CONVOLUTION OPERATOR AND MAXIMAL FUNCTION
FOR THE DUNKL TRANSFORM

By

SUNDARAM THANGAVELU AND YUAN XU*

Abstract. For a family of weight functions A, invariant under a finite re-
flection group on RY, analysis related to the Dunkl transform is carried out for the
weighted LP spaces. Making use of the generalized translation operator and the
weighted convolution, we study the summability of the inverse Dunkl transform,
including as examples the Poisson integrals and the Bochner—Riesz means. We also
define a maximal function and use it to prove the almost everywhere convergence.

1 Introduction

The classical Fourier transform, initially defined on L!(R?), extends to an
isometry of L?(R?) and commutes with the rotation group. For a family of weight
functions h, invariant under a reflection group G, there is a similar isometry of
L%(R4,h2), called the Dunkl transform ([3]), which enjoys properties similar to
those of the classical Fourier transform. This transform is defined by

fla)=on | B -in)f @)

where the usual character e=*%¥) is replaced by E(z, —iy) = Vi(e"¥¥))(z) for
some positive linear operator V. (see the next section). If the parameter k£ = 0,
then h.(z) = 1 and V,; =id, so that fbecomes the classical Fourier transform.

The basic properties of the Dunkl transform have been studied in [3, 7, 13, 15]
and also in [12, 19] (see also the references therein). These studies are mostly for
L%(R?) or for Schwartz class functions.

The purpose of this paper is to develop an L? theory for the summability of
the inverse Dunkl transform and to prove a maximal inequality that implies almost
everywhere convergence,
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The classical Fourier transform behaves well with the translation operator f
f(- —y), which leaves Lebesgue measure on R? invariant. However, the measure
h2(x)dz is no longer invariant under the usual translation. One ends up with a
generalized translation operator, defined on the Dunkl transform side by

7f(@) = E(y,—iz)f(z), =z e€R:

An explicit formula for 7, is unknown in general. In fact, 7, may not even be a
positive operator. Consequently, even the boundedness of 7, in LP(R?; h2) becomes
a challenging problem. At the moment, an explicit formula for 7, f is known only
in two cases: when f is a radial function and when G = Z4. Properties of 7, are
studied in Section 3. In particular, the boundedness of the 7, for radial functions
is established.

For f, gin L2(R%; h2), their convolution can be defined in terms of the translation

operator as
(f # 9)(®) = / F)reg” )2 () dy.
Rd

Based on a sharp Paley—Wiener theorem, we are able to prove that f *, ¢. converges
to f in LP(R?; h2) for certain radial ¢ , where ¢, is a proper dilation of ¢. This and
other results are given in Section 4.

The convolution *,, can be used to study the summability of the inverse Dunkl
transform. We prove L? convergence of the summability under mild conditions,
including as examples Gaussian means (heat kernel transform), Abel means and
the Bochner—Riesz means for the Dunkl transform in Section 5.

In Section 6, we define a maximal function and prove that it is strong type (p, p)
for 1 < p < oo and weak type (1,1). As usual, the maximal inequality implies
almost everywhere convergence for the summability.

In the case G = Z4, the generalized translation operator is bounded on LP(R?; h2).
Many of the results proved in the previous sections hold under conditions that are
more relaxed in this case and the proof is more conventional. This case is discussed
in Section 7.

The following section is devoted to the preliminaries and background. The
basic properties of the Dunkl transform are also given there.

2 Preliminaries

Let G be a finite reflection group on R? with a fixed positive root system
R, normalized so that {(v,v) = 2 for all v € R, where (z,y) denotes the usual
Euclidean inner product. For a nonzero vector v € R?, let o, denote the reflection
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with respect to the hyperplane perpendicular to v, za, := z — 2({z,v)/||v||*)v,
z € R%. Then G is a subgroup of the orthogonal group generated by the reflections
{ov:v € Ry}

In [1], Dunk! defined a family of first order differential-difference operators
D;, which play the role of the usual partial differentiation for the reflection group
structure. Let x be a nonnegative multiplicity function v — «, defined on R, with
the property that x, = &, whenever o, is conjugate to o, in G; then v = K, is a
G-invariant function. Dunkl!’s operators are defined by

f(z) - f(zo)

D;f(z) = 0:f(z) + Z ky ————"""(v,¢;), 1<i<d,
’U€R+ <(L‘, U)
where €1, . . ., &4 are the standard unit vectors of R?. These operators map PZ to

Pd_,, where P is the space of homogeneous polynomials of degree nin d variables.
More importantly, these operators mutually commute; that is, D;D; = D;D;.

Associated with the reflection group and the function « is the weight function
h, defined by
@D he@@)= ] lzo)l™,  seR

vER4

This is a positive homogeneous function of degree v, 1=} R, kv andis invariant
under the reflection group G. The simplest example is given by the case G = Z¢,
for which A, is just the product weight function

d
he(z) = [ leal™, K; > 0.
i=1

The Dunkl transform is taken with respect to the measure h2(z)dz.

There is a linear isomorphism which intertwines the algebra generated by
Dunkl!’s operators with the algebra of partial differential operators. The intertwin-
ing operator V is a linear operator determined uniquely by

ViPn C Pn; Vil = 1, DiVi= Vnai, 1<i< d.

An explicit formula of Vj is not known in general. For the group G = Z$, it is an
integral transform

d
(22)  V.f(z)=bs f@ity, ..., zata) [[(A+ )@ — )% at.

{-1.1)¢ i=1

If some «; = 0, then the formula holds under the limit relation

1
lim by [ )1 0Ma = £0) + F-D)/2
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It is known that V,, is a positive operator ([13]); that is, p > 0 implies V;p > 0.

The function E(z,y) = V& [e{=¥)], where the superscript means that V. is
applied to the z variable, plays an important role in the development of the Dunkl
transform. Some of its properties are listed below ([2]).

Proposition 2.1. For z,y € R®,

1. E(z,y) = E(y,z).
2. |E(z,y)| < ellellvl 2,y € C.
3. Letv(z) =2 +---+22,2,€ C Forz,we C?,

ch/ E(z,7)E(w, z)R2 (z)e~1eI*2dg = I+ ()2 B (5 w),
R4

where cy, is the constant defined by c;l = [pa hﬁ(z)e‘“’”z/zdx.
In particular, the function
Ba,iy) =V [¢¥],  oyeR,

plays the role of %% in ordinary Fourier analysis. The Dunkl transform is defined
in terms of it by

(23) fw) = /R F(@)B(z, ~ip)h @)de.

