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Exact ly  Solvable One-Dimens ional  Many-Body Problems.  

F .  CALOG~RO (*) 

In s t i t u t e  o] Theoret ical  and  E x p e r i m e n t a l  P h y s i c s  - Moscow 

( r icevuto  il 5 Maggio 1975) 

The  uscfulness of t he  Lax  t echn ique  (~) to solve N - b o d y  p rob lems  has been demon-  
s t r a t ed  in specific cases by  FLASCHKA (e), MASAKOV (3), MOSF, R (4) and  CALOr M),R- 
c m o R o  and RAc, NIsco (a). I Ie re  we e x t c n d  this  approach  to a class of m a n y - b o d y  
p rob lems  wi th  two-body  forces (in one dimension)  t h a t  inc ludes  as special cases mos t  
of those  p rev ious ly  know~l. 

In  th is  l e t te r  wc concen t r a t e  main ly  on the  classical case;  t he  main resul ts  can be 
ex t ended  to the  quan ta l  ca,~e, fol lowing the  procedure  of CMR. The solvable  cha rac te r  
of these  models  is d isplayed exhib i t ing  expl ic i t ly  N in tegra ls  of t he  mo t ion ;  some 
specific proper t ies  of the  dynamica l  behav iour  of these  sys tems are  also out l ined.  

A s imple  t r ick t h a t  genera tes  nove l  solvable (N~ ' - -N2)-body problems,  invo lv ing  
N 1 par t ic les  of one k ind  and N 2 par t ic les  of ano the r  (with equal  masses), is in t roduced .  
I t  yields some in tegrable  sys tems of r emarkab le  physical  in teres t ,  such as the  case 
wi th  t he  repuls ive  shor t - range  two-body  po ten t i a l  V ~ ( x ) =  g2a2 sinh-2(ax) ac t ing  be- 
tween equa l  par t ic les  and the  a t t r a c t i v e  po ten t i a l  Va(x  ) . . . .  g2a2 cosh-2(ax) ac t ing  
be tween  different  par t ic les .  

Consider thc  N-body  p rob lem charac te r ized  by  the  I I ami l ton ian  

N 

j=l j > k ~ l  

wi th  V ( - - x ) - - -  V ( x ) ( e ) .  Detine the  mat r ices  (7) 

(2) L~k ~ ~j~p~ i ( 1 - -  6~)a (x j - -xk)  , 

2/ 

(3) Ajk -- ~jk~/~(Xj--Xl)(l --- ~jk)~'(Z~--Xk), 
l=[ 

(*) I'crmanent ~(l]liatio~s: Istituto di Fisiea dell'Universith, Roma, and Istituto Nazionale dl Flsica 
Nuclcare, Sezionc dl Roma. 
(1) P. D. LAX: Comm. Pure Appl. Math., 21, 467 (1968). 
(2) H. FI, ASCIIKA: Phys. Rev. B, 9, 1924 (1974); Prog. Thcor. Phys., 51, 703 (1974). 
(s) S. V. MA~',~KOV: ~urn. Eksl~. Teor. Fiz. ,  67, 543 (1974). 
(4) 5. ~IOS~R: Three il~tcgral Halnilto~ia~ systems connected ~ith i.~o-speHral delormaticms (preprlnt). 
(i) F, CALOOERO, (~. MARCmORO an40 .  R,to.~tsco: L~ll. Naovo Cimento, 13, 383 0975), hereafter 
referred to as CMR. 
(~) Wc introduce here this eonditimt for simplicity and on physical grounds; we thereby exclude models 
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where  f l ( - - x ) =  fl(x) and  the  func t ion  ct(x) satisfies the  func t iona l  equa t ion  ( t ha t  also 
defines fl(x) ) 

(4) a ' ( y ) ~ ( z ) -  ~(y)~'(z) ~(y + z)[fl(y)--fl(z)] . 

I t  is then  easy to show t h a t  the  Lax  condi t ion  (~) 

(5) L =-= [A, L] 

is impl i ed  b y  t h e  equa t ions  of mo t ion  

(6) 2 j - -  p j ,  

w i th  

N 

"pj = -~ ,  V ' ( z j - x ~ )  

(7) V ( z ) = a ( x ) a ( - - x ) + c o n s t .  

