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b'um, t~ary. - When a state of a physical system dynamically changes to another state, 
it is important to know the correlation existing between the initial state and the final 
state. This correlation is described by a compound state (me,~ure) in classical systems. 
In this note, we show a way how to construct such a compound state in quantum 
systems w]lich is an extension of the classical compound state. 

It  is rather important in many physical sciences to study the dynamical change of 
states o t a  system. One of the most general de~scription of this state change for classical 
systems is suggested in the communication theory of Shannon. 

A state of a classical dynamical system is expressed by a probability measure on 
that  system and its dynamical change is generally considered as folh)ws (~): let X, H 
be compact tIausdorff spaces and .Yx, ~ 7  be their Borel fields, respectively. We denote 
the set of all regular probability measures (states) on (X, .~-x) by P(X) and on (Y, .~r) 
by P(Y) .  A mapping 2: X X J y - + R ' "  satisfying the following two conditions is cal- 
led a channel: i) 2(x, �9 ) ~ P(Y)  for each fixed x G X and ii) ).(., Q) is a continuous mca,~- 
urable function on X for each fixed Q G ,~r. This mapping is often called a transition 
(or Marker) kernel aud is useful to study, for instance, information transmission and 
stochastic processes. A channel so defi,led provides a mechanism of state change. 
Namely, a state q0 G P(X)  is transferred to a state ~ G I)(Y) under a channel ,~ such as 

(1) ~ ( Q ) - - f 2 ( x , Q ) q ( d x ) ,  Q e ~ r .  
z 

_~1oreover, in order to study tlle process of state change and the property of a channel 
itself, we need a compound state (joint probability) indicating the correlation existing 

(1) H. UhIEaAKI: J. Math. .Anal . .Appl . ,  25, 41 (1969). 
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between the initial state ~ and the final state ~. The compound state @ is given by 

t (2) @(Q1, Q~) =.1~( x, Q,) ~(dx) 
QI 

for any Q1 ~ ~-x and Q2 e ~ ' r .  
In  quantum dynamics, we take two C*-systems (~ ,  ~ ( d ) )  and (~, ~(A)), one of 

which describes an init ial  (input) system corresponding to (X, ~-x, P(X)) above and 
another describes a final (output) system corresponding to (Y, ~ ' r ,  P(Y) ) .  Here 
(respectively, ~ ) i s  a C*-algebrawith uni ty  r ~  (respectively, I a )  and ~(~r (respectively, 
~(~)  ) is the set of all states (i.e. normalized positive linear funetionals) on ~r (respectively, 
~) (2). Then let us consider a mapping A* from |  to ~(~g) such that  its dual map A : 
: ~ - * ~  is completely positive (*) with A I~  ---- r~ .  This mapping A* is called a channel be- 
tween two quantum-dynamical  systems (3). In  particular, when.~ = C(X), the set of all 
continuous functions on X, and ~g = C(Y), the formula (1) defines a channel A* from 
P(X) to P(Y) (i.e. ,p = A*q;) because every probability measure W on (X, ~-x) can 
be regarded as a state on C(X) by the Riesz-Markov-Kakutani theorem. We meet 
several channels in several fields of physics. For example, time evolution automorphism 
group, dynamical semi-group and conditional expectation on a certain algebra are typi- 
cal channels. 

Now it is well known (4) that  the joint probabili ty measure does not generally exist 
in quantum systems. Hence it has been difficult to define a compound state describing 
the correlation existing between an initial state ~ E G(.~) and its final state A*~ e G(~). 
The aim of this note is to construct such a compound state and to show that  our com- 
pound state is an extension of the classical one given by (2). 

For an initial state ~ and the final state A*~, a compound state @ on ~ |  
of ~0 and A*~ should satisfy the following two conditions: i) r | I~)  -~ ~0(A) for 
any A e ~ and ii) q~([~ | B) = A*q~(B) for any B e ~.  There exist many states satisfy- 
ing these conditions, for instance, q~o ~ ~ | A* ~0 is such a state. But  this state does 
not carry any correlation between ~0 and A*~0. 

