The microstructure of a 
transverse section simply remains similar to itself 
throughout the deformation. 

The spacing distribution of homogeneously and axi- 
symmetrically elongated pearlite remains unchanged, 
but the width of the spacing distribution is reduced by 
operation of the deck-of-cards deformation mode. 
Fig. 14 shows the distribution of axial ratios of the 
ribbon-like microregions resulting from this defor- 
mation mode as would be viewed on a transverse sec- 
tion for a series of increasing strains. Although these 
axial ratios are large enough to be potentially detec- 
table, they are not large enough to account for the mi- 
crostructures in Fig. 4. Also, the calculated lamellar 
traces in each of the ribbons are always aligned per- 
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Fig. 13--Calculated apparent spacing dis- 
tributions on transverse sections of drawn 
pearlitic wires as a function of strain by 
various combinations of homogeneous ax- 
ially symmetric and inhomogeneous deck- 
of-cards elongation. Histograms are nor- 
malized to have equal areas. 
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pendicu la r  to the thinnest  d imens ion ,  as  demanded  by 
the d e c k - o f - c a r d s  deformat ion  mode,  but con t r ad i c to ry  
to Fig. 5. Thus ,  the computed e f fec ts  of the deck-o f -  
c a r d s  de fo rmat ion  mode on the m i c r o s t r u c t u r e  a r e  
incompat ib le  with the e x p e r i m e n t a l  obse rva t ions ,  so 
that it is  unlikely that this  is the dominant  d e f o r m a -  
tion mode or a s ignif icant  cause  of the " w a v y "  m i c r o -  
s t r u c t u r e .  

Fig.  15 shows two m o r e  f a m i l i e s  of h i s t o g r a m s  r ep -  
r e sen t ing  the changes  in the spacing d is t r ibu t ion  for  
homogeneous  plane s t r a in  e longat ion of randomly  
o r i en ted  pea r l i t e  and of ax ia l ly  a l igned pea r l i t e .  Note 
that the widths of these  d i s t r ibu t ions  i n c r e a s e  rapidly  
with i nc rea s ing  s t ra in .  F o r  ax ia l ly  a l igned  p e a r l i t e ,  
where  the apparent  spacings  a r e  a l so  the t rue  spac ings ,  
the ra t io  of the l a rge s t  to the s m a l l e s t  spacing is 
exp(e). For  a pe r fec t  {110) t ex tu re ,  the axia l  ra t io  of 
e v e r y  ribbon should a lso  be exp(E), so that at s t r a in s  
of 1, 2, 3, and 4 each ribbon would have an axia l  ra t io  
of about 2.7, 7.4, 20, and 55, r e s p e c t i v e l y .  Unfor tu-  
nate ly ,  the m i c r o s t r u c t u r e s  of the ac tual  drawn,  r an -  
domly or ien ted  pea r l i t e  in Fig.  4 a r e  too compl i ca t ed  
and unreso lved  to a l low comparab le  quant i ta t ive  m e a s -  
u r e m e n t s .  However ,  the degree  of waviness  and the 
axia l  r a t ios  of at l eas t  a few pea r l i t e  co lon ies  i n c r e a s e  
rapidly  with s t r a in ,  in qua l i ta t ive  a g r e e m e n t  with the 
ca lcu la t ions .  

F ragmen ta t i on  of the cemen t i t e  would not a l t e r  the 
widths of the spacing d i s t r ibu t ions  if it o c c u r r e d  with- 
out r e g a r d  to or ien ta t ion ,  but would reduce  the ra te  of 

Fig. 14-Calculated 
axial ratio distr i-  
butions of pearlite 
colonies on trans- 
verse sections of 
drawn wires as a 
function of strain 
when the critical 
resolved intrala- 
mellar shear 
strength is ~ of the 
stress for homo- 
geneous flow. 

/ 7 
// // 

i 2 3 4  
AXIAL RATIO 

r e f inemen t  of the s t r u c t u r e .  Hence ,  d i r ec t  m e a s u r e -  
ments  of the d is t r ibut ion  of spac ings  and the effect  of 
s t r a in  on the ave r age  spacing of drawn pea r l i t e  would 
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Fig. 15--Calculated apparent spacing dis- 
tributions on transverse sections of drawn 
pearlitic wire as a function of strain by 
olane strain elongation. Both curves are 
normalized to have the same areas as in 
Fig. 13. 

detect this effect as well as the effects  of the (110} 
wire texture  on the m i c r o s t r u c t u r e .  The work would 
be much s impl i f ied  if in i t i a l ly  axial ly  a l igned pear l i te  
were used.  