If k = 0, then V,, = id and the Dunkl transform coincides with the usual Fourier
transform. If d = 1 and G = Z,, then the Dunkl transform is related closely to the
Hankel transform on the real line. In fact, in this case,

E(z,—iy) =[(s + 1/2)(|-"3.7J|/2)_N+1/2 [Jn_l/z(lzyl) - isign(:py)Jn+1/2(|xyf)] )
where J,, denotes the usual Bessel function

ey 10=(3) Samrern (3)

n=0

We list some of the known properties of the Dunkl transform ([3, 7]) below.
Proposition 2.2. 1. For f € L'(R%; k2), f is in Co(RY).

2. When both f and f are in L*(R?; h2), we have the inversion formula

@) = [ Bln, )@t
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3. The Dunkl transform extends to an isometry of L?(R%; h2).

4. For Schwartz class functions f, ’5,\)‘(3/) =iy, f(y)

There are two more results which we need. First we require the definition
of h-harmonics. The h-Laplacian is defined by A, = D? + --- + D2, it plays
the role similar to that of the ordinary Laplacian. Let P2 denote the subspace of
homogeneous polynomials of degreen in d variables. An h-harmonic polynomial P
of degree n is a homogeneous polynomial P € P¢ such that A P = 0. Furthermore,
let #%(h2) denote the space of h-harmonic polynomials of degree n in d variables

and define

(g =an | f(@)g(@)hi(@)do(z),

where a;! = [, B2(z)dw. Then (P,Q). = 0 for P € Hi(h%) and Q € TIZ_,.
The spherical h-harmonics are the restriction of h-harmonics to the unit sphere.
Standard Hilbert space theory shows that
o0
LA(hy) = 3 _ D Ha(hY)-
n=0
Throughout this paper, we fix the value of A := A, as

d—2 .
(2.5) Ni=qet——  withy = > k.

vER4

Using the spherical-polar coordinates x = rz’, where z' € S%~!, we have
o0
eo [ f@@ia= [T [ feRE)deE)
R4 0 Jsa-1
from which it follows that
il = / hi(m)e‘“znz/zd:v =2*T(\; + Da;t.
Rd

The following formula is useful for computing the Dunkl transform of certain
functions ([3]).

Proposition 2.3. Let f € H2(h2), y € R? and p > 0. Then the function
o) = ax [ 1B (@ ~iuHOda(e)

satisfies Apg = —ug and

ot = -7 (125) (H2) ™ . e

||
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We also use the Hankel transform H, defined on the positive reals Ry. For
a>-1/2,

1 ° ] .
2.7 Hof(s) := m/o f(r) (ng)r2 +Hr.
The inverse Hankel transform is given by
— 1 * Ja (T'S) 2041
@8 0= g | Hel Egasras

which holds under mild conditions on f, for example, if f is piecewise continuous
and of bounded variation in every finite subinterval of (0, ), and /7f € L*(R}.)
([20, p. 456]).

~

Proposition 2.4. If f(z) = fo(||z]|), then f(z) = Hx, fo(lizl]).

Proof. This follows immediately from (2.6) and Proposition 2.3. ]

3 Generalized translation

One of the important tools in the classical Fourier analysis is the convolution

(Fra)@) = | f)ate =y,

which depends on the translation 7, : f(z) — f(z —y). There is a generalized
translation for the reflection invariant weight function, which we study in this
section.

3.1 Basic properties and explicit formulas. Taking the Fourier trans-
form, we see that the translation 7, f = f(-—y) of R? satisfies 7, f(z) = e~=¥) f(z).
Looking at the Fourier transform side, we can define an analogue of the translation
operator for the Dunkl transform as follows.

Definition 3.1. Let y € R? be given. The generalized translation operator
f— 7, f is defined on L?(R?; hZ) by the equation

@3.1) 7,f(@) = E(y,—iz)f(z), ze€R.

Note that the definition makes sense, as the Dunkl transform is an isometry of
L?(R¢; h2) onto itself and the function E(y, —iz) is bounded. When the function
f is in the Schwartz class, the above equation holds pointwise. Otherwise it is to
be interpreted as an equation for L? functions. As an operator on L%(R?; h2), 7,
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is bounded. A priori it is not at all clear whether the translation operator can be
defined for L? functions for p different from 2. One of the important issues is
to prove the L? boundedness of the translation operator on the dense subspace of
Schwartz class functions. If it can be done, then we can extend the definition to all
L? functions.

The above definition gives 7, f as an L? function. It is useful to have a class of
functions on which (3.1) holds pointwise. One such class is given by the subspace

Ax(RY) = {f € L'(R%RY) : f e L'(R; A2)).
Note that A, (R?) is contained in the intersection of L (R?; h2) and L*> and hence
is a subspace of L2(R%; h2). For f € A.(R%), we have
32 nf@) = [ B, 0B OF 6.

Before stating some properties of the generalized translation operator, let us
mention that there is an abstract formula for 7, given in terms of the intertwining
operator V,, and its inverse. It takes the form [19]

(3.3) 7, f(z) =V @ VW (V7 f)(z - y)]

for f a Schwartz class function. Note that V! satisfies the formula V] f(z) =
e~ D) f(z)|,=0. The above formula, however, does not provide much information
on 7, f. The generalized translation operator has been studied in [13, 15, 19]. In
[19], the equation (3.3) is taken as the starting point.

The following proposition collects some of the elementary properties of this
operator which are easy to prove when both f and g belong to A, (R?).

Proposition 3.2. Assumethat f € A(R?) andthat g € L*(R%; h2) is bounded.
Then

L [ ni@e@r©d = [ romseniodn

2. 7y f(@) = - f(-y).

Proof. The property (2) follows from the definition since E(\x, £) = E(z, A¢)
for any X € C. To prove (1), assume first that both f and g belong to A, (R?). Then
both integrals in (1) are well-defined. From the definition,

fLns@semied= [ ([ minopcnoRonod) doneds
= [ Foa-e B on e
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We also have

/ F(E)7—yg(€)2(€)dE = ( / E(z’m,f)E(iy,f)a(é)himda) f(2)h2 (z)dz
R4 R4

Rd

=, F(=)§(©)E(iy, €)h2 (£)de
- /R PO B(~i, O R(E)de

This proves (1) when both f and g belong to A, (R?).

Suppose now f € A.(R?) but g is in the intersection of L* (R?; h2) and L*>°. Note
that g € L?(R?; h2), so 7,9 is defined as an L? function. Since f is in L2(R%; h2)
and bounded, both integrals are finite. The equation

/ FOFER(€E)dE = / F©a©r2©)de,
R4 Rd

which is true for Schwartz class functions, remains true for f,g € L*(R%;A2) as
well. Using this, we get

[t @e@r@ds = [ ni(-a)g-2h )0
R< R4
= /R B, =) f©3(-OR(©)de.

By the same argument, the integral on the right hand side is also given by the same
expression. Hence (1) is proved. a

We need to prove further properties of 7,. In the classical case, the ordinary

translation satisfies
/ flz —y)dz = / f(z)dz.
Rd Rd

Such a property is true for 7, if f is a Schwartz class function. Indeed,

r— ~

| ni@hi@s = mHO = Fo).