I t  i m m e d i a t e l y  follows t h a t  t he  N quant i t ies  I~ defined by se t t ing  

N 
(8) de t  [Lik + ~6jk ] = ~t x + ~ ) ,x- ' I~ 

r t= l  

2r 
prov ide  N independen t  cons tan t s  of mot ion .  Note  tha t ,  qui te  general ly ,  I a = ~ p j  is 
t he  to t a l  m o m e n t u m  of t he  sys tem,  and ~=~ 

(9)  12 = �89 (11) 2 -  H . 

Thus  any  solut ion of t he  func t iona l  equa t ion  (4) genera tes  an exac t ly  solvable  many-  
b o d y  problem,  wi th  the  two-body  po t en t i a l  of eq. (7) (s). ~N'ote t h a t  i f  a(x) is one such 
solut ion,  a(x )exp[ax]  is also a solut ion (wi th  t he  same fl(x)), bu t  i t  yields t he  same 
po ten t i a l .  

The  mos t  genera l  soluf, ions of eq. (4) t h a t  we have  ob ta ined  are  

(10a) 

(10b) 

ax(x) = b dn (ax)/sn (ax) , 

a2(x ) = b c n  (ax)/sn (ax) . 

T h e y  yicld t h e  same po ten t i a l  (up to add i t ive  constants ,  t h a t  we ignore  hereaf ter)  

(11) V ( ~ )  ~ - -  [ b 2 / ( t l - - [ 3 ) ]  p ( ( / , x ] ( 9 ,  i f ) / )  . 

such as thc Toda lattice (~"). 
(7) The primes indicate differentiation with rcspect to the argument; the dot (sco below) indicates 
(total) differentiation with respect to time. 
(8) A. ERDI~:LYI (Editor): Higher Transce~tcntal Funclio1~s, Vol. 3 (New York, N.Y., 1955). Wc use  
hereafter, whcncvcr referring to the properties and parameters of elliptic functions, the notation of 
this book. 



EXACTLY SOLVABLE ONE-DIMENSIONAL MANY-BODY PROBLEMS 413 

l l e r e  ~(z(w,  co') is t he  Weicrs.~rass func t ion  

(12) ~(zl~, ~') z-~ -]- ~ ' [ ( z  ~, 2row ,-}- 2no/)  - ' z -  (2m~o + 2no / ) -~] ,  

and  el,  e 3 are i ts  va lues  for z = ~) and  z ~ w' (s). 
The c o n s t a n t s  a and  b and  the  2 ha l f -per iods  w and e~' of t h e  Weie r s t rass  func t ion  

can be ch()se~ a rb i t r a r i l y ;  of course,  a phys ica l ly  i n t e r e s t i ng  mode l  ob ta ins  only  if V(x), 
cq. (11). is real.  P rev ious ly  known cases co r respond  to  special  choices of t h e  half-  
pe r iods :  for  w . . . .  i~o'-:- co, V ( x ) - -  g~/x2(9); for w ' - -  ico (and ~ -  ,~/2), V ( x ) = g  ~. 
�9 a~/sin ~ (ax) (~0); for  o~ : :  ca (and to ' --  izt/2), V(x)  :- g~a~/sinh ~ (ax) (n). 

The  p o t e n t i a l  of eq. (l 1) (see also below) has  r e m a r k a b l e  p rope r t i e s  also in t h e  con- 
t e x t  of t h e  quan ta l  t w o - b o d y  p rob l em (~);  arid i t  m a y  p l ay  a special  role  in Lie group 
theo ry ,  jus t  as t h e  p o t e n t i a l s  g~a2/sin " (ax) and g~a~/sinh ~ (ax)do  (~a). I t  shou ld  also be 
m c n t i o n e d  t h a t  SI)'THERLAND has  been able  to obta in  expl ic i t ly  t h e  g r o u n d - s t a t e  prop-  
e r t ies  of t h e  one-d imens iona l  quan ta l  m a n y - b o d y  p r o b l e m  w i t h  a t w o -b o d y  p o t e n t i a l  
t h a t  also involves  e l l ip t ic  func t ions  (l~). 

Set  f o rm a l ly  x ~ = y ~  for  l < j < : u  x ~ - - z ~ - b d  for  N a < j < N 1  t - N ~ = N ,  a n d  in- 
t e r p r e t  t h e  co -o rd ina te s  y~ as those  of t h e  pa r t i c les  of one type  and  t h e  co-ord ina tes  z~ 
as those  o~ the  pa r t i c les  of a n o t h e r  type .  Then  the  so lvabi l i ty  of any  N - b o d y  mode l  
w i th  t h e  pa i r  p o t e n t i a l  V(x) impl ies  t h e  so lvabi l i ty  of t h e  mode l  w i t h  -~x par t i c les  of 
one type  and  N,. pa r t i c les  of a n o t h e r  type ,  w i t h  t he  p o t e n t i a l  V ~ ( x ) - - V ( x )  ac t ing  

be tween  cqual  pa r t i c les  and  t h e  p o t e n t i a l  V d ( x ) ~  V (x  :h d) ac t ing  b e t w een  d i f ferent  
par t ic les .  

