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ABSTRACT
The tensor categories with fusion rules of self-duality for abelian groups
are modeled on the representations of extraspecial 2-groups. We classify
the embeddings of those categories into the category of vector spaces, by
which the categories are realized as the representations of Hopf algebras.

Introduction

In order to distinguish the dihedral group Dg and the quaternion group Qs
by their categories of representations, Yamagami and the author studied in [3]
semisimple tensor categories over a field k having the simple object set AU {m},

where A is a finite abelian group and m is another object, and having the fusion
rule

a® b= ab,
a@m=m, m®a=m,

m®m2®a

acA

for a,b € A. Instances are the categories of representations of the two kinds of ex-
traspecial 2-groups and the 8-dimensional Hopf algebra Hg of Kac and Paljutkin.
The classification in [3] tells us that those tensor categories are parameterized
by pairs (x, 7) of nondegenerate symmetric bicharacters (bimultiplicative maps)
x: AX A — k* and square roots T € k of |A|~!. We will denote the corresponding
category by C(4,x,7).
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We are concerned with the question when C(A, x, 7) can be realized as the cat-
egory H-mod of representations of a Hopf algebra H, and in how many different
ways. The answer will produce examples of Hopf algebra deformations of ex-
traspecial 2-groups and also nonisomorphic Hopf algebras having the isomorphic
categories of representations.

By Tannaka theory, to give a tensor category equivalence C(A4, x,7) ~ H-mod
with H a Hopf algebra is the same thing as to give a tensor functor from
C(A,x,T) to the category of vector spaces V ([4]). Moreover, given two equiva-
lences C(A, x,7) ~ H-mod and C(A, x,7) ~ H'-mod, the Hopf algebras H and
H' are isomorphic if and only if the two corresponding functors C(4,x,7) = V
differ only by an automorphism of C(A4, x, 7). Thus our problem may be formu-
lated as follows: Classify tensor functors C(A,x,7) — V up to automorphisms of
C(A,x,T).

Our main result gives a one-to-one correspondence between isomorphism
classes of tensor functors and group theoretic invariants: pairs (o, ) of invo-
lutive automorphisms o of A and quadratic forms p on certain subquotients of
A accompanied with ¢ (Theorem 3.5).

Using this, we settle the problem in the case where A has an odd order and
the case where A is an elementary abelian 2-group. When |A| is odd, there exists
a tensor functor C(4, x,7) — V if and only if |A| is a square, T > 0, and x is
hyperbolic in a sense as in the theory of quadratic forms. And if it exists, it is
unique up to automorphisms of C(A, x,7) (Proposition 4.2). The corresponding
Hopf algebra is explicitly described.

When A is an elementary abelian 2-group, there exist several tensor func-
tors C(4,x,7) — V which are inequivalent under the automorphism group of
C(A,x,7). For instance, if [4] = 2%, x is alternating, and 7 > 0, then the
number of inequivalent tensor functors is [r/2] + 1 (Proposition 5.5). Just as
the extraspecial 2-groups are central products of Dg and Qg, the Hopf algebras
arising in the case where A is 2-elementary are composed of four Hopf algebras:
the 8-dimensional algebras Dg, (g, Hg and a 16-dimensional one.

In Section 1 we recall the definition of C(A,x,7) and determine its automor-
phism group. In Section 2 we collect some preparatory material. The main result
is proved in Section 3. The two special cases are dealt with in Sections 4 and 5.

We work over an algebraically closed field k of characteristic zero. All vector
spaces are finite dimensional. For a finite abelian group A, denote X(A4) =
Hom(A, k™), the dual of A. A bicharacter x: Ax A — k* is said to be alternating
if x(a,a) =1 for all a € A.
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1. The tensor category C(4,x,7)

A tensor category is a monoidal category C in which Hom-sets are k-vector spaces,
the operations of compositions and tensor products for morphisms are k-linear,
and finite direct sums exist. The monoidal structure of C.is specified by the tensor
product functor ®: C x C — C, the unit object I, the associativity isomorphisms
axy,z (X®Y)®Z -+ X®(Y ® Z), and the unit isomorphisms Ix: I® X — X,
rx: X ®I— X ([2]). A tensor functor C — C’ between tensor categories C and
C’ consists of a k-linear functor F: C — C’, isomorphisms txy: F(X) ® F(Y) —
F(X®Y) for all X,Y € C and an isomorphism u: I — F(I) such that tx y are
natural in X,Y and the following diagrams are commutative.

(F(X)® F(Y)) ® F(Z) 22050, p(x) @ (F(Y) ® F(Z))

tx,y®1l ll®ty,z

F1)  F(X8Y)8F(2) F(X)® F(Y 8 2)
txgv.zl ltx,wgz

F(X®Y)® Z) T F(X® (Y ®2))

I® F(X) 2%, F(I)® F(X)

(F2) lF(X)l ltl.x
F(X) +—— F{I®X)
F(lx)

F(X)®I -2 F(X)® F(I)

(F3) rF(X)l ltx'l

F(X) «—— FXoI
F(rx)

If F is an equivalence, the tensor functor (F,t,u) is called a tensor equivalence.

For two tensor functors (F,t,u),(F',¥,u'): C — C’, a morphism (F,t,u) —
(F',t',u') is a natural transformation ¢: F — F' making the following diagrams
commute.

F(X)® F(Y) 22, p(X)@F'(Y) I —*— F(I)

o] o |

F(X®Y) —— F(X®Y) I — F(I)

IX®Y
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Hence we have the notion of isomorphisms between tensor functors.

The set of isomorphism classes of tensor equivalences C — C is a group under
composition, which we denote by AutC.

Now we recall from [3] the definition of the tensor category C(A, x, ) associated
with a finite abelian group A, a nondegenerate symmetric bicharacter y: Ax 4 —
k*, and a square root 7 € k of |A|~!. Make the disjoint union S = A U {m}
of A and a one-point set {m}. Objects are finite direct sums of elements of S.
Hom-spaces are given by

klx #X=Y,

Hom(X,Y):{O X2y

for X,Y € S. Tensor products of elements of S are given by

a®b=ab, a®@m=m, mQa=m, m®m=@a
a€A

for a,b € A, and the unit object is 1. The associativity isomorphisms ax y,z:
(X®Y)®Z 5> X®(Y®Z) for X,Y,Z € S are given by

Agb,c = Lape: abc — abc
Abm = Amap = lm: m-—=m
Agm,b = X(a, b)lm m-=m
Qg mm — Am,m,a — @ 1p: @b - @ b
beA beA beA
aAm,a,m = @X(a, b)1s: @b—) @b
beA beA beA
am,m,m = (TX(a, b)—llm)a,b: @m — @ m
beA a€A

for a,b,c € A. The unit isomorphismslx: 18 X - X, rx: X®1 > Xfor X € §
are identity maps.

