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1. Introduction.

Let
(1.1) f@E,v)=0
be an irreducible algebraic or analytic equation connecting two complex
variables z and %, and let R, be the associated Riemann surface. We regard
R, as a branched covering surface ) of a connected domain R,, which is
a ‘'subset of the extended z-plane, and write ¢ for the projection mapping
from R, to R,, so that R; =0’(§Rfk. Let B, denote a set of isolated points
of R: which includes as a subset the set of images of branch-points of R,
with respect to M;; in most cases, B, will consist entirely of these image
points. We denote by B{° a subset of B; to be specified later, and put
B;=8,—B. We also write B,, B7 and B} for the sets of all points
of R, which lie over B, , B;° and B?, respectively, and put
(1.2) R, =R—8BF, R,=R.—-B =R —3(B)).

We denote by R a universal (i.e. simply-connected) covering surface
of R'; (and therefore of R’;), which is branched over R’;, and possibly
also branched over R';, at points lying over points of the set B, but
which is otherwise smooth. We shall demand further properties of ® later ;
it may be possible to choose R in several different ways. Since R is simply-
connected, there is a conformal one-to-one -mapping T of # onto a domain
@ of the ¢-plane, where @ is either (i) the extended f-plane, (ii) the finite
t-plane, or (iii) the unmit circle |#|<1. These three cases are called the
elliptic, parabolic and hyperbolic cases, respectively.

The equation (1.1) can be uniformized by functions z2=2z(#) and
% =4 (£), which are defined and meromorphic on ®. They are automorphic
functions for a properly discontinuous group I'; of bilinear transformations
S defined by

1. The terminology used is that of [12].

140



150 R. A. RANKIN
al+B _
ity @—Br=v,

so that z(!s)=2(t) and u(¢s)=wu(!), for al S€T; and t€®; furher,
S@=@ for all SET,.
When (1.1) is an algebraic equation of genus p>1, and R is taken

(1.3) S =t=

to be the smooth universal covering surface of R,, the functions z{¢) and
#%(f) are simple automorphic functions (see [2, p. 86]) for T,, which is
then horocyclic (Fuchsian); in this case @ is hyperbolic and each funda-
mental region D (I;) for the group is bounded by a finite number of sides.
There are no elliptic or parabolic cycles and the closure of D (L) lies in @,

When (1.1) is not algebraic, the automorphic functions need not be
simple; in particular, the fundamental regions D (F;) may have infinitely
many sides and the number of poles and zeros of the functions 2z(f) and
# (£) may be infinite in each fundamental region.

The Schwarzian derivative {f, z} is defined by
zul(t) i {z”(t)}z

a9 LA o T wer
It follows that
(1.5) {t,2 =1, ¢} (%—)2 +{{,2}.

It is easily checked from (1.4) that {f,z} is an automorphic function for
any group for which z(f) is automorphic. Also {¢, 2z} is unaltered when ¢
is subjected to a bilinear transformation and so does not depend upon the
choice of the mapping .

Our object is t0 obtain as much information as possible about the
form of the Schwarzian derivative, since the explicit construction of the
uniformizing functions 2(¢#) and % () depends on this. We show, in parti-
cular, that {£,2} can be evaluated explicitly for certain types of equation
(1.1). Before this can be described the surfaces !f\‘\, R, and RN, must be
considered in greater detail.

Points of !ﬁ, R, and R, will be denoted by p , P and z, respectively.
The projection mappings of R onto RN, and R’; are denoted by p and =
respectively, so that & = 6p (see diagram).

Let A denote the group of ajl conformal one-to-one mappings of R
onto itself, and let A be a subgroup of A. Thus, for A€ A, T is a
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conformal mapping of & onto itself, and so

(1.6) ! (¢) = S:(?),

where S; is a bilinear transformation. Thus A is isomorphic to a group
F€A) of bilinear transformations S; which map & onto itself. In particular,

if A is the group A; of covering transformations of R over Ry, ie if
p{A(P)} = p(P) for all A€ A, and PeWR, then I (A))=TI,.