Clearly th i s  t r ick  can yield  a phys ica l ly  reasonable  p o t e n t i a l  only  if V(x) is per iod ic  
w i th  per iod  2d. The  rea l i ty  and  pe r iod ic i ty  p rope r t i e s  of t h e  Weie r s t r a s s  fm~etion (a~) 
imp ly  t h a t  t h e  fol lowing choices in eq. ( l l )  p ro d u ce  i n t e r e s t i n g  p o t e n t i a l s :  

i) Le t  e L > e 2 > e 3 ,  e , > 0 ,  e s < 0 ,  ~ > 0 ,  a and  w real,  b and  w' imag ina ry ,  
d -= co'/a; t h e n  b o t h  p o t e n t i a l s  are real  and per iod ic  w i t h  pe r iod  2w/a, and,  as x goes 
f rom 0 to (o/a. Ve(x ) decreases  from :-co to 0 (16), whi le  Va(x ) increases  f rom --]b[ 2. 
�9 (e~--e3)/(e 1- e3) to  0 (aT). 

* A < 0, ~o'~ w*, a real ,  b2/(e,--e3) real  and  nega t ive ,  d =  (w- - (o ' ) / a ;  ii) Let  e l :  es, 
t h e n  b o t h  V~(x) and  V~l(x ) are  real  and  per iod ic  w i t h  pe r iod  2 ( w + w ' ) / a ,  and,  as x 

(~) This case was first solved in the quantal case: for N = 3 by C. MARCHIORO: Journ. Math. Phys., 
11, 2193 (1970), and for arbitrary N by F. CALOGERO: gour~t, i'[Iath. Phys., 12, 419 (1971). In the 
classie~tl case i6 was solved for arbitrary N by J. MOSER: rcf. (~). 
(lo) This case was first solved in the quantal case by B. Su'rI[ERLAND: Phys. Rev. A, 5, 1375 (1972); 
then, in the classical case, by J. MOSER: ref. ('). The matrix L used by MOSER corresponds to the 
solution a,(x). 
(~) This case was solved by CMR; th~ matrix L used corresponds to tho solution a..(x); that corresponding 
to the solution ~(x)--iga/sinh (ax) is actually more convenient, because the nondiagonaI elements 
then vanish rather than becoming constant, when all particles separate. 
(,2) B..%.~;THERI,,kl~'D: Phys. Rev. .4,  8, 2514 (1973). The potential discussed by SL'PIIERLAND Is 
actually a special case of that acting between different particles in case i) below. 
(,,) .'v[. A. OLgtIA.N'ETZKY arid A. M. PERELOMOV: J. Phys. A (to be submitted to). 
(1,) lcl. SUTIIERLA.N'D: proprint ITP-SB-75-2 (to be published). It will bo interesting to apply the trick 
mentioned below to this potential. 
('~) See. for instance, Subscct. 13.15 of rcf. (s). 
('~) Here and ia the following we take advantage of the possibility to add arbitrary constants to Vc(x) 
and/or V~(x). 
(,7) A qualitativcly similar bchaviour obtains for a and (o imaginary, b and m' real. 
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goes  f r o m  0 to  (co § ~o')/a, V~(x) d e c r e a s e s  f r o m  + c~ to  0, w h i l e  t~(x)  i n c r e a s e s  f r o m  0 
to  § ~ (is). 