Our object is to classify tensor functors from C(A,x,7) to the category of
vector spaces V. Before going into the task, let us first determine the group
AutC(A, x, 7).

Let Aut(A,x) denote the group of automorphisms of the pair (4,Y), that

is, automorphisms of A preserving x. We have an obvious homomorphism
Aut(4,x) — AutC(4, x, 7).
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PROPOSITION 1: The map Aut(4,x) — AutC(4A, x,7) is an isomorphism.

Proof: Let (F,t,u) be a tensor self-equivalence of C(A, x, 7). Clearly F(a) € A
for all a € A and F(m) = m. Let f: A - A be the map a — F(a). f is a
group automorphism. In view of (F1) for (X,Y,Z) = (a,m,b), one sees that f
preserves x. Thus f € Aut(A,x). The map (F,t,u) — f yields a homomorphism
AutC(A, x,7) = Aut(A, x), which is a right inverse to the map in question.

It remains to show that if f = id, then (F,¢,u) is isomorphic to the identity
functor. In this case we can write

ta,b = 0((1, b)]-aba

tam = ¢(a)lm,
tm,a = '(/J(a)lm,
tm,m = @D w(a)la,
a
u= /\11,

for a,b € A with 6(a,b), $(a), ¥{a),w(e}, A € k*. Commutativity of (F1) for
(X,Y,2) = (m,a,m), (a,b,m), (a,m,m), and that of (F2) for X = m amount
to the equations

o=19, 0=0¢, wd=const, A¢(1l)=1,

where d is the coboundary operator. Put ¢ = w(1)¢(1). Define an isomorphism
of functors ¢: F — id by ¢, = ¢(a)l, for a € A and ¢, = y/cl,,. Then one
verifies that ¢ is an isomorphism of tensor functors (F, ¢, u) — id. 1

2. Preliminaries

In this section we collect some auxiliary definitions and properties concerning
(1) involutions of matrix algebras, (2) strongly A-graded algebras, (3) the Schur
multiplier of an abelian group, (4) quadratic forms over F;, and (5) symmetric
bilinear forms over F,. Most of them are standard and well-known.

(1) INVOLUTIONS OF MATRIX ALGEBRAS.

Let V be a k-vector space and R = EndV. Let f: R — R be an algebra anti-
automorphism. If fZ = 1, f is called an involution. We begin with an elementary
fact:
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PROPOSITION 2.1: There is a nonzero bilinear form ~: V x V — k, unique up to
scalar, such that

¥(z(v),v') = v(v, f(2)(v))
for all z € R, v,v' € V. And v is nondegenerate. If f2 = 1, then v is either
symmetric or alternating.

Proof: Define f: EndV — EndV* by f'(z) = f(z)*, where x stands for
the dual. This is an algebra antomorphism, hence there exists an isomorphism
g: V — V* such that f'(z) = gzg~!. Such g is unique up to scalar. Let
¥(v,v") = (g(v),v"). Then

Y(z(v),v") = (g(z(v)),v') = (f'(2)(9(v)), v} = (9(v), f() (")) = ¥(v, f(z)(v")).
Assume f2 = 1. If 47 denotes the transpose of v, i.e., v7 (v,v') = y(v',v), then
7 (2(v),v)) = (', 2(v)) = (v, Ff(2)(®)) = v(f () (v),v) = 47 (v, f(z)(2")).

Thus T has the same property as v. Hence v7 = cy with 0 # ¢ € k. Clearly
c==1. ]

Suppose f% = 1.
Definition 2.2:

+1 if v is symmetric,
T S i
if v is alternating.
LEMMA 2.3:
trace(f: R — R) = sgn(f)dim V.
Proof: If v is symmetric, we can take an orthonormal basis {ej,...,en} of
V. With identification R = M,(k), f is just the transpose z — zT. Hence
trace(f) = n.
If v is alternating, we can take a basis {ey,...,esm} of V for which v is given

by the matrix

J:(_OI é)

Then f(z) = J~'zTJ. If we write
(2 3)
T3 T4

T T

J 12T ) = T4 T2
T 2T T |

—I3 1

then

It follows that trace(f) = —2m. ]
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(2) STRONGLY A-GRADED ALGEBRAS.

Let A be a finite abelian group. A strongly graded A-algebra is a k-algebra
R with decomposition R = P, 4 Ra such that dim R, = 1, Rq R, = Rg for all
a,be A, and 1 € R;. Take 0 # z, € R, for each a € A. Then

z,xp = &(a, b)Tqap

with £(a,b) € kX, and & A x A - k* is a 2-cocycle. Another choice of a
basis {z} }sc 4 yields a 2-cocycle & cohomologous to £. Conversely, any 2-cocycle
determines a strongly A-graded algebra. Thus we have a bijection between the
set of isomorphism classes of strongly A-graded algebras and the Schur multiplier
H2(A,kX).

The following is known.

PROPOSITION 2.4: Any strongly A-graded algebra is semisimple.

Proof: A strongly A-graded algebra is a quotient of the group algebra of a finite
central extension of A. n

The commutator form of a strongly A-graded algebra R is the function a:
A x A — k* defined by

zy = afa,b)yr for z € R,, y € Ry.

This is multiplicative in each variable and alternating. If £ is as above, then

§(a, b)
¢(b,a)’

The center Z(R) of R is the sum of R, for a € A such that afa, A) = 1.
Thus Z(R) = k if and only if the form « is nondegenerate. By virtue of the

afa,b) =

semisimplicity, we know

PROPOSITION 2.5: A strongly A-graded algebra is simple if and only if its com-
mutator form is nondegenerate.

(3) THE SCHUR MULTIPLIER OF AN ABELIAN GROUP.
For a finite abelian group A let us denote

X?(A) = {bicharacters A x A = k*},
X2(A) = {symmetric bicharacters of A},
X?2(A) = {alternating bicharacters of A},
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and

Z%(A) = {2-cocyles A x A — k*},
B2%(A) = {2-coboundaries A x A — k*},
H*(A) = Z%(A)/B*(A).

We have X2(A) C Z%(A). And the map alt: Z2(A) — X2(A) is defined by

alt(¢)(a,b) = £(a,b) for ¢ € Z%(A), a,b€ A.

£(b,a)
The following is known.

PROPOSITION 2.6: The inclusion X?(A) C Z*(A) and the map alt: Z%(A4) —
X2(A) induce isomorphisms

X2(A)/X2(A) = H*(A) = X2(A).

