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ABSTRACT 
Let d > 1 be a proper divisor of the order of a finite group G and let 
a d(G) be the sum of squares of degrees of those irreducible characters 
whose degrees are not divisible by d. It is easy to see that d divides ad(G). 
The groups G such that ad(G) = d coincide with Frobenius groups whose 
kernel has index d (see G. Karpilovsky, Group Representations, Volume 1, 
Part B, North-Holland, Amsterdam, 1992, Theorem 37.5.5). In this note 
we study the case ad(G) :- 2d in some detail. In particular, if G is a 
2-group, it is of maximal class (Remark 3(b)). 

Let  d > 1 be  a p rope r  divisor  of the  order  [G I of a finite g roup  G and  I r r (G)  

the  set of all  complex  i r reducible  charac te rs  of G. Let  Xd = Xd(G) be the  set of 

all i r reduc ib le  charac te r s  of G whose degrees are  not  divis ible  by  d and  ad(G) the  

sum of squares  of the  degrees of charac te rs  in Xd. If I r r (G)  conta ins  a cha rac te r  

of degree divis ible  by  d (this is the  case if and  only if IG] > ad(G)), t hen  d 

d iv ides  ad(G). Set K = Kd(G) = NxeX~ ker(x) .  I t  is clear t h a t  ]G : K I = ad(G) 

if and  only  if I r r ( G / K )  = Xd. In the  last  case, K is p -n i lpo ten t  for any  p r ime  

d iv isor  p of d (see [B1] or  R e m a r k  1 below) and,  moreover,  K is solvable  (see [B2], 

P ropos i t i on  9 and  R e m a r k  1 following it).  If  G is a Froben ius  group wi th  kernel  of 

index d, t hen  ad(G) = d (see [I], Theo rem 6.34). Conversely,  if ]G I > d = ad(G), 

t hen  G is a F roben ius  group wi th  kernel  of index d (see [K], T h e o r e m  37.5.5; 

for ano the r  proof,  see R e m a r k  2, below),  i.e., the  groups  G wi th  ad(G) = d 

are  classified. In  th is  note  we will proceed to the  following s tep  and  consider  

the  case ha(G) = 2d. Theo rem 6 yields the  classif icat ion in the  case when  d is 

* The author was supported in part  by the Ministry of Absorption of Israel. 
Received June 26, 1997 and in revised form June 1, 1998 

325 



326 Y. BERKOVICH Isr. J. Math. 

odd. The proof of that theorem is partially based on Lemma 2, which is due 

to the referee. In the general case, when d is arbitrary, we prove that the socle 

of G is abelian (Corollary 4; we may consider that result as a generalization of 

Thompson's Theorem on solvability of Frobenius kernels). Lemma 5, which was 

inspired by the referee's report, also yields essential information on the structure 

of G. 

The following two lemmas are due to the referee. Lemma 2 is the key. 

LEMMA 1: Let X be a subset of Irr(G) and assume that whenever a and fl lie in 

X ,  ali irreducible constituents of aft also lie in X .  Let K = N~cx  ker(a). Then 

X -- Irr(G/K).  

Proo~ Let X -- ~ e x a ;  then X is a faithful character of G / K .  By the 

Burnside-Brauer Theorem (see [I], Theorem 4.3), every irreducible character of 

G / K  is a constituent of some power of X and thus lies in X, by assumption. 
| 

LEMMA 2: Let d > 1 be a divisor of the order of a group G and ad(G) <_ 2d. 

Then if a, fl E Xd, all irreducible constituents of a/3 lie in X .  

Proof: We may assume that  neither a nor/3 is linear. Note that l c  C Xd. So 

if a ~ fl, then 2d _> ad(G) > a(1) 2 +/3(1) 2 _> 2a(1)j3(1), hence a(1)/3(1) < d. It 

follows that  all irreducible constituents of aft lie in Xd. 

Now assume that  a 2 has an irreducible constituent r of degree divisible by d. 