@

f v

Ru

- We now depart from the completely general situation just described
and make certain simplifying assumptions. We recall that a smooth covering
manifold M® of a manifold M is said to be regular if its group of covering
transformations is transitive, i.e. if there is a covering transformation
mapping P} onto P;, where P} and P; are any two points of IMM* lying
over some point P of M. We shall say that a branched covering manifold
M* of a manifold M is regular, if M*—B* is regular over Pt — B, where
B* is the set of all points of M* which lie over the set B of projections
of branch-points on M; any covering transformation of IM* —B* over
M —B can then be extended uniquely to a covering transformation of M*
over M. We now assume that the equation (1.1) is such that R, is an
unlimited branched covering surface of ®,, and that Risa regular covering
surface of R's; R is then automatically a regular covering surface of R's,
but M, will not in general be regular over ;. Such a surface R can usually
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be chosen in several different ways by making different choices of B, and
its subset B;°. For example, if we take B =B,, then R is merely the
smooth universal covering surface of R';. On the other hand, if R, is
regular over R;, we can take B =B, and take & to be the smooth universal
covering surface of ;. In these two cases B, may be chosen to consist
entirely of images of branch-points of R, with respect to R;.

In other cases, where R, is not regular over R, it may be possible to
construct R as a regular branched surface over R’ without taking B;° to
be the whole of B;. To each P€ R, there corresponds a unique finite
positive integer ¢(P) such that P is a branch-point of order ¢(P)—1
of M, with respect to R,; if g(P)=1, P is a regular point of R, with
respect to f;. We now assign, by some rule, a positive integer 7 (P) such
that the product ¢(P)7(P) is the same for all points P lying over the
same point z of R,. Thus
(1.7) g(P)r(P)=p(2),
say, for all PER; such that o(P)=z. We make the restriction that
the set of points P of R, at which r(P)>1 is isolated. On the other
hand, we allow 7(P) to be infinite, in which case p(2) is also infinite;
it may not, in fact, be possible to satisfy (1.7) for finite r(P). It follows
that 7(P) is either finite for all points P lying over a given z€R,, or
r(P) is infinite for all such points. We take B to be the set of points
z for which p(2) is infinite and B? to be the set of points for which 2(2)
is finite and greater than unity. This defines R’; and 'y, and the regular
covering surface # is to be constructed @ so that all the branch-points P
lying over P on R, are of order r(P)— 1, while all the branch-points
P lying over z on R, have order p(z) — 1.

’ The covering transformations A or R over W', form a subgroup A,
of A which contains A; as a subgroup. If I',=T(A,), then z(f) is an
automorphic function for Iy, which is properly discontinuous.® Any other
automorphic function @ (f) for I, is uniquely determined by the value of
z(¢) and so is a single-valued function of z=1z(f). In particular, {t,z},

2. For constructions of regular branched covering surfaces of closed Riemann

surfaces see Fourds [4] and Rankin [11]; see also Fourés [3].

3. This may be proved as in Theorem 9—5 of [12]; the neighbourhood N
can only cover S a finite number of times p.
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which is an automorphic function for I';, is a single-valued meromorphic

function of z on R’,;, and we may therefore write
(1.8) @ =1{t,z2()} = 2R(2) (zeRy).
The coefficient 2 stems from the fact that ¢ can be expressed as the quotient

of two linearly independent solutions of the differential equation
drn
2 +R(EZ)n=0;

if, therefore, R(z) can be determined explicitly and this equation can be
solved, I, can be found and the uniformizing functions can be set up
explicitly.

We now make one further assumption regarding the form of equation
(1.1). Let G denote a properly discontinuous group of bilinear transformations
T for which TR, =R.. Usually G will be finite or Fuchsian. We write

az+ b

(ad —bc=1).

We suppose that there exists a group Q¢ of conformal transformations Ar
(T €G) of R, onto itself such that

(1.10) c{dz(P)l ={=Tz=To(P) (PeR)).

When this happens we say that the equation (1.1) is invariant under
the group G. Every equation is invariant, in particular, under the group
consisting of the identity transformation only. This situation arises, for
example, when the variables z and # can be replaced, by means of a

birational transformation, by variables { =Tz and @ such that

(1.11) [, 0)=p@ G, W,
where p(2) is a meromorphic function.