The m i c r o s t r u c t u r a l  shape change in ro l l ing  is  
nea r ly  the same as the ex te rna l  shape change,  which 
is  plane s t r a in  if there  is  no spreading.  Since the 
state of s t r e s s  is  s i m i l a r ,  i . e . ,  highly compres s ive ,  
the r a t e s  of f ragmenta t ion  of the cement i te  should be 
s i m i l a r  in wire drawing and in ro l l ing ,  as was a s -  
sumed in compar ing  F, qs.  [24] and [25]. The s t r eng then-  
ing mechan i sm is probably the same ,  so the rate of 
s t r a in  hardening ought to be the same in spite of the 
ex te rna l  d i f fe rences  in  shape change of the spec imens .  
This  is  so,  as  shown in Fig.  16, in which the tens i le  
s t rengths  of rol led fine pear l i t e  a re  plotted as  a func- 
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Fig. 16--Tensile strengths of the rolled fine pearlite used for 
the substructural spacing measurements of Embury et al.,13 
after Grange. 14 

t ion of t rue s t r a in ,  in( to/ t ) ,  where to and t a re  the 
or ig ina l  and ins tan taneous  spec imen  th icknesses ,  r e -  
spect ively .  These data were obtained by Grange 14 for 
the same set  of spec imens  that Embury  et al .  13 used 
to m e a s u r e  the change in t r a n s v e r s e  in te rcep t  spac-  
ings desc r ibed  by Eq. [25]. This  provides  addi t ional  
evidence that the local  shape change in drawn patented 
s tee l  wire is  plane s t r a in  elongat ion.  

No dis t inc t ion  need be made between the spacing of 
carb ide  pa r t i c l e s  in a t r a n s v e r s e  d i rec t ion  as  used 
in this paper  and the spacing between dis locat ion cel l  
walls  used by o thers  b2 in s i m i l a r  s t r u c t u r e s ,  because  
the f o r m e r  spacing probably  cont ro ls  the l a t t e r ;  the 
dis locat ion cel l  walls  probably possess  higher  mobi l i ty  
dur ing the deformat ion than the carbide  pa r t i c l e s .  Thus ,  
in Fig. 12, the fine l ines  connect ing the carbide pa r -  
t i c les  need not r ep re sen t  cel l  walls  but m e r e l y  indi -  
cate the planes  of the or ig ina l  unbroken lamel lae .  

In the fu ture ,  during d i s cus s ions  of the s t reng then-  
ing mechan i sm in these m a t e r i a l s  as opposed to the 
m e c h a n i s m s  of deformat ion and local  shape change 
which are  emphas ized  in the p r e se n t  paper ,  such a 
d is t inc t ion  will need to be made.  It is  not now c l ea r  
whether the Ha l l -Pe tch  re la t ion  is  followed in drawn 
s tee l  wi res  because  of the neces s i t y  of cut t ing the 
carb ide  pa r t i c l e s  with the aid of d is locat ion pi leups in 
the f e r r i t e ,  o r  because  of a g r a in -  or c e l l - s i z e  effect 
in the f e r r i t e ,  or  because of some other  m e c h a n i s m ,  
such as  the one proposed qual i ta t ive ly  by Chandhok 
et al. ~ The cut t ing of carbide pa r t i c l e s  by pi led-up 
d is loca t ions  can account for the observed s t reng ths  
of the drawn pear l i te  if the s t rength  of the cement i te  
is constant  and on the o rder  of 2 • 106 psi (1400 kgf 
per  sq mm).  The d is loca t ions  a re  too stiff to form 
c losed  loops within the very  sma l l  d is loca t ion  ce l l s  
in the drawn pear l i t e ,  in con t ras t  to the mechan i sm 
proposed by Langford and Cohen s'ls for the s t r eng then-  
ing effect of the much l a r g e r  ce l l s  in w i r e - d r a w n  i ron.  
This  mechan i sm would b r i ng  about a d i rec t  r e l a t ion -  
ship between s t rength  and (d)-*, and the constant  of 
propor t ional i ty  s'ls is too high to be appl ied to the ma-  
t e r i a l  used here .  
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CONCLUSIONS 