Here we have used the fact that 7, takes S into itself. Although 7, f is defined
for f € Ac(R?), we do not know if it is integrable. We now address the question
whether the above property holds at least for a subclass of functions.

For this purpose, we use the following result, which gives an explicit formula
for 7, f when f is radial; see [15]. We write 2’ = z/|z| for non-zero z € R?.

Proposition 3.3. Ler f € A (R?) be radial and let f(z) = fo(||z|]). Then
7y f(z) = Vi [ fo (VTP + Tl = 202N Tellle’, 1) ] -
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This formula is proved in [15] for all Schwartz class functions. A different
proof can be given using expansions in terms of h-harmonics. For that, one needs
to invert Hankel transforms of h-harmonic coefficients of f of various orders. Once
we assume that f € A.(R?), it follows that all h-harmonic coefficients of f and
their Hankel transforms are integrable, so that inversion is valid. A special case of
the above theorem is the formula

(3.4) rya(z) = e IV B2t ),

where
aqi(z) = (2t)~(r+e/D=tl=ll*

is the so-called heat kernel. This formula has already appeared in [12]. The other
known formula for 7, f is the case when G = Z4.

Theorem 3.4. Let f € Ac(R?) be radial and nonnegative. Then 1,f > 0,
7,f € L*(R%; h2) and
/ Ty f(z)hE(2)dz = / f(z)RZ(z)dz.
R4 R<

Proof. As fisradial, the explicit formulain Proposition 3.3 shows that 7, f > 0
since V,, is a positive operator. Taking g(z) = e~tI*I" and making use of (3.4), we
get

/ 1y f()e~ el B2 (z)dz = / f(a)e U=l +I®) B(v/35z, /2ty b2 (z)de.
Rd R
As [E(z,y)| < ell=lllvll] we can take the limit as ¢ — 0 to get

fim [ 7, f(@)et1e" k2 (z)de = / F(@)h2(z)dz.
Rd

t—0 R4

Since 7, f > 0, monotone convergence theorem applied to the integral on the left
completes the proof. (]

We would like to relax the condition on f in the above proposition. In order to
do that, we introduce the notion of generalized (Dunkl) convolution.

Definition 3.5. For f,g € L?(R?%; h2),
Frea@) = [ f@)rs" OIEW,

where gV (y) = g(—y).
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Note that as 7,g" € L?(R?; h2), the above convolution is well-defined. We can
also write the definition as

fong) = [ PTG Oh€)de

If we assume that g is alsoin L* (R?; h2), so that § is bounded, then by the Plancherel
theorem we obtain
1 *x glls,2 < llghie,all Flix,2-

We are interested in knowing under what conditions on g the operator f — f *, g
defined on the Schwartz class can be extended to LP(R?; h2) as a bounded operator.
But now we use the L? boundedness of the convolution to prove the following.

Theorem 3.6. Let g € L'(R?; h?) be radial, bounded and nonnegative. Then
749 > 0,79 € L*(R%; h2) and
| ot = [ g@heds.
R¢ R4

Proof. Let ¢ be the heat kernel defined earlier, so that §; (€) = e~*I¢I*, By the
Plancherel theorem,

lg*e g —gl%z = / BOPQ — e HI)252 ()de,
R4

which shows that g *, ¢, — g in L*(R?; h%) as t — 0. Since 7, is bounded on
L*(R?%; h2), we have 7,(g *x g:) — 7,9 in L?(R%;h2) as t — 0. By passing to
a subsequence if necessary, we can assume that the convergence is also almost
everywhere.

Now as g is radial and nonnegative, the convolution

g*xqe(z) = /R dy(y)rzqt(y)hi(y)dy

is also radial and nonnegative. Also, g *. q: € A.(R?), as g is both in L!(R?; h2)
and L2(R?; h2); in fact, g *, g € L' (R4, h2), as ¢; € A«(R?) and, by the Plancherel
theorem and Holder’s inequality, [|§%x Gillx,t = 1§ - @illx,1 < |I9llx,2/lgellx,2. Thus,
by Theorem 3.6, 7, (g *, g¢)(z) > 0. This gives

}i_l?(l) Ty(9 *x @) (z) = Ty9(z) > 0

for almost every z. Once the nonnegativity of 7,g(z) is proved, it is easy to show
that it is integrable. As before,

/ Tyg(x)e_‘nzuzhi(x)d’w‘”:/ g(m)e"t(”‘“?*'””mE(\/.Z-‘E.’z:,\/ﬁy)hi(x)dx.
R4 R4



THE DUNKL TRANSFORM 35

Taking limits as ¢ goes to 0 and using monotone convergence theorem, we get
/ r,9(@)R (2)dz = / 9(2)h2 (2)dz.
Rd Rd

This completes the proof. O

There is another way of proving the above result which avoids the intermediate
steps. If we assume that [, g(z)h2(z)dz = 1, our result is an immediate conse-
quence of Proposition 6.2 in [19]. We thank the referee for pointing this out. We
are now in a position to prove the following result. Let L? ,(R?; h2) denote the
space of all radial functions in LP(R¢; h2).

Theorem 3.7. The generalized translation operator 7, initially defined on
the intersection of L*(R%; h2) and L™, can be extended to all radial functions in
LP(R%;h2), 1 <p <2y and Ty : L ,(R?, h2) — LP(R?; h2) is a bounded operator.

rad

Proof. For real valued f € L(R%;h2) N L*® which is radial, the inequal-
ity —|fl < f < |f| together with the nonnegativity of 7, on radial functions in
LY(R%; h2) N L*>° shows that |7, f(z)| < 7| f|(z). Hence

/ Iy f(@) |2 ()dz < / @k (@)de < (| fllar.
Rd Rd

We also have ||, flx,2 < ||fllx.2. As L? is the interpolation space between L' and
L2, we get |7, fllxp < | fllxpforalll < p < 2forall f € LP (R?;h2). This proves

rad
the theorem. For the interpolation theorem used here, see [18]. O

Theorem 3.8. For every f € L}, ,(R?; h2),
[ ni@h@as= [ faneds.
Re Rd

Proof. Choose radial functions f, € A.(R¢) suchthat f, = fand 7, fn = 7 f
in L'(R%; h2). Since

/ ry Fn(@)g(2)h2 (2)do = / Fo(@)7—y9(0)h2 (2)de
R4 R4
for every g € A.(R?), taking the limit as n tends to infinity, we get
[ @@= [ i@ @ds.
Rd Rd

Now set g(z) = e~*I*I” and take the limit as ¢ goes to 0. Since 7, f € L*(R?; h2),
by the dominated convergence theorem we obtain

[ f@rEds = [ 1@h@de
Rd R4
for f € L*(R4; h2). O
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It remains an open problem whether 7, f can be defined for all f € L!(R%; h2).

