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Abstract. We consider solutions of the initial-Neumann problem for the heat
equation on bounded Lipschitz domains in RY and classify the solutions whose
spatial level surfaces are invariant with respect to the time variable. (Of course,
the values of each solution on its spatial level surfaces vary with time.) The pro-
totype of such classification is a result of Alessandrini, which proved a conjecture
of Klamkin. He considered the initial-Dirichlet problem for the heat equation on
bounded domains and showed that if all the spatial level surfaces of the solution
are invariant with respect to the time variable under the homogeneous Dirichlet
boundary condition, then either the initial data is an eigenfunction or the domain
is a ball and the solution is radially symmetric with respect to the space variable.
His proof is restricted to the initial-Dirichlet problem for the heat equation. In the
present paper, in order to deal with the initial-Neumann problem, we overcome
this obstruction by using the invariance condition of spatial level surfaces more
intensively with the help of the classification theorem of isoparametric hypersur-
faces in Euclidean space of Levi-Civita and Segre. Furthermore, we can deal with
nonlinear diffusion equations, such as the porous medium equation.

1 Introduction

Alessandrini proved a number of symmetry results [1, 2] which settled a
conjecture of Klamkin [16] (see also [29]). We quote a theorem from [2] (see
[2, Theorem 1.3, p. 254]).

Theorem A (Alessandrini). Let Q be a bounded domain in RY (N 2 2) all of
whose boundary points are regular with respect to the Laplacian. Let p € L*(Q)
satisfy ¢ # 0 and let u = u(z,t) be the unigue solution of

Su = Au in £ x (0, 00),
(1.1 u(z,0) = p(z) in 9,
u=0 on 69 x (0, ).
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If there exists T > 0 such that, for every t > 7, u(-,t) is constant on every level
surface {z € Q : u(z,7) = const.} of u(-,7) in Q, then one of the following two
cases occurs.

(i) ¢ is an eigenfunction of —A under the homogeneous Dirichlet boundary
condition.

(i) Q is a ball, u(-,t) is radially symmetric for each t 2 0, and u never vanishes
in Q x [1,00).

Klamkin’s conjecture [16] was that if all the spatial level surfaces of the solution u
of (1.1) are invariant with respect to the time variable ¢ for positive constant initial
data, then the domain must be a ball. Therefore Theorem A proved Klamkin’s
conjecture [16].

In the present paper we consider the analogous problem under the homogeneous
Neumann boundary condition and the problems for nonlinear diffusion equations
such as the porous medium equation. Our first result is

Theorem 1. Let Q be a bounded Lipschitz domain in RN (N 2 2) with
boundary 8Q, and let p € L*(Q) satisfy ¢ # 0and [, p dz = 0. Let u = u(z,t) be
the unique solution of the following initial-Neumann problem:

Ou = Au in  x (0,00),
(1.2) u(z,0) =p(z) in Q,
%’5:0 on 89 x (0, 00),

where v denotes the exterior normal unit vector to 9). Ifthere exists T > 0 such that,
for every t > 1, u(-,t) is constant on every level surface {z € Q: u(z,7) = const.}
of u(-,7) in Q, then one of the following two cases occurs.

(i) ¢ is an eigenfunction of —A under the homogeneous Neumann boundary
condition.

(i1) By a rotation and a translation of coordinates we have one of the following:

(a) There exists a finite interval (a,b) such that u extends as a function of x,
and t only, say u = u(z,t) ((z1,t) € [a,b] x (0,00)), where ¢ = (z1,...,2n), and
there exist an integer n 2 1 and a finite sequence {s;}7_, satisfying

b—a i
so=a, s,=0b and Sj+1 = 85 = ~—— for0LjEn—-1,
such that 8u/0x; does not vanish on U;:OI (85, 8541) % (7, 00) but vanishes identically
on {sj}7.o x (0,00). Whenn 2 2, u is symmetric with respect to the hyperplane
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{zx € RY 12y = s;} foreach 1 £ j < n—1. Furthermore, the boundary 0 consists
of at most the following:

(a-1) a part of the hyperplane {z € RN :z; = b},
(a-2) a part of the hyperplane {x € RY : z, = a},

(a-3) a part of the hyperplane {x € RY : z, = s;} foreach 1 £ j £ n — 1 when
n22

(a-4) a collection of straight line segments { given by
(={zeR" :z=(z1,y) and s; Sz, < 5,41},
where yisa pointin RV  and0< j <n -1

Here (a-1), (a-2), and (a-4) are nonempty and there is a case in which (a-3) is
empty.

(b) There exist a finite interval (a,b) with a 2 0 and a natural number k with
2 < k < N such that u extends as a function of r = (23 + -+~ + a:z)% and t only,
say u = u(r,t) ((r,t) € [a,8] x (0,00)), whose derivative $(r,t) does not vanish
on (a,b) x (7,00) but vanishes identicially on {a,b} x (0,0). Furthermore, when
2 £ k £ N — 1, the boundary 8%} consists of the following:

(b-1) a part of the hypersurface {x € RN :r = b},
(b-2) a part of the hypersurface {z € RY :r = a} when a > 0,
(b-3) a collection of straight line segments ¢ given by
t={zeR" :(z1,...,zx) =rw,a S b, and (Tr41, .. TN) = Y},

where y is a point in RN =% and w is a point in the (k — 1)-dimensional unit
sphere ¥t in R¥.

When k = N, there exists a Lipschitz domain S in SN~ (S can be the whole sphere
SN=1) such that Q = {rw € RN : r € (a,b) andw € S} when a > 0, and either
Q={rweRY :re(0,b)andwec S}withS+SNtorQ={zeRY :r <b}
when a = 0.

In particular, in case (i), if 8 is C*, then Q must be either a ball or an annulus.

We refer the reader to [10] for existence and uniqueness of solutions of the initial-
Neumann problem in Lipschitz cylinders. Since any constant function is a trivial
solution of the initial-Neumann problem (1.2) with constant initial data, and since
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adding any constant function to the solution » in Theorem 1 does not have any
influence on the invariance condition of spatial level surfaces of u, we have assumed
for simplicity that ¢ # 0 and [, ¢ dz = 0 for the initial data ¢.

Alessandrini used an eigenfunction expansion and a special case of a well-
known theorem of symmetry for elliptic equations of Serrin [27, Theotem 2,
pp- 311-312] in order to prove Theorem A.