A fundamental region for G in R, with boundary points identified
can be regarded as a manifold R for which R, is a regular covering
manifold. If G contains no elliptic transformations, R, is a smooth covering
manifold of R;. If, however, % is an elliptic fixed point of G of period %,
then z, is a branch point of order k— 1 with respect to Rg . We denote
by R'c the projection of R, on Rs. We suppose that R is constructed so
that it is also a regular covering manifold of R's. For exlzmple, in (1.7)

4. Coverings of this type for Fuchsian groups with elliptic transformations
have been considered by Fourés [5].
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we have ¢(ArP)=g(P), and must take 7(ArP)=r(P) for all Ar€Qc.
The group of transformations Qg on R, can then be extended to R to
form a group A which contains A and A, as normal subgroups, and we write
Is =T (Ag).

For any T€G take S€T; such that z(St)=Tz (?). Then, by (1.8),

(1.5) and (1.9),
2R(T2) = 2R (2(St)} = @ (S) = [S¢, 2(S)}
(1.12) ={t,2(S) = {t,Tz(t)} = (cz+a)*{¢, z(t)}
= 2(cz+d)*R(2).
It follows that R(z) is an automorphic form of dimension —4 for G (with
multiplier system 1).

an equation which is invariant under G is invariant under any sub-
group H of G, and there exist corresponding manifolds Ry and R'w.
We write Axy for the group of covering transformations of R over R'u
and put Iy =T (Ax).

The algebraic equations considered in [10] are invariant under certain
cyclic or polyhedral groups. For them R, is regular over R,, so that #
could be chosen to be the universal covering sutface of f,. The group I',
is then a subgroup of a group of Riemann-Schwarz triangle functions and
R(2) is a rational function. The theorems which we prove in the following
sections enable us to deal with equations of a more general type and with
different choices of groups F,. They also make clear what was not apparent
from the ad hoc atguments used in [10], namely that, for the majority
of the algebraic equations considered there, the explicit determination of
the Schwarzian derivative was possible because the points of B: were
elliptic fixed points of G.

2. Boundary points.

We assume in this section that the equation (1.1) is invariant under
a properly discontinuous group G, and that Ris a simply-connected regular
covering surface of R’; and R’; of the kind described in §1. By trans-
forming z by a suitable bilinear transformation, which merely replaces G
by a conjugate group, we can artange that either (i) the point at infinity
is not in the closure® of R, or, if this is not possible, that (i) 2= oo

5. Here and elsewhere R, is regarded as a subset of the extended z-plane,
i.e. the Riemann-Neumann sphere, with the appropriate topology.
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is a point of R';, but does not belong to B, and is not a fixed point of G.

We now define an accessible boundary point. The definition differs
from that given by Nevanlinna ([8, p. 184], [6]) in that we make incisions
in ® rather than ®’;. This difference is necessitated by the fact that
may be branched over R';, but for a smooth covering surface R the two
definitions are equivalent. Also the homotopic properties required in Nevan-
linna’s definition can be omitted since R is simply-connected. See also
Ohtsuka [9] and Kuramochi [7].

Let 7z, be a point on the boundary of %';. We define an incision
? in R over z to be a continuous mapping ?(x) of the interval 0 £ 2<1
into ® which is such that

@ =n{r@ >z as x>1—

It follows, in particular, that ﬁ contains no interior point which is a point
of accumulation of ;:\ (x) as x > 1—. Two incisions )/’\ and ? in {fl‘. are said
to be equivalent if (i) they are incisions over the same boundary point
%, and if (ii), for every non-negative %<1, there exists a cutve @, in R
joining ;:(x) to ? (x), such that 7 (a,) tends uniformly to % as % > 1—,
The first of these two conditions is a consequence of the second. An
accessible boundary point of i lying over zo is then defined to
be a class 2(%) of equivalent incisions ;’\ in R over zo. There is no loss
of generality in assuming that no incision ? passes through a branch-point,
i.e. a point lying over a point of B, since this can always be achieved
by a suitable deformation. This assumption is useful when covering trans-
formations are applied.

If 8(20) is an accessible boundary point of ® lying over zo, we shall
say that £(2) is a simple boundary point of R when r{/f(x)}
tends to a point % as ¥ 1-—; such a point % is necessarily on the
boundary of @.

For any covering transformation A of A, l(,;:) is an incision which
lies over the same boundary point 2, as ;’\ does, and we denote by AL(z0)
the set of all incisions l(?) for fe Q(2). It is clear that AR(z) is also
a class of equivalent incisions and that AR (2) and £(z0) are either identical
or disjoint. When () is a simple boundary point so is A8(z), the
corresponding boundary point of & being S;(f), where S; is given by (1.6).