3.2 Positivity of 7,. As an immediate consequence of the explicit formula
for the generalized translation of radial functions, if f(z) € A.(R?) is nonnegative,
then 7, f(z) > 0 for all y € R? ([15]).

One would naturally expect that the generalized translation defines a positive
operator; that is, 7, f(z) > 0 whenever f(z) > 0. This, however, turns out not to be
the case. For G = Z,, the explicit formula given in Section 7 shows that 7, is not
positive in general (signed hypergroup, see [11]). Below we give an exampie to
show that 7, is not positive in a case where the explicit formula is not available. It
depends on a method of computing the generalized translation of simple functions.
The explicit formula (3.2) can be used to define 7, f when f is a polynomial.

Lemma3.9. Lety € R%. Forl < j <d, 1, {z;} =z;~y;; andforl < j,k < d,

T{eize} = (g5 —y)(@r — k) — 6 Y Vel(2,9)) = Va((zow, )]
vER4

Proof. We use (3.4) and the fact that D,7, = 7,D;. On the one hand, since
the difference part of D; becomes zero when applied to radial functions,

7'3,'D5,ve't””‘"2 = -2t7, ({-}je"t“'uz) (z).
On the other hand, it is easy to verify that
Dﬂye—tllzlf =D, [e—t(llmII2+IlyIl2)E(2m’ y)] - 2te—t(llzll2+llyll2)E(gtx,y)(yj - 1,).
Together, this leads to the equation
(3.5) 7 (z].e—tnzn*) = 2e~ 1= +101") B2tz ) (z; — ;).

Taking the limit as t — 0 gives 7,{z;} = z; — y;.
Next we repeat the above argument, taking (3.5) as the starting point. Using
the product formula for Dy, [5, p. 156], we have after a simple computation

Diry (zje~1) =, |5~ eI+
= e~tUlzl?+wl1?) [ — 2t(z; — y;)(zx — yi) E(2tz, y)

+8kE(2tz,y) +2 3 nvﬁzl—lﬁE@tva,y)].
vER,

On the other hand, computing Dj (z;e~t121”) leads to

- - - v,
Ty (Dk(mje zuzn’)) = ~2try(z;zxe t||z||2) + e tllell? [(Sk,j +2 Z nuﬁ:ﬁ].
vER,
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Hence, by (3.4), the equation Dy, (zje~t1=I") = 7, Dy (z;e~t1=II%) gives

7y (mjwke—tnzu”) — e—tllizl*+lyl®) [(z. — y;)(zk — yi) E(2tz, )

vkv, E(2tz,y) — E(2tzoy,,y)
* 2 R : }

veER,

Taking the limit as ¢t — 0 gives the formula of 7, {z;zy}. a

Proposition 3.10. The generalized translation 1, is not a positive operator
for the symmetric group Sg.

Proof. The formula 7,{z;z;} depends on the values of V,z,. For the sym-
metric group S, of d objects, the formula of Vz; is given [4] by

Vizj = ——(1+z; + &|z|), |z| =1+ -+ + z4.

de +1
Let z(j, k) denote the transposition of the variables z; and . It follows that

{22} = (25— y;)" + 5 D Vallz,9)) = Vl(z(k,9),9))]

k#j

=(z; —y)? + 6 Y (&5 — ze)Vely; — 92)]

k#j
= (z; y] +1Z[ k) (Y5 — Yk)]-
k#j
Choosing z = (1,0,0,...,0) and y = (0,2,2,...,2), we see that 7, ({-}})(z) =
—~((d - 2)x + 1)/(dx + 1) < 0. This proves the proposition. 0o

By (3.2), this proposition also shows that V™! is not a positive operator for the
symmetric group. In the case of Z,, an explicit formula for V,-! is known ([22])
which is not positive.

3.3 A Paley—Wiener theorem and the support of 7,. In this subsec-
tion, we prove a sharp Paley—~Wiener theorem and study its consequences. The
usual version of the Paley—Wiener theorem has been already proved by de Jeu in
his thesis (Leiden, 1994). Another type of Paley—Wiener theorem has been proved
in [19]. Our result is a refined version of the usual Paley—Wiener which is analo-
gous to an intrinsic version of the Paley—Wiener theorem for the Fourier transform
studied by Helgason [6]. Recently, a geometric form of the Paley—~Wiener theorem
has been conjectured and studied in [8]. '

Let us denote by {Y;, : 1 < j < dimH2(h2)} an orthonormal basis of #3(h2).
First we prove a Paley—Wiener theorem for the Dunkl transform.
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Theorem 3.11. Let f € S and B be a positive number. Then f is supported
in{z : ||z|| < B} if and only if for every j and n, the function

Fyn(p) = / F(p2)Yn ()R (2)deo(2)

extends to an entire function of p € C satisfying the estimate

|F.n(0)] < cjneBlSel,

Proof. By the definition of fand Proposition 2.3,
[, Floa)¥,n(o @)d(e)
= /S By, —ipm)Yin (@)W ()d(2) f ()2 (0)dy
— C/ f Jn J)"'+"(p“y“)hn(y)dy

(ellyl)**

JA +n(rp
— C/ f] n k,,.pn)‘k )r2)\,c+n+1d,,.’

where c is a constant and
fin) = [ ),

Thus, Fj, is the Hankel transform of order A, + n of the function f; ,(r). The
theorem ‘then follows from the Paley—Wiener theorem for the Hankel transform
(see, for example, [9]). O

Corollary 3.12. A function f € S is supported in {z : ||z|| < B} if and only if
f extends to an entire function of ¢ € C* which satisfies

17(¢)] < cePlISel,

Proof. The direct part follows from the fact that E(z,—i() is entire and
|E(z, —i¢)| < cell=l IS¢, For the converse, we look at

- oy Yin@ B2 (y)dw(y'),  peC,

where dw is the surface measure on S9!, This is certainly entire and, from the
proof of the previous theorem, has a zero of order n at the origin. Hence

- /S . Floy") Y50 ()2 (v ) dw(y')

is an entire function of exponential type B. The converse now follows from the
theorem. O
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Proposition 3.13. Let f € S be supported in {z : ||z|| < B}. Then 1,f is
supportedin {z : ||z|| < B + ||ly||}-

Proof. Let g(z) = 7,f(z). Then §(§) = E(y,—i€)(€) extends to C* as an
entire function of type B + ||y||. a

This property of 7, has appeared in [19]. We note that the explicit formula for
7, shows that the support set of 7, given in Proposition 3.13 is sharp.
An important corollary in this regard is the following result.

Theorem 3.14. If f € C(R?) is supported in |z|| < B, then
liryf = fllp < ellyll(B + lyll)N/? for 1 < p < oo, where N = d + 2. Consequently,

limyo IITyf - f”n,l’ =0.
Proof. From the definition, we have
nf@) - ) = [ (B -i€) ~1) Bwi FOmede.