Theorem S (Serrin). Let D be a bounded domain with C? boundary D and
let v € C?(D) satisfy

Av=f(v) andv >0 in D,
v=0agnd Ov/Ov=c on 8D,

where f = f(s) is a C* function of s, c is a constant, and v denotes the exterior
normal unit vector to 8D. Then D is a ball, and v is radially symmetric and
decreasing in D.

Under the hypothesis that case (i) of Theorem A does not hold, Alessandrini showed
that there exists a level set D = {z € Q : ¢(z) > s} with s > 0 of an eigenfunction
¥ = ¢¥(z) of —A under the homogeneous Dirichlet boundary condition such that
the function v = + — s satisfies the overdetermined boundary conditions as in
Theorem S. Applying Theorem S to v then implies that D is a ball and that v is
radially symmetric and decreasing in D. A little more reasoning yields the case
(ii) of Theorem A. In this proof, essential use is made of the fact that the boundary
of D does not touch the boundary 692. This fact arises from the homogeneous
Dirichlet boundary condition of the eigenfunction ¢. Therefore, in our problem
(1.2) we cannot use Theorem S because of the homogeneous Neumann boundary
condition. We overcome this obstruction by using the invariance condition of
spatial level surfaces more intensively with the help of the classification theorem
of isoparametric hypersurfaces in Euclidean space of Levi-Civita and Segre (see
[18, 26]). Besides, we can give another proof of Theorem A which does not depend
on Theorem S.

In fact, the introduction of isoparametric surfaces was motivated by Somigliana
[28] and Segre [25] in terms of similar questions of the geometry of solutions of
partial differential equations.

Next we want to consider nonlinear diffusion equations. For the porous medium
equation under the homogeneous Neumann boundary condition we have
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Theorem 2. LetQ be a bounded domainin RY (N 2 2) with smooth boundary
90, and let u = u(z,t) € C®(Q x (0,00)) satisfy

&f(u) = Au in Q x (0, 0),
(1.3) u >0 in @ x (0, 00),
Oufov =0 on 90 x (0, 00),

where 3(s) = s'/™ (m > 0,m # 1) and v denotes the exterior normal unit vector
to OO If there exists 7 > 0 such that, for every t > 1, u(-,t) is constant on every
level surface {z € Q : u(z,7) = const.} of u(-,7) in Q, then one of the following
two cases occurs.

(1) u is a positive constant.

(i1) Q is either a ball or an annulus; for each t 2 7, u(-,t) is radially symmetric
with respect to the center; and, for t > 1, the derivative with respect to the
radial direction, say ou/dr, vanishes in Q only at the center of the ball.

For the generalized porous medium equation under the homogeneous Dirichlet
boundary condition we have

Theorem 3. Let ) be a bounded domainin RN (N 2 2) with smooth boundary
90, and let u = u(z,t) € C(Q x (0,T)) NC®(N x (0,T)) satisfy

(1.4)

8Bu)=Av and u>0 inQx (0,T),
u=0 on 90 x (0,T),

where 3 is a continuous function on [0, 00) such that
(1) B is real analytic on (0, 0),
(2) B(0) = 0and 3'(s) > 0 forany s > 0.

If there exists T € (0,T) such that, for every t > 7, u(:,t) is constant on every level
surface {x € Q : u(x,7) = const.} of u(-,7) in Q, then one of the following two

cases occurs.
(i) There exists a positive C* function X = X(t) on [1,T) such that u(z,t) =
Mt)u(z, ) for any (z,t) € Q x [1,T).
(ii) Q is a ball; for each t € [r,T),u(-,t) is radially symmetric with respect to

the center; and, for each t € (1,T), the derivative with respect to the radial
direction, say du/0r, is negative in §) except at the center of .
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See [9, 24, 3] for the existence and uniqueness of weak solutions of the initial-
boundary value problems for 9;3(u) = Au, and [23] for the continuity of bounded
weak solutions. When 3(s) = s1/™ with 0 < m < 1, if the initial data u(z,0) €
L>(Q) for the initial-Dirichlet problem, there exists a finite extinction time 7* such
that u = 0 for ¢t 2 T* (see, for example, [7, p. 176]). Therefore, in Theorem 3 we
consider the finite time interval (0, T'). Concerning case (i), see [6, 8] for separable
solutions of (1.4) when 3(s) = s!/™ with m > 0.

In Section 2, we prove Theorems 1, 2, and 3 simultaneously. Section 3 is
devoted to some remarks concerning these theorems.

2 Proofs of theorems

First of all, letus quote the classification theorem of isoparametric hypersurfaces
in Euclidean space RY, which was proved by Levi-Civita [18] for N = 3, and by
Segre [26] for arbitrary N. See [20, 21] for a survey of isoparametric surfaces.

Theorem LcS (Levi-Civita and Segre). Let D be a bounded domain in
RN (N 2 2) and let f be a real-valued smooth function on D satisfying V f +# 0 on
D. Suppose that there exist two real-valued functions g = g(-) and h = h(-) of a
real variable such that

@.n \VH?=9(f) and Af=h{f) onD.

Then the family of level surfaces {z € D : f(z) = s} (s € f(D)) of f must be
either parallel hyperplanes, concentric spheres, or concentric spherical cylinders.
In particular, by a rotation and a translation of coordinates one of the following
holds:

(a) There exists a finite interval (ay,bi) such that f extends as a Sfunction
of z, only, say f = f(z1) (1 € (a1,b1)), and D C (a1,b1) x RN~ with
OD N ({a;} x RV-1) # @ and 8D N ({b1} x RN ~1) # 0.

(b) There exist a finite interval (a1, b,) with a; 2 0 and a natural number k with
2 < k < N such that f extends as a function of T = (z2 + -+ + 22)% only, say
f = f(r) (r € (a1, b)), and furthermore, when a, > 0, D C {(x1,..,Tk) €
RF:a; <7 <b} xRN =% withaDn({{z1,...,zx) € RE .y =a; }xRV-%)£0
and 8D N ({(z1,...,xx) € R¥ : 7 = b1} x RN=%) £ 0, and when a; = 0,
D C{(z1,...zx) ERF : 0 r < by} x RY=* with D ({0} x RV %) # 0 and
aD N ({(z1,....zx) € R* : 7 = b} x RNF) £ 0. Here, when k = N, RV ~F is
disregarded.
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In this theorem, the function f is called an isoparametric function and the level
surfaces of f are called isoparametric surfaces. For our application, we have
assumed that the domain D is bounded.