If 2, is an isolated boundary point of R';, the accessible boundary
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points of R which lie over it are all of the form A (%), for A€A,,
where £(z) is any one such accessible boundary point. It follows that
these ‘points‘ are either all simple boundary points or none of them are;
in the former case we say that 20 is 2 simple isolated boundary
point of Ry, simplicity being measured with respect to R,

If 2, is a simple isolated boundary point of R, and f is any point
on the boundary of & which is associated with it, then % is a fixed point
of a parabolic transformation S of T, [6, p. 50), and we can construct
a fundamental region D(T;) for Iy which has sides d and & terminating
at % for which 8 =S(8). We can do this, for example, by taking D (T:)
to be the image in & of a copy of R’; which has been slit to make it simply-
connected. One such slit will emanate from 2z, and its two sides map into
d and . This holds, in particular, when 2z, € B;° and is simple.

We now suppose that 2, is a parabolic fixed point for a group G under
which (1.1) is invariant. Let D(G) be a fundamental region for G having
% as a cusp. It may happen that D(G) has two cusps at %, but we then
regard these two cusps as different and confine our attention to one of them
only. We may suppose that the sides ¥ ond ¥" of D(G) which meet at the
cusp % are arcs of circles which touch at Z and are orthogonal there to the
line . which joins their centres. Let K, be a circle of radius o which touches
I at 2z, and lies on the same side of ! as the cusp in question. If o is
sufficiently small, p < oo say, the part A, of K, which lies between y and
7" will be a curvilinear triangle forming a subset of D(G). Let P be the
parabolic transformation of G for which
(2.1) =Py and 2z = P(2).

Then K, is the union of the sets P"(Ay) for r=0,%t1,+2, ...

We now make the additional assumption that the parabolic fixed point
Zy, is a boundary point of R, (it cannot be an interior point) and thar,
for some positive 1 < po, the interior of A,. is contained in R, and contains
no points of B;. The same is then true of the interior of Kp,. Let £(z0)
be a class of incisions ? in ® whose projections 7, in R’; are entirely
contained in Kp,. These incisions are all equivalent and define an accessible
boundary point over z.. As before, each A € A, defines a different or
the same accessible boundary point A£(%), and these accessible boundary

points are all simple whenever one of them is. When they are simple,
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we shall say that % is a simple parabolic fixed point of
G (with respect to ﬁ).

It may be noted that this situation is essentially the same as for a
simple isolated boundary point, since zo lies over an isolated boundary point
of Ry, where H is the subgroup of G generated by P. For we can find
a bilinear transformation T, not necessarily unique or in G, such that

oo =Tz, and

(2.2) P=T-1UT,
where
U=(1 1).
01
Write
(2.3) =Tz, w=pz)= s,

so that W(Pz) = u(z). We may suppose I chosen so that Ji(z) > 0 as 2> 2
through A,. If we define R’y to be the subset of the w-plane given by
Ru={w:w=p(),ze R},
then R, is a covering manifold of R’y and projects into R’y under the
projection mapping 1. The region A, projects onto a deleted circular neigh-
bourhood of w=0. When 2z, is a simple parabolic fixed point, the point
w=20 is a simple isolated boundary point of R’y. As before, each of the
associated boundary points #, of @ is a parabolic fixed point for a parabolic

transformation Sp of 'y (and also of Fg).

A condition for a boundary point to be simple has been given by Ohtsuka [9,
p. 105] generalizing work of Nevanlinna [8] and Kaila [6]. Suppose that Risa
covering surface of a Riemann surface 8 such that the closure of the projec-
tion R of R in 3 is compact. Then, in the hyperbolic case, accessible boun-
dary points of R are simple, except possibly when R is a closed surface
of genus (i) zero or (ii) one, and 8 —®R contains (i) less than three, or (ii)
no points, respectively. This result, which is slightly more general than that
given by Ohtsuka since [ may be branched, is most simply applied when
R and B can be taken to be M’; and the extended z-plane, respectively.

3. The Schwarzian derivative as an automorphic form for G.
Under the assumptions made, the Schwarzian derivative {¢, z} is holo-
morphic on R;, except possibly at the points of B,. On a deleted neigh-
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. o .
bourhood of a point zo € B; we can write

(3.1) Rz)=t, 2] = ®(2) (z — 20)~2,
where ®(2) is holomorphic at 2, and
(3.2) P(z0) = % (1 - ;—2) .