Using the mean value theorem and estimates on the derivatives of E(z, i), we have
the estimate

It =l < cllvl [l 1FEE k.

As 7, f is supported in ||zl < (B + ||y||), we obtain

liryf = £llp < cllyl(B + llyIH ™2,

which goes to zero as y goes to zero. O

4 The generalized convolution

4.1 Convolution. Recall thatin Section 3 we defined the convolution f*, g
for f,g € L2(R*; h2) by

(f *x 9)(z) = /R f@)mg” W)k (v)dy.

This convolution has been considered in [12, 19]. It satisfies the following basic
properties:

L freg=7F-G

2. freg=g*<f.
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We also noted that the operator f — f . g is bounded on L?(R?; h2) provided
g is bounded. We would like to know under what conditions on g the operator
f = f . g can be extended to LP as a bounded operator. If the generalized
translation operator can be extended as a bounded operator on LP(R?; h2), then the
convolution will satisfy the usual Young’s inequality. At present, we can only say
something about convolution with radial functions.

Theorem 4.1. Let g be a bounded radial function in L' (R%; h2). Then
Freo@) = | 10)ms" R,

initially defined on the intersection of L*(R%; h2) and L*(R%; h2), extends to all
LP(R4; h2), 1 < p < o0, as a bounded operator. In particular,

4.1 I *x gllx.p < Nglle, U S llx.p-

Proof. For g € L}(R?; h2) which is bounded and radial, we have |r,g| < 7,|gl,
which shows that

[ me@ir@s < [ lo@ied.
R4 R4

Therefore,

[ 17 22 9@ @z < [fleslgles

We also have || *x glloo < ||flloollgllx,1. By interpolation, we obtain || f . g||x , <

gllc, 1l £llx,p- O
For ¢ € L'(R4; h2) and ¢ > 0, we define the dilation ¢, by
(4.2) ¢e(z) = e+ Dg(ze).

A change of variables shows that
/ be (z)h2 (z)dz = / ¢(z)R2 (z)dz, foralle > 0.
R4 RS

Theorem 4.2. Let ¢ € L'(R?*; h2) be a bounded radial function and assume
that cy, [pa ¢(x)hE(x)dz = 1. Then for f € LP(R%;h2), 1 < p < o0, and f € Co(R?),
P =00,

slg%”f *5 @ — fllep = 0.

Proof. For a given n > 0, we choose g € C§° such that [lg — f[lx,» < 7/3. The
triangle inequality and (4.1) lead to

2
”f * e — f”n,p < 5"7 + ”g *r Pe — g”N,P’
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where we have used |[g — fl|x,» < 7/3. Since ¢ is radial, we can choose a radial
function 9 € C§° such that

6 = ller < (12llglle,p) " n-
If we let a = cp [p49(y)hZ(y)dy, then by the triangle inequality, (4.1) and (4.2),

I s b = lnp < lolleplld = lin,s + llg5x Y = alap + la = Tllllnr
< /6 + 1|9 *x Ye — agllsp
since llgllilé — ¥lles < /12 and
on [, (8c(o) ~ be(a) Ki(a)da

la —1] = < (12llgllx,p) .

Thus 5
IIf *x #e = flle,p < '677 + |lg *x ¥ — agllx.p-

Hence it suffices to show that ||g *, Y. — agl|.,» < /6.
But now g € A,(R?), and so

94x0c() = [ 0)RAORW = | 7)o (-0HA )y
We also know that 7_,g(y) = 7—,9(z) as g € Cg°. Therefore,
94 0c(0) = | (@) (R Wiy,
In view of this,
g 4xbu0) ~ag(@) = | (19(2) - 9(@)) R ),
which gives by Minkowski’s integral inequality,
I #x b = agllep < | g = gllesle ) IHE ).

If g is supported in ||z|| < B, then the estimate in Theorem 3.14 gives

lo #x e = agllep < e [ Il (B -+ )" eI W)y

<ee [ Ill (B + ey [W(w) 11 1),

which can be made smaller than /6 by choosing ¢ small. This completes the proof
of the theorem. O

The explicit formula in the case of G = Z$ allows us to prove an analogous
result without the assumption that ¢ is radial; see Section 7.
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S Summability of the inverse Dunkl transform

Let ® € L'(R4; h2) be continuous at 0 and assume ®(0) = 1. For f € S and
€ > 0, define

T.a)= [ Fw)Blis.)e(-en)ki)dy.

It follows from Plancherel’s theorem that 7. extends to the whole of L? as a
bounded operator. We study the convergence of T f as ¢ — 0. Note that T, f = f,
by the inversion formula for the Dunkl transform. If 7. f can be extended to
all f € LP(R%;h2) and if T.f — f in LP(R?; h2), we say that the inverse Dunkl
transform is ®-summable.

Proposition 5.1. Let & and ¢ = & both belong to L*(R%; h2). If ® is radial,
then

Te f(@) = (f *x ¢¢)(2)
forall f € L*(R%;h%) and e > 0.
Proof. Under the hypothesis on &, both T, and the operator taking f into
(f *x ¢:) extend to L2(R?%; h2) as bounded operators. So it is enough to verify

T:f(z) = (f %« ¢ )(z) for all f in the Schwartz class. By the definition of the Dunkl
transform,

T.f(z) = /R ) 7o f () ®(—ey)h2 (y)dy
- / 2 f(E)ch / &(—cy) By, —i€)h2 (y)dyh? (€)de
Rd Rd
= e~(@+2) / o fO)B(~eT1E)R2 (€)de
Rd
= (f *x 46)(),

where we have changed variable £ — —¢ and used the fact that 7_, f(—¢) = 7¢ f(z).

O

If the radial function ¢ satisfies the conditions of Theorem 4.2, we obtain the
following result.

Theorem 5.2. Let&(z) € L'(R?; h2) be radial and assume that ® € L* (R?; h2)
is bounded and ®(0) = 1. For f € LP(R*;h2), 1 < p < oo, T.f converges to f in
LP(R%; h2) ase — 0,

The following remarks on the above theorem are in order. In general, the
convolution f x g of an L? function f with an L! function g is not defined, as
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the translation operator is not defined for general L? functions even when p = 1.
However, when ¢ satisfies the conditions of Theorem 4.2, we can define the
convolution f * g by integrating f against 7,9, which makes sense (see Definition
3.5). It is in this sense that the above convolution f * ¢, is to be understood. Then
as f * ¢ agrees with T, f on Schwartz functions, and as the convolution operator
extends to LP as a bounded operator, our theorem is proved.