Proof: That alt(£) € X2(A) if ¢ € Z%(A) follows from that alt(€) is the com-
mutator form of the strongly A-graded algebra associated with £. And clearly
alt(€) = 1 if £ € B2(A), so alt induces the map H2(A) — X2(A). If £ € Z%(A)
and alt(£) = 1, then the central extension of A defined by ¢ is abelian. But k> be-
ing a divisible group, every abelian extension of A by k* splits. So £ is a cobound-
ary. Thus H2(A) — X2(A) is injective. This shows also X2(A) C B%(A), hence
the map X2(A4)/X2(A) - H?(A) is defined.

Finally, that the map alt: X2?(A)/X2(A) — X2(A) is an isomorphism can be
seen by decomposing A into a direct sum of cyclic groups and using the fact that
X2(A) =1 and X?(A4) = X2(A) if A is cyclic. |

(4) QUADRATIC FORMS OVER Fj.
Let F = [y, the field with two elements.

Definition 2.7: A quadratic form on an F-vector space V isamap ¢: V — F
such that the map b: (z,y) — ¢(z) + q(y) — g(z +y) is a bilinear form on V. We
say ¢ is nondegenerate if b is.

As b is alternating, its nondegeneracy implies that dim V' is even. The standard
definition of the nondegeneracy of ¢ is different from ours, but both coincide when
V is even dimensional.

The following classification of quadratic forms is well-known ([1]).
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PROPOSITION 2.8: Let dimV = 2m > 0. The set of nondegenerate quadratic
forms on V is divided into two orbits under the action of Aut V. With coordinates
Zi,...,Tom, representatives of the orbits are given by

m
Q(-'El’---am2m) = E T2i—122;
=1
and

m
2, .2
q(z1,...,ZTam) = _S_ Ti-1%2; + X7 + 5.

i=1
Definition 2.9: We define the signature of a nondegenerate quadratic form ¢ to

be
+1 if ¢ belongs to the first orbit,

sgn() = { -1 if ¢ belongs to the second orbit.
When V = 0, we set sgn(g) = +1 for the zero form gq.
The following will be used in Section 3.

LEMMA 2.10: Let q: V — F be a nondegenerate quadratic form. Then

> (=17 = /[Vsgn(g).

veV
Proof: Follows from

Y () =14+14+1-1=+2
¢,y=0,1

oottt o 11 -1= -2
z,y=0,1
(5) SYMMETRIC BILINEAR FORMS OVER F;.

Here we concern ourselves with symmetric bilinear forms on vector spaces over
the two-element field F' = Fy. The results will be used in Section 5.

Let S be the category whose objects are pairs (V,b) of F-vector spaces V
and nondegenerate symmetric bilinear forms b: V x V' — F, and morphisms are
isomorphisms in an obvious sense. Direct sums of objects are defined in the usual
way. Two special objects are

r=r ). H= (] o))

where we express bilinear forms by matrices.
The following classification will be known.
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PROPOSITION 2.11: Every object M of S is isomorphic to H" @ L* with r > 0,
k =0,1,2 uniquely determined by M.

Proof: Let (V,b) € §. Suppose first that b is alternating. Then b is expressed
by the matrix
0 I
(5 %)

where I,. is the identity matrix of degree r. Hence (V,b) = H".

Suppose next that b is not alternating. Then ¢: v — b{v,v) is a nonzero linear
form V — F. Let Vj = Kerg. Then b is alternating on V. Let W be the radical
of b|Vo:

W = {z € Vy| b(z, Vo) = 0} = Vo N V-

As dim(V/Vp) = 1, we have dim V5 = 1, hence either dimW =0 or 1. If W =0,
then b|V; is nondegenerate alternating and V = Vy @ V5-. Thus

(V,b)2H &L

with r = 1 dim ;.
Assume W = Fw # 0. Take a complement Vi of W in V. Then b|1] is
nondegenerate and V = V; @ Vi*. Take v € Vi* N\ W so that Vi* = (w,v). Then

b(w,w) =0, blw,v)#0, blv,v)#0.

Thus b|V;* can be expressed by the matrix

01
1 1)
But this is similar to I3, because

0 1\ _(1 1\[/1 0
1 1) \0 1 1 1)
Thus (Vi+,b) = L2, Hence (V,b) = H™ @ L? with r = £(dimVp — 1). [

COROLLARY 2.12: L3~ H@ L.

COROLLARY 2.13: Let M,M' € S.
() MOH=2M&6H = MM
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i)y MoM2MeM = M=M.
Proof: (i) Clear from the classification. (ii) Since
M~H" = M?=H”,

MeH ¢L = M?>H¥gI?
M=H oL’ = M*2H"" ¢

M can be recovered from M?2. |

3. Classification of tensor functors

In this section we classify tensor functors C(A4,x,7) — V by means of group
theoretic invariants. We firstly interpret tensor functors in terms of simple A-
graded algebras R and involutions f: B — R. Then we relate R and f to
involutions 0: A — A and quadratic forms g on certain subquotients of A.

Let F: C(A, x,7) = V be a tensor functor with structure maps

tX’yZF(X)®F(Y):)F(X®Y), u:k:)F(l).

Put F(a) = R, for a € A and F(m) = M. The equalities

a®b=ab,
a®m=m,
m®a=m,
m®m=@a
a€A

in C(A, x,7) combined with tx y give rise to isomorphisms

(i1) R, ® Ry & Rgp TRy Y,

(i2) R.@M=M T W T.W,

(i3) M®R, =M W T — w.x,

(i4) MeM=2P R wew - (wula
a€A

in V, where the maps are denoted as in the right sides.
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Commutativity of (F1) for X,Y,Z € AU {m} amounts to the following:

(1) z(yz) = (zy)z forx € Ry, y € Ry, z € Ry,
(2) z.(yw) = (zy).w forz € Ry, y € Ry, w € M,
(3) z.{w.y) = x(a,b)(z.w).y forz € Ry, y € Ry, w e M,
4) w.(z.y) = (w.z).y forz € Ry, y € Ry, we M,
(5) z[w, w'ly = [z.w, w]gp for z € Ry, w,w' € M,

6) [w,zw]s = x(a,b)wz,w]p for z € Ry, w,w' € M,

(1) [w,w b = [w, vz for z € Ry, w,w' € M,

8) w.uw,w'le="7 Z x(a,b) Hw, w']pw” for w,w',w" € M.

beA

Put 1 = u(1) € R;. Then commutativity of (F2) and (F3) for X € AU {m}
amounts to the following:

(9) lz=z forzé€ R,,
(10) lw=w forwe M,
(11) zl=2z forz € R,
(12) wl=w forwéeM.