Let us put u(z,7) = ¢(z) for z € Q. By the common assumption of Theorems
1, 2, and 3 (the invariance condition of spatial level surfaces) as in [1, (2.2), p.
231] we have

(2.2)  u(z,t) = pu((z),t) forany (z,t) € Q x [r,00) ([7,T) in Theorem 3)
for some function p = u(s,t) : R x [1, 00} — R satisfying
(2.3) u(s,7)=s foranyséeR

Although the time interval is [r, T') in Theorem 3, for simplicity let us use the time
interval {r,00). In Theorems 1 and 3, 4 is not constant; and in Theorem 2, if ¢
is constant, then u is constant for t > 7 and moreover by the uniqueness theorem
[12, Chapter 6, Theorem 7, p. 178] for linear backward parabolic equations we
have case (i). Therefore, we may assume that ¢ is not constant. Hence there exist
a point 2o € © and an open ball B in RV centered at zo such that

(2.4) V¢ #0 onB(C Q).

Then, by a standard difference quotient argument (see [1, Lemma 1, p.232] and
[2, Lemma 2.1, p. 255]), we have

Lemma 2.1. There exists § > 0 such that for I = [¢(zq) — 8,%{xo) + 6] we
have I C (B) and p € C®(I x |1,00}).

Proof. For the reader’s convenience, we give a proof. The partial differentia-
bility of p with respect to ¢t is a straightforward consequence of (2.2). It follows
from (2.4) that there exists an interval I = [¢){zo) — 8,%{zo) + 6] with some § > 0
such that 7 C 9(B). Let s € I. Then there exists a point y € B such that ¢(y) = s
and Vi (y) # 0. For h € R with |k| sufficiently small, put z(h) = y + AVy(y) € B.
Hence ¢(z(h)) = s + h|V¥(y)|? + O(h?) as h — 0. Thus for every k € R with
|k| sufficiently small there exists a unique h € R such that ¢(z(h)) = s + k, and
h = k|Vy(y)|~2 + O(k?) as k — 0. Consequently, we have for each ¢ € [r, o0)

(2.5) p(s + k,t) — p(s,t) = u(z(h),t) - u(y,t)
_, Vau(y, t) - Vi(y) 2
== wee TO®)

as k — 0.
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This means that there exists a partial derivative u, (= du/3ds) given by

(2.6) ps(s,t) = us(¥(y),t) = @%v’—%;?—m-

On the other hand, we have from (2.2)

2.7 :U't(&t) = /th(w(y)a t) = 8tu(y3 t)'

In view of (2.4), since the right-hand sides of both (2.6) and (2.7) are bounded on
B x|r, 1] for each > 7, by using the mean value theorem we get u € C%(I x {7, 00)).
Because of (2.4), the right-hand side of (2.6) is smooth in B x [, 00). Therefore,
we can repeat the same process from (2.6) to prove the existence of the partial
derivatives pg and ug; and we get u, € C%(I x [r,00)) with the help of the
mean value theorem. Similarly, we can start the same process from (2.7) and get
w € COI x [1,00)). Consequently, by repeating the process as many times as we
want, we obtain p € C®([ x [1,00)). O

In view of Lemma 2.1, we can substitute (2.2) into the differential equation and

get
(2.8) B = div (V) = A% + 5| VY7 on 9~ H(I) x [,00),

where v 1(I) = {z € Q : ¢(z) € I} and in Theorem 1 we recognize that 3(s) = s.
Differentiating (2.8) with respect to t yields

(2.9) B () (1e)? + B ()t = poe A + poat| VYI? onyp™H(I) x [1, 00).

Let us introduce the function ® by

(210) D =det ('LLS “38> = Uslsst — Hsshhst-
Hst  Hsst

We distinguish two cases:

(DD =0onl x|roco0),

2)D #0o0nl x [r,c0).
Note that these cases are slightly different from the cases in the paper [1], where
the time is fixed, that is, ¢ = 7. This modification is useful in dealing with nonlinear
diffusion equations (Theorems 2 and 3).

Case (I). In this case, let us show that the solution u must be a separable
solution, which implies case (i) of Theorems 1 and 3. It follows from (2.3) that
us(s,7) = 1. Therefore, there exists a time T} > 7 such that

(2.11) s >0 onlx[r,T1].
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Hence we have

(2.12) (log pts)st = D/{ps)> =0 onlIx[1,Ty].

Solving this equation with y,(s,7) = 1 yields

(2.13) u(s, t) = At)s+n(t) forany (s,t) € I x [r,T1]

for some C> functions A = A(t) = pu, > 0 and = 5(¢) on [, T3] satisfying
(2.14) AM7r)=1 and n{r)=0.

On the other hand, we know that for each time ¢t > 0, u(-,t) is analytic in z (see
Friedman [13]). Therefore, by (2.13) and (2.2), we see that

(2.15) u(z,t) = A(t)¥(z) +n(t) forany (z,t) € Q x [r,T1].

Now we distinguish Theorems 1, 2, and 3. Let us consider Theorem 3 first. The
homogeneous Dirichlet boundary condition implies that » = 0 on [7,T1]. Namely,
we have

(2.16) u(x,t) = AM(t)p(z) forany (z,t) € O x [, T1].

Let T* = sup{T; € (1,T) : s > 0on I x [r,Ty]}. Suppose that T* < T. Since
u > 01in Q x (0,7), in view of (2.13) and (2.16) we have by continuity

(2.17) ps(s, T") = tlTi’IIII‘ At) = u(zo, T")/¢(x0) >0 foranys € 1.

This contradicts the definition of T* and the continuity of p,. Therefore, we get
T* =T and have case (i) of Theorem 3.

Next we consider Theorem 1. Since [, ¢ dz = 0, we have Jq u(z,t) dz = 0 for
any t > 0. Therefore, by integrating (2.15), we see that n = 0 on [7,T;]. Hence we
get (2.16). By substituting (2.16) into the heat equation and letting ¢t = 7, we get
from (2.14)

(2.18) Ay =N(r)y inQ.

Since 4 is not constant and satisfies the homogeneous Neumann boundary
condition, by separating variables we have

w(z,t) = e X Ty(g)  forany (z,t) € O x [0,00).

This implies case (i) of Theorem 1.
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Finally, let us consider Theorem 2. Substituting (2.15) into the diffusion
equation yields

@19) () ) N (O(E) +7'(8) = MO Av(E).