We consider several examples. In our first example, we take ® to be the
Gaussian function, ®(z) = e~I1#I’/2, By (3) of Proposition 2.1 with z = ¢y and
w =0, &(z) = e~=1°/2_ We choose & = 1/+/2t and define

q(z) = &, () = (2t)~Or+d/De=llzl?/4t,
Then ¢;(z) satisfies the heat equation for the h-Laplacian,
Apu(z,t) = Byu(z,t),

where A, is applied to z variables. For this ®, our summability method is just
f *x g:- By (3.4), the generalized translation of ¢, is given explicitly by

T,qu(x) = (2t)"Ox+ /D = Ul /4t gy ) /32 1 /20),

which is the heat kernel for the solution of the heat equation for h-Laplacian. Then
a corollary of Theorem 5.2 gives the following result in [14].

Theorem 5.3. Suppose f € LP(R?;h2), 1 < p< oo or f € Co(R?), p = <.

1. The heat transform
Hf@) = (Frea)@) = [ fOna@R@d, >0

converges to f in LP(R%; h2) ast — 0.

2. Define Hyf(x) = f(x). Then the function H,f(x) solves the initial value
problem

Apu(z,t) = Guu(z,t),  u(z,0) = f(z), (z,t) € R? x [0,00).
Our second example is the analogue of Poisson summability, where we take
®(z) = e~ *ll, This case has been studied in [16]. In this case, one can compute the

Dunkl transform & just as in the case of the ordinary Fourier transform, namely,
using

5 e L [Tt
(5.1) e =7 \/ﬁe du,
0
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and using the fact that the transform of the Gaussian is itself (see [18, p. 6]). The
result is
Tlve + diz;)

N

1
K = 27K+d/2

e"||¢|| = cd,K. (1 + ||fE”2)‘Y"+(d+1)/2 ) Cd

In this case, we define the Poisson kernel as the dilation of 6,

£
(5.2) P.(z) = can (€2 + ||z|2)~+d+D72”

Since ®(0) = 1, it is easy to see that [ P(z,e)hZ(z)dz = 1. We have

Theorem 5.4. Suppose f € LP(RY;h2), 1 < p < oo, or f € Co(R?), p = oo.
Then the Poisson integral f %, P. converges to f in LP(R%; h2).

Again, the proof is a corollary of Theorem 5.2. For k = 0, it becomes Poisson
summability for the classical Fourier transform on R?. We remark that this
theorem is already proved in M. Rosler’s habilitation thesis by using a different
method. We thank the referee for pointing this out.

Next, we consider the analogue of the Bochner—Riesz means, for which

() = {(1 ~l=l®), el < 1,

0, otherwise,

where § > 0. As in the case of the ordinary Fourier transform, we take ¢ = 1/R,
where R > 0. Then the Bochner-Riesz means are defined by

2\%
(1 - M) F()E(iz,y)RZ (y)dy.

Shi@) = [ 7

lyll<r
Recall that A = (d — 2)/2 + v« and N = d + 2v,.

Theorem 5.5. If f € LP(R*;h%), 1 < p < oo, or f € Co(R?), p = o0, and
0> (N —1)/2, then

||5<}52f = fllxp = 0, as R — oo.

Proof. The proof follows as in the case of an ordinary Fourier transform
[18, p. 171]. From Proposition 2.4 and the properties of the Bessel function, we
have

B(z) = 2|l 1y yaaa (1)
Hence, by Jo(r) = O(r~1/2), & € L'(R¢; h2) under the condition § > A, + 1/2 =
(N -1)/2. a
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Note that A = (d—2)/2+7, where +, is the sum of all (nonnegative) parameters
in the weight function. If all parameters are zero, then h,(z) = 1 and we are back
to the classical Fourier transform, for which the index (d — 1)/2 is the critical index
for the Bochner~Riesz means. We do not know if the index (N — 1) /2 is the critical
index for the Bochner—Riesz means of the Dunkl transforms.

6 Maximal function and almost everywhere
summability

For f € L?(R%; h%), we define the maximal function M, f by

1
M. f(z) = sup Torarzy. f *x x8. (2],

where x g, is the characteristic function of the ball B, of radius r centered at 0
and di = ax/(d + 27x). Using (2.6), we have [ h%(y)dy = (ax/(d + 27,))rét?=,
Therefore, we can also write M, f(z) as

| fra f@)TexB, @)R2 (y)dy|
Mif(a) = sup e dy

If p € C§°(R?) is a radial function such that x g, () < ¢(z), then from Theorem
3.6 it follows that 7, x B, () < Typ(z). But 7y is bounded; hence 7, x g, is bounded
and compactly supported, so that it belongs to LP(R%; h2). This means that the
maximal function M f is defined for all f € LP(R%;h2). We also note that as
TyXB, > 0, we have M, f(z) < M.|f|(z).

Theorem 6.1. The maximal function is bounded on LP(R%; h2) for1 < p < oo;
moreover, it is of weak type (1,1), that is, for f € L*(R*; h2) and a > 0,

[ @)z < il
E(a) a
where E(a) = {z : M, f(z) > a} and c is a constant independent of a and f.

Proof. Without loss of generality, we can assume that f > 0.Leto = d+2v,+1
and define for j > 0, B, ; = {z : 277"!r < ||z|| < 277r}. Then
XB.,(®) = (277r)°(27r) " xz,,(¥)

i o 2-ir
<C(277r) 1((2—]',,.)2+“y“2)0'/2XEr.j(y)

<CER7rY  Ppin(y),
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where P is the Poisson kernel defined in (5.2) and C is a constant independent of
r and j. Since xp, and P. are both bounded integrable radial functions, it follows
from Theorem 3.6 that

Tz XB.,, (y) < C(z—jr)a—szPT'Jr(y)'

This shows that for any positive integer m,

/ F@)Y  rexs.;@W)hi(y)dy < CY_(27r) / F@W)TePasr (y) B2 (y)dy
RE  j=0 =0 Re
< Cr¥?=sup f x, Pi(z).
t>0

As Y7ty xB.,(y) converges to xp,(y) in L'(R%; hZ), the boundedness of 7, on
L%,4(R%; h2) shows that 1" 7. x, ; (y) converges to 7, xs, (y) in L' (R%; h}). B
passing to a subsequence, if necessary, we can assume that 2;';0 TzXB.,.,(y) con-
verges to 7 x g, (y) for almost every y. Thus all the functions involved are uniformly
bounded by 7, x s, (y). This shows that Z;"__,O T+ X8, ;(y) converges to 7 xp, (y) in
L” (R%; h2), and hence

im [ f@)S rexs,, )R (v)dy = / F()rexs, (W)h2 (v)dy.
§=0 R4

m—00 R4
Thus we have proved that

f *x xB.(2) < Cr¥*?7=sup f x, Py(2),
t>0

which gives the inequality M, f(z) < CP* f(z), where P* f(x) = sup;¢ f *« P(z)
is the maximal function associated to the Poisson semigroup.