For any weak *-compact convex subset 5~ of G(~) ,  there exists a maximal meas- 
ure l* such that  ~v is the barycentre of p and /~ is pseudosupported by the set e •  of 
all extreme points of 5~ in the sense that  #(Q) -= 1 for every Baire subset Q of 5~ with 
Q D e •  ~ (~). In  this case, we write 

7~ =fco d/~. (3) 
$ 

Note that  the above maximal measure/~ is not always unique, and we denote the set 
of all such measures by M~(Se). 

We now construct a (~ true ,~ compound state of ~ and A*~. For each/~ ~ M~(~), 
define 

~ = f c o |  A* co dp .  (4) 
{e x..~') 

I t  is easy to see tha t  this state @~ satisfies the conditions i) and ii) mentioned above. 
Let us now show that  the compound state defined by (4) is indeed an extension of the 

(') M. TAKI~SAK]: Theory ol operafor algebra I (Berl in ,  1981). 
(I) M. OHYA: J. Math. Anal.  AppL,  84, No. 2, 318 (1981). 
(4) K.  URBANIK: Studia Math., 21, 117 (1961). 
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classical one. W h e n  5 z = P ( X ) ,  the  ex t r ema l  decompos i t ion  of a s ta te  9 e P ( X )  is 
unique  and g iven  by 

q~ = (6~qJ(dx)  , (5) 

X 

where ~ is the  Dirac  measure  concent ra ted  at  a po in t  x e X .  Since ( A * b ~ ) ( Q 2 ) =  

= ).(x, Q..) for any Q2 e a~r, we have  

X ~ Q~ 

for any Q1 ~ -~x  and Q,2 e ,~r .  
~Ve finally consider  the  case of .d = C(a~' 1) = C(~x) -~- CI,  where C@W) is the  set 

of all compac t  operators  on a separable  Hi lber t  space .~. Then  ~( ,~)  contains  the  set 
T(.g'l)~,t of all posi t ive  t race class operators  on .)/'t with uni t  t race and so does | 
.Moreover, a channel A* is a t race-preserving comple te ly  posi t ive  map from T(~f0+ a 
to T ( ~ 2 ) , d .  In  this case, if an ex t r ema l  decomposi t ion  of a s ta te  o e Ti,YFx)+,~ is g iven  
by o == y" ) . .0. ,  then  mtr compouml  s ta te  is 

n 

a := ~ ~.. O. | A* e,~ �9 
tt 

Among  these compound  states,  the  fol lowing is the  most  impor t an t :  

(6) a.. --=- ~ ).~ E~ 4) . 4 * E .  , 
n 

The  symbols  appear ing in (6) mean  the  fol lowing: a) 2, is the  e igenvalue  of e, and the  
e igeuvalue  of mul t ip l ic i ty  nt is repea ted  precisely m times, b) E n ~ 'Lx,><x.[ in Dirac 's  
nota t ion ,  where xn is an e igenvector  associated with )., and i t  is unique  if and only if 
~l,, is nomlcgenera te  (~). c) E represents  {E,}. The compouml  s ta te  r~ depends on E,  
hence on the  choice of the e igenvectors  {x,}. This  compound  s ta te  is first in t roduced  
in ("), bu t  i t  is a special case of our compound s ta te  q),, as jus t  discussed. 

The  compound  s ta te  constructed for q u a n t u m  systems plays  a s imilar  role as the  
jo in t  probabi l i ty  measure  for classical systems,  so tha t  i t  is useful to formula te  quan- 
t u m  communica t ion  theory  (6) aml to s tudy  the  dynamics  of s ta te  change (7). 

The  au thor  wishes to express his g ra t i tude  to Prof.  H. U ~ G A X I  for his in teres t  
in and va luable  comments  to the present  work. 
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