Since a(1) 2 < 2d, it follows that r is the unique irreducible constituent of a 2 of 

degree divisible by d; moreover, (a 2, r -- 1. Then (a, ~ r  1. Since ~(1)r is 

divisible by d and ~(1)r - a ( 1 )  is not, the character ~ r  a has an irreducible 

constituent "y that is a member of Xd. Since the multiplicity of a in ~ r  is 1, we 

get 3' ~ a. Now (a3', r = (% (~r > 0, contrary to the result of the previous 

paragraph. | 

In what follows we will assume that ad(G) <_ 2d and [G I > ad(G) (in that  case, 

Xd is a proper subset of Irr(G)). Set K -- [.Jxex, ker(x). By Lemma 2, X -- Xd 

satisfies the hypothesis of Lemma 1. Hence we get 

Remark 1: For a prime p, let G(p ~) denote the intersection of kernels of nonlinear 

irreducible characters whose degrees are not divisible by p (if G has no such 

characters, set G(p ~) = G). By [B1] or [K], Corollary 27.4.4, G(p') is p-nilpotent 

(= has a normal p-complement). By [B2], Proposition 9 and Remark 1 following 

it, G(p ~) is solvable so K is (this assertion depends on the classification). Note 

that  the solvability of K also follows from the Odd Order Theorem. Indeed, this 



Vol. 110, 1999 GROUPS WITH FEW CHARACTERS OF SMALL DEGREES 327 

is the case if d is even (see Corollary 3). If d is odd, K is nilpotent by Theorem 

6. 

COROLLARY 3: I f  ad(G) < 2d, then ]G : K[ -- aa(G), every member of 

Irr(G [ K) = Irr(G) - I r r (G/g )  has degree divisible by d and g has a nor- 

mal p-complement for every prime divisor p of d. 

Proof'. By Lemma 2, Irr(G/K)  = Xd so [G : K[ = ad(G). By assumption, d 
divides X(1) for all X c Irr(G [ K). Therefore, K < G(p') for any prime divisor 

p of d so K is p-nilpotent for that p (see Remark 1). | 

Remark 2: Assume that IG[ > d > 1 and ad(G) = d. We will prove that  then G 

is a Frobenius group with kernel of index d. In the above notation, [G : K[ = d 

and d divides the degrees of all characters in Irr(G [ K) so, by [K], Lemma 

37.5.2, K is a Hall subgroup of G. If X E Irr(G [ K),  then )~g is a sum of 

d distinct irreducible characters of K.  Let A be a subgroup of order d in G 

(Schur Zassenhaus). Then every nonidentity element of A induces a fixed-point- 

free automorphism of K,  by the Brauer Permutation Lemma (see [BZ], Lemma 

10.4(c)). This proves the main part of [K], Theorem 37.5.3. 

COROLLARY 4: Let ad(G) = 2d < [G[. Assume that L is a subgroup of  G that 

centralizes K and intersects K trivially. Then ILl <_ 2. 

Proof: By Remark 1, K is solvable. Since K > {1}, it has a nonprincipal linear 

character 8. By assumption, K L  = K • L, so r -- 8 • 1L is a linear character 

of K L  and K ;~ ker(r Since r  is a multiple of d, by Corollary 3, it follows 

that  d divides [G: KL[, and thus ILl < 2 since [G: K] = 2d. | 

It follows from Corollary 4 that I Sc(G)K : K] < 2, where Sc(G) is the socle of 

G and, since K is solvable (Remark 1), Sc(G) is abelian. 

Remark 1 allows us to propose some nontrivial assertions on the structure of 

G / K .  To this end, we may assume that  K is an elementary abelian p-subgroup 

for some prime p (see Remark 1). 

LEMMA 5: Let d > 1 be a proper divisor of the order of the group G, IGI > 

ad(G) ='wd. Write K = Nxexa ker(x). Then K has a normM p-complement for 

any prime diyisor p o l d  and K is solvable. Let, in addition, [G : K] = wd. 

(a) Suppose that K is an elementary abelian p-subgroup, (w,pd) = 1. Then K 

is a Sylow p-subgroup of  G. Let q be a prime divisor o l d  and Q c Sylq(G). 

Then Q K  is a Frobenius group. 

(b) Suppose that w = 2 and K is an elementary abelian 2-subgroup. I f  4 

divides G / K  (i.e., d is even), then G is nonabelian of order 8. I f  q is an 
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odd prime divisor o ld  and Q E Sylq(G), then Q K  is a Frobenius group. 

(c) Let w = 2. I f  (IKl,d) > 1, then (]K],d) = 2 and ]G/K2,1 =- 8, where Kp, 

denote a normal p-complement of K.  

(d) Suppose that (w, IKId) = 1. I f  G / K  contains a subgroup H / K  of index w, 

then H is a Frobenius group with kernel K.  

Proof: The assertions preceding (a) have already been established. By 

assumption, K > {1}. 