Conversely, vector spaces R, for all @ € A and M together with isomor-
phisms (i1)-(i4) and u: k¥ — Ry satisfying (1)—(12) give rise to a tensor functor
C(A,x,7) = V. Isomorphism classes of tensor functors C(A,x,7) — V are thus
in one-to-one correspondence with isomorphism classes of such data (R,, M, ...).

Now (1), (9), (11) mean that R = @, 4 Ra is an associative algebra with
multiplication (z,y) ~ zy and identity 1 € Ry. (2), (10) (resp. (4), (12)) mean
that M is a left (resp. right) R-module with action (z,w) — z.w (resp. (w,z) —
w.x). (il) tells us that R is a strongly A-graded algebra (Section 2 (2)). In
particular R is semisimple (Proposition 2.4).

(5) (resp. (7)) says that the isomorphism of (i4) is left (resp. right) R-linear.
It follows that R is simple and M is the unique simple left (resp. right) R-
module. Indeed, put d = dim M., If S1,...,S, are the simple left R-modules and
d; = dim S, then d? = dim R = 5, d?. The isomorphism M ® M 2 R being left
linear, M must contain all S;, hence d > 3, d;. Then we have r = 1 and d = d;.

We have also |A| = dimR = d?. As 72|A| = 1, we may write 7 = ed™! with
€= %1.
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By (5), [—, —]a is determined by [—, —]; as

“tw,w'|;

[w,w')y = z]z
for any 0 # z € R,. Similarly by (7)

[w,w']g = [w,w' .7 ;2.
Put [w,w'); = y(w,w")1 with y(w,w’) € k. Then

(13) y(zw,w') = y(w,w'.z)

for any z € R, w,w’ € M.
Conversely, if we are given a pairing v: M x M — k with this property, we can
define [—, —], by

[w,w]e = v(z7 w,w)z = y(w,w' .z )z, 0#=z€R,,
which satisfy both (5) and (7).
As R is simple, the two-sided R-linear map M @M — R: w@w' — ([w,w']a)q
is bijective if it is nonzero. Thus, under the assumption of (5), (7), and the
simplicity of R, the bijectivity of the map is equivalent to the nondegeneracy of

the pairing v, or even to the nontriviality of ~.
Next we look at (6). Let w = y.v with 0 # y € Ry, v € M. Then

[w, z.w']y = yv, z.0']1,

x(a,b)w.z, vy = [x(a,b)(y.v).z,w']y = [y.(v.z), w']s = yv.z,w'];.
Hence (6) reduces to the property
(14) y(w, z.w') = y(w.z,w')

for all w,w’ € M and = € R.
Next consider (8). Write w” = u.xz with 0 # z € R,. Then

w.[w,w"]e = w.w,uhz = (0w, u];).z,
while

x(a,b) " Hw, w'pw” = x(a,b) " [w, w']s.(v.2) = ([w, w']p-u).z.



42 D. TAMBARA Isr. J. Math.

So it suffices to consider (8) only for a = 1:

(15) w.fw',w"]); = TZ[w,w’]b.w".
b

Put ¢(w,w’,w") = 3", [w,w'].w”. By (2) and (5), we have
d(zw,w’,w") = z.¢(w,w',w").

As M is a simple R-module, the maps ¢(—,w’,w”): M — M must be scalar for
all w',w" € M. By taking the traces of both sides of (15) relative to the variable
w, (15) is equivalent to the identity

dy(w',w") = T trace(¢(—, w’, w")).

For each b € A, take 0 # z € Ry. Then

1

[w, w')pw" = y(w,w' 27 zw",

80
trace([—, w']p-w": W = W) = y(z.w”,w' 271) = y(w",w')

by (13). Hence
trace(¢(—, w', w")) = |Ay(w", w').

Thus (8) is equivalent to

dy(w',w") = 7|Aly(w",v'),
or
(16) (W', w") = ey(w”, w').

It remains to consider (3). As R is a simple ring and M is a simple left (resp.
right) R-module, the module action gives an algebra isomorphism (resp. anti-
isomorphism) R — End M. So we have an algebra anti-automorphism f: R - R
such that

w.e = f(z)w

for w € M, ¢ € R. Then (3) is rewritten as

zf(y)w = x(a,b) f(y)zw
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for x € R,, y € Ry, w € M. Hence

(17) zf(y) = x(a,b)f (y)z-

(13) is then rewritten as

(18) Yew,w') = y(w, f(z)w).
Thus v is a pairing which the anti-automorphism f of the simple ring R induces
on the simple left R-module M, as in Proposition 2.1.
(14) is rewritten as
Y(w, zw') = v(f(z).w,w').
Combined with (18) and the nondegeneracy of +, this amounts to the identity
fi=1.
Then by Definition 2.2 we have the invariant sgn(f) = %1 so that

y(w', w) = sgn(f)y(w,w').
Comparing with (16), one has sgn(f) = e.

Summarizing above, with a tensor functor F: C(A,x,7) — V we associate
a pair (R, f) of a simple strongly A-graded algebra R and an involutive anti-
automorphism f of R such that

zf(y) = x(a,b)f(y)x forz € Ry, y € Ry

and
sgn(f) =e.

Conversely, suppose given such a pair (R, f). Choose a simple left R-module M,
with action denoted as (z,w) — z.w. Proposition 2.1 tells us that there exists a
nondegenerate pairing y: M x M — k, unique up to scalar, such that

Y(zw, w') = y(w, f(z).w').
Then setting
w.z = f(z).w,
[w,w']s = y(w,w.x™ )z with 0 # z € R,,

we obtain (R, M,...) satisfying (1)—(12) and (i1)—(i4), hence a tensor functor
C(A,x,7) = V. This establishes
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ProPOSITION 3.1: There is a bijection between isomorphism classes of tensor
functors F' and isomorphism classes of pairs (R, f).

Let us analyze (R, f). Take 0 # z, € R, for each a € A and write

ZTop = £(a,b)Tap

with £(a,b) € k*. Then £ is a 2-cocycle. Put

_ &(a,b)
) = ¢b,a)

so that
yz = ala, by

forall z € R,, y € Ry. The map a: A x A — k* is an alternating form on
A, and as R is simple, a is nondegenerate (Proposition 2.5). The form x is
nondegenerate as well, so there exists an automorphism o: A — A such that

X(av b) = a(aa U(b))

for all a,b € A.
By the nondegeneracy of o, we have

R.={z € R|zz = a(a,c)zz for all z € R,, a € A}
for any ¢ € A. Hence (17) means that
f(y) € Ryry ify € Ry,
So we may write f(z,) = ¥(a)Ts(q) With v(a) € k*. Then

f(zazp) = f(&(a,b)zan) = £(a, b)V(a'b)wa(ab)a
f(zb)f(xa) = V(a)xa(b)y(a)xa(a) = V(G)V(b)f(d(b), U(a))mw(b)a(a) .

