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Abstract. The system of differential equations for polymonogenic functions
of several quaternionic variables is an analogue of the d-equation in complex
analysis. We give a representation of polymonogenic functions by means of
integration of a family of o-holomorphic functions as ¢ runs over the variety &
of all complex structures H & C? which are consistent with the metric and an
orientation in H. The variety £ is isomorphic to the manifold of all proper right
ideals in the complexified quaternionic algebra and has a natural complex analytic
structure. We construct a 8-complex on T that provides a resolvent for the sheaf
of polymonogenic functions.

1 Introduction

Hamilton’s algebra H of quaternions can be supplied with complex coordi-
nates by means of a R-linear bijection H — C?. This approach was systematically
exploited for study of the Yang-Mills equations, which intrinsically relate to quater-
nions [3]. There is no distinguished complex structure in H, but a family. Fix a
Euclidean structure and an orientation in H and consider a linear isometry H — C?
which is consistent with the orientation. It defines a complex structure o in H. The
variety ¥ of all such complex structures in H is equivalent to the sphere S? ({3}).
We show here that these structures are indispensable for the study of monogenic
functions of a quaternionic variable, which play the role of holomorphic func-
tions in quaternionic analysis. Indeed, there is a bijection of the variety I to the
set of proper right ideals R of the complexified quaternion algebra Hg such that
for any structure o € X, any o-holomorphic function » and any element r of the
corresponding ideal R, the product Ar is a monogenic function. The linear span
Q(U, R) of functions of this form is in fact an algebra (Section 2). We show that
the space of all monogenic functions in a convex open set U C H is equal to the
integral over ¥ of the family of algebras Q(U, R). For a polymonogenic function
of n quaternionic variables we get a similar representation by means of a family of
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holomorphic functions of 2n complex variables. Unlike holomorphic functions of
several variables, polymonogenic functions are not generated by tensor products
of mondgenic functions. The reason, of course, is the noncommutativity of the
Hamilton algebra,

Recall that the algebra H of quaternions is an extension of the field R by the
imaginary units i, j, k. We henceforth denote the generators by e; =1i, e; = j, e3 =
k and the unit element of H by e, for convenience. Recall the multiplication table in
H: ejex = e3, eze3 = €1, e3e; = €3, eje; = —ei€;, § #7315 > 0; ef = e% = e§ =-1.
The complexified quaternion algebra is the tensor product

H‘C:H®RC’

whereas the algebras C, H are considered as independent extensions of the field
R. Hamilton called an element ¢ € H¢ a biguaternion ([S]), since it can be written
in the form g = ¢’ + +/—1¢", where /=1 denotes the imaginary unit in the centre
C of the algebra H¢ and ¢/, ¢” are in H. The equation

(L) %=1

for the quaternion-valued functions v = ug + uje1 + uzez + uges, f = 23 fi€i,is a
formal analogue of the Cauchy—Riemann system, where

o o) g 0 g

% oz Gm | om | om
is the quaternionic 5-operator. Here the partial derivatives commute with the
imaginary units e,, eq, e3; and the quaternionic coefficients of this operator act
by left multiplication. Equation (1.1) was studied first by R. Fueter in several
papers beginning with [4]. We extend it for H¢-valued functions. Equation (1.1)
is equivalent to the following system for C-valued functions:

I P e e
Oug  Ou; OJupy | Ousz
(12) 5E+6z0_5x_3+6x2 = fi1,
Ouo | Ouy | Dus _Ous _
8ry Brs; Bz Or1 2
auo 8u1 6u2 8”&3 f
_ &y,

dz3 dr; 8z 91

We call both systems (1.1), (1.2) the Cauchy—Fueter system. A solution of this
system with f = Qis called a left monogenic (or regular) function of the quaternionic
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variable ¢. Any monogenic function is an analytic function of four real variables
since the CauchyFueter system is of elliptic type. See [11] for a survey of the
theory of regular functions.

Example. The function v = § = zq — T1e1 — T2€2 — z3€3 1S not monogenic
since 83/8g = 4, whereas the functions e;g, 7 = 1,2, 3 are monogenic. Thus the
set of all monogenic functions is not a left H-module and is not an algebra. On the
other hand, it is always a right Hg-module.

For an arbitrary natural number n, consider the following system of equations
with quaternionic variables g, ..., ¢n:

du ou
1.3 === =0.
( ) aq}. 3‘17»

This is an analogue of the 8-system in complex analysis. Here u 1s a function in an
open set U C H" = R*" with values in Hc; thus (1.3) is a system of 4n first-order
equations with 4 unknown C-valued functions. This system was studied in [1],
[10], [2]. We call a solution of (1.3) a polymonogenic function.

A right (or left) ideal R in the algebra He is called proper, if {0} # R # Hc.
Consider the variety of all proper right ideals R in Hc. We denote this variety
by R(H) for short. This variety is a 2-sphere with a canonical complex algebraic
structure (Proposition 3.6). Consider the subbundle r : R — R(H) of 7 such that
the fibre of » over R € R(H) is equal to the ideal R C Hpg (tautological bundle).
Take the trivial bundle 7 : He x R(H) — R(H). For an open set U C H", we
denote by Q(U) the space of all polymonogenic functions in U and by Q the sheaf
of germs of generalized functions u : H” x R(H) — Hc which are polymonogenic
in fibres of the bundle #. Take an open set U C H" and consider the restriction of
this sheaf to U x R(H). We denote Q(U) = x.(Q|U x R(H)); this is the sheaf of
germs on R(H) of generalized function with values in Q(U). Set

Q(U)*‘* = Q(U) ®£ g*,*,

where £ denotes the sheaf of germs of smooth p, g-formson R(H) = P1(C), p,¢ =
0,1, with values in C, £ = £%°, There is a trivial connection V in the bundle =.
The operator 9 in the complex £** induces a sheaf morphism

V(8) : QNP — QUM

Let R € R(H); we denote by Q{U, R) the space of R-valued polymonogenic
functions in U. This is an algebra with respect to pointwise multiplication (unlike
the space Q(U), which is not an algebra). The family of algebras Q(U,R), R €
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R(H), is a fibre bundle on R(H). Denote by Q(U, R} the subsheaf of (U} of
germs of generalized sections of this bundle. Consider the sheaf of Q(U, R}-
valued differential forms Q(U, R)** = Q(U,R) ®¢ £**. This subsheaf is invariant
under the operator V(4), since R is an analytic fibre bundle. The section space
T(R(H), Q(U, R)**) is the space of forms on R(H) with values in the bundle with

fibres Q(U, R). Hence the following sequence is well-defined:
(14) 0~ T(R(H), 0, R)"*) " T(R(H), QU R)™) L Q) — 0,

here [ denotes the integration operator

w =/ wht.
R(H)

Our main result is
Theorem 1.1. The sequence (1.4) is exact for any convex open U C H".

We see that { V(8) = 0 since R(H) is compact. To see that the first mapping
is an injection, let w € Q(U,R)"° be a solution of the equation V(8)w = 0. This
means the equation dw(-;q1,...,g,) = 0 for any gy, ...,¢» € H", from whence it
follows that w(-; g1, .-, g} is a holomorphic form on P;(C). This form vanishes,
which shows that w = 0. In Sections 7—10 we shall prove exactness of (1.4) in the
third and second terms.

Example. The function

14
2m2q?q  2m%(qq)?