Dividing this by A(t) and differentiating the resulting equation with respect to ¢
give

(220) (o = )OVER) + (0 + (@) + 1) (W) + (1)

((tt)) (A& (=) +n(1) (N (E)(x) + 7' (1) = 0.

A further calculation gives
(2.21) I (z) + 1I({)p(z) + TTI(t) =

where

1(0) = (= = 2) (V)2 + XN (),
2 w2
@22) 110 = (= =3} (1) + X" (1) + X' (2hn(e) = =),

1110 = (5 = 1) @O + 2(0n"(0) = (O 0

~—

Therefore, by (2.21), we have
(2.23) I®)=1I(t) =11I(t) =0.

Solving I(t) = 0 with A(r) = 1 gives

(2.24) N(t) = X2 w ()N (7).
By solving I1(t) = 0 with respect to n”(t), we get

iy — (2 () X(t)
(2.25) 70 = (= -3) 5570 - (55) 7

Substituting this into I7I(t) = 0 gives

' N '
@20 (&-1)0@) -2(5-1)5En0r0 - () 7 =0
Here, by using (2.24), we have

N(t)
)

() < (- 2pee-sioprcor

= NH(OX(7),
(2.27)
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By substituting these into (2.26) we get

(2.28) (n'(t) - Al-%(t)A'(T)n(t))Q =0.

Therefore, by using the first equation of (2.27) once more, we conclude that

(2.29) (g—%), =0.

Since n(7) = 0 (see (2.14)), this implies
(2.30) n(t)=0 on|r,T1].

iNamely, we get (2.16). Since [, uw (z,t) do = Jy¥=(x) dz > 0 forany ¢ > 0, we
have from (2.16)
AMt)=1 foranyt € [r,T1].

Then the diffusion equation implies that Ay = 0in Q. In view of the homogeneous
Neumann boundary condition, we see that 1 is a positive constant. This contradicts
(2.4), that is, we cannot have case (1) in the situation of Theorem 2.

Case (2). In this case, by supposing that each case (i) of Theorems 1, 2, and 3
does not hold, we show that each case (ii) of the theorems holds. It follows from
the continuity of © that there exist a nonempty open subinterval J C / and a time
to = 7 such that © # 0 on J x {to}. Hence we can solve equations (2.8) and (2.9)
with respect to |[Vy|? and Ay for (z,t0) € ¥~ 1(J) x {to}. Specifically, there exists
a nonempty bounded domain D C 4~ 1(J)(C ) in RY such that

(2.31) V| =g(¢) and Ay =h(y) onD

for some functions g and A as in (2.1). Then it follows from Theorem LcS that, after
a rotation and translation of coordinates, there exists a finite interval (a;, b;) such
that either (a) or (b) of Theorem LcS holds for f = v and (a1, b;). Consequently,
since 1 is analytic in Q, by (2.2), we have one of the following two possibilities.

(a) There exists a finite interval (a, b) D (a1, by) such that u extends as a function
of z; and t only, say u = u(z1,t) ((z1,t) € [a,b] x [1,00)). Furthermore,
Q¢ (a,b) x RV=! with 80N ({a} x R¥ 1) # @ and 90 N ({b} x RV "1) # @.

(b) There exist a finite interval (a,b) D (a1, b1) with ¢ 2 0 and a natural number
k with 2 < k < N such that u extends as a function of r = (22 + - - + z3)?
and t only, say u = u(r,t) ((r,t) € [a,b] X [r,00)). Furthermore, when a > 0,
Qc {(z1,...zx) € R¥ 1 a < 7 < b} xRV=* with 0QNn ({(z1, ...,zx) € RF : r =
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a} x RV-%) £ 0 and 80N ({(z1,....,7x) € R* : 7 = b} x RV %) # §, and when
a=0,0C{(x1,...,z) ERF: 0 r < b} xRNk with QN ({0} x RV =F) £ ¢
and 80 N ({(z1, ..., zx) € RE 17 = b} x RV ~*) £ . Here, when k = N, RV ¥
is disregarded.

Lemma 2.2. In case (b), u(r, 7)(= ¢(r)) is monotone on |a,b] (provided each
case (i) of Theorems 1, 2, and 3 does not hold).

Proof. Suppose that ¢ is not monotone. Then 1 has either a local maximum
point or a local minimum point. So suppose that ¥ has a local maximum point.
Since 9 is analytic and not constant, there exist three numbers in (a,b), say r; <
ry < T3, such that

i <
(2.32) ¥(r) = ¥(rs) and ¢¥'(r) {> 0 ifr; Sr <o,

<0 iff‘2<7'§7'3.

Hence, using Lemma 2.1 once more and putting [ = [¢(r1), 3(4(r1) + ¥(r2))], we
have I C ¥((a,b)) and p € C®(I x [1,00)). Therefore, we get (2.8) and (2.9),
where I is replaced by I. If ® = 0 on I x [r,00), we have already proved that
cases (i) of both Theorem 1 and Theorem 3 hold as in Case (1); and in Theorem
2 this leads to a contradiction. Therefore, we see that ® # 0 on I x [r,00). By
proceeding as in the beginning of Case (2), we see that there exist a nonempty
open subinterval J C [ and a time t, = 7 such that ® # 0 on J x {to}. By solving
equations (2.8) and (2.9) with respect to |Vy|? and Ay for (2, 9) € P~ 1(T) x {to},
we have in particular that

(2.33) @'(r)* = g(y(r)) ony~ (J)Nr1,7s]

for some function g = g(-) of a real variable as in (2.31). In view of (2.32), we see
that

(2.34) Y HT)N [r1,m3] = [ra,7s] U[re, 7],

where 7y Sy <75 <7y < 16 < 77 < 73, Since ¥(ry) = ¥(r7) and Y(rs) = ¥(re),

by using (2.33) we see that rs —ry =77 — 16 (: f&t}s)) (g(s))" 2 ds) and

(2.35) Y(r) =¢(2r. —7) foranyr € [rq,7s] U [rs, 7],
where r. = $(r4 + r7). Furthermore, by (2.2),

(2.36) u(r,t) = u(2r, —r,t) forany (r,t) € ([rs,rs] U [re,77]) X [7,00).
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On the other hand, since u satisfies the diffusion equation, we have

(2.37) O 3(u) = Ou +

Ou  in (a,b) x [1,00).
Since k 2 2, it follows from (2.36) and (2.37) that
(2.38) Bu=0 in([ra,75] U [re,77]) % [1,00).