Therefore, it is enough to prove the boundedness of P*f. Here we follow a
general procedure used in [17]. By looking at the Dunkl transforms of the Poisson
kernel and the heat kernel, we infer that

faPia) = o= [T (g @ s Veas,

which implies, as in [17, p. 49], that

P*f(z) < Csup - /Q, z)ds,

t>0 t

where @, f(z) = f . g,(x) is the heat semigroup. Hence using the Hopf-Dunford—
Schwartz ergodic theorem as in [17, p. 48], we get the boundedness of P*f on
LP(R?; h2) for 1 < p < oo and the weak type (1,1). ]
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The Hardy-Littlewood maximal function M, f can be used to study almost
everywhere convergence of f . ¢. under certain conditions on ¢. Recall that
N =d+ 2.

Theorem 6.2. Let ¢ € A(R?) be a real valued radial function which satisfies
|6(z)| < c(1+ ||lz[)~N~". Then

sup | f * #e(2)| < M, f(z).
£>0

Consequently, f %, ¢.(z) = f(z) for almost every x as € goes to 0 for all f in
LP(R4; h2), 1 < p < oo

Proof. We can assume that both f and ¢ are nonnegative. Writing

#e(y) = E Be (Y)Xe2s <|jyll<e2i+1 (¥)s

j=—o0
we have
m m .
Z Pe(Y) Tz Xe2i<|lyll<e2s+1 (¥) < € Z (1 +e27) "Ny xeas < yli<eait (¥)-
j=-m j=—-m,

This shows that

L1080 3 xew iy k)

j=-m
<c i (1+62)"""1(e27)N M f ()
j=—m

< cM f(z).

Since ¢(y) < c(1 + |lyl)~™~! < cPi(y), it follows that 7,¢(y) < crPi(y) is

bounded. Arguing as in the previous theorem, we can show that the left hand side
of the above inequality converges to f *, ¢.(z). Thus we obtain

sup | f *x ¢ ()| < cMy f(2),
e>0

from which the proof of almost everywhere convergence follows from the standard
argument. O

The above two theorems show that the maximal functions M, f and P* f are
comparable. As a corollary, we obtain almost everywhere convergence of Bochner—
Riesz means.
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Corollary 6.3. When § > (N +1) /2, the Bochner—Riesz means S%f(z)
converge to f(z) for almost every x for all f € LP(R%; h2), 1 < p < c0.

We expect the corollary to be true for all § > (N — 1)/2, as in the case of the
Fourier transform. This could be proved if in the above theorem the hypothesis
on ¢ could be relaxed to |¢(z)| < ¢(1 + ||z||) ="~ for some € > 0. Since we do not
know that 7,((1 + ||z|})~N~!) is bounded, we cannot repeat the proof of the above
theorem.

7 Product weight function invariant under Z$¢

Recall that in the case G = Z$, the weight function h,, is a product function

d
(7.1) he(z) = [[lzil™, & >0.
i=1

In this case, the explicit formula of the intertwining operator V}; is known (see
(2.2)); and there is an explicit formula for ,. The following formula is contained
in [11], where it is studied in the context of signed hypergroups.

Theorem 7.1. For G = Z% and h,, in (7.1),

Tyf(x)=7'y1"'7'ydf(z)a y=(y1a~-'7yd)eRd;

here for G = Zz and h(t) = [t|F on R,

12) nf) =% /_ 11 §(VEF S —2at) (14 m———%——st)@n(u)du

1

1
t—-s
Z /12 £ 2 _ -tz
3 L f ( Vi +s 2stu) (1 m)@,;(u)du,
where 3,.(u) = be(1+u)(1—u?)*~1. Consequently, for eachy € R®, the generalized
translation operator T, for L} extends to a bounded operator on LP(R?*; h2). More
precisely, ||ty fllx,p < 3||fllxpfor1 < p < oo.

Since the generalized translation operator 7, extends to a bounded operator on
LP(R?; h2), many results stated in the previous sections can be improved and the
proofs can be carried out more conveniently, as in classical Fourier analysis. In
particular, the properties of , given in Proposition 3.2, Theorem 3.6 and Theorem
3.8 all hold under the more relaxed condition of f € L*(R?; h2).

The standard proof [23] can now be used to show that the generalized
convolution satisfies the following analogue of Young’s inequality.
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Proposition 7.2. LetG = Z4. Letp,q,r > landp™ = g~ ! +r~! - 1. Assume
f € LYR?, h2) and g € L"(R?, hZ), respectively. Then

I f *x gun,p < C”f”n,q”g”n,r-

In the following, we give several results which improve the corresponding
results in the previous sections significantly. We start with an improved version of
Theorem 4.2. The boundedness of 7, allows us to remove the assumption that ¢ is
radial.

Theorem 7.3. Let ¢ € L'(R*, h2) and assume [y, ¢(x)hZ(z)dx = 1. Then for
feLP(RR2), 1< p< oo, or feCo(RY)ifp=oc0,

E%Hf*nqse_f”n,pzo’ 1SPS°°
Proof. First we assume that f € C$°(R?). By Theorem 3.14, ||, f(z)— f ()|« »
—0asy — 0forl< p< oco. Ingeneral, for f € LP(R?%; h2), we write f = fi + fa,

where fi is continuous with compact support and || fo[lx,, < 4. Then the first term
of the inequality

7y f(2) = f@)lep < Iy fr(2) = f1(@)llnp + 7y f2 () — fo(l,p

goes to zero as € — 0, and the second term is bounded by (1 + ¢)d, as
7y follep < cllfllx,p- This proves that |7, f(z) — f(z)llx, = O asy — 0. We
then have

o / | *x 9e(z) — £(2)PR2(2)dz
Rd

::ch/
R4

<on [ IS = FI2 loe(@)IH2(@)ds
= an [ el = 12 lo(e)A @),

4
on [ (rof(@) = F@)ac 2 wdy| Hi(e)de

which goes to zero as € — 0. g

Our next result is about the boundedness of the spherical means operator. As
in [10), we define the spherical mean operator on A, (R?) by

5:f@) = on [ Tl @@,

The generalized convolution of f with a radial function can be expressed in terms of
the spherical means S, f. In fact, if f € A(R?) and g(z) = go(||z(|) is an integrable
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radial function, then using the spherical-polar coordinates, we have
(4 0@ = an [ mf @)y
oo
=on [Tt [ o SR ar
o -

e [ 2A.+1
== Srf{z)go(r)r**=Tdr.
Qg Jo
We make use of this later in this section. Regarding boundedness, we have
Theorem 7.4. Let G = Z4. For f € LP(R?, h2),
ISrfllsp < ellfllsp, 1< P <00
Furthermore, ||S,f — f|lxp — 0 asr — 0+.
Proof. By Hoélder’s inequality,
S £GP S an [ I @PRG)0).
Hence, a simple computation shows that
o [ 15£@PR@E S o [ o [ Imf@PR G @)z
R4 R4 §d~1
=o. [ IR wdoty)
Sd-1

< || fllxp-

Furthermore, we have
NSy f = Fllkp < ax / rey £ = FIB ,h2 () dw(y),
§d-1

which goes to zero as r — 0, since ||7ry f — fllx,p = 0.