E(q) =

is a fundamental solution of the Cauchy—Fueter operator, since it satisfies the

equation

OF
% bo,

where 8y is the delta-function in H. This is a monogenic function in an arbitrary
open halfspace H C H. According to Theorem 1.1, there exists a form wy €
T(R(H), Q(H,R)) of type (1,1) such that fwy = E in H. Suppose that this
representation is unique; then we have wy = wg for arbitrary halfspaces H and G.
1t follows that the family of forms defines a form w in the domain Hy = H \ {0}.
By Proposition 2.1, the space Q(Hp, R) is for any R € R isomorphic to the space
of o-holomorphic functions & : Hy — C? for the corresponding complex structure
o. These are holomorphic functions of two variables and hence have holomorphic
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extensions to the whole space H. Therefore w would have an extension to H as
well. But this is impossible since the function E = [w has a singularity at the
origin. This shows how sizeable is the kernel of the mapping [ in (1.4).

Note that the substitution o — +/—1ct transforms the Cauchy—Fueter system
(1.1) into the hyperbolic system
( v-128

10, 0,8 8\, _
e i e hat]

(1-3) c ot

in the space-time R*, which has several physical interpretations. One of these is
the basic system of the relativistic mechanics in the absence of electromagnetic
forces; another is Maxwell’s system. It can be treated as well as the Dirac—Weyl
operator acting on spinors in space-time. The algebraic structure of the hyperbolic
system (1.5) is equivalent to that of the system (1.1); but its analysis is, of course,
different. Nevertheless, the system (1.5) can be studied along lines parallel to the
forthcoming analysis of (1.1). We do not touch on the hyperbolic counterpart of
the theory, which is beyond the framework of the present paper.

I thank Prof. L. Avramov and Prof. D.Struppa for stimulating discussions.

2 Complex structures in the quaternionic line

Endow the algebra H with the Euclidean structure {q|? = z3 + =3 + o4 + 43,
where ¢ = 3 zzex, and with the orientation by means of the basis ey, ez, e3, €o. We
now construct a mapping from the variety £ of all complex structures defined by
positively oriented isometries H — C? to the variety R(H) of all proper right ideals
in He. Let S? be the unit sphere in the Euclidean subspace ImH = {g € H, zo = 0}.
Given a point s = (s1, 52, 83) € S, consider the quaternion

(2.1 g(s) = V—1+sie1 + s2e2 + sze3 € He.

Take the right ideal R(g(s)) = g(s) - He generated by this quaternion. It is proper,
since the quaternion g(s) is not invertible. On the other hand, there is a complex

structure o with complex coordinates
(2.2) 2o =20 +V—-1{s,2), ws={t,z) - V-1{v,z)

in H, where ¢, v are vectors in Im H such that the triple s, t, v is a positively oriented
orthonormal frame. These coordinates define a complex structure o which is
consistent with the orientations and with the metrics, since |g|* = |2, (q)2+|w, (g)I*.
The complex coordinates do not depend on the choice of ¢,v up to a rotation in
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the w,-plane; hence the complex structure o depends only on s. Thus we have the
mapping ¥ = §2 — R(H). We show in the next section that this is a bijection.

For arbitrary n, we endow H™ with the analytic structure H* 2 C?* by means
of coordinates z,,;,we,;; 7 = 1,...,n, which are related for each j to the real
coordinates z;, k = 0,1,2,3 as in (2.2).

Proposition 2.1. Given a complex structure o € X, two arbitrary C-indepen-
dent elements 1,y of the corresponding right ideal R = R(q(s)) and an arbitrary
nonempty open set U C H", the functions hy, hy : U — C are o-holomorphic if and
only if the sum u = hyry + hor, is polymonogenic.

Proof. Choose an orthogonal matrix A = {a;;} € SO(3,R), whose first row
coincides with s, and apply it to the imaginary units in H and simultaneously to
the real coordinates in H™, We get new units and coordinates:

! ’ . LA —
€ = E aij€5, Tpo = Tho, Tpi = E @i;Te;, k=1,...,n.
J

The fields 8/dz; transform by the conjugated representation of the orthogonal
group. Therefore,

a_a+€,a+e,a+e,a_i
3§, Oz ‘0z, ‘oz, ‘adzl, 06’

i.e., the system (1.3) keeps its form. Now we have ¢(s) = v/—1+¢}. By Proposition
3.2, we can set r; = g(s), 72 = q(s)ey = V/—1ej + €} since this is a basis in R.
Then we have u = ¥ ugex, where ug = v/—1hy, uy = hy, up = V—=1hy,us = ha.
Substituting the function v in (1.2) with z; = zy;, k = 1,...,n yields

)
0Ty Tis3

5 8 8 P
—_— | — = - —-]_ h=0, k=1,...,
2.3) (8ka +V 1ax;ﬂ)h ( Vlg5 ) n

for h = hy, hy. Conversely, (1.3) follows from (2.3). A function & is s-holomorphic
if and only if it satisfies (2.3). 0

For an open set U C H* we denote by H,(U) the space of g-holomorphic
functions in U, i.e., of solutions to (2.3).

Corollary 2.2. For any o € %, any C-basis 1, r; of the corresponding ideal
R and any open U C H", the mapping

HO’(U)z hd Q(Us R)} {hh h2) a4 hl’!’] + fzgi"g

is a bijection.
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In fact, we can write any function u € Q(U, R) in a form hyr; + hors with some
C-valued coefficients h, ». They are o-holomorphic by Proposition 2.1.

Corollary 2.3. Q(U, R) is an algebra for any proper right ideal R.

Proof. Indeed, the product of holomorphic functions is again a holomorphic
function and r;r; € R. g

Example. For s = (1,0,0), the ideal R has the basis 11 = /=1 + &), 72 =
v/—1eq +e3; hence the function zr;, +wr, is monogenic for the o-holomorphic coor-
dinates z = z¢ ++/—1z;, w = 23 — /—1z3. For the opposite point —s, the complex
conjugated quaternions 7;, 7, form a basis in the ideal R(g(—s)) and the conjugated
functions z, @ are o-holomorphic coordinates. Hence 2e3q = zry+wry +272 + wry,
which gives a representation of the monogenic function ezg by means of holomor-
phic functions. This is in fact a particular case of the representation in Theorem
1.1 with a distribution »!'! supported by two points (+1,0,0) in the sphere.

3 Ideals in H;

We can write an arbitrary element ¢ of the complexified quaternion algebra Hc
in the form ¢ = . (se;, ¢; € C. The notations Re¢ = {o,Im{ = (1€1 + (2e2 + (3€3
are related to the quaternionic structure in . The numbers Re ¢, Im ¢ are called the
scalar and vector parts of ¢ and { = Re{ ~Im ¢ is called the conjugated quaternion.
On the other hand, the operations R, S and - relate to the C-structure. Consider the
following quadratic cone in C* = Hc:

V={C: @+ +E+E=¢{={(=0}

Proposition 3.1. The cone V is the set of all quaternions { € Hc that have
no inverse.