In particular, this implies that ¢’ = 0 on [ry, 75] U [rg, 77|, which contradicts (2.32).
Similarly, if we suppose that 1 has a local minimum point, we also get a
contradiction. Consequently, we have proved that u(r, 7)(= ¥(r)) is monotone on
la.b]. O
We now distinguish Theorems 1, 2, and 3. Since 99 is only Lipschitz continuous
in Theorem 1, careful consideration is required to prove Theorem 1.

Completion of the proof of Theorem 1. Especially in Theorem 1,
since problem (1.2) is solved by an eigenfunction expansion, we see that u =
w(zy, t)((z1,t) € [a,b] x [0,00)) in case (a) and u = u(r, t)((r,t) € [a,b] x [0,00)) in
case (b).

Let us consider case (b) first. Lemma 2.2 implies that either ¢’ 2 0 or ¢’ < 0.
Consider the case where ¢’ > 0. Since ¥ is analytic and not constant, there exists
a sequence of positive numbers {;}32, with¢; | 0 as j T oo such that

Y'(a+e;)>0 and Y'(b—e;)>0 foranyj =1
By continuity, we see that for each j 2 1 there exists 7; > 7 satisfying
du>0 on{a+ej,b—ej}x[rT]

Hence, since ¥’ = 0, it follows from the strong maximum principle (see [12,
Chapter 2] or [22, Chapter 4.4, pp. 121—124] for the maximum principle) that for
each j = 1, ,u > 01in [a + ¢;,b — £;] X (,7;]. By dealing with the case where
¥ < 0 similarly, we conclude that there exist two sequences {e;}52,; and {7;}72,
with e; | 0 as j 1 oo and 7; > 7 such that for each j 2 1

(2.39) u#0 inla+e;b—gj)lx (1,7

Since u satisfies the homogeneous Neumann boundary condition, this will deter-
mine the boundary 9 as in case (ii) (b) of Theorem 1. If

aN{zeRY :r=(a?+ - +2})% € (a,b)} =0,
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then & = N and § must be either a ball or an annulus in R”. So let us consider the
case in which 80 N {z € RY : r € (a,b)} # 0. Take sufficiently large j 2 1 and an
arbitrary point z* € 99 with

1
2

r= (=) + -+ (7)) ? € (a+e;,b—¢j).

Since 2 is a bounded Lipschitz domain, we can find an orthogonal matrix R = (t;;)
and a neighborhood V of z* in RY with

Vc{zeRY ir=(a? 4+ -+ €(a+e;,b—e5)}

such that by introducing the rotation of coordinates z = Rz, we have in z-

coordinates
ANV ={z=(%¢(2) €RY : 5= (21, ...,2xv_1) € B},
(2.40) ANV ={z=(Z,25) ERY : c < zy < #(2) and 7 € B},
V =Bx {c,d),

where B is an open ball in R¥~1, (c,d) is a bounded open interval, and ¢ is
a Lipschitz continuous function on B. Then, by Rademacher’s theorem on the
almost everywhere total differentiability of Lipschitz functions (see [30, Theorem
2.21, p. 50] for example), we see that the exterior unit normal vector v to 9Q is

given by
(241) v(3,6(3)) = (1 + |V:6(3)[>)"3(~V3¢(z),1) for almost every 7 € B,

where V¢ = (8.,0,...,0:y_,¢). Therefore, it follows from the homogeneous
Neumann boundary condition that for any ¢ € (7, 7;]

(2.42) (=V:6(2),1) - V, (u(R*z,t)) =0 for almost every z € B,

where z = (3, #(Z)) and R* denotes the transposed matrix of R. Since u = u(r,?)
withr = (22 4 - -- 4 22)2,

(2.43) Vou =

Then, using V, = RV, we get

. Bou(r,t) 1 & N kK N
(244) YV, (u(R'z,8) = T(ermcjazj,...,zZtNa:jazj).

a=1j=1 a=1j=1

Since 8,u(r,t)/r # 0 foranyt € (7,7;] and r € (a+e¢;,b—¢;), we have from (2.42)

(2.45) (-V:¢(3),1) - @(%,4(2)) =0 for almost every 7 € B,
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where we put
d(z, ¢(2)) = (a1(2), ..., an(2))
k N k N
(Z D tiatiazjs o Y Zma:jazj) with zy = ¢(Z).

a=1 j=1

Equality (2.45) is regarded as a first-order quasilinear partial differential equation
for the function ¢. We can solve this by the method of characteristics (see [11, pp.
343-344), for example). For each z € RV with r = (22 + --- + 22)* € (a,b), let
z = z(s) (s € R) be the curve satisfying

ds
z(0) =

d —
(2.46) {—Z( s) = d(z2(s)) fors eR,

This curve is called a characteristic curve. By putting z(s) = Rz(s), we get

d
zg-z(s) = (x1(8), ...y 2 (8),0,...,0).
Solving this yields
(2.47) R*2(s) = z(s) = (21(0)€%, ..., zk(0)e’, £x+1(0), ... N (0)).

Namely, z = z(s) (s € R) is a straight half-line through a point z(0) € RY with
direction =R(x1(0), .., z(0),0, ...,0), where ro = (22(0) + - + 22(0))% € (a,b).
We call such a line a characteristic line. Let L be the set of all characteristic
lines intersecting V. Since V is convex, for each £ € £ the intersection £ NV
is a line segment. By introducing polar coordinates for the first k coordinates
(z1,...,xx) in z-coordinates and using Fubini’s theorem, we see that for almost
every ( (€1(0), ..., 21(0)), (Tr41(0), - :cN(O))) € Sk x RN~*, ¢ has a total
d1fferent1a1 at almost every point z(s) on the intersection of V and the line z = z(s)
with z(0) = Rz(0), provided that the intersection is nonempty. Let G be the set of
such lines intersecting V and let B = £\ G. We call an element of G a good line
and that of B a bad line, respectively. Almost all elements of £ are good lines.

First, let us show that if £ is a good line intersecting Q2 NV, then £NV is
contained in Q. Let ¢ be a good line, given by 2z = z(s) (s € R), intersecting
oanv. Set

(2.48) w(s) = zn(s) — 6(2(s)).
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Then w{sg) = 0 for some sy € R, and for almost every s € R with z(s} € V we have

d
L (s) = 2 2x(s) = Vs(3(s)) - 5()
= an(2(s)) — V:6(2()) - (ar(2(5))s o arv1 (2(5)))

(=V:0(2(5)),1) - @ (2(s), &(2(s)) + w(s)).