I t  s h o u l d  be  n o t c d  t h a t  in  al l  c a ses  t h e  p o t e n t i a l  V,.(x) is  s i n g u l a r  a t  ze ro  s e p a r a t i o n .  
a u d  is t h e r e f o r e  b e t t e r  c h o s e n  r e p u l s i v e  in t h a t  r e g i o n  (~9); t h e  p o t e n t i a l  I~(x) is i n s t e a d  
a l w a y s  f in i t c  a t  x - -  0, a n d  i t s  d e r i v a l i v e  h a s  /.he o p p o s i t e  s ign  to  t h a t  o f  V~(x) ( i t  y i e l d s  
t h e r e f o r e  g e n e r a l l y  a t t r a c t i v e  fo rces  a t  s h o r t  dist, ancc ) .  T h e  p o t e n t i a l s  o f  t y p e  it) r e s e m b l e  
to  t h e  P S s c h - T e l l c r  p o t e n t i a l  (2o) ; case  i) is p e r h a p s  m o r e  i n t e r e s t i n g ,  s ince  in  t h i s  ct~se 
I'd(x) is  t i n i t c - v a l u e d .  I t  wi l l  be  i n t e r e s t i n g  to  a n a l y s e  e x p l i c i t l y  t h e  t r a j e c t o r i e s  of  t h e  
p a r t i c l e s ;  one  c o n j e c t u r e s  t h a t  a l l  o r b i t s  in  p h a s c  s p a c e  a r e  c lo sed ,  a t  l e a s t  i f  o n l y  e q u a l  
p a r t i c l e s  a r e  p r e s e n t  ( in case  i), i f  d i f f e r e n t  p a r t i c l e s  a r e  p r e s e n t  a n d  t h e  e n e r g y  is 
su f f i c i en t l y  l a rge ,  t h e  t r a j e c t o r i e s  c o u l d  b e  p e r i o d i c  o n l y  rood  (2e~)/a) in t h e  c o - o r d i n a t e s ) .  

T h e  q u a n t a l  p r o b l e m  is a l so  v e r y  a p p e a l i n g ,  e s p e c i a l l y  in  case  i), w h e n  t h e  p r e s e n c e  
of  e v e n  o n l y  one  d i f f e r e n t  p a r t i c l e  ((~ i m p u r i t y  ~>) s h o u l d  o r i g i n a t e  a b a n d  s p e c t r u m  (2~). 
Also  t h e  t h c r m o d y n a m i c a l  l i m i t  wi l l  b e  i n t e r e s t i n g ,  e spec i a l ly  w h e n  d i f f e r e n t  p a r t i c l e s  
a r e  p r e s e n t ,  in  v i e w  of  t h e  a t t r a c t i v e  n a t u r e  of  t h e i r  i n t e r a c t i o n .  

S p a c e  d o e s  n o t  p e r m i t  h e r c  a m o r e  d e t a i l e d  d i s c u s s i o n  of  t h e s e  p o t e n t i a l s  a n d  of  
t h e  p r o p e r t i e s  of  t h e  c o r r e s p o n d i n g  m a n y - b o d y  s y s t e m s  ('~). T h e r e  a re ,  h o w e v e r ,  t w o  
cases  w h i c h  d c s c r v c  spcc i a l  m e n t i o n .  T h e y  o b t a i n  f r o m  cases  i) a n d  it) in t h e  l i m i t  

-~ co r e s p e c t i v e l y  R e  ~o-~ c~; m o r e  d i r e c t l y  t h c y  (:an bc  o b t a i n e d  b y  a p p l y i n g  t h e  t r i c k  
d e s c r i b e d  a b o v e  d i r c c t l y  to  t h e  p o t e n t i a l s  d i s c u s s e d  b y  C M R  or  b y  SUTI[ERLAND (10) 

a n d  MOSER (~), w i t h  d =: i~/2 r e s p e c t i v e l y  d -- z /2 .  T h e  s e c o n d  p o s s i b i l i t y  i m p l i e s  tha t .  
a l l  t h c  r e s u l t s  o b t a i n e d  b y  t h c s c  a u t h o r s  can  b e  d i r e c t l y  t a k e n  o v e r  (23). e x c e p t  fo r  t h e  
c o n c l u s i o n s  c o n n e c t e d  w i t h  t h e  i m p e n e t r a b i l i t y  of  t h e  p a r t i c l e s  ( t h a t  a p p l y  n o w  o n l y  
to  e q u a l  p a r t i c l e s )  a n d  t h e  a b s c n c c  of  b o u n d  s l a t e s  (in t h e  f i rs t  case)(~4).  H o w e v e r  
t h e  p h y s i c a l  p r o p c r t i e s  of  t h e  s y s t e m s  w h e n  p a r t i c l e s  of  d i f f e r c n t  k i n d s  a r e  p r e s e n t  
d i f f e r  s u b s t a n t i a l l y  f r o m  t h o s e  of  s y s t e m s  w i t h  on ly  e q u a l  p a r t i c l e s ,  d u e  to  t h e  a t t r a c -  
t i v e  a n d  n o n s i n g u l a r  n a t u r e  a t  s h o r t  r a n g e  of  t h e  i n t e r a c t i o n  b e t w e e n  d i f f e r e n t  p a r t i c l e s .  