Hence, that f is an anti-automorphism means that

va(b) _  E(a.b)
V(@) Eo(b),o(@)

Also
fz(wa) = f(y(a)xo(a)) = u(a)u(a(a))w,z(a).
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Hence f? = 1 means that

Finally by Lemma 2.3

sgn(f)d = trace(f: R > R) = Z v{a).

a€A s.t.
o(a)=a

Hence the condition sgn(f) = ¢ is expressed as

Z v(a) = ed.

a€A s.t.
of{a)=a

If we choose another basis {z], = ¢(a)zs}aca of R with ¢(a) € k%, then the
corresponding &',/ are given by

¢ = 280 e, v = K

Any 2-cocycle ¢ whose anti-symmetrization a is nondegenerate conversely

defines a simple strongly A-graded algebra. Thus we obtain

PROPOSITION 3.2: Let |A|=d?, 1 =ed™! withd€ N, e==1. Let x: Ax A —
k* be a nondegenerate symmetric bicharacter. Then isomorphism classes of
tensor functors C(A, x,7) — V are in one-to-one correspondence with equivalence
classes of triples (o,&,v) consisting of an involutive automorphism c: A — A, a
2-cocycle &: A x A — k™, and a map v: A — k* satisfying

x(@,b) = a(a, a(b)),

vau(b) _  &(ab)

vah)  &o(b),0(@)’
v(a)(o(a) = 1,

Z v(a) = ed,

a€A s.t.
o(a)=a

where
§(a, b)
£(ba)’

a(a,b) =



46 D. TAMBARA Isr. J. Math.

Here two triples (0,&,v), (o/,&,V') are said to be equivalent if ¢ = o' and there
exists a map ¢: A — k™ such that

¢(a)¢(b)
¢(ab)

¢(a,b) = fat), V(@) =29 ),

Let J(A,x,7) be the set of such triples (0,&,v), and J(A,x,T) the quotient
set of J(A, x,7) under the above equivalence relation.

Let us consider in general a situation where x is a nondegenerate symmetric
bicharacter of A and ¢ is an involutive automorphism of A such that a = xo(1xo0)
is alternating. (o stands for the composition of maps.) Then x = ao (1 X o).
Also by transposing, ™! = x o (¢ x 1). Hence

(19) ao(oxo)=al.

Put

As = {ao(a)| a € A},
A’ ={a€ Alo(a) =a}.

Then A, < A < A and A? /A, has exponent 2.
Also A} = A®, where 1 is taken with respect to x. Indeed, for any a,b € A,

x(ao(a),b) = x(a,b)x(c(a),b)
= x(a,b)x(b, o(a))
= x(a,b)x(a, (b))~
= x(a,bo(5) 7).

Hence, by the nondegeneracy of x, we have
be AL < bo(b)" =1 < be A°.
It follows that y induces a nondegenerate pairing
x: A°[As X A7 Ay — K.
As x = o on A%, x is alternating. In particular, the rank of the elementary

abelian 2-group A?/A, must be even. We may write |A°/A,| = d*, d € N so
that d = |A,|d.
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Suppose given a triple (0,&,v) € J(A,x,7). Then a = xo (1 x 0) = alt(£) is
alternating, so the above constructions can apply.
The condition

v{a)v(o(a)) =1 forallac A

may be replaced by
V|4, =1,

because

v(ao(a)) = v(a)v(o(a))—7——— = v(a)v(a(a)).

On A? we have
via() _ E(a,b)
v(abd) £(b,a)

In particular v|A? is constant on each coset of A,, hence v|A? factors through a
map : A°/A, — k*. And the condition

= a(a,b) = x(a,b).

a€A°®

may be rephrased as

aEA° /Aa

We may regard A?/A, as a vector space over Fo. That ¥ is an alternating
form on A% /A, and the equation

ZOLOT,

imply that #(1) = 1 and #(a) = £1. Regarding {1} as F,, we may say 7 is
a quadratic form on A%/A, (Definition 2.7). So the invariant sgn(v) is defined
(Definition 2.9). By Lemma 2.10, the equation

> #e)=e

a€A° /Av

is rephrased as

sgn(v) = e.
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In summary, J(A, x, ) consists of (g,€,v) such that

o € Aut(A),0% =1,
& Ax A— k™ is a 2-cocycle,
x (1 x o) = alt(),

v: A= kX,

o = 3

tTo(ox0)’
V|4, =1,

sgn(?) = ¢,
where 8 is the coboundary operator, £7 denotes the transpose of ¢, i.e., £ (a,b) =

£(b,a), and alt(¢) = £/€T. Triples (0,&,v) and (0,&’, ') are equivalent if there
exists a map ¢: A — k> such that

¢ =¢£0¢, V=v

Note also that in this case ¥ = 1/ on A7, hence v = .
Now let J’(A, x,7) be the set of pairs (o, ) such that

o € Aut(A),0? =1,

x o (1 x o) is alternating (so we can speak of A,, A%, %),

w A% A, = kX,

Ou = ¥ (so p is a quadratic form and we can speak of sgn(u)),

sgn(p) = e.
The preceding discussion shows that (¢,&,v) — (o, 7) yields a map
J(A,x,7) = J'(4,x,7).

PROPOSITION 3.3: This map is bijective.

Proof: Injectivity: Firstly we observe that if (0,&,v) € J(4, x,7) and ¢: A = kX
is a map, then (o,¢,') given by

¢ =¢£0¢, V'=V¢
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belongs to J(A4, x,7) (and is equivalent to (0, §,v)). Indeed, alt(£) = alt(¢’), and

, o¢
o —3V8¢>o(o X o)
_ £ o9
" T o(o x0)dpo (o x o)
e
(§-0¢)T o (0 x 0)
___ ¢
T ¢To(ox0)

and v|A° = V'|A%, so v = 7'. Thus (0,¢,v') € J(4,x, 7).
Now suppose (a,&,v),(0,&,V') € J(A,x,7) and ¥ = ¥'. We have

alt(¢) = x o (1 x o) = alt(¢’),

but alt: H2(A) — X2(A) is an isomorphism (Proposition 2.6), so ¢,£’ are co-

homologous. Replacing (0,£,v) by an equivalent triple (o, £0¢, Vzg;), we may
assume & = &', Then
- 3 A
ay_g'To(axa) =,

hence v/ /v € X(A) = Hom(A,k*). As b = ¥, V'/v is trivial on A?. Now by
Lemma 3.4 below, we can find ¢ € X(A) such that

¢
poo v’
Hence
p=g=¢, vzl =v.