O

We remark that the spherical mean value operator is bounded on L? for any
finite reflection group, not just for G = Z¢. To see this, we can make use of a
positive integral representation of the spherical mean operator, proved in [15]. In

fact, it follows easily that S, is actually a contraction on L? spaces.

The boundedness of 7, f in LP(R?; h2) also allows us to relax the condition of

Theorem 6.2.

Theorem 7.5. Set G = Z§. Let ¢(z) = ¢o(||zl|]) € L* (R, h2) be a radial func-
tion. Assume that ¢q is differentiable, lim, ., ¢o(r) = 0 and [° r?*+2|go(r)|dr <

00. Then
I(f ¥ ¢o)(:l,‘)| < CM,;f(E).
In particular, if € L'(R?, h2) and cp, [g. ¢(z)h?(z)dz = 1, then
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1. for1 < p < oo, f*, ¢ convergesto f ase — 0in LP(R?; h2);

2. for f € LY(R?, h2), (f *x ¢:)(x) converges to f(z) as € — 0 for almost all
r € R4

Proof. By definition of the spherical means S; f, we can also write

|fo 22718, f(z)dt|
M, f(z) = - )
f(z) il;g j‘o t2)"‘+1dt

Since |M, f(x)] < cM,|f|(z), we can assume f(z) > 0. The assumption on ¢y
shows that

lim o(r) [ Sif@+dt = lim do(r) [ S @Ry
r—o0 0 r—oo R4
- % 2 -
= lim ¢o(r) | f)R Wy =0.
Hence, using spherical-polar coordinates and integrating by parts, we get
o0
(P2 0)@) = [ dalr =415, f()ir
0 (o 0] r
=- [ [ sr@@iag ryar
o Jo

which implies that

1(F 40 )(@)] < Mo () /0 " P2t gt () .

The boundedness of the last integral proves the maximal inequality. O

As an immediate consequence of this theorem, the Bochner—Riesz means
converge almost everywhere if § > (N — 1)/2 for G = Z$; this closes the gap
left open in Corollary 6.3.

We can further enhance Theorem 7.5 by removing the assumption that ¢ is
radial. For this purpose, we make the following simple observation about the

maximal function.

Lemma 7.6. If f € L'(R%, h2) is a nonnegative function, then

_ fB,. 7y f(z)hZ (y)dy
M) = T, Ry

In particular, if f and g are two nonnegative functions, then

Mof + Mcg = M(f +9).
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Proof. Since 7,x, (z) is nonnegative,

(F 2o x8.)(@) = [ 10)rxe, @h 0Dy

is nonnegative if f is nonnegative. Hence we can drop the absolute value sign in
the definition of M, f. O

Theorem 7.7. Set G = Z%. Let ¢ € L*(R%, h2) and let y(z) = o(||z|]) €
LY(R4,h2) be a nonnegative radial function such that |¢(z)| < Y(x). Assume
that g is differentiable, lim, o Yo(r) = 0 and [;° r?=F2[yho(r)|dr < co. Then
SUP, 5o | f *x ¢(z)| is of weak type (1,1). In particular, if $ € L'(R?*,h2) and
ch Jpa $(x)RZ(z)dz = 1, then for f € LY(R4,h2), (f *x ¢¢)(x) converges to f(z) as
€ = 0 for almost all z € R4,

Proof. Since M, f(z) < M,|f|(z), we can assume that f(z) > 0. The proof
uses the explicit formula for 7, f. Let us first consider the case of d = 1. Since ¢
is an even function, by (7.2) ,¥ is given by the formula

1
Ty f(z) = /_1 f (\/ﬂv2 +y? - 2wyt) $,.(t)dt

Since (z - y){1 +t) = (z — yt) — (y — zt), we have

|z -yl

1+t <2
2 +y? — 2zyt

Consequently, by the explicit formula (7.2) for 7, f, the inequality |¢(z)| < ¥(z)
implies that
Iryd(z)| < Ty¥(z) + 27y (2),

where
Ty¥(z) = by / 72 +y2 — 2zyt ) (1—t3)*1dt.

Note that 7,4 differs froin 7,9 by a factor of (1+¢) in the weight function. Changing
variables ¢t = —t and y — —y in the integrals shows that

[ rwrs@mew = [ Fonvr ey,
R R
where F(y) = (f(y) + f(~y))/2. Hence, it follows that

I(f *x ¢)(2)| = l / f)ry(z)hZ (y)dy\ (f *x ¥)() + 2(F . ¥)(2).
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The same consideration can be extended to the case of Z§ ford > 1. Let {ey, . .., eq}
be the standard Euclidean basis. For §; = %1, define zd; = =z — (1 + §;)z; e; (that
is, multiplying the j-th component of = by §; gives zd;). For 1 < j < d, we define

..... w=2" 0 30 flad85).

(851 1--8,, JEZS}
In particular, F;(z) = (F(z) + F(5;))/2, Fj, jo(2) = (F(z) + F(283,) + F(adj,) +
F(z8;,0;,))/4, and the lastsumis over Z, Fy, . 4(z) = 27¢ > sezs f(z0). Following
the proof in the case of d = 1, we see that

d
I(f *x §)(@)] £ (f *x ¥)(z) + 2 Z(Fj * P)(z) + 4 Z (Fjy .52 *x ¥)(2)
j=1 J1#j2
+o + 24 F g ke ¥) ().

For G = Z4, the explicit formula of 7, shows that M, f(z) is even in each of its
variables. Hence, applying the result of the previous theorem on each of the above
terms, we get

d

I(f *x 8)(@)] < Mif(z) +2) MFi(z) +4 Y McFj j,(x)
j=1 Jr#j2
4+ 22MFy . a(z).

Since all Fj are clearly nonnegative, by Lemma 7.6, the last expression can be
written as M, H, where H is the sum of all functions involved. Consequently, since
IFj..iellea < [I£ls1, it follows that

/ W)y < Ml o o Wl
{e:(foud)@)2a} @ T @

Hence, f *, ¢ is of weak type (1, 1), from which the almost everywhere convergence
follows as usual. O

We do not know whether the inequality |(f *. ¢)(z)|] < e¢M,f(z) holds in
this case, since we only know M (R(8)f)(z) = R(8)M, f(x) = M, f(zd), where
R(d)f(z) = f(z6) for § € G, from which we cannot deduce that M, F;,, j,(z) <
cM, f(z).
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