To j u s t i f y  t h e  l a s t  s t a t e m e n t ,  we  d i s c u s s  n o w  t e r s e l y ,  in  t h e  c lass ica l  case ,  t h e  p h y s -  
i ca l ly  m o r e  i n t e r e s t i n g  s y s t e m ,  n a m e l y  t h a i  w i t h  t w o  k i n d s  of  p a r t i c l e s  i n t e r a c t i n g  
v i a  t h c  p o t e u t i a l s  V~(x) - g2a~/sinh~(ax) a n d  V,~(x) : - - g 2 a 2 / c o s h ~ ( a x )  ( o b t a i n e d  f r o m  
t h e  C M R  m o d e l  w i t h  r = i~/2) (~a). In  t h i s  ca se  t h e  c .m .  g r o u n d - s t a t e  e n e r g y  in t h e  

(1~) A qualitatively similar behaviour obtains for a imaginary, bU(el- e3) real and positive, d = (co-§ o)')/e~. 
(~9) This is actually not lleeessary ill tbe classieal ease; indeed an cxplieit treatment of this case is 
possible (although it leads generally to collapse in a finite time), and should be particularly interesting 
in the degenerate case V(x)---gUx"-, cspccially if this potential could be supplemented by a ha~,d 
core and the limit of large N could be considered (for N =- 3 the problem with a hard corcis certainly 
tractable, since the classical problem has been explicitly intr in closed form: C. ~ARCHIORO: 
unpublished; 1). C. KH/~.~*DEKAR and S. V. LAWANI~E: Ame'r. Jour?~.. Phys., 40, 458 (1972)). 
(20) See problem 38 in S. FL(~(~C~E: Practical Quantum Mcc]~e~nics, Vol. 1 (Berlin, 1971). 
(2L) See however, in this connection, ref. ('~). 
(2~) Actually the doubly periedic nature of the ~Vcicrstrass function implies the possibility to introduce 
models wittl -i differt~nt kinds of particles and 4 different petcntials, all of tllem reasonable, i.e. even. 
(2a) Thus one can obtain directly, from the r e s u l t s  o f  ,~L'TIiERL..k.~'D, rcf. (,0), the eolnl)lcto energy spec t rum 
for the second system. This opens the possibility to cvahmte a number of nonbrivial multiple integrals, 
following G. GAI, I,~VOTTI and (!. M:tn(~iilono: Jouru..1leith. A~tal...Ippl., 44, 661 (1973). 
(") The proof 1)y CMR that (I,,, Ira} = 0 cxIfloits the asymptotic separation of the particles, but, since 
this result is of a purely algebraic nature, it  eontimlcs to held even in the more general case with dif- 
ferent particles (an4 also, by analytic continuation in a, for the Sutherland model and its generalized 
version with different particles). One conjectures that  such a result holds also in the more gclmral 
case, with the potential of eq. (7). 
('~) In the quantal case the potential Vd(X) is, in the two-l)ody case. exactly solvable, and it has pcculiar, 
but nontrivial, properties: see. for instance, problem 39 in rcf. (20). One co~flccturcs that a.n analysis 
such as that  given, for the N-body problem with attractive delta-function potentials, by C. N. u 
(Phys. Rcv. Left., 19, 1312 (1967); Phys. Rcc., lbS, 1920 (1968)) is also aI)plicablc in this case, at least 
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|wo-body problem with different particles is clearly (e~) --1.  Remarkably, exactly the 
same value obtains "~s the minimum of the potent ial energy for the (2 + 1)-body prob- 
lem, in the symmetrical configuration with the different particle at the centre and the 
two equal particles at a distance arcsinh (2 ~-) from it;  it can moreover be proved that  
this is ~ posit.tim of stable equilibrium for the system. Thus the classical (2 ~- ] )-body 
can bc bound; indeed it is actual ly easy to evahmtc explicitly, in closed form, the 
trajectories of the particles for any motion that preserves tim symmetry of the system (~). 
An interesting question is whether the ground state of the, (N~ '-- ~ ) - b o d y  system is 
also bound, for ~ = N~ -: ~\r ~ 3, and in part icular  for N-~ c~. For small N the answer 
can be easily obtained with the help of a computer;  for large N, one conjectures tha t  
the system is not bound, but  rather  tends to break into clusters, due to the positive 
definiteness of I~(x) -~ V~(x). This conjecture is supported by the following remark: 