Thus (o, §,v), (0,&,V') are equivalent.
Surjectivity: Let (o,u) € J'(4,x, 7). Put o = x o (1 x ¢). By Proposition 2.6,
we can take £ € X2(A) such that alt(£) = a. Then

_{T_o(_i_QF) € X2(4),

because

o (sT(—i?a) = alt(§) - (alt(§) o (0 x 0)) = (a0 (o x0)) =1
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by (19). Therefore, by Proposition 2.6 again, there exists a map v’: A — k* such
that

'’ §
% T tTo(oxo)
Then over A% x A we have
‘9”'=§;=a=x=>zo(wxw)=a<uo«),

where m: A° — A% /A, is the projection. Hence

pom

V_'|F € X(A )
Extend this to ¢ € X(A) and set v = v'¢. Then
A — §
o =0v = £To (o x 0)

and v|A% = pom. So (0357'/)6‘](*4,)(’7) and 7 = p. 1

LEMMA 3.4:

{Fhsexa) =@,

where 1 is taken relative to the canonical pairing A x X{A) — k*.

Proof: Let 0*: X(A) — X (A) be the dual of 0. Let o/id denote the endomor-
phism a + o(a)/a and o*/id the similar one for X (A). Then

o o*\*
A° =Kerﬁ = (Imi—d—) .
Taking L, we have the required identity. 1
Combining Propositions 3.2 and 3.3, we obtain
THEOREM 3.5: Let |A|=d?, 1 =ed™! withd €N, e==%1. Let x: Ax A =k
be a nondegenerate symmetric bicharacter. Then isomorphism classes of tensor

functors C(A,x,T) = V are in one-to-one correspondence with pairs (o, i) such
that

o € Aut(4), o? =1,

x o (1 x o) is alternating,
pu: A% /A, — k> is a map,
ou =X,

sgn(p) = e,
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where
A, ={ac(a)| a € A},
A% = {a € A| o(a) = a},

x: A°JA, x A°JA, — k™ is the pairing induced from x, and sgn(u) is the
signature of the quadratic form p.

4. Case where |4| is odd

When |A4] is odd, we can complete the classification of tensor functors C(A, x,7)
— V. As before, let |[A| = d?, d € N, 7 = ed™!. Let (0, 1) be a pair of Theorem
3.5. We have A°/A, = 1. The only quadratic form on A?/A, is the zero map,
which has signature +1 by definition. So if € = —1, there does not exist a pair
(o, 1)

If € = +1, it is enough to take care of only 0. Since |4| is odd and o2 = id, we
have the decomposition

A = A+ X A_,
Ar ={a€ Alo(a)=a} =47,
A_={a€ Alo(a) =a'}.

That y is symmetric and x o (1 X ¢) is alternating implies
x(A4,A4) =x(A-,A-) =1

Conversely, if we are given a decomposition A = By X Bj such that x is trivial
on both By and Bj, then we have the involution o: (bg,b1) — (bo,b;") of A
and x o {1 x o) is alternating. Thus involutions in question are in one-to-one
correspondence with such decompositions A = By x B;. By Theorem 3.5 we
obtain

PROPOSITION 4.1: (i) If e = —1, there exists no tensor functor C(A,x,T) = V.
(i) If e = 1, isomorphism classes of tensor functors C(A,x,7) — V correspond
bijectively to pairs (Byp, B1) of subgroups of A such that

A= Bo X Bl, X(B(),Bo) = X(BI,BI) =1.

Let (Bg, B1) be as above. Then x induces an isomorphism of B, onto the dual
X (Bg). Thus the pair (4, X) is isomorphic to (By X X(Bg),w), where

w((b, B), (¥, B")) = BB (b).
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We will say such x is hyperbolic.

If (By, BY) is another pair with the same property, then A = Byx X (By) & Byx
Bo and A 2 Bl x B),. It follows that By & B). And B; = X(By) =~ X (B)) =~ B,.
The isomorphisms B; — Bj thus obtained induce the automorphism

A=Bo><Bl—)B6><Bi=A,

which obviously preserves x. We conclude that if x is hyperbolic, the group
Aut(A, x) acts transitively on the set of pairs (Bg, B) of the preceding proposi-
tion. Thus we have the following.

PROPOSITION 4.2: Suppose € = 1. There exists a tensor functor C(A, x,7) =V
if and only if x is hyperbolic. In this case the group Aut C(A, x, 7) acts transitively
on the set of isomorphism classes of tensor functors C(4,x,7) = V.

By the theory of Tannakian categories ([4]), a tensor functor F: C(4,x,7) = V
determines a Hopf algebra H so that F factors as the composite of a tensor
equivalence C(4, x,7) ~ H-mod and the forgetful functor H-mod — V, where
H-mod is the category of finite dimensional H-modules. (C(A4,x,7) is rigid as
shown in [3].) Let us describe explicitly the Hopf algebra H in the case of the
preceding proposition.

We assume ¢ = 1 and (4, x) is hyperbolic. Specifically we take

A = B x X(B),

x: ((b,8), (', 8)) = (b, 8}V, B),
a: (b,8) = (b,871),

p=1

where (—, —) is the canonical pairing between B and X(B).
We will keep the notation in Section 3. We have x o (1 x o): ((b,8), (¥, 5')) =
(b,8"Y"1{¥, B), so we can take the 2-cocycle £ to be

& ((6,8),(¥,8)) — (¥, B).

Then

so we can take v to be
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Hence the A-graded algebra R is given by

R= @ R(b ) R (b,8) k.’L‘b.’L‘ﬂ
beB,BeX(B)

with relations

Ty = Tyly, TTp = TeZg, Ty = (0,b)zpzs,

and the involution f is given by
fl@e) =z, f(zp) = T5-1.
As the simple left R-module M, we take M = @), g kvp with action
Tp-Vy = Vb, Zp-Vp = (B, )vp.
The pairing v on M is given by
V(s Ve) = Ope,1

so that the isomorphism M ® M — R is given by

vp ® v Z <:Ba C)mbc.’lfﬁ
BeX(B)

with inverse
TpTg ’-—> Z B,¢) Loy @ v
ceB
We have thus specified the isomorphisms (i1)—(i4) of Section 3, which determine
a tensor functor F: C(4,x,7) = V.

Now we describe the Hopf algebra H for F. Welet H = Hae 4 End Ry xEnd M
as an algebra. The spaces R, for a € A and M are simple left H-modules. Let
fo € H for a € A be the central idempotent in the factor End R, = k, and let
eprr € H for b,b' € B be the matrix units in the factor End M relative to the
basis {’Ub} of M, i.e., eb,bl(vbu) = 51,1,1,//1)(,.