Proof. For any ¢ € Hg, the product (¢ belongs to the subfield C, which is the
centre of the algebra He. If ¢ € He \ V, the quaternion n = (¢{)*( is its two-sided
inverse. On the other hand, if ¢ € V, then for any 5 € Hc, the products n¢{ and (n
are in V as well, since (17()% = n¢{7 = 0. Therefore, n¢ # 1,({n # 1, which means
that ¢ has no inverse. a

The operation ¢ — ( is an involution in H, i.e., ¢n = 7. It transforms an
arbitrary left ideal L to the right ideal R = L and vice versa. Therefore, one can
change right ideals to left ones in the following statements.
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Proposition 3.2. Any proper right (or left) ideal R is contained in V and
dime R = 2.

Proof. Any element ¢ € R is noninvertible; hence ¢ € V. This implies the
inclusion 2 C V. Since dim V' = 3, the dimension of the linear subspace R is < 2.
Suppose that dim R(¢) = 1. Then, for an arbitrary { € R, the vectors ¢, Ce1, Cea, (e
are collinear. This is not possible unless ¢ = 0. O0

For an arbitrary ¢ € V, we denote by L(¢) = H¢ - ¢ the left ideal and by
R(¢) = ¢ - Hc the right ideal in H.

Proposition 3.3. Fordistinct proper right ideals R, R' in He we have RNR' =
{0}. Each proper right ideal R is principal, i.e., R = R(() for some ( € V' \ {0}.

Proof. Take an arbitrary element { € R\ {0} and consider the principal
right ideal R(¢). It is proper and is contained in R. On the other hand, we
have dim R = dim R((), hence R = R(¢). If ¢ € R/, then the three right ideals
coincide. O

Proposition 3.4. For an arbitrary ( € V \ {0}, the ideal R(C) coincides with
the set of quaternions o such that (o = 0.

Proof. The equation (o = 0 obviously holds for any a € R(¢). For the inverse
statement, we use the equation ¢i+nl = 1, where p = ¢/2|¢|2, which follows from
the identity (¢ + ¢C = 2|¢)?. Multiply it by « to the right to geta = (e € R. O

Proposition 3.5. There is a holomorphic fibre bundle R : V\{0} — C, whose
fibres are planes R({) \ {0} and whose base C is a nonsingular conic in P, (C).

Proof. Let P4(C) be a projective closure of Hc = C* and P be an arbitrary
projective 2-subspace that does not contain the vertex of V' and is not tangent to
V. The intersection of P with the projective closure of V' is a non-singular conic
C. Any proper right ideal R is a subspace of C* of dimension 2 and has at least
one common point with P. The intersection P N R cannot contain more than a
single point since otherwise it would be a line in C. This is not possible since C
is non-singular. It follows that the curve C parameterizes the variety R(H) of all
proper right ideals. a

Proposition 3.6. The mapping
(3.1) s=(s1,82,83) — R(q(s)), q(s) =V —1+s1e1 + s2e2 + s3€3

defines a diffeomorphism $* = R(H).
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Proof. The ideal R(q(s)) is proper since §(s}q(s) = 0. This ideal does not
contain another quaternion ¢ with Req = v/—1, SImg¢ = 0. Indeed, if ¢ were such
a quaternion, then the equation g(s)¢ = 0 would imply Img(s)Img = 1. This
would mean that the vector Im g belongs to the tangent plane to S? at the point
Img(s). This implies ¢ = ¢(s), since |Im| = 1. Thus the mapping 5* — C is an
injection. We show that it is a surjection, as well. Take an ideal R € R(H) and
choose an element ¢ € R, Req = +/—1. Write Imgq = u++/—1v, u,v € ImH. From
the equation 0 = g4 = —1 + |u|? — |v|? + 2v/—1{u, v) it follows that u is orthogonal
to v and |u|? — |v|2 = 1. Setting r = (1 + |v|?) (1 —v), a = gr, we have ¢ € R and
Rea = +/—1, SIma = 0, because v x v = 0. a

Remark 3.7. Bymeansofthe isomorphism S? = C & P;(C) we get a structure
of the Riemann sphere in §?. Compare the coordinates in the sphere with complex
algebraic coordinates in the curve C. For a point s € 52, we consider a right ideal
R = R(q(s)), where q(s) is given by (3.1). The intersection of R(q(s)) with the plane
¢ = 1+ (1e1 + Cae is a point with the coordinates ¢; = (s283 — v—1s1)(s +53)7",
o = (—5183—/—1s3)(s3+s2)! and the curve C is given by the equation ({+-( +1 =
0. The function A = {{* (2 ++/—1) is a projective coordinate in the curve. It relates
to coordinates in the sphere $2 C Im H by the formula A = (s; + v/—183)/(1 + 52),
which is a standard stereographic projection from the sphere to a complex plane.

The C-bundle R is of rank 2, consequently, it is a direct sum of two line bundles.

Proposition 3.8. Any holomorphic isomorphism ¢ : R(H) — P, (C) induces
a sheaf isomorphism R = £*(0(—1) @ O(-1)).

Proof. Consider the family of quaternions
QI()\) =\/—1+€1+)\62+\/—1)\€3, )\EPl(C)

In a neighbourhood of the point A = co, we normalize this family as follows:
G\ = A"l (A) = VZIAT  + A ter + €2 + v/—Tes, where Gi(co) = ez + NES Y
This family belongs to V and meets each proper right ideal R. Therefore it generates
over He the bundle R. Consider the holomorphic line subbundle R, generated
by the same family over the field C. It is isomorphic to O(~1). Similarly, the
subbundle R, generated by the family

@) = VSIA—dey + e — vV—les, @A) =A""g()

generates over C a line subbundle R, of R, which is isomorphic to O(—1) as well.
For any ), we have 2())q:{\) = 0; hence the quaternions ¢;()) and g2(A) generate
the same right ideal according to Proposition 3.4. They are independent over C.
Therefore, R = Ry + Rz & o*(O(—1) & O(-1)). O
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4 Characteristic variety for the Cauchy—Fueter system
Put ¢; = in]-ej, t=1,...,n and write (1.3) as
p(8/8z10, ..., 0/8zn3)u = 0,

where p is a 4n x 4-matrix of first order differential operators with constant coef-
ficients in the space R*" with coordinates z;;,7 = 0,1,2,3; ¢ = 1,...,n. Consider
the dual complexified space C** with complex coordinates (;; such that the pairing
R x C*» — C is given by a bilinear form (z,{) — z€ = ) z;;¢;;. We have
(8/0z,;) exp(x() = ¢;j exp(z(), whence the symbol matrix p({) of the system (1.3)
is of size 4n x 4 and consists of n blocks

Coo —Cor —Ck2z —Cr3

Ckr Coo —Cr3 Cro
4.1 - o k=1,..n.
@D P(C) Cke  Ce3  Cko  —Crr "

Crs —Ckz  Ck1 Cko

The characteristic variety of (1.3) is by definition the algebraic variety N C C**
given by the condition rankp(¢) < 4. For the case n = 1, we have det p(¢) =
(€2 + (2 + (2 + (2)?; hence the characteristic variety is equal to V. For the general
case, we identify the space C*" with HZ by means of the coordinates (3, ..., (.

Denote by L£(H) the variety of all proper left ideals in He. The following
statement was essentially proved in [10], [2].

Proposition 4.1. The cone N € H. coincides with the set of points ((1, ..., (n)
such that the quaternions (1, ..., (, belong to the same proper left ideal in Hc. It
follows that there exists a fibre bundle

(4.2) v:N\{0} = L(H) 2C, v((1,. ) =He - (C1y s Cn)

whose fibres are C-linear subspaces of C*™ of dimension 2n. We have dim¢ N =
2n+ 1.