Here p—1 =p(20) — 1 and is the (positive) order of the branch-points of
R which lie over z, with respect to R’ .

We can also determine the behaviour of {£, 2z} on a deleted neighbout-
hood of a simple isolated boundaty point zo of R';. For, if the parabolic
transformation S corresponding to one of the associated boundary points %
of & takes the form # = S(¢), where

_r __
=t t—1
then, within a cuspidal neighbourhood of f we have

< 2min 1
Z(t) =2+ Z a, exp { m tTto} .
n=t

From this we deduce that (3.1) holds on a deleted neighbourhood of z,
where ®(z) is holomorphic at % and
(3.3) B(z0) = .
Accordingly, if all the points of B;° are simple, the behaviour of R(z) at
its singularities on R, is determined.
We write R; for the union of R'; and the set B of simple isolated
boundary points of R';, and put
B =B U B
Let JIU denote the set of all auwtomorphic forms F(z) of dimension —4
(and with multiplier system 1) for G, such that (i) F(z) is holomorphic on
M; — B; , (i) on a deleted neighbourhood of a point 20 € B}
F(z) = ®(2) (z—20)*,
where ®(z) is holomotphic at 2, and (3.2) holds, where p = p(zo) for z, € B,
and 1/p=0 for z € B. We also denote by JC the set of all automorphic
forms F(z) of dimension —4 for G, which are holomorphic on RF.
If M7 is the extended z-plane, JC is empty. On the other hand, if
R; is the circle |z2] <1 and G is horocyclic with parabolic fixed points, /C



THE SCHWARZIAN DERIVATIVE AND UNIFORMIZATION 159

will not, in general, be empty, and will include automorphic forms which
are not holomorphic at these cusps.
We note that, if o0 € R'; and z=1/{, then, by (1.5),
e =0, 8
so that, since oo is an ordinary point,
(3.4) R(z) = * ¥({),
where () is holomorphic at {=0.
We are now in a position o state
Theorem 1. Suppose that the equation (1.1) is invariant
under G, that the points of B; are all elliptic fixed points
of G, and that F(z) is any function of JIL. Then
R(z) = F(z) + h(z),
where 4(z) € JC.
Proof If we write
Wz) = R(z) — F(2),
then A(z) is an automorphic form of dimension —4 for T'; it is holomorphic

on ] except possibly at points 2o € B, where
h(z) = (z—zo)™ H(2)

for some integer m 2 — 1, H(2)7 0 and H(z) is holomorphic at z,.

Now suppose that a point z € B; is an elliptic fixed point of G of
period £ 2 and that T is a transformanon of G of period 4 for which
Tz,=2,. We show that this assumption implies that m > 0 (see |2, §48]).

The cransformation { = 72 may be cakea in the form

{—1 Z—2
¢:3) fon =P
where p = e2™/® and 2, is the other elliptic fixed point and is finite. We

have, by (1.5) and (3.5),

oA _ (L) (=) _ [{—a)?
(cz+d)2= % = ) =) —,0( P ) .

In particular,
(3.6) (czo+dy'=g.
Now
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(z—zo)™

MTz) = (Tz—Tz)™ H(Tz) = (cz+ay™ (czo+d)™

H(T2),

and so
W(T2) = (cz+d)* i(2) = (cz+d)* (z—~z0)™ H(3).
On division we obtain
1 = (cz+a)™** (czo+d)™ H(2)/ H(T%).
On letting z > 2, we deduce from this and (3.6) that
1 = (cz+d)m+t = p—imid),
It follows that m =-—2 (mod %), and, since m > —1,
m2k—220.
Thus %(z) is holomorphic at 2z, and so k(z) € JC.
In many cases functions F(2) € IU can be constructed as sums of

Poincaré series such as

1 1 1
(.7) e = (1= 57) & ety

and

RV T P S P
(3.8) F*(z;2)= ok (1 - pz) Z (cz+d)* (Tz—z)? (Tz—Pzo)?