The comultiplication A: H - H ® H is determined by the requirement that
the isomorphisms (i1)-(i4) are H-linear. For example, f(; ) acts on R as the
projection onto R g). Translating this via the isomorphism M ® M = R, one
finds that fip ) acts on M @ M as

1
Ve QU > — E 5b,c’d’ (ﬂ, d,d—1>’vbd-1 ® vq.
d

|B|
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This tells us that the End M ® End M-component of A(f(;4)) is given by

1 _
1Bl Z (B,d7'd'Yepg-1 par-1 R egar-
d.deB

Working with the other isomorphisms likewise, one finds that the comultiplication

A of H is given by

1 _
AMfos) = Y fow=1,001) ® feo .o+ gy Y. (Bd7 d)ers1p0-1 @ eaar,
(b,8)eA d,d'eB

Alegar) = Z ((B,d7 ") f(b,8) ® €b-14p-10r + (B, dd' ep-145-10 ® fn.3)) -
(b,8)cA

5. Case where A is an elementary abelian 2-group

For the case where |A| is even, we give a complete classification of tensor functors
C(A,x,7) = V only when A is an elementary abelian 2-group.

Here elementary abelian 2-groups are regarded as vector spaces over the field
F = F;. Let S be the category whose objects are pairs (A,x) of F-vector
spaces A and nondegenerate symmetric bilinear forms x on A, and morphisms
are isomorphisms in an obvious sense. Let T be the category whose objects are
triples (A, x,0) of F-vector spaces A, nondegenerate symmetric bilinear forms
x on A, and involutions ¢ € Aut(A4) such that x o (1 x o) are alternating, and
whose morphisms are isomorphisms in an obvious sense. Direct sums of objects
are defined componentwise.

For (A, x) € S, we have the object (A® A, x® x,T) € T, where T: (a,b) —
(b,a). The automorphism (a,b) — (a,a + b) of A @ A yields the isomorphism

(A@A,x@x,T)=(A®A,<§ 2)(2 $)>§<A@A’(§ ;)(é i))

in T, where the third component of the right side stands for the automorphism
(a,b) = (a + b,b). If x is alternating, we have also the object (4, x,id) € T.

Conversely, let (A,x,0) € T. Let A, < A° < A be as in Section 3. Let
p(a) = o(a) — a. Then p? =0 and A, = Imp, A’ = Kerp. Hence p induces an
isomorphism p: AJA° — A,. As A° = A}, the form y induces nondegenerate
pairings

tAg X AJA° - F,
L A% /A, x A°JA, = F,

P (]
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and ¥ is alternating. Since both x o (1 x ¢) and x are symmetric, we have
x(a, p(b)) = x(b, p(a)). Let

Xo=X0(1xp1): A, x Ay & F
so that x,(a, p(b)) = x(a,b) for a € A,, b € A. Then

Xo(p(a), p(b)) = x(p(a),b) = x(p(b),a) = x-(p(b), p(a)),

S0 X, is symmetric.
Thus we have functors Py, Py: T — S taking (4, x,0) to (44, X0), (A7 /As, %),
respectively.

PROPOSITION 5.1: Every object (A, x,0) € T is isomorphic to
(Al 5%} Ala X1 @ XlaT) @ (A27X2a ld)

with (A1,x1),(A2,x2) € S and x2 alternating. The isomorphism classes of
(A1, x1) and (A3, x2) are uniquely determined.

Proof: 'The uniqueness follows from that the functors Py, P, take the object
(A1® A1, x1 0 x1,T) © (A2, x2,id)

to (A1, x1), (A2, x2), respectively.

Let (A,x,0) € T. Then a = x o (1 x ¢) is a nondegenerate alternating form
on A and a(4,,4,) = 0 and A° = {a € A| ofa,A;) = 0}. By Lemma 5.2
below, there exists Az < A such that A = A% & A3 and a(43,A43) = 0. Put
Az = (As + A3)t = A° N AF (L is taken relative to x). Then A° = A, & A,.
Indeed,

At,ﬂA"ﬁAg,L =AaﬂA§' = (A")lnAé' = (A"'+A3)J‘ =Alt=0
and
dim A% /A3 = dim(A, + A3)/A, = dim A3 = dim A/A? = dim A,.

Thus A= A, ® A; ® A;.
The map p induces an isomorphism Az = A,. We have x(a,b) = x,(a, p(b))
fora € A,, b € As. As a(As, A3) =0, we have x(a,o(b)) = 1 for a,b € A3, hence

x(a,b) = x(a, p(b)) = xo(p(a), p(b))-
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Let x2 be the restriction of x to A;. The isomorphism

A=A, DA DA = A, DA D A

(a1, a2, a3) — (a1, p(as), az)

yields a desired isomorphism

~ 0 xs 11 )
axa) =040 (0 %) (5 1)@ tnxaia. @
LEMMA 5.2: Let V be a vector space over F, o: V x V — F a nondegenerate
alternating form, and U a subspace of V such that a(U,U) = 0. Then there
exists a subspace W of V such that o(W,W)=0andV =Ut @ W.

Proof: We will inductively construct vectors ui,...,ur inU and wy,...,wrin V
such that a(u;, w;) = 6;; and a(w;,wy) =0forall 1 <4,5,j' < k. If k =dimU,
then W = (w,...,wx) is a required subspace. Suppose we have found such

vectors for k < dimU. Then (uy,...,ux) G U. Take w € (uy,...,ux)t NU™.
Take u € U such that a(u,w) =1. Put

k
Wgil =W — a(w, w;)u;,
=1
k
Upl = U — Za(u, wju;.
3=1
Then
oWy, W) = 0, vy, w;) =0 for1<j<k, and
a(upy1, Wet1) = 1.
Thus w1, - .., Uk+1; W, -- -, Wk4+1 have the required property. |

PROPOSITION 5.3: The isomorphism class of an object (A, x, o) in T is detected
by rank(c — 1) and the isomorphism class of (A,x) in S.

Proof: Take an isomorphism
(A, x,0) = (A1 ® AL, x1 © xa, T) @ (Ag, X2, 1d).

It is enough to show that the isomorphism classes of (A1, x1), (A2, x2) are deter-
mined from (A4, x) and rank(c — 1). Clearly dim A and rank(c — 1) determine
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dim A, dim A;. Since x2 is a nondegenerate alternating form, (Asg, x2) is iso-
morphic to the direct sum H® with s = % dim Aj in the notation of Section 2 (5).
Hence

(4,%) = (A, x1)* @ H®.