Proof. Multiply the columns of the matrix p(¢) by eg, €1, ez, e3 respectively
and take the sum. We get the column of quaternions

(4-3) C~1a 6161, 6162, 5163; 52, 5261, oy 51162; C~n€3-

Suppose that (¢, ...,{,) € N. This means that the quaternions (i, ...,(, belong
to the same proper left ideal L. This ideal has dimension 2. Therefore, any
three quaternions in (4.3) are C-dependent. It follows that rank p(¢§) < 3; hence



HOLOMORPHIC SYNTHESIS OF MONOGENIC FUNCTIONS 187

¢ ={{1,..-,¢n) € N. Now take an arbitrary point { = ({3, ..., () € N\ {0} and show
that the quaternions (1, ..., {,, belong to the same left ideal. We may suppose that
(1 # 0. The condition rank p(¢) < 4 implies a C-linear relation between any four
quaternions in (4.3). This implies that the quaternion (; is not invertible and there
are two independent quaternions out of the four Ciex, k = 0,1,2,3 (Proposition
3.2). Take these quaternions and any two of the quaternions fjek, k=0123
for arbitrary j > 1 such that (; # 0. These four quaternions are C-dependent,
which implies a linear equation {;a = (;3 # 0 for some a, 3 € He. The equation
&¢, = f3¢; # 0 shows that the ideals L(¢;) and L((;) have a common nonzero
element. By Proposition 3.3, they must coincide. O

Proposition 4.2. The cone N coincides with the set of solutions of equations
(4.4) ¢éj=0, 4,j=1,..,n

Proof. Let ¢ = (¢1,...,¢n) € N and ¢; # 0 for some 7. Any coordinate (;
belongs to the ideal L{({;), i.e., {; = a(;. Therefore, Cifj = (;Ga = 0. Con-
versely, suppose that (4.4) is valid and ¢; # 0 for some i. These equations imply
(al; + B¢ (al; + BZ;) = 0 for any k and o,3 € Hc. Hence the left ideal
L = {al + B¢, o,B € Hc} is contained in V' and contains both ideals L((;)
and L(Cx). The ideal L is proper and consequently coincides with L((;). Therefore
L((x) € L{¢;) for any k. O

Proposition 4.3. The cone N, = N\ {0} is nonsingular and irreducible.
Moreover, for an arbitrary point X\ € N,, there are 2n + 1 independent forms

among
Re(exd(¢il;)), i,j=1,.,n, k=0,1,2,3.

Proof. Let A = (}y,...,\,) and A, # 0. Consider Hc-valued forms
(4.5) (i) = d(Q)G + Gd(G), i=2,.n

By Proposition 3.2, there are two C-independent vectors out of e; A1, 7 =0,1,2,3,
say, A; and e; A;. Multiplying (4.5) by e; and taking scalar parts, we get 2n — 2
forms at the point A:

Re(d((1(i)) = Re(MdG), Re(erd(Giéi)) = Re(eshidé;) (mod Zy),

for ¢ = 2,...,n, where Z; is the C-linear span of the forms d(yo, d¢11, d(r2, 13-
These are linearly independent modulo Z;. The form d(¢:61) = dG AL+ A d( is
yet another independent form. The total number is thus 2n — 1 which proves our
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assertion. This shows that the cone N, is nonsingular. The variety VN, is connected,
since the base C in (4.2) and the fibre & C?* \ {0} are connected. Therefore, the
variety N is irreducible. O

5 Nother operator for the characteristic module

Let A = C[¢] be the algebra of complex-valued polynomials in C**. The
transpose 'p of the matrix p defines a morphism of A-modules

tp:A4n—->A4, at—»tpa,

where we take elements of A*" and of A* as columns. Set A(N) = A/I(N), where
I(N) is the ideal in A4 of polynomials that vanish on N. Consider the morphism
p° . A* — A(N)*" that is equal to the composition of multiplication by the matrix
p and of the natural projection 7 : A" — A(N)*".

Theorem 5.1. The sequence
t b
(5.1) A B 408 ANy
s exact.

Proof. To simplify calculations, we multiply the rows of the matrix *p and the
columns of the matrix p by e;, j = 0,1,2,3 respectively and sum them. We get
from *p the row of quaternions (;, (ie1, i€z, Gies, i = 1, ..., n; and the matrix p gives
the column of the same quantities. An entry of the product p’p is an inner product
of a column of *p and of a row of p, i.e.,

ptp = {Re(éiek 5]'61)7 Zaj - 17 w1 kal = 01 11213}

We find that (;ex (je; = éx(ilje; = 0 in N by virtue of (4.2). This implies the
equation p® 'p = 0.

Now we show that the equation p’a = 0 for a polynomial a € A* implies the
inclusion a € tpA*". The above equation is equivalent to the system Re(ex(;r) = 0
in N fork=0,1,2,3, i =1, ...,n for the Hc-valued polynomial & = }_ axex. The
latter is equivalent to the quaternionic equation (;o = 0in N fori = 1,...,n. We
prove that this equation implies that o = 3, {;3; for some Hc-valued polynomials
B1, ..., Bn. We localize this problem, considering the affine scheme (Spec A, A) of
the algebra A. Denote by m the maximal ideal of the point { = 0 in A and set
A(N) = A/I(N)A.



HOLOMORPHIC SYNTHESIS OF MONOGENIC FUNCTIONS 189

Lemma 5.2. The sequence of sheaf morphisms
(5.2) Am B 02y
is exact in Spec A\ {m}.
Proof. We check first the inclusion
(5.3) I(N)A C 'pA*™ in Spec A\ {m}.

According to Proposition 4.3, the sheaf is generated over Spec A \ {m} by the
polynomials Re(ek(ifj), k=0,1,2,3, i =1,...,n. We show that each of them can
be written in the form 3" {;b;. This follows from the identities

2Re(¢iC;) = GG + CiGi, 2Re(ex(iCy) = Gienls — Cienti-

By (5.3), the homology of the complex (5.2) coincides with the homology of the
complex

(5.4) ANy B ANy 2 Ayt

of free A(N)-sheaves. The sequence of sheaves (5.4) is generated by free C-vector
bundles on the algebraic manifold N,. The middle term is the bundle with the
fibre Hc. The kernel of the mapping p* of the corresponding vector bundles is a
subbundle whose fibre at an arbitrary point ¢ is the proper right ideal R = 1/’(\(/ ).
Indeed, if, for example, ¢; # 0, then the equation p’a = 0 is equivalent to the
equation (;a = 0 for a quaternion o € H¢. The set of solutions coincides with
the ideal R((;). This follows from Proposition 3.4. The ideal R((,) is equal to
the image of the linear mapping *p at ¢ since g:j € R((y) for all j. Therefore, the
sequence (5.4) is exact as a complex of vector bundles. Consequently, it is exact
as a complex of algebraic sheaves. a

Lemma 5.2 implies that

(i) the cone N is associated with the A-module M = Cok *p,

(i) the morphism p® is a I(IV)-Néther operator for M (see the next section),

(iii) no other simple ideal p # m is associated with M. In fact, the ideal m is
not associated with M either, since the depth of the module M is positive. O

Theorem 5.3. The sequence (5.1) can be extended to an exact sequence

(5.5) A AN & AN
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Proof. Arguing as in the proof of Lemma 5.2, we see that the image of the
mapping p’ restricted to NV, is the sheaf of sections of the locally free vector bundle
v*(R(H)). Therefore, the associated set of the module Q = Cokp” consists of the
ideal I(N) and possibly of the maximal ideal m of the origin. We show that the
latter is, in fact, not associated with Q. Indeed, we have an exact sequence

0—M— AN —>Q—0,
which induces another exact sequence
0 = Hom(A/m, A(N))** — Hom(A/m, Q) — Ext'(A4/m, M).