(a) Assume that  G / K  has a subgroup Z / K  of order p. Then p divides d, since 

(w, pd) = 1, and [Z[ > p2, so that Z' < K.  It follows that Z has a linear character 

r whose kernel does not contain K. Since d does not divide Ca( l )  = w .  (d/p), 

there exists an irreducible constituent X of r such that d does not divide X(1), 

a contradiction, since K ~ ker(x ). Thus Z does not exist, so K is a p-Sylow 

subgroup of G. 

Let q be a prime divisor of d, Q E Sylq(G). To prove that Q K  is a Frobenius 

group, it is enough to show that  C K  is a Frobenius group for any subgroup C 

of order q in Q. Assume that  this is false. Then C centralizes some noniden- 

t i ty element of K.  By Fitting's Lemma (see, for example, [BZ], Lemma 1.18), 

(CK) '  < K.  So C K  has a linear character r such that o(r = pq (in particular, 

K is not contained in ker(r Then Ca(l)  = IG : C K  I = w. (d/q) is not divisible 

by d, and again, as in the previous paragraph, we obtain a contradiction. Thus 

Q K  is a Frobenius group for Q e Sylq(G). 

(b) Suppose that  w = 2. L e t p =  2 and let T / K  be a subgroup of G / K  of 

order 4. If T ~ < K,  T has a linear character r whose kernel does not contain 

K.  Then r = d/2, so all irreducible constituents have degrees not divisible 

by d. On the other hand, all these constituents are contained in Irr(G I K),  by 

reciprocity, and we get a contradiction. Thus T ~ --- K. Then T is of maximal class 

(i.e., generalized quaternion, dihedral or semi-dihedral), by Taussky's Theorem 

(see [H], Satz 3.11.9(a)); in particular, T / T '  is the four-group. Since K is an 

elementary abelian normal subgroup of a 2-group T of maximal class and IT/KI > 

2, it follows that  IKI = 2. In particular, K is a central subgroup of G. By 

Corollary 4, G is a 2-group. Assume that tGI > 8. Then G contains an abelian 

subgroup A of order 8. If K < T <_ A K  and ITI = 8, then, by the above, T is 

not abelian, a,contradiction. Thus IGI = 8. The last assertion now follows from 

(a). 
(c) Suppose that  w = 2 and a prime p divides (d, IKI). I fp  = 2, then 4 divides 

IG/KI and ]G/K2, I = 8, by (b). I f p  > 2, then g / K p ,  e Sylp(G/Kp,), by (a). 

This means that  (tKI,d) - 2, as desired. 
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(d) Let H / K  be a subgroup of index w in G / K  and (w, IKId) = 1 (we do not 

assume that  H is normal in G). Let a prime p divide d. Then, by Corollary 3, 

K has the normal p-complement Kp,. Assuming that  KB, < K,  we see by (a) 

that  K/Kp,  is a Sylow p-subgroup of G/Kp,, which is not the case. It follows 

that  K = Kp,, i.e., p does not divide IKI. Since p is an arbitrary prime divisor 

of d, we get (IKI, d) = 1. Assume that  H is not a Frobenius group with kernel K 

(however, H can be a Frobenius group with another kernel). Then there exists 

r E I r r (H  I K)  such that  d does not divide r Since (w, d) = 1, it follows 

that  d does not divide r Therefore, r  has an irreducible constituent X of 

degree not divisible by d, a contradiction, since by reciprocity K is not contained 

in ker(x). | 

Let G have a normal subgroup H; H is a Frobenius group with kernel K.  Then 

all characters in I r r (G ] K)  have degrees divisible by IH : K]. This follows from 

[I], Theorem 6.34 and transitivity of inducing. However, in the case considered, 

Irr(G/K) is not necessarily equal to Xd. 

The case when d is odd may be investigated completely. Namely, the following 

theorem holds. 

THEOREM 6: Let d be odd. Then ad(G) = 2d < [G[ if and only if G has a 
Frobenius subgroup H with kernel K such that [G : H[ = 2. 

Proof'. The 'only if '  part  follows from the remark preceding the theorem and 

the fact that  G / K  has no irreducible character of degree divisible by d. 