TeG

Here k is the period of the elliptic fixed point Zo. In (3.7) we suppose that
o & R ; in (3.8), = € R} is allowed and P is a transformation of G for
which 2o is not a fixed point. It is easily checked that both F(z;z,) and
F*(z;20) are automorphic functions of dimension —4 for G and that they
behave in the required way in the neighbourhood of points congruent to z,.
By taking finite or infinite sums of series of the forms (3.7) and (3.8) it
may be possible to construct a function F (z) belonging to IIC. Thus the
problem of determining the Schwarzian derivative is reduced to that of finding
the holomorphic function 4 (z).

Theorem 2. Suppose thatthe equation (1.1) is invariant
for a group G for which 2z is a simple parabolic fixed
point. Then R(2) vanishes at 2.

Proof. We have already seen in §2 that % lies over a simple isolated
boundary point of R’ at w=10. We then have, as shown at the beginning
of §3, hat
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(.9) Tt vl =0 @w?,
where @ (w) is holomorphic at 0 and ®(0)= %
Put, in the notation of (1.9), (2.1), (2.2) and (2.3),

Rr({) = (cz+d)* R(2).
Then Rr({) is an automorphic form of dimension —4 for the conjugate
group TGT—" and has a parabolic fixed point at oo in the upper half-plane.
The statement that R (z) vanishes at Zo means that Rr({) > 0 as Im{ > 4 oo,
i.e. as w > 0. Now we have, by (1.5) and (3.9),

Rr(Q)=y(czt+a)*it, 2} =1 {t, {}
— i, W) (g%)z+g{w,:}

= (22} (® (@) — 7},

from which the desired result follows.

4. ARpplications.

In the applications of Theorems 1 and 2 which we make we shall
sometimes relax the restrictions made at the beginning of § 2 regarding the
point z=: 0o for it may be convenient to take G in a form such that o
is a fixed point. We can still apply the Theorems provided that we ensure
that the functions behave in the correct way at oo. For, if @(z) is an
automorphic function for G of dimension —4, then, in the notation of (1.9),
(4.1) o7 (2) = (cz+4)~ 9 (T2)
is an automorphic form of dimension —4 for the conjugate group Gr = T—'GT.
By choosing T suitably we can make the restrictions on z= oo hold for
Gr and then derive the information we require from Theorems 1 and 2 by
making use of (4.1). In particular, if oo is a branch-point of order p—1
for R over ®’,, we find from (3.1) and (3.2) that

1

L= 1L =000,

whete ® () is holomorphic at {=1/z-=0, and
1 1

(I)(O)——‘i—(l——P—z).

We begin by considering equations of the form

(4.2) u™ =g (2),
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where m is an integer greater than unity and g(2) is an automorphic form of
dimension —&, and with multiplier system v, for a properly discontinuous of
group G. Then
(4.3) g(Tz) = v(T) (cz+d)* g (2),
for all z € R, and all T€G. The non-zero number v (T) depends only on
T and k; R, is the domain on which £(2) is defined. Normally we require
k to be an integer divisible by 7, but in certain cases this is inessential,
for example if R; is simply connected and none of the points T="' oo = —dJ/c
are interior points. The equation (4.2) is then invariant under the group G.

If we take R'; to be M;, the Riemann surface R, is regular over R,
and we can take &% to be the universal covering surface of ;= R';. How-
ever, it is not necessary to do this. We now consider some particular cases.

Let s(vi,V2,vs;2) be the Riemann-Schwarz triangle-function which
has elliptic fixed points of periods Vi, vz and v3 at the three vertices 4; , Az
and As of one of the pairs of adjacent triangles which form a fundamental
region for the associated group G (v, , V2, vs); the values of s(vi, vz, vs;2)
at these three vertices are 1, 0 and oo, respectively. We take R, to be (i)
the extended z-plane, (ii) the finite 2z-plane, and (iii) the circle |z| < 1,
according as the number

1 1 1

Vi V2 V3

exceeds, equals or is less than unity. Here vi, v and v3 are integers greater
than unity. We also permit them to take the value oo, in which case the
associated vertex A; becomes a parabolic fixed point of G(vi, v2, vs). This
can only arise in case (iii), when the group is horocyclic, ot in case (ii), when
Vi, V2 and v3 are 2, 2, oo, in some order, and the Pparabolic fixed point is
the point at infinity. In case (i) the groups are the dihedral, tetrahedral,
octahedral and icosahedral groups, and equations invariant under these groups
were considered in [10].