By Corollary 2.13, the isomorphism class of (A1, x1) is uniquely determined from
that of (A, x). ]

Let (A,x) € S. The group Aut(A, x) acts on the set J'(A,x, 7). The orbit set
J'(A,x,7)/ Aut(A, x) is described as follows.

PROPOSITION 5.4: Let dim A = 2r. The map (o, u) — r — rank(c — 1) gives an
injection

J' (A x,7)/ Aut(4, x) = Z

with image

{k €[0,7]] k =rmod 2} Iif x is alternating and e = 1,
{k € [1,7]] k =rmod2} if x is alternating and e = —1,
[0, — 1] if x is not alternating and € = 1,

1,7 —1] if x is not alternating and e = —1.

Proof: Injectivity: Let (o,p),(0’,u’) € J'(A,x,7) and suppose rank(c — 1) =
rank(o’ — 1). By the preceding proposition, (A,x,0) = (4,x,0'). So we may
assume o = ¢’. Then p, ' are quadratic forms on A?/A, having the same asso-
ciated bilinear form ¥ and the same signature €. Hence they are conjugate under
the group Aut(A?/A,,%). Now the natural map Aut(A, x,o) = Aut(A4°/A,,%)
is surjective, as seen from the isomorphism of the preceding proposition. Hence
(o, 1), (0, 4') are conjugate under Aut(A4, x, o).

Image: Suppose y is alternating. Then (A, x) & H". For any integers k1, k2 >
0 with r = 2k; + ko let (A1, x1) = H*, (A2, x2) = H** and set

(Ala X,70J) = (Al 157 Al’Xl 182] Xl’T) ® (A27X2a ld)

Then (A',x') =2 (A, x) and r — rank(o’ — 1) = ky. Unless e = —1 and k; = 0, we
can take a quadratic form p’ on A having the associated bilinear form x2 and
the signature e. Thus we have (o/,p’) € J'(A’,x’,7). Hence such k; is in the
image of the map. The converse inclusion is similarly shown.

Next, suppose x is not alternating. Then (4,x) = H™~! @ L? by Proposition
2.11. For integers ky, ko > 0 such that 2k; +k; = r—1 (resp. 2k; + 1+ k2 =7-1)
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consider the above (4’,x/,0') with (4;1,x1) = H* @ L (resp. H* @ L?) and
(Az,x2) = H*2. Then (A',x") = (4,%) and r — rank(c’ — 1) = ky. Similarly to
the above, kg is in the image unless e = —1 and ko = 0. |

By Theorem 3.5 and Proposition 1 we obtain the following.
ProrOSITION 5.5: The number of orbits of isomorphism classes of tensor

functors C(A, x,7) — V under the action of AutC(A,x,7) is given by

[g] +1 ifx is alternating and € = 1,

-1
[? 5 ] +1 if x is alternating and € = —1,

r if x is not alternating and € = 1,

r—1 if x is not alternating and e = —1.

In the rest of this section we describe Hopf algebras arising from tensor functors
C(A,x,7) = V. Firstly we make a reduction to the indecomposable case. We
have a natural notion of direct sums for 5-tuples (4, x,7,0,4) with (o,p) €
J(A, x,7):

(A, x,7,0,p) ® (A, X', 7,0, 5 = (A", X", 7", 0", 1),

where
A'=Ax A,
x": ((a,a), (b,)) = x(a,b)x' (@', 1),
=77

o' =0 x0o,
1’ (a,0’) = p(a)p'(d).
If F: C(A,x,7) = V and F': C(A',x',7') = V are tensor functors respectively

corresponding to (o, 1) and (o, &'}, then the tensor functor F": C(A",x",7") =
V defined by

F"((a,d')) = F(a) ® F'(d),
F"(m) = F(m) ® F'(m)

corresponds to (0”,p”). Let F and F' yield equivalences C(A,x,7) ~ H-mod
and C(A',x',7') ~ H'-mod with H and H’ Hopf algebras, respectively. Let
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H" be the factor algebra of H ® H' determined by the simple H @ H’-modules
F(a)® F(d') for all a € A, o' € A’ and F(m) ® F'(m). As direct sums of those
simple modules are closed under tensor products, H” is a Hopf algebra. Then
F" yields an equivalence C(A”,x",7") ~ H"-mod.

By Propositions 5.1 and 5.3, any object (4, x, 7,0, ) with A an elementary
abelian 2-group is a direct sum of the following four objects:

0100 0010
(1 000] 1({00 01
FElooo 1] t2l100 0]

0010 0100
2 (1 0) ,1 (01
(F’(017+2710)0),

0 1 1.
(Fz, (1 0) a+'2'a1d1q+)7

2 (0 1) 1.
(F ,(1 0)7 2?1d’q_)’

where the quadratic forms g,,q_ on F? are given in coordinates by
gy = ZT1T2, ¢- = xf + a:% + Z1Z3.

Thus we may confine ourselves to describing Hopf algebras for the tensor func-
tors corresponding to the above four objects. The last three were already treated
in [3]. They correspond to the Hopf algebra Hg of Kac and Paljutkin, the dihe-
dral group Dg, and the quaternion group Qg, respectively. So we consider here
only the first. Switching back to the multiplicative notation, we let

A= Bx B,

x: ((a,b), (@', V') = w(a,a’)w(bb'),
L

o: (a,b) v (b,a),

p=1,

where B is the Klein 4-group and w: BxB — {£1} C k* is the unique alternating

form on B.
The A-graded algebra R is given by

R= D Rapy Reab =kzals
a,beB
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with relations

TaTa’ = Taa’s YolYb = Ybb'y, Tallp = w(a, b)ybwa'

The involution f interchanges z, and y,. The simple left R-module M is given

by
=D
beB
with action
Ta-Yop = Vaby Yo Up = w(a, b)’Ub.
The isomorphism M ® M — R is given by
Ve @ vg Z wlac, bd)yz,yp
a,beB
with inverse .
ratn = oy Sl o 0 v
c,d

. Thus we obtain the isomorphisms in (i1)-(i4), which determine a tensor functor
F:C(A,x,7) = V.

Let H be the Hopf algebra for F. Then H = [[,.4End R, x End M as an
algebra. Let f, € H be the idempotent in the factor End R, = k and let ez p» € H
be the matrix units in the factor End M relative to the basis {vy} of M. Similarly
to the end of Section 4, one sees that the comultiplication A of H is given by

A(fap) = Z f(a' ) ® flar=1a,b-1b)

(a’b')EA
+ |1_i Z w(ac, bd)w(ac,bd)ec, ® €44,
¢’ d,d'eB
Aleg,q) = Z (w(b,dd') f(ap) ® €ad,adr + w(a,dd)esapar ® fiap)) -
(a,b)EA
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