The last term vanishes because Prof(M) = 2n + 1 > 1 ([2, Theorem 2.4]). There-
fore, the middle term is equal to zero, which implies our assertion.

Consider the A(N)-sheaf Hom(Q, A(N)). It is an algebraic sheaf on the affine
variety N and is generated by its sections. Choose a finite set of sections, say
qi,-..,gm, that generate this sheaf at each point. These sections can be lifted
to mappings g¢; : A(N)** — A(N),i = 1,..,m. The direct sum is a mapping
¢ = @q; : AN)*™ — A(N)™ which vanishes on the image of the mapping p® and
hence defines a morphism ¢* : @ — A(N)™. By construction, this mapping is
locally injective at each point of V.. Therefore, ¢" is injective, since the ideal m is
not associated with the module Q. U

6 Exponential representation of solutions
Recall the representation theorem proved in {7], [8]. Let
6.1} p(8/8z1,...,0/0zn)u =10

be an arbitrary system of  linear differential equations with constant coefficients in
R™ with s unknown functions u = (u1, ..., us). Consider the dual complex space C*
with the dual coordinates £, ..., €, and the polynomial algebra A = C[{1, ..., {x]-
The symbol p(¢) of the differential operator (6.1) defines an A-morphism tp
A" — A®, a — 'pa, where *p means the transposed matrix. Consider the A-module
M = Cok'p and the associated set Ass(M) C Spec A. Recall that a simple ideal p
in the algebra A is associated with M if there exists an element m € M such that
am = 0, a € A, if and only if a € p. According to [7], [8], there exists for each
p € Ass(M) a differential operator &, : A* — (A/p)"®) for some natural r(p) such
that Ker 6, is a submodule of 4° and N, Ker 6§, = ‘pA”. The mapping 6, is called
a p-Nother operator for M or the Z(p)-Néther operator, where Z(p) denotes the
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corresponding irreducible variety. It can be represented as the composition of the
mappings
dy(C,0/8¢) : A* — AT AT) (A/p)r(v),

where 7 is the natural projection and the entries of the matrix d, are polynomials
in ¢ and 8/8¢. Denote by *d, the transpose matrix.

For an arbitrary compact set X C R*, we define the pseudonorm | £ 1=
max {R(éz),z € K} in the dual space C*. This is a real convex positively homo-
geneous function which need not to be positive.

Theorem 6.1. Let U be an arbitrary convex open set in R*. Any distribution-
solution of (6.1) can be written in the form

©62) _ /Z exp(C) 'y (¢, @)psp (C),

pEAss(M)

where 1, is a C"") -valued density in Z(p) such that

6.3
6.3) Epjjz(p)expmmw <o

for any compact set K C U; here | - | denotes a norm in the space C'%).

Moreover, given for each p € Ass(M) an arbitrary proper algebraic subvariety
W of Z(p) that contains the singular part of Z(p), there exist a positive polynomial
p in R¥™ such that the density as above can be chosen to satisfy the following
additional conditions:

(64)  suppp, C Z(p)\W,, W, ={£ €T, p(€)dist(§,W) <1},
and

(6.5) / exp(] € 1x)|L(v)*pup| < 00, k=0,1,2...
Z(p)

for an arbitrary regular algebraic tangent field v in the variety Z (pY\W.

Proof. A representation satisfying (6.2), (6.3) and (6.4) was constructed in
[7], [8]. To fulfill the condition (6.5) we choose a linear projector 7 : C* — II
to a subspace II in C" such that the restriction 7z : Z(p) — II is surjective and
finite. We can suppose that the subvariety W in (6.4) contains the critical set of the
mapping 7z. Choose a smooth even density g in IT such that supp g belongs to the
unit ball B and [ g(w)h(w) = h(0) for an arbitrary harmonic function % in B. For
an arbitrary ¢ € II and positive r, we have

(6.6) / g (M€ — 1) = ()
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for any harmonic function % in the ball £ + rB, where g,.(n) = g(r~'n). Therefore,
for an arbitrary compactly supported density u in IT and for an arbitrary variable
parameter r, the convolution g, * u is smooth and defines the same functional on
holomorphic functions as does z. We can apply this convolution to the density
p supported by Z(p) \ W, by means of the pull-down operation with respect to
the projection 7z. The property (6.6) is preserved since the mapping 7z is locally
conformal. We need only ensure that the support of the convolution does not touch
the set W, for a positive polynomial p’ in R**. This is the case if we choose the
parameter r to be o = 2p(p(¢)). Thus we get a smooth density g- * up, which can
be substituted for u, in (6.2), since the kernel satisfies (6.6). To prove inequalities
(6.5), we note that any £, n-derivative of the kernel g, {77} is of polynomial growth
in Z, \ W,. Hence, for an arbitrary tangent field v as above and arbitrary &, we
have

67 [enl €1 rml < [l € 1ROl
where P, is a real polynomial in R?". Now apply the estimate

(6.8) exp(l € 1x)EI™ = O(exp(l £ 1)) in NV,

which follows from ellipticity of the cone N, where m is an arbitrary inte-
ger. It implies that the right hand side of (6.7) is bounded by the integral
Cy, [ exp(] € 11)|up|, Which is finite because of (6.3); and (6.5) follows. O

7 Surjectivity
Now we prove surjectivity in (1.4) in a stronger form.

Theorem 7.1. Let U be an arbitrary open convex set in H". For any poly-
monogenic function u in U, there exists a smooth (1,1)-form u** in R(H) = P1(C)
with values in the sheaf Q(U, R) such that

(7.1) u:/ ull,
R(H)

This statement can be rephrased as follows: there exists a smooth family of
polymonogenic functions ug : U — R, R € R(H) such thatu = fn(m) ug Q, where
 is the Kahler (1,1)-form in P;(C).

Lemma 7.2. We have

(7.2) u(z) = /N exp(¢z) > Gwj,
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where w;, j = 1,...n are He-valued densities in N satisfying the condition

(7.3) Usuppwi C N. =N\ {0}

and the inequalities (6.5).

Proof of Lemma 7.2. According to Theorem 5.1 the set Ass(M) for the
module M = A?/!pA*™ consists only of the ideal p = I(V), and the mapping § = p°
is a Nother operator. Hence we can take d({,8/9¢) = p(¢) and *d = *p (see 4.1).
Fix an affine complex coordinate A in R(H) = P1(C) and set

W = {0} Urv ' ({\ = 0,00}).