I

Observe that
k k
@ (3(s), 8(3(s)) + w(s)) = &((s), B((s))) + (Z HatNas o 3 rNarNa) w(s).
a=1 a=1
Therefore, it follows from (2.45) that for almost every s € R with z(s) e V
d k k

(2.49) —w(s) = (=Vza(&(s)), 1) - (; tlatNas ; tNQ:NQ) w(s).
Hence, since the Lipschitz continuity of ¢ implies that the absolute value of the

right-hand side of this equality is bounded from above by K'|w(s)| for some constant
K > 0, by integrating this equality from s, to s, we get from w(sg) =0

/ o) ds’
80

w(s)=0 foralls e Rwithz(s)eV.

(2.50) fw(s)| < K

This implies that

In view of the definition of w (see (2.48)), we see that £N V is contained in 9¢).

Next, let us show that 8Q N V consists of characteristic lines z = z(s) in V.
Suppose that there exists a line ¢ € L intersecting 8 NV such that £NV is not
contained in Q. Then £ is a bad line. Let ¢ be given by z = 2(s) (s € R). If
necessary, by choosing another characteristic line sufficiently close to £, we may
assume that there exist two numbers s, and s, satisfying

z{(s;) eV fori=1,2,
2.51)
{zN(s1) < ¢(%(s1)), and zn(s2) > ¢(Z(s2)).

Since almost all elements of £ are good lines, from the continuity of ¢ we can find a
good line sufficiently close to £ which still satisfies (2.51). Therefore, by continuity,
this good line must intersect 82 NV. This is a contradiction. Consequently, we
see that Q N V consists of characteristic lines z = z(s) in V.

On the other hand, we know that in the original z-coordinates these charac-
teristic lines are given by (2.47) globally. Therefore, since ¢; | 0 as j T co and
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z* was an arbitrary point in 8Q with r = ((z})®+ - + (m;)z)% € (a+ejb—eg5),
we see that 90 N {z € RN : a < r < b} consists of characteristic lines z = z(s)
in {z € RY : a < r < b}. Consequently, it follows that the boundary 9%} consists
of at most (b-1), (b-2), and (b-3) in (ii) (b) of Theorem 1. When k = N, there is
a case in which (b-3) is empty. To be precise,  is either a ball or an annulus in
RY if and only if (b-3) is empty. (Note that [, ¢ dv = C(Q) f; @(r)yr*—1 dr for
some positive constant C(Q?) depending only on €. Then [, ¢ dz = 0 if and only
if fab @(r)r*=1 dr = 0.) Since the characteristic lines in (b-3) are parallel to the
normal direction of both hypersurfaces {z € RN : r = b} and {x € RY : r = q}
when a > 0, then (b-1) has positive area and (b-2) does when a > 0. Hence, from
the homogeneous Neumann boundary condition we get

(2.52) Fulb,t) =0 foranyt € (0,00},
(2.53) d,u(a,t) =0 foranyt e (0,00) whena > 0.

When a = 0, let @ = i(r, ¢} be the unique solution of the problem

O = Al in B’ x (0, o),
u(z,0) = p(z) inB’,
84/0v =0 on B’ x (0, oc),

where B’ = {{z1,..,7s} € R* : r < b} and v denotes the exterior normal unit
vector to OB’. Then 4 satisfies (1.2), and by uniqueness v = %. Since of course
8,u(0,t) = 0 for any t > 0, we get

(2.54) 6,u(0,t) =0 foranyt € (0, 00).

Therefore, in view of Lemma 2.2, (2.52), (2.53), and (2.54), we have from the
strong maximum principle

(2.55) Gu#0  in(a,b) x (1,00).

Consequently, we obtain conclusion (i) (b) of Theorem 1.
Next let us consider case (a). For u = u{z,t) consider the set 3 given by

(2.56) 3={z; € (a,b): Oy, u(z,,t) =0 forallt = 7}.

Since 3 is contained in {s € (a,b) : ¥'(s) = 0} and ¢ is an analytic non-constant
function, so 3N (a +¢,b — ¢) is at most finite for each ¢ > 0. Suppose that there
exists a point s € 3N (%42, b). Then, by setting, for any ¢ 2 7,

v(@,t) = {u(m) T € les),

u(2s ~zy,t) ifzy € [5,25 — a),
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we see that v also satisfies the one-dimensional heat equation on (a, 2s—a) x (1, 00).
Since 2s —a > b and u = v in (a,s) x [1,00), by analyticity we get u = v in
(a,b) x [1,00). In particular, u is symmetric with respect to z; = s. Also, by
supposing that there exists a point s € 3N (a, %2), we get the same conclusion.
These observations imply that 3 is itself at most finite, and its elements are located
at regular intervals if 3 # @. Let

_ max3 if 3 #0,
™ e if3=0.

Then smax < b. Take an arbitrary point 2* € 9§ with =7 € (Smax,b). Then by the
continuity of 9,,u and the definition of smax, there exist a time t* > 7 and § > 0
such that

(2.57) O u(zy,t*) £0 forany z; € (z} — &2} + 6).

Since u satisfies the homogeneous Neumann boundary condition, this will de-
termine 0 N {z € RY : spmax < 21 < b}. As in the proof of case (b), by the
method of characteristics we can determine a part of the boundary 80 N {z € RV :
z¥ — & < z; < z} + 6}. Observe that the characteristic curves are lines parallel to
the x,-axis. Then, since z* € dQ is an arbitrary point with 2] € (smax, ), We see
that 30 N {x € RN : spmax < 21 < b} consists of lines parallel to the z;-axis such
that z; varies from sqax t0 b. Since these lines are parallel to the normal direction
of hyperplane {z € RN : z; = b}, 80N {z € RN : z; = b} has positive area.
Therefore, it follows from the homogeneous Neumann boundary condition that

(2.58) Oz, u{b,t) =0 foranyt € (0,00).
By the same argument, we get
(2.59) 8;,u(a,t) =0 foranyt € (0,00).