Now suppose that  IG/KI -- 2d. Since d is odd, G / K  has a subgroup H / K  of 

index 2, and H is a Frobenius group with kernel K,  by Lemma 5(d). | 

Remark  3: (a) Let us consider, in Theorem 6, the case when d = 2 and K is not 

necessarily elementary abelian. In that  case, by Corollary 3, K = G t has index 4 

in G. If P E Syl2(G ), then No(P )  = P since all nonlinear irreducible characters 

of G have even degrees; see [B2], Proposition 9. 

(b) Let G be a group of Lemma 5(b). Suppose that  G is not a 2-group. It  

follows from Lemma  5(b) that  all Sylow subgroups of G / K  are cyclic and a Sylow 

2-subgroup of G / K  is of order 2. In that  case, d is odd, and so, by Theorem 6, 

G / K  contains a subgroup H / K  of index 2 such that  H is a Frobenius group with 

kernel K .  

(c) Let G be a nonabelian p-group of order p'~, d = pS, w < s, a(t(G) = pW+8, 

n > w + s. Then p"  -- pW+~ (mod p~S) so w = s; if N is a normal subgroup of 

G of index p2S, then Irr(G/N) C Xd, and so N = K = Kd is the unique normal 
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subgroup  of index p2S in G. In part icular ,  if s = 1 and p = 2, then  G is a 2-group 

of max ima l  class. 

In the case when d = X(1) for some X E Ir r (G)  and ad(G) < 2d, IGI = 

ad(G) + d 2, we can obta in  the complete  classification. Note  tha t  T h e o r e m  7 

coincides wi th  Exercise 10.18 ~ in [BZ]. 

Let  G = A .  B be a Frobenius group with kernel B and complement  A. Then  

G is 2- t ransi t ive on cosets of A if and only if IAI = IBI - 1. In tha t  case, B # 

is a conjugacy class of G. Conversely, if B # is a conjugacy class of G, then  

G is 2- t ransi t ive on cosets of A. Note tha t  there exist nonsolvable 2- transi t ive 

Frobenius  groups.  

Suppose  t ha t  all nonprincipal  irreducible characters  of G > {1} have the same  

degree. Since I G] - 1 = ExEIrr(G),X~IG )~(1) 2 and X(1) divides IGI for all X E 

I r r (G) ,  it follows tha t  G is abelian. 

THEOREM 7: Let X E Ir r (G)  have degree d > 1 and let ]G] = d 2 + wd, where 

w <_ 2. I f  w = 1, then G is a 2-transitive Frobenius group and, i f  w = 2, then 

IGI = s .  

Proof: We reta in  the above notat ion.  Since I G] < d 2 + 2 d  < 2d 2, X is the unique 

irreducible charac ter  of G of degree divisible by d and X is faithful. I t  follows 

by reciproci ty  t ha t  all nonprincipal  irreducible characters  of K are const i tuents  

of XK. By Clifford's Theorem,  all nonprincipal  irreducible characters  of K are 

G-conjugate .  I t  follows from the remark  preceding the theorem tha t  K is an 

abel ian min imal  normal  subgroup of G; write [K[ = p% 

If  w = 1, then  IG : K t = d = X(1), by L e m m a  2, and  G is a Frobenius  

group wi th  kernel K ,  by Remark  2. I t  is now immedia te  tha t  G is a 2-transi t ive 

Frobenius  group. 

Now assume tha t  w = 2; then  [G : K[ -- 2d, by L e m m a  2. We have d(d+ 2) = 

[G I = 2d]K[ = 2dp ~, or d = 2(p ~ - 1). Thus  d is even. I f p  = 2, then  [G[ -- 8, 

by L e m m a  5(b). Let  p > 2. Then  K E Sylp(G), by L e m m a  5(a). Let  # be  a 

nonpr incipal  linear character  of K .  Then  #G = 2X" Let  T be  the inert ia  subgroup  

of # in G. Then  IT : K[ = 2, contrary  to Clifford theory. I 

QUESTION: Let G have a nonlinear irreducible character  of degree d. Describe 

the  s t ruc ture  of G if ad(G) = 3d. 

Let H a be the  normal  closure of a subgroup H in G. 

PROPOSITION 8: Let H > {1} be a subgroup o f iqdex  wd in G, where d > 1 is 

a proper divisor of  ]G], w _< d + 1, w E N. Suppose that, for every nonprincipal 
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A C I r r ( H ) ,  the degrees of all irreducible constituents of )~a are divisible by d. 