Now take £(z) in (4.2) to be an automorphic form for G (v, vz, v3)
of dimension —% with multiplier system v, where," for simplicity, m divides
k. We take B; to be the set (assumed not empty) of branch-points of the
equation and suppose that no branch-points are ordinary points for G (v1, vz, Vs);
i.e. they are elliptic fixed points. If v; is finite we suppose that there is a
branch-point at A; of order ¢;— 1, where ¢;=1. Then ¢; divides m, and
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¢; =1 implies that there is no branch-point at A;. If v; is infinite we take
¢; to be infinite. We also choose positive integers 71, 72, 73, possibly infinite,
and write p;=¢i; (! =1, 2, 3). Then B; is taken to be the set of points
congruent to vertices A; for which p; is finite, while B;” is the set of points
congruent to vertices A; for which v; is finite but p; is infinite. We take
® as a branched simply-connected covering manifold of R’; with branch-points
of order p: — 1 over the points of By ;R is regular over 'y and R';. We
note that the equation (4.2) may not be irreducible, but when this happens
we confine our attention to one of the associated irreducible equations.

We confine our attention to forms £(z) and groups G (v1, vz, v3) for
which @ is hyperbolic, as in the other two cases the uniformizing functions
are usually rational, trigonometric or elliptic functions. If BL is not null,
its points are simple isolated boundary points of J#';. This is obvious in the
case (iii), just mentioned, by the condition given at the end of §2. It is
also true in the parabolic case (ii), where G can be taken to be the group
generated by the transformations z=z+1 and z’=—2 To show this,
however, we cannot take 8§ to be the extended z-plane, but may proceed
as follows.

The automorphic form g (2) can be written as g (%) = £1(2) g2 (), where
£:(2) is a rational function of iz having zeros or polesat 2=10 or z= —;— ,
and g, (z) is holomorphic and non-zero for all finite z. If we put w = etmizn
where 7 is a positive integer, & (z) = gs(w), where g is a ratiopal function.
Hence, if v =% {g2(2)}]~"", the equation (4.2) become the algebraic equation

v = g3 (w),

and we can project R, into the compact Riemann surface 8 of this equation.
If # is sufficiently large, the genus of B will exceed unity, so that the points
of B® are simple isolated boundary points of ®'.. Thus ft; =R, and
B =B,.

We now apply Theorem 1 taking
44y F=-SL _[1=pT 1=p?  1—pT

4s(s—1) v,z(s—l)— Vs vt I’

with obvious conventions when any of p;, vi(#=1, 2, 3) are infinite; here
s=s(vi, vz, vs;2). It is easily checked that F(2) € JI, so that, by the
theorem R (2) = F (2) + h(2), where £(z) € JC. Also, by the same arguments

as used above, parabolic fixed points for G(v1,vz2,v;), when such exist,
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are simple parabolic fixed points, so that, by Theorem 2, R (z) vanishes at
such points. So does F (z) and hence 4(z) is a holomophic automorphic
form of dimension —4 which vanishes at parabolic fixed points of G (vy, v2, v3).
No such forms can exist; for if #(z} does not vanish identically it has zeros
at A; of muldiplicity atleast 1 — v~ (1=1, 2, 3) |2, p. 112] and the total
number of zeros in a2 fundamental region is only 2— 2 v,~'. Hence

(4.5) R(z)={t, 2} =F (2),
where F (2) is given by (4.4). Thus {¢, 2} is explicitly evaluated.

Further, since

1—v,— 1—v,2 1—v~ 2 —v,;" 2 vy?

(4.6) 2{z,s}=

(s—1)? s s(s—1) ’
we conclude from (1.5), (4.4), (4.5) and (4.6), that
“4.7) 2{t,s}=21{z,s}+21{¢, z} (s)?

1 1 1 1
=(1_W)@_—ﬁf+(l—m7)s—z

1 1 1 1
—(1 T v T v + p32v3’) s(s—1)

=2{t’.]}»

where
(4.8) J=s(@wv1, pv2, p3vs; b).

By subjecting ¢ to a suitable bilinear transformation we may therefore take
(4.9 F@)=s51, V2, vs;2)=s(pv1, pava, pavs ; £) =] (¢).

If SEG(pivi, pav2, p3vs), 7{2 (SO =7{z (@)}, so that z(St)= Ts{z ()}
where Ts€ G(vi, v2, v3). From this we easily deduce that T; is a normal
subgroup of G (p1vi, P2v2, p3v3) and that
(4.10) G(vi,v2, V) RXG(pV1, p2v2, p3v3)/Ts.