In view of (2.58) and (2.59), by using the above reflection argument for u which was
used to show that 3 is at most finite, we see that elements of 3U {a, b} are located at
regular intervals. Hence, there exist an integer n 2 1 and a finite sequence {s;}7_,
satisfying

(2.60) sg=a, s,=»b and sj+1—sj=b_—a for0£ 7 n-1,
n

where 3 U {a,b} = {s;}7_,. Note that 3 = @ when n = 1. Then, by using
an eigenfunction expansion for v = u(z;,t), we have furthermore for any j =
,...,n—1

(2.61) Oz, u(s;,t) =0 forany t € (0,00).
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Hence, it follows from the above reflection argument for v that v is symmetric with
respect to the hyperplane {z € RY : z; = s,} foreach1 £ j <n—1,whenn = 2.
Instead of Lemma 2.2 we have

Lemma 2.3. u(xy,7){= ¢¥(z1)) is monotone on each interval (s, s;11] for any
3 =0,..,n — 1 (provided case (i) of Theorem 1 does not hold).

Proof. By the symmeiry of u, it suffices to show that ¢ is monotone on
[s0,51]. Suppose that ¢ is not monotone on [sq, s1]. Then it follows from the same
argument as in the proof of Lemma 2.2 that there exist four points (sg <)rs <5 <
re < 77(< 81} with r5 — 74 = r7 — rg such that

(2.62)  ul{x,t) =u(2r. —x,,t) forany (z1,t) € ([ra,rs] U [re,77]) x [7,00),
where 7, = £(ry + 17) € (80, 51) (see (2.36)). Therefore, by analyticity,
u(zy,t) = w(2r, — z1,t) forany (x1,t) € [ra, r7] X [1,00).

This implies that d,,u(r.,t) = 0 for any t € [7,00). Namely, r. € 3 (see (2.56)),
which contradicts the fact that 3 U {a,b} = {s;}7_o. This completes the proof. O

In view of Lemma 2.3, (2.58), (2.59), and (2.61), by using the strong
maximum principle we see that du/8z, never vanishes in U;.:(} (87,8541) X (1,00).
Finally, by the method of characteristics, we see that for each j = 0,..,n — 1,
AN {z e RY :s; < z; < s;41} consists of lines parallel to the z;-axis such that
zy varies from s; to s;;1. This implies that the boundary 9Q consists of at most
(a-1), (a-2), (a-3), and (a-4) in the conclusion (ii) (a) of Theorem 1. (Then we note
that f, ¢ dr = 0 if and only if f;ol (x1) dz1 = 0.) The proof of Theorem 1 is now
completed.

Completion of the proof of Theorem 2. Next we consider Theorem 2.
Since u € C®(§ x (0,00)) and Q is smooth, by using the boundary condition of
(1.3), Lemma 2.2, and the strong maximum principle, we immediately have (2.55),
as in case (b) of Theorem 1. Furthermore, since 9§ is smooth, in view of (a) and
(b) we see that (ii) of Theorem 2 holds, which completes the proof of Theorem 2.

Completion of the proof of Theorem 3. Finally, let us consider Theorem
3. In view of (a) and (b), it follows from Lemma 2.2 combined with the boundary
condition of (1.4) that the domain © must be a ball. Let @ = {z € RV : r < b},
where r = |z| = (2% +---+2%)7 forz = (x1,...,zy). [t remains to show that §,u is
negative in (0,5) x (7,T). Note that the equation &;3(u) = Au may be degenerate
or singular parabolic depending on the behaviour of 5'(s) as s | 0, and therefore
it is not clear whether the classical derivative 8,u exists on 85 x (0,T) because



238 S. SAKAGUCHI

u = 0 there. We can overcome this obstruction by using a standard approximation
technique. More precisely, for each ¢ € (0, %b), take a function y. € C*([0, o0))
satisfying

1 if0SrEb- 2,

X, 0 on [0,00), and xs(r)={0 oy
ifr2b-—c.

Consider the problem

8 B(v) = Av in Q x (1, 00),
(2.63) v(z,7) =ulz, ")x:(Jz|]) +& inQ,
v=¢ on 90 x (7, 00).

(This problem is useful for showing the existence of solutions of the initial-Dirichlet
problems for the degenerate or singular parabolic equation 8;5(u) = Au.) Then
by the theory of quasilinear uniformly parabolic equations (see [17]), there exists
a unique bounded classical solution v = v, € C*®(Q x [r, 0)) of (2.63) satisfying

¢ v Smaxu(z,7)+¢  inQx[r,00).
zefd

It follows from this inequality combined with the regularity result of [23] that the
family {ve}oce<ts is equicontinuous on each compact subset of Q x (7,00). By a
diagonalization argument, the Arzela-Ascoli theorem, and the uniqueness of the
solution u, we see¢ that

ve — u as ¢ — 0 uniformly on each compact subset of Q x (7,7T).

Furthermore, since u € C(Q x [r,T)) and « > 0 in Q x (7,T), by the theory of
uniformly parabolic equations ([17}) this convergence implies in particular that

(2.64) 8,v. — O,u ase — 0 uniformly on each compact subset of Q@ x (7, 7).
Observe that for v, = v.(r,t)
8v.(0,t) =0 and Ov.(bt) S0 foranyt2r.
It follows from Lemma 2.2 and the maximum principle that
O,v, £0 in[0,b] x [1,00).
Therefore, we get from (2.64)
(2.65) Gus0 in(0,b) x(r,T).

Since u > 0 in Q x (7,T), we can apply the strong maximum principle to d,u; and
we see that d,u < 0 in (0,8) x (7, T). This completes the proof of Theorem 3.
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3 Concluding remarks

We offer three remarks in this final section.

Remark 1. In case (ii) (a) of Theorem 1, v = u(z;,t) need not be monotone
with respect to z; € [a, b], nor is the domain §2 necessarily of the form (a, b) x €2 for
some bounded Lipschitz domain Q in R¥~!. Namely, we give an example where
n = 2 and (a-3) is nonempty. For simplicity, let N = 2. Let u = u(z;,t) be the
unique solution of

Opu =32 u in {(0,1) x (0,00),
(3.1 Opu=0 on {0,1} x (0,00),
U(.’I?l,O) = UD(I]) n (0, 1),

where ug = ug(x;) is an arbitrary C! function on [0, 1] satisfying
1
(3.2) 9, uo(0) = y,up(l) = 0, / up(y) dzy =0, and 8;,up < 0in (0,1).
0

Then it follows from the maximum principle that 8,, u(z1,¢) < 0in (0, 1) x (0, %0).
By putting

(3.3) w(zy, t) = w(2 —z,t) and ug(z)) = ue(2 — z1) foranyz; €[1,2],

we see that
(S,u =082 u in (0,2) x (0, 00),
Opyu=0 on {0,1,2} x (0,00),
(3.4) u(zy,0) = uo(x1) in (0,2),

{< 0 in(0,1) x (0, 00),
Oz, U
>0 in(1,2) x (0,0).