Let wN(x) be the potential  energy per particle in an equally spaced configuration 
of :V particles of al ternating type (with nearest-neighbour distance x) ; then clearly there 
always exists ~ finite value ~rv such that,  for any x >  x:~, w x ( x ) <  0; yet for all finite 
values of x, the energy per particle we:ix) in such an infinite lattice is positive. Indeed 

(~3) wc~(x) = ,~-[- 4(2K * -  ~)K*(k)/(3z~) =- ~ - ~ ( i  - - 2 K  e) Kilo) , 

where K(k)  is the complete elliptic integral and its argument k ~ is related to x through 

( t4 )  x = (,~/2) K ( k ' ) / 1 ; ( ~ ) ,  ~' = V ~ - - ~ ,  

so that  wc~(x) decreases monotonically from - [ -~  to 0 as x varies from 0 to oo. Note 
however that. rain [wc~(x)] need not coincide with the N-> co l imit  of the energy per 

x 
particle of the ground state of the iN/2-[ -~/2)-body system. 

As for scattering states, it. is clear from the results of CMR that  (both in the clas- 
sical and quantal  cases) an initial incoming state with N separated particles of mo- 
menta p~(--co) goes into a iinal state of N separated particles of momenta p~(.;-co), 
the set {pj(~-co)]. coinciding with the set (pfl-  oo)); however, if different particles 
are present, the distr ibution of the fin'd momenta between the particles need not be 
uniquely determined (indeed, in the quanta.1 case diffcrent final states will generally 
occur with finite probabilities). 

This also implies tha t  in the 3-body case with different pa.rticles an initial configura- 
tim1 with, say, P l ( -  co) ~ --  2p, P 2 ( -  co) ~ P3(-- c~) = p, x2(-c~) -- x3(-- co) (particle 2 
being the different one), goes definitely into the final state with p~(~- c~) = p~(§ co) ~ p, 
P a ( ~ c ~ ) - -  --2p, xl( i - ~ ) - x 2 (  ~ o0). Thus au initial  state with one of the equal 
particles incoming from one side alo~e a~ld the other two from the other side as a com- 
pletely bound pair (wilh no internal  kinetic energy) goes definitely into a final state 
having again one single particle and a completely bound pair; but  while, of course, 

f o r  t h o  s p e c i a l  v M u e s  of  t h e  c~uplin_~ c o n s t a n t  g~ -= n (n  - 1), n = 2, 3 . . . .  , in  w h i c h  c a s e s  t h e  t w o - b o d y  
p o t e n t i a l  is  t r~usp :~ re : l t  (vr  r e f l e c t i o n  c,~eflteient) ,  b u t  i t  h a s  n - 1 b o u n d  s t a t e s  ( a n d  a zero-  
e n e r g y  r e s o n a n c e ) ;  i a  t h e s e  c~ses  a l so  t h e  g r o u p - t h e o r e t i c a l  s t r u c t u r e  u n d e r l y i n g  t h e  N - b o d y  q u a n t a l  
l~roblem i s  p a r t i c u l a r l y  t r a ~ s p a r e n t  ('~). 
(26) W e  u s e  h e r e a f t e r ,  a.s u n i t s  of  e n e r g y  a n d  l e n g t h ,  g2aZ a.nd 1/a. 
(:7) T h e  e x i s t e n c e  of  a s t a b l e  b o u n d  s t a t e  in  tl~e eh~ss ica l  c a s e  n e e d  l in t  i m p l y  t h e  e x i s t e n c e  of  a b o u n d  
t h r e e - b o d y  s t a t e  for  t h e  q u ~ n t a l  p r o b l e m ,  in  w h i c h  c~se  a m o r e  d e t a i l e d  a~xalysis  i s  n e e d e d .  
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the two equal par t ic les  always go back in the  direction they came from (they cannot 
overcome each other),  the  different par t ic le  always exchanges pa.rtner. 

Addi t ional  results will be published elsewhere, together  with the  detai led proofs 
of all those repor ted  here. 

These results  have been obtained during a visi t  to I T E F  performed in t im frame- 
work of the exchange agreemeut between CNEN and GKAE.  I t  is a pleasure to acknow- 
ledge the contr ibution of many s t imula t ing  discussions with friends and colleagues, no- 
t ab ly  F.  PALVMBO, A. M. P~RELO)~OV, YU. A. SIMO~'OV, YA. G. SINAI, .'~I. V. TERENTEV 
and K. A. TER-MARTIROSYAN. 