This therefore degermines I';.
Let H be the largest subgroup of G for which
g(Tz)=g(2) for all T € H.
Then H determines a subgroup I* of G (p1v1, p2v2, psvs) such that
r*/r, 2 H.
T* need not be normal in G(P1v:1, P2v2, P3vs). Then g{z(¢)} is an automor-
*phic function for I, and, when the equation (4.2) is irreducible, %= %(t)
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is an automorphic function for a normal subgroup I'm of I'*, where I/,
is isomorphic to the cyclic group Cm of order m. The equation is therefore
uniformized by functions z(f) and u(#) belonging to the group

(4.11) Iy=Tantl,

and I'//T; 22 Cw.

When g(z) is an automorphic function for G(vi, vz, vs), with mul-
tiplier system 1, the group structure is simpler. For g(2) is then a rational
function of s(vy,v2,vs;?) and we have H=G(v;, vz, v3) and

I*=G@pw:, piv2, psv3).

Certain equations of the form
(4.12) g W) =¢g@)
can be treated similarly. For example, take
(4.13) ES@)=s(w, Mz, ps;%) , gE)=5(,%,¥;2),
where we suppose that the numbers p; and V; are so interrelated that the
equation cannot be solved rationally or by elliptic functions. Let ALk, A
be any three positive integers, possibly infinite, such that A; is divisible by
both p; and v; (=1, 2, 3). We éan then find R(z) and show similarly that

we may take
(4.14) g W=g@)=s(, A, ;1)
so that T, and I, (the maximal group to which #%(¢) belongs) are normal
subgroups of G (A, Az, A3) and
(4.15) G, pz, W) G, A, A)/Tu , G(i, V2, V)G (A1, A2, As)/Ls.
We have I, =Ty N\ I;, and
F. /B, 220G (i, p2, pa).

The associated surface R will be branched over %', except when %; is taken
to be the least common multiple of p; and v; G=1, 2, 3).

These results extend and generalize some of the results obtained in {10].
The equations €“+-2=1 and ¢“+e* =1 considered by Dalzell [1], can be
treated in the same way. Similar arguments may be used when triangle-
functions are replaced by other automorphic functions £(2), such as polygon
functions, although formulae for {z, g} analogous to (4.6) may only be known
in special cases.

In all the examples gonsidered above, R could have been taken to be

the unbranched universal covering surface of ®',. We conclude by giving
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an example where R must be a branched covering surface of R’;. Suppose
that the equation (1.1) is of the form (4.12) where g and g* are rational
functions. At branch-points of Rty over R, we suppose that £(2) =1, 0 or o ;
similarly, at branch-points over the %-plane we suppose that g*(#)=1,0
or . Then positive integers 4, , A2 and A; can be chosen so that the equations
(4.14) determine %(f) and z(¢) as single-valued automorphic functions for
certain subgroups I'v and I; of [=G (A, A, &;). Let m be the number of
sheets of R, over the z-plane. The groups I« and I; will not, in general,
be normal subgroups of I'. However, if Iy is the subgroup of I which
leaves invariant each of the m solutions # of the equation, then I'x is normal
in T and the factor group is isomorphic to the Galois group of the equation
g (u)=s over the field of its coefficients. A normal subgroup I; can be
defined in a similar way.

As an example take
(419) £@=dua()= T [omaan

(m—1)t (n—1)!

where m and n are positive integers. When g*(%)=0 , g°(#)=1 or 0,
so that the branch-points % yield g*(#)=1, 0 or oo. The function £(2) may
be chosen similarly, or may be taken to be a triangle-function s (¥, ¥z, V3;2),
not necessarily rational. The branch-points need not necessarily be elliptic
fixed points for some group G.
For example, the equation ¢3,2(%) = ¢2,2(2), ie.
413 — 3ut =322 — 228 =5,
can be uniformized by taking
s=s5(2,6,12;1).

The uniformizing functions % (¢) and z(¢) belong to a subgroup of index 12
in the group G(2, 6, 12). The surface R is branched over R, at two points
at one point over z=0 and at two points over z = % The

1
over 2= — 7

orders of the branch-points are 1 (twice), 2, and 1,5, respectively.
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