This is an algebraic subvariety in N. Now apply Theorem 6.1 to v and W. To
represent the function (6.2) in the quaternionic form u = ) u,e;, we multiply the
columns of (4.1) by ez, k = 0,1,2,3, respectively. Then the matrix td turns into
the row of He-valued polynomials ‘d(¢) = {(ex, i = 1,...,n, k = 0,1,2,3}. The
product *dy with a C**-valued density 7y can be written in the form

fOu= &Y erpir = Y Gwi,
7 J
where ;). are components of p, and w; = Y, pirer are He-valued densities, i.e.,

(2n + 1,2n + 1)-forms in N.. They satisfy (6.5) for any compact K C U. Now
(6.2) implies the representation (7.2). O

Proof of Theorem 7.1. The density e = exp({z) Y éjwj isa(2n+1,2n+1)-
form in N and its direct image under the projection (4.2) is equal to u. The image
is a (1,1)-form u!*! in the base R(H) since the general fibre is a complex manifold
of dimension n. It satisfies (7.1) in view of Fubini’s Theorem and can be explicitly
calculated as follows. Divide the densities wy,...,wn by the Kéhler form © and
integrate along fibres of the projection (4.2):

(7.4) wr(z) = /N exp(¢z) Y {; %J Ng =v"1(R).
The function wg(-) is polymonogenic as
6} 5 .
—_ e = Ciw; =0
o7 [ e Y b= [ D espléali

according to (4.4). The function wg takes values in R. Indeed, the quaternions
(1, ..., Cn specified in (7.4) belong to the left ideal L = R; hence the quaternions
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{1, ...,y reside in the right ideal R = L. By the construction we have ul'! = w2,
where w(R,-) = wg(-).

To prove that the coefficient w is smooth in P;(C), take the tangent field
7o = 8/8X in C. The bundle N \ v={c0) — P;(C) \ oo is algebraically trivial;
consequently, the field 7, can be lifted to an algebraic regular field ¢ in N\ W. Take
the Lie derivative L(7g) of the form u"! and evaluate it on an arbitrary function
¥ € D(P1(C)):

/P o Mty = / W = — /N exp(Cz)iw v* (o)
(75) - /N exp((z)lw v () = /N L(t)(exp(Ca)iw) v* ()
- /N texp(Ge)wr™(9) + [ explCa)CLI)w)v*(4),

where we write (w for 3" ;w;. Since the field ¢ is regular algebraic we have
t(exp(¢z)¢) = T(z, () exp({z), where T(x, () is a linear function of x whose coef-
ficients are rational functions which are regular in N \ W. They are of polynomial
growth in ¥V \ W,, where p is a real polynomial as in Theorem 6.1. When z runs
over a compact set K, the right hand side is bounded by Cexp(l £ 1)1 for an
arbitrary compact L such that K € L. This follows from (6.8). Consequently, the
first integral in the right hand side of (7.5) converges and is bounded by C||%|z,.
The second term in (7.5) is estimated similarly by means of (6.5). As a result, we

obtain the inequality
/ L{ro)u™'y
P1(C)

which implies that the form f; L{rg)ul! is essentially bounded in K x P1(C).
Repeating these arguments, we show that L(7e)*u!"! is bounded for arbitrary field
rand k = 2,3, .... This implies that the coefficient u is infinitely differentiable at
least in the affine plane X # oco. To cover the point oo, we consider the tangent field
Too = A28/0) extended to infinity. It is nonsingular in the plane A # 0. Arguing as
above, we show that w is infinitely differentiable in this plane as well. O

< Clll Ly

8 The middle term

Now we prove that the sequence (1.4) is exact at the middle term.

Theorem 8.1. Any current ul'* € I'(R(H), Q(U, R)!') such that

/ ubl =0
R(H)
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can be represented in the form
8.1 u = V(0 u'? e D(R(H), Q(U,R)?).

Proof. For an arbitrary compactset K C H", consider the space Ex of smooth
forms ¢ in C*” such that

o\ *
(b—c-) va(C) = O(exp(| ¢ 1x)) forany k = (ki1,...,kan)-
Here ¢, denotes an arbitrary coefficient of the form ¢ with respect to the basis
generated by the forms d(;;, d(;;, where the bar denotes complex conjugation.
This space has a natural Fréchet topology. Let Hx be the subspace of holomorphic

functions with the norm || fllx = sup{f({)|exp(— I { 1k).

Lemma 8.2. The current as above admits the representation

(8.2) ubt = f exp((z) Y {iwj,

where w;, j = 1,..,n are (2n + 1,2n + 1)-currents in N with support in N \ {0},
which are continuous functionals on Ex forany K € U.

The symbol [ w means the direct image of the current w with respect to the
mapping v. We prove this Lemma in the last section.
By the condition of Theorem 8.1, we have

8.3) o= | e | expicaidys

Lemma 8.3. For any compact set K C U, we have

(8.4) Gwi = Bps +qu
J

for some (2n + 1, 2n)-currents p; and a C™-valued (2n + 1,2n + 1)-current v in N
which are continuous functionals on Ex. Here q is the polynomial mapping from
Lemma 5.3.

For the proof we require additional technique. For an arbitrary holomorphic
subvariety W C C*", denote by H(W) the space of holomorphic functions W — C
which are traces of holomorphic functions in a neighbourhood of W. Let U,(¢) be
the closed ball in C** with the centre z and radius . Denote by U(¢) the covering of
N by the balls U, (¢), z € N. Let H"(N,U), r =0, 1,... be the space of r-cochains
with values in the spaces H(IV,,

..........
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For any compact set K C H", we denote by H% (N, the normed subspace of
H"(N,U) of cochains with finite norm given by

|Feg,.. 2 Q)]
8.5 Fllxu= su iy e
(8.3) 17l coer CeNgr XP(1 ¢ 1K)

Consider the Cech complex
0 — Hi(N) & HR(N,U) 2% Hi(N,U) — -+,

where &, 6, ... are coboundary mappings. Choose a sequence of convex compact
sets K; € K, € --- C U such that | JK; = U. Replace each term of (8.5) by
the direct spectrum of the corresponding normed space with K running over the
sequence K; as above and U running over the sequence U(277), j = 1,2,... with
the obvious continuous injections Hy (N,U(277) — H, | (N, U(27971)). We get
the sequence of direct spectra

(8.6) 0 — Hyx(N) % Hig (NU) S Hipe (NU) — -+ .

According to [7], we say that a sequence of direct spectra is strictly exact if it is
exact and each mapping is a topological homomorphism in the category of direct
spectra (cf. [9]).

Lemma 8.4. The sequence of spectra (8.6) is strictly exact.

Proof. This assertion is contained in [7] (proof of Theorem 2 of Ch. IV,
Section 5). ]

Any polynomial @ € A defines a mapping of holomorphic cochains F' — oF.
For any U and compact sets K € L this mapping generates a continuous operator
a: Hx(N,U) — Hp(N,U). This follows from (6.8). Therefore, the algebraic
mappings (5.5) generate the following commutative diagram of spectra:

(Higy (N, U)™

[

(N,U))*™ —— (Hiy (N, U))™

T‘; 5

(Huy)t —2— (Huyg(N)*™ ——  (Hxp(N)™

(Hixy
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This gives rise to the sequence

A n A n
(®.7)  (Hixp)' = Hgy (N U™ =% (H{gy(N)™ & (H{g, (N, U)™,
where A = ép, Ay = 60 D q.

Lemma 8.5. Let L be an arbitrary convex compact set in H* and K € L.
Then for sufficiently small € the quotient norm in the space

(HE (N, Ufe)))™
A(Hp)*

is majorized by the norm

(8.8) f e o f e u + llgfllx.u

where we denote U = U(1).