When the cold drawn into wire ,  pear l i te  develops a 
"wavy" m i e r o s t r u e t u r e  in t r a n s v e r s e  sec t ions  be -  
cause of the (1107 bcc wire texture  of the f e r r i t e .  
The paucity of sl ip sys t ems  in this  texture  causes  the 
shape change of at leas t  some of the in terwoven r ib -  
bon- l ike  mic ro r eg ions ,  co r respond ing  approximate ly  
to the pear l i t e  colonies ,  to be nea r ly  plane s t r a in  
e longat ion,  insofar  as can be de t e rmined  from the ex-  
p e r i m e n t a l  evidence p resen ted  here .  

Calculat ion of the rate of s t r a in  harden ing  and the 
d i s t r ibu t ion  of apparent  i n t e r l a m e l l a r  spac ings  by 
computer  have shown that a model  based  on another  
poss ib le  mechan i sm  of local  plane s t r a i n  elongat ion,  
inhomogeneous i n t r a l a m e l l a r  shear ,  is not cons is ten t  
with the m i c r o s t r u c t u r a l  evidence or the observed  
s t r a i n  hardening  ra te .  

S imi la r  ca lcu la t ions  have been made using a model 
co r respond ing  to local ly  homogeneous plane s t r a i n  
e longat ion,  as  would be brought  about by the (110) 
wire tex ture ,  in o rde r  to predic t  the spacing d i s t r i bu -  
t ions of randomly or ien ted  and a lso  axial ly  a l igned 
pear l i t e  for l a t e r  quant i ta t ive compar i son  with more  
detai led m e a s u r e m e n t s  on e lec t ron  mic rog raphs  of 
t r a n s v e r s e  sec t ions  of drawn pear l i t e ,  e spec ia l ly  drawn 
in i t i a l ly  axial ly al igned pea r l i t e ,  which would be 
s imp le r  to handle by the exis t ing  quant i ta t ive meta l lo -  
graphic methods.  It was found n e c e s s a r y  to cons ide r  
f r agmenta t ion  of the cement i te  in the model  in order  to 
obtain the observed  s t r a i n  hardening  rate and change 
of the average  t r a n s v e r s e  in te rcep t  spacing with 
s t ra in .  Also, the degree to which the (1107 bcc wire 
texture  affects the m i c r o s t r u c t u r a l  shape changes 
has yet to be de te rmined ,  as  it is the average  shape 
change of the en t i re  m i c r o s t r u c t u r e  which cont ro ls  the 
s t r a in  hardening  rate .  Compar i son  of the s t r a in  hard-  
ening r a t e s  of wi re -d rawn pear l i t e  and rol led pear l i te  
suggest  that the local  m i c r o s t r u c t u r a l  shape change in 
both is indeed plane strain elongation. 

Both the process of fragmentation of the cementite 
and the development of the (1107 bcc wire texture can 
be expected to be somewhat sensitive to metallurgical 
structure and processing variables, such as die geom- 
etry~ as well. This means that there may yet be the 

poss ib i l i ty  of improving  the s t r a i n - h a r d e n i n g  rate of 
drawn pear l i t i c  or ba in i t ic  s t r u c t u r e s  in s teel .  

A s impl i f ied  equation approx imate ly  descr ib ing  the 
s t r a i n - h a r d e n i n g  rate of drawn pear l i t e  or ba in i te ,  ac-  
cording to the mos t  l ikely model ,  is 

ky 
: oo + ~ exp(ecm/2)  [26] 

where ~3 is  between 1 and 2 and qo, ky, and Ecr n a re  
as  defined prev ious ly .  This  equation a s s u m e s  1) the 
Ha l l -Pe tch  re la t ion  between flow s t rength and sub- 
s t r u c t u r a l  scale and 2) local ly  homogeneous plane 
s t r a in  elongation within the wire.  

Eq. [26] produces  the same n u m e r i c a l  r esu l t  as  the 
E m b u r y - F i s h e r  equation (Ref. 1, a lso Eq. [1] of this 
paper)  but c o r r e c t s  the i r  e r roneous  a s sumpt ions  of 
homogeneous axial ly  s y m m e t r i c  elongation and absence  
of dynamic  recovery .  
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