\

Let 2 be the bounded Lipschitz domain m R? defined by
(3.5) Q= ((0,1] x (0,1)) U ((1,2) x (0,2)).

Then {a,b) = (0,2). Put uw(z,t}] = u{z:,t) and ¢(z) = uolxz,) for any (z,¢} =
{21,22,1) € Q % [0,00). Then u solves (1.2), p Z 0, and [, ¢ dz = 0. Here we see
that u is not monotone in z; on (0, 2); §2 is not a rectangle; all the spatial level curves
of u are invariant with respect to t € (0, c0); and, of course, u is not necessarily a
separable solution.
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Remark 2. In case (ii) (b) of Theorem 1, when 2 £ £k £ N — 1,  is not
necessarily of the form {z € RN : 2 = (rw,y), w € S, a<r < b, y € Q} , where
S is a domain in S¥~1 and  is a bounded domain in RY ~*. Furthermore, Q is not
necessarily a finite union of such sets. We give an example where N = 3, k = 2,
and 0 < a < b. Let

Q={z€R®:x=(rcosd,rsind,y), a<r<b 0<y<n/3, y<b<m/2}.

Then 90 consists of the parts (b-1), (b-2), (b-3). In particular, 9 contains a part
of a helicoid

r=x(0,r)=(rcosf,rsinf,8) (a<r<b 05802 7/3).
Therefore, this domain € is not of the above form.

Remark 3. In Theorems 1, 2, and 3, it is natural to have 7 > 0. Namely,
in case (ii) of the theorems we may have a case where the solution u becomes
a monotone function with respect to r after a finite time 7 > 0 for some non-
monotone initial data. In such a case, the invariance condition of spatial level
surfaces of « holds after a finite time. Ni and Sacks [19] deal with such problems.
Denote by Bg(0) an open ball in RV centered at the origin with radius R > 0. In
particular in Theorem 3, if the domain § equals Bg(0) for some R > 0 and the
initial data o(z)(= u(z,0)) is radially symmetric and nonnegative, and if 5(s) = s,
then there exists a time 7 > 0 such that 8,u < 0 in (0, R] x [7, 00).

Here let 2 = Bg(0) for some R > 0 and let us consider Theorem 1. Suppose
that ¢ is radially symmetric, ¢ € C°([0, R]), [, ¢ dz = 0, and

>0 f0Sr<rg
(3.6) o(r) .
<0 ifrg <r é R
for some o € (0, R). Let u = u(r, t) be the unique solution of (1.2). Then we have

Proposition 3.1. There exists a time T > 0 such that

Gu<0 in{0,R)X|r,00).

Proof. Let z = z(t) be the number of zeros of the function r + u(r,t) in
the interval [0, B] for each ¢t 2 0. Then, in view of the homogeneous Neumann
boundary condition, since z(0) = 1, and using the results of Angenent concerning
the zero sets of solutions of one-dimensional parabolic equations (see [4] and [5,
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Sections 3 and 4, pp. 342—346], and also [14, Proposition 3.2(A), p. 580]), we see
that

(3.7 z(t) =1, wu(r(t),t)=0, and Ju(r(t).t)<0 foranyt>0

for some smooth function » = 7(¢) with 0 < r(¢) < R. Take an arbitrary small
number 79 > 0. Then from (3.7) we can define

3.8 8 = min{|u({r, 70)| : Bru(r,70) =0and 0 < r £ R} > 0.

Since [, ¢ dz = 0 and problem (1.2) is solved by an eigenfunction expansion,
u — 0 as t — oo uniformly in Q. Therefore, we can choose = > 7 sufficiently
large to get

3.9 |u{r,7)] <& foranyr € [0,R].
Let us suppose that there exists a point (7, %) € U,>,[0,7(t)) x {t} such that
(3.10) Brulrs,t,) =0 and  O%u(r.,t.) 2 0.

Since we have precise information on the zero set of 8,u by using the results
of Angenent once more, we can trace a path along the bottom of the valley of the
graph of the function u back to the past. (Precise information on the zero set of
8,u near r = 0 is in [5, Sections 3 and 4, pp. 342-346], and the information for
0 < r £ R isin [4].) Therefore, as in [15, Lemma 3.2, p. 822] (see also [19,
Proposition 3, p. 462]), in view of the homogeneous Neumann boundary condition
we see that there exists a continuous function n : 19, t.] — [0, R] satisfying

(D) n(ty) =r.,and 0 S n(t) < r(t) for any ¢ € {7y, t.],

(2) O-u(n(t),t) = 0 and 82u(n(t),t) = 0 for any ¢ € [ro,t.],

(3) if n(tg) = 0 for some ty € 7o, t4], then n(t) = 0 for any t € [to, t.],
(4) n is smooth except at most at finitely many points.

Then, as long as n(t) > 0, except at most at finitely many points

G 9 (u(n(t).1)) = Bu(n(t), 1) + run(t), (2
= SPu(n(t), 1) 2 0.

On the other hand, if n(ty) = 0 for some ¢y € (7o, . ), then by (3), n(t) = 0 for any
t € [to,t.). Hence we have for t € [to,t.)

d

(3.12) = (u(n(t),8)) = Au(0,8) 2 0.
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Therefore, in view of (3.8) and (3.9), we get from (3.11) and (3.12)
6 > u(n(r),7) Z u(n(7o),70) 2 6.

This is a contradiction. It follows that if 8,u(r,t) = 0 for some point (r,t) €
U;>,[0,7(#)) x {t}, then 82u(r,t) < 0. Therefore, since 8,u(0,t) = 0 for any
t>0, Qu<0ift>2rand0<r< r(¢t). Similarly, if we suppose that there exists
a point (r.,tx) € U;>,(r(¢), R] x {t} such that

Ou(re,t,) =0 and  dPu(r,,t.) L0,

then we can get a contradiction and see that ,u < 0ift 2 rand r{t) < r < R.
This completes the proof of Proposition 3.1. O
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