Proof. In terms of direct spectra, the assertion means that the sequence (8.7)
is strictly exact. To prove this, we use the diagram chase method ([7] Ch. I) and
the strict exactness of the bottom row and columns. For the columns, this follows
from [7] (Ch. IV, §5, Th. 2). For the bottom row, this follows from [7] applied to
the sequence (5.5). 0

Proof of Lemma 8.3. For an arbitrary open set W € N, let E(W) be
the space of smooth functions F in W \ {0} with bounded derivatives £, - - - £ (F),
where 11, ..., t;, are arbitrary algebraic tangent fields in N. It has a natural Fréchet
topology. Any current v in N with support suppv € W defines a continuous
functional on E(W). For a covering Y = U(e), we define the spaces of smooth
cochains E}(N,U), r = 0,1,... by means of the sequence of seminorms F'
I - - - T (F)l| k.1, Where the fields 1, ..., t; are as above and the norm || - |k is
defined in (8.5).

Choose a bounded family of functions {k., z € N} C D(Up(1)) such that the
family of sets supp 7, is locally finite and ¥, = 1in N, where 1.({) = h.({ - z)
for z € N. Take the currents w; found in Lemma 8.2 and consider w = (Wi, ey n)
as a HZ-valued current. For any z € N, the current 7w is supported by N and
defines a continuous functional &, on the space E(N,) ®c¢ HZ. Together they define
a functional on the space of smooth 0-cochains:

UF) = Z./;v Re(F,n,w).

The sum is a continuous functional on the space (HY(N,U) ® H¢)" forany L € U
because w; are continuous on Ey.
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Lemma 8.6. The functional &° vanishes on the image of A (see(8.7)).

Proof of Lemma 8.6. Write an arbitrary element f = (fo, f1, f2, f3) €
(Hg)* in the quaternionic form f = f + fie; + foex + fzes. We have Af =
6(C1fy .- (nf) and

#9) (AN =3 [ Relfmw) = [ Re(flw) = S Reles [ ftzw,)
z z k

where the summation is over j = 1,...,n. An arbitrary function g € Hj, can be
written in the form ¢ = gy + #, where

(8.10) #0) = / exp((z)p(x)dx

is the FourierLaplace transformation of a function ¢ € D(U)* and the function
gy € (Hp)* vanishes in N. This follows from [7] (Ch. IV, §5). We apply
this decomposition to the functions g = f; in (8.9) The term with gy obviously
vanishes. Substitute the absolutely convergent integral (8.10) for fi in (8.9). The
integral is equal to zero because of (8.3). a

We resume the proof of Theorem 8.1. Fix an arbitrary compact set K C U.
By Lemma 8.2, the functional @° is bounded on the space H (N,U) @ HE for any
L c U. Therefore, according to Lemmas 8.6 and 8.5, it is bounded with respect
to the norm ||8of|lx,u + |lgf]lx,u as well. There exists a bounded functional w’
on the image of the mapping Ao such that &% = Aj(w’) (where Aj means the
dual operator). By means of the Hahn—Banach theorem, ' can be extended to a
bounded functional p! @ 0® € (Hi(N,U)* )" & (HY(N,U))*)™. As a result, we
have

(8.11) @°(F) = p"(6oF) + 0°(aF)
for an arbitrary F € HY (N,U)*". Write

PE) =Y paulFa),

where p, ., is for each z,w a continuous functional in the space H (N,,) and
pz.w = 0 except for a countable number of pairs z,w. Again by means of the
Hahn—Banach theorem, we can extend this functional to a (2n + 1, 2n + 1)-density
Pzw € E(N, ) which allows the integral representation

Pl f) = /N e
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such that p,, , = —p, ., and
8.12) Y [ exnll ¢ 1)lpsel < o0

Proceeding with o¥ in the same way, we get a sequence of (2n + 1, 2n+ 1)-densities
g, in N,, 2 € N which satisfy similar conditions. For any z we set

(813) Uz inzw—z.bz,w _q&z-
w

This is again a current in N,; it vanishes on the space H(N,) ® Hg by virtue of
(8.11), and the series 3 v, converges strongly in the dual space to Ex.

Lemma 8.7. The above construction can be specified so that

8.14) 0¢ Usuppvz.

Proof. The support of n,w does not contain the origin because of (7.3). The
selection of the currents &, can be subjected to a condition like (8.14), if we pass
from U to the covering U4’ = U(3). Indeed, take the inverse image of the density 5,
with respect to the restriction mapping E% (N,U’) — E%(N,U). Define modified
densities &', as follows: if |z| > 2, we set &}, = .. If |z]| < 2, we take the density
&/ with support in dN’, N, = N N U.(3) such that [ &, = [ f&, for any function
§ € H(NNU,(3)) and ||&%|| = ||5.|| on the space of continuous functions in N;.
The modified density can be found by means of the Hahn—Banach theorem and of
the following inequality, which holds for functions f € H(N}):

(8.15) sup | f| = sup|f].
N 8N,

The set N is a union of 2n-subspaces in C**. Therefore, (8.15) is a corollary of
the maximum principle for harmonic functions. We modify the family of densities
P2 in a similar way. By means of (8.13), we obtain a cochain v which is defined
on the covering U’ and satisfies (8.14). O

Lemma 8.8. For any 2, the equation U, = 8, has a solution ¢, which is a
(2n + 1, 2n)-current with compact support in N, \ {0} such that the series S,
converges in EY,.

Proof of Lemma 8.8. If|z| > 4, the support of v, is contained in H \ Ug(1);
and a solution ¢ with the same property can be constructed by standard methods.
The convergence of the series Y ¥, is easy to control, since the variety N is a cone.
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Now we pass to the covering U(7) and take the sum v, of currents v, for |z| < 4.
The series converges on the space E(N N Uy(7)), and 0 ¢ suppvj. To solve the
equation v}, = 3y in the singular space N N Uy(7)), we apply Theorem 9.1. O

Set 5° = {5} and similarly for ' and 4°. We have by Lemma 8.8
w=§w" =8"q*5" + 6*5y°.
Setting ¢ = 6*¢¥° = (21, ..., ¢n ), we have
(8.16) (w = (Y,
since Ctq = p*q* = (gp)* = 0. (Here we mean (w = 5 fjwj and so on.) We put

wlf = / exp(C2)C,

where the integral again means the pull-down of a current by the mapping v. This
is, in fact, a (1,0)-current in P;(C) with values in the sheaf Q(intK,R), which
means that its local coefficient satisfies (1.3) in int K. Indeed, we have
0
suk’ = [ explcals S =0

for 7 = 1,...,n by Proposition 4.2. Now we check the equation
(8.17) V(@uy® = ub.
Evaluating the left hand side on a function ¢ € D(P(C)), we have

/m(c) $ouR’ = —/5(¢) /6 /exP (¢e)w

=~ [ v(38) nexplca)iw = - [ 36 () nexplca)iw
N
/ 87 (6) A exp(ca)Cy) + [ () nexplGa)COu.

The commutation relation v*(8¢) = 8{v*¢), which was used above, is a corollary
of the fact that v is holomorphic. The first integral in the right hand side vanishes
since the integrand equals dy for a current x. The second one equals

L ¢ [[ewcari - I

because of (8.16), and (8.17) follows. For a larger compact L ¢ U, we have
V(d)(ug’—uy®) = 0inintK; hence the difference uy ® _4%° is a holomorphic form
on the projective line, evaluated in the space of continuous ﬁmctlons mt K — He.