Then H c is solvable, and either G is a Frobenius group with kernel of index 

d -- ad(G), H is normal in G and G / H  is a 2-transitive Frobenius group, or 

I G : Hal  = ad(G) and Xd = Irr(G/Ha).  If, in addition, w = p, a pr ime,  then 

ei ther  H is normal in G or G is a Frobenius group with kernel H c of index d. 

Proof." By as sumpt ion  and reciprocity, all characters  in Xd are irreducible 

const i tuents  of 1OH (here 1H is the principal  charac ter  of H) .  Let  (1H) c = 

elX 1 + - . .  + esx 8, where X 1 , . . . ,  X 8 are distinct irreducible characters  of G. Let  

Xd = {X1 , . . . ,  Xt}, where t <_ s. By assumpt ion  and reciprocity, X ~ / =  Xi(1) " 1H 

for i = 1 , . . . , t .  Set T = X 1 + ' . .  +x t ;  then  ker(7) -- K _> H and [G : K[ -- wod, 

where w0 divides w, by Lagrange ' s  Theorem.  I t  is clear t ha t  Xd C_ Irr(G/K),  

and so IG : K I > tYd(G). 

Suppose  tha t  w = 1. Then  ad(G) ---- d, so G is a Frobenius  group with  kernel 

H (see [K], Corol lary 37.5.4). 

Suppose  t ha t  ad(G) = d. Then  G is a Frobenius group with kernel L of index 

d, so (d, ILl) = 1. I t  follows tha t  H < K _< g (see [I], T h e o r e m  6.34). Suppose  

tha t  H a < L. T h e n  wd >_ IG : Hal  >_ (d + l )d  since G / H  a is a Frobenius  

group with  kernel L / H  a . S i n c e d + l  _> w we get wd = ]G : Hal  = (d + l )d  

and H a = H, i.e., H is normal  in G and G / H  is a doubly  t ransi t ive  Frobenius  

group. 

Suppose  t ha t  Crd(G ) > d. In tha t  case, w > 1. Assume tha t  X E Irr(G/K)  is of 

degree divisible by d. Then  IG/KI > ad(G) + x( l l )  2 ~ 2d + d 2 :> wd = IG: HI, 

which is not the case. It  follows tha t  Xd = Irr(G/K).  Since H a < K it follows 

tha t  [G : K[ = ad(G) >_ 2d. Assuming tha t  Irr (G/H a) has a charac te r  X of 

degree divisible by d, we get, as above, ]G : Hal > X(1) 2 + ad(G) > d 2 + 2d > 

wd = ]G : Hi ,  a contradict ion.  Thus  H a = K and IG : H a l  = ad(G) ,  as desired. 

The  solvabili ty of H a follows f rom R e m a r k  1. 

Let,  in addit ion,  w = p, a prime. Suppose tha t  H is not  normal  in G. T h e n  

by the  result  of the previous paragraph ,  ad(G) -= ]G : Hal  is a p roper  divisor 

of IG : H I = pal. Since d divides ad(G), it follows tha t  ad(G) = d, and G is a 

Frobenius  group with  kernel H a, by [K], Theo rem 37.5.5. II 

R e m a r k  4: Let H be a nontr ivial  subgroup  of G. Suppose  tha t ,  for every non- 

linear # E I r r (H) ,  the  degrees of all irreducible const i tuents  of # a  are divisible by 

d > 1. We claim tha t  H is solvable. Let  X E Xd. By assumpt ion  and reciprocity,  

all i rreducible cons t i tuents  of XH are linear. Hence, H ~ _< K = ~xez~  ker(x) .  

Therefore ,  as in R e m a r k  1, H ~ ~ G ( / ) ,  where r is a pr ime divisor of d, and  so 

H' is solvable. In tha t  case, H is also solvable, as claimed. 
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Let G contain an elementary abelian subgroup A of order 24 such that  G / A  ~- 

PSL(2, 5) and the class number of G is 9. Let H be a subgroup of index 2 in A 

and d -- 15; then [G : H[ = 8d. If # is a nonprincipal irreducible character of H,  

then #G __ 2(Xl - b ' "  -}- X4), where Irr(# G) = {Xl , . . .  ,X4} and Xi(1) : 15 : d 

for i = 1 , . . .  ,4. In the case considered, H G = A, IG : HG[ = IG : A1 = 60 = 

4d = a15(G) and I rr (G/H G) : X15, since the degrees of irreducible characters 

of G are 1, 3, 3, 4, 5, 15, 15, 15, 15. 

See also in [BZ], w for related results. 
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