It equals zero; consequently, the form u};’o is an extension of u ! to a larger
compact. Taking a sequence of successive extensions, we get a form u%' which

gives a solution to (8.1) in U. O
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9 J-equation in an analytic set

Theorem 9.1. Let U be a Stein manifold and A a closed complex analytic
subset of U of pure dimension m > 1 which has only a finite set S of singular
points. For an arbitrary (m, m)-current o in A\ S with compact support such that

©.1) /fa:O

for any holomorphic function f in U, the equation o = 840 has a solution that is
a (m,m — 1)-current in A with compact support in A\ S.

Proof. Let O be the structure sheaf of U and O(A4) = O/I(A), where T(A) is
the sheaf of holomorphic functions in U that vanish in A. Take a Stein submanifold
U' € U containing supp « and such that the holomorphic functions in U are dense
inT(U’, ©). The sheaf O(A) has aresolvent (£*,d) in U’, where all £9, ¢ =0,1,...
are free O-modules of finite rank and £° = ©. Let £* be the §-complex in U
of sheaves of smooth forms of type (0,*). This is a flat O-module according to
[6]. Take the tensor product B = L£* ®o £*. This is a bicomplex, with the first
degree and differential coming from {£*, d) and the second degree and differential
inherited from (£*,8). We have for the first differential

HYB,d)=0, ¢>0; H(B,d)=0(A)®E"

For the second differential, we have H*(B,8) = 0, k > 0 and H%(B,8) = L*.
Comparing two spectral sequences, we find that the complex O(4) ® £* is acyclic
in positive degree. Taking into account that the functor T(U’, -) is exact withrespect
to the bicomplex B, we conclude that the following sequence of Fréchet spaces is

exact:
0—T(U',0(4)) — (U, 0(4) ® £%) L T, 0() @ 1) S -

Each mapping in this sequence is continuous and open. Hence the sequence of
dual spaces is exact as well:

92) 0e—T(U,0(4)" — DU, 0(4) &%) ST, 0uee)y . ..

The current o defines a continuous functional o on the space T(U’, O(4)®£°). The
latter can be written by means of local generators gi,...,q1, | =n-m, n =dimU
of the sheaf 7(A4) as

o = ab(g,)...6(g)dg1 A -+ Adg Adgy A -+ A dg;.
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By assumption, the functional o vanishes on the space of holomorphic functions
in U, which is dense in I'(U’, O(A)). Therefore, of vanishes on the space I'(U’, ©0),
which by means of (9.2) implies the existence of a solution 8% € T'(U’,O(A) ® £1)*
to the equation of = HB¢. Take the pull-back 5* of this solution with respect to
the surjection ['(U’,0 ® £') — I'(U’,0(A) ® £'). The functional 8* is a current in
U’ of type (n,n — 1) with compact support which vanishes on any form ge, where
g € T(U',I(A)), ¢ € T(U",&"). Consequently, supp3* C A4; and the condition
of the theorem implies that 93 = 0 in a small Stein neighbourhood W C U’
of 5. Now we seek a solution to the equation 8y = % in W with a current
v € T (W, 0(A) ® £2))* of the type (n,n — 2). To solve this equation, we argue as
above with the functor I'(U”, -) replaced by I'. (W, -) using exactness of the sequence

T.(W,0(4) ® £Y) 3 T (W, 0(4) ® £2) & T(W,0(4) ® 7).

Set 3’ = 3! —8(h~") for a function h € D(W) which is equal to 1 in a neighbourhood
of §. We now have 83’ = of for a current 3’ with compact support in U’ \ S, which
vanishes on forms ge as above. We transform the solution 3’ to a current in the
manifold A. First we take the representation 3’ = 3, 4', where {h;} is a finite
partition of unity in U’ with sufficiently small supports. Now we write each term
with the help of a local coordinate system that includes the generators gy, ..., g of
(V)

hB' = (95) Br;6(g1).--6(gi)dgr A -~ Adgy Adgi A+ Adgy,
J

where the sum is finite and ; are compactly supported (m,m — 1)-currents in
A\ S and (9;)7 = (85)7 -+ (85,), 5 = (41, ..., J1)- It is easy to see that the current
B =Y Bro in A is a solution of the equation 048 = a. O

10 Exponential representation for a family of systems

We prove here Lemma 8.2. Let 6,(r) be the delta-function in ImH = R®
supported by the unit sphere $2. Consider the tensor product u = u'' ® 6,(r)dr.
This is a distribution in U x Im H with values in the bundle R supported by U x §2.
For any point s € 52, the fibre R of the bundle is equal to R(g(s)), where g(s) is
given by (2.1). We have ¢(s)R = 0; hence g(s)u(s) =0, ie.,

(10.1) (V=1 - y1e1 — yae2 — yses)u(z,y) =0,
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where y;, j = 1,2,3, are coordinates in ImH. Apply the Fourier transformation
with respect to these coordinates:

w(z; 1,62, 63) =/ exp{—1€y)ulz; y).

Im

The Hc-valued function 4 is defined in U x (Im H)*. It is bounded in K x (Im H)*
for any compact set K C U and satisfies the equation

(10.2) (1 9 o 9

—e— —eyg—

— e —
o6 oL, o0&
which follows from (10.1). The equation

)a:o,

(10.3) At+4=0

is a corollary of (y? +y2 +y3 —1)6,(r) = 0. The function 4 is polymonogenic with
respect to the coordinates ¢; = ) x;xex, j = 1,...,n. Thus @ is a solution of the
large system (1.3), (10.2), (10.3) of differential equations with constant coefficients.
It belongs to the space of distributions in U x (Im H)* of moderate growth with
respect to the coordinates £&. Now we write an exponential representation in this
space like that of Theorem 6.1. We get

(10.4) o(z,€) = /N exp(Ce - 1€1) 37 GA (G ),

where N is the characteristic variety of the large system and A;, j = 1,...,n are
Hc-valued currents in N that are defined on the space of continuous functions
p: C* x ImH — Hc such that

(§> w = O(exp(| (1k)), foreachi= (41,73,i3) andsome K € U.
Y

The set NV is a subbundle of $2 x C*", and the fibre N, over a point s € S? is equal
to the fibre Ny, of the cone N over the corresponding left ideal L = L{§(s)), i.e., N
is the blow-up of the cone N with centre at the origin. The representation (10.4)
can be proved by methods of [7]. Now by (10.4), we have for an arbitrary function
¥ € DP(ImH)

) = (o, ) = [ ex(ce) 3 EA(C ) [ es-icyieres

where ) denotes the inverse Fourier transform of v. The interior integral equals
¥(y), whence

(10.5) @, )0) = [ explca) 30 G u)
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Both sides vanish on functions of the form (y? +y3 + 32 — 1)4; consequently, (10.5)
can be extended to the space D(S?):

/52 ut 'z, s)p(s) = /sz (/N exp((x)Z(fj)\j(g,y)) ().

This equation is equivalent to (8.2), and we need only specify the choice of the
currents ); to satisfy the condition suppA; C N\ {0}. We choose a function
e € D(Up) such that e = 1 in a neighbourhood of the origin (U is the unit ball)
and set X, = (1 — e)A; + p;, where y; iIs a current supported by N N Uy which
coincides with e); as a functional on the space H(N N U;). We produce u; by
“sweeping away” h); from a neighbourhood of the origin, i.e., by applying (8.15)
and succeeding arguments. O
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