SOLUTIONS OF THE FIRST AND SECOND
PAINLEVE EQUATIONS ARE MEROMORPHIC

By

AIMO HINKKANEN* AND ILPO LAINE!

1 Introduction

The Painlevé differential equations have attracted mathematical research since
the celebrated Stockholm lectures by P. Painlevé in 1895; cf. [10]. Originally,
the interest came from the role these six equations play as prototypes of second
order differential equations which lack so-called movable singularities. Later on,
the Painlevé equations, together with certain related partial differential equations,
found important applications in physics; see [13], pp. 427-429 and the original
references cited therein. A widely accepted property of the first, second and fourth
Painleve differential equations

(1.1) w" = z + 6w?,
(1.2) w” = a+ 2w + 2w, a€C,
(1.3) ww” = F(w')? + 3wt + 42w® + 2(2° — a)uw® + 5, a, BeC,

is that all of their solutions are meromorphic in the sense that all local solutions
are meromorphic and have meromorphic continuations into the whole complex
plane. In fact, a number of attempts at proof may be found in the mathematical
literature, including some standard references. However, a careful look at these
proofs reveals heuristic argumentation and incomplete reasoning.

To put this part of the theory of complex differential equations on a solid basis,
we offer below what we believe to be a rigorous proof for the meromorphic nature
of the solutions of (1.1) and (1.2). As the reader will observe, a lot of technical
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reasoning is needed to complete the ideas found in the existing literature. Our
main contribution, §4, is a new method of estimating the coefficients of the power
series of a locally-defined inverse function of a solution to a differential equation
(in our case, a Painlevé equation), resulting in upper bounds for the moduli of the
coefficients that satisfy a novel periodicity condition with respect to the index n.

This article has been organized as follows. In §2, we recall, in rough chrono-
logical order, the existing proofs for the meromorphic nature of solutions of (1.1),
pointing out their essential gaps. In §§3—4, we provide our version of proof, based
on the reasoning found in the book [7] by E. Hille. Actually, this reasoning orig-
inates with P. Painleve [11] (cf. [12]) and is essentially repeated in the books by
E. Ince [8], W. Golubew [4], and E. Hille [7]. In the final §5, we describe the
difficulties which must be overcome in order to apply our reasoning to (1.2). Thus,
our paper is devoted to proving the following two theorems.

Theorem 1. Alllocal solutions to Painlevé s first equation can be analytically
continued to single-valued meromorphic solutions in the complex plane.

Theorem 2. All local solutions to Painlevé’s second equation can be
analytically continued to single-valued meromorphic solutions in the complex

plane.

For the convenience of the reader, we offer in the proof of Theorem 1 below
a complete reasoning, although this requires repeating a few passages from the
existing literature. The proof contains certain complicated calculations; these have
been carried out using Mathematica, Version 2.2.1.

It seems likely to us that the reasoning presented here for Painlevé’s first and
second equation can be adapted to prove that the solutions of Painlevé’s fourth
equation and, after a suitable change of variables involving the logarithm, those of
Painlevé’s third equation are also single-valued and meromorphic in the plane.

2 Historical background

As mentioned above, the recognition of Theorem 1 as an established mathe-
matical fact originates from the proof offered by P. Painlevé in [11], pp. 227—238.
We briefly describe the essentials of this proof for the following reasons: (1) to
make it easier for the reader to follow the complete proof in §§3—4; (2) to point out
the gaps in the original proof in [11]; and (3) to make it easier to explain how these
gaps propagate in the subsequent literature, with various attempts to fill them.

So, let w(z) be a local solution to (1.1) around zg € C, and let B(zg, R) be
the largest disc around zp such that w(z) has a meromorphic continuation over the



PAINLEVE EQUATIONS 347

whole B(zp, R). If R < o0, there must be at least one non-algebraic singularity,
say a, of w(z) on the boundary S(2y, R) of B(zp, R). This leads to a contradiction
as follows. If |w(z)| remains bounded on the line segment [z, a] as z — a, then
|w'(z)| also stays bounded on [zg,a]. The Cauchy majorant principle now implies
that w(z) has to be analytic around a. Therefore, one may assume that |w(z)| is
unbounded on [zg, a] as z — a. Painlevé now introduces the transformation

w=0v"2

w = -207% - 220 — $v% 4 wd,
and the auxiliary functions
2.1 u=w%(w'+%w’l)+2w3+%zw

and ,

V = (w')? - 4w® — 22w + %— + 2.

Assuming that |V (z)| remains bounded on [z, a, Painlevé derives a contradiction
from the observation that one of the two branches of u(z) also remains bounded
on (29, a]. However, we do not see any immediate reason why the possible case of
an unbounded branch of u(z) could be left out of consideration. As we shall see
in §3, a short separate reasoning is, in fact, needed. The next case, in which |V (z)|
is unbounded on [z, a] while [w(z)| > € > 0 on [z, a], was treated by Painlevé
in a heuristic way only. However, a rigorous completion may easily be found, as
shown by E. Hille [7], p. 702. The final case, in which [V/(z)] is unbounded on
[0, @] while lim inf(;; 4)3:—a w(2)| = 0, needs a path modification of [2g,4a] to I,
starting at zo and ending at a, such that liminfz,,_, |w(z)| > ¢ > 0, that there
are no zeros or poles of w(z) on I" and that I’ is of finite length. To achieve this,
Painlevé considers the inverse function z(w) and its differential equation

2"(w) = — (6w? + 2(w)) (' (w))’.

As appears below, it is necessary to work out a lower bound for the radius of
convergence of the power series expansion of z(w) around wyp close to the origin
of the w-plane. Such a consideration was left out in the original memoir [11] of
Painlevé.

The gaps in the proof offered by Painlevé, pointed out above, are well-known.
In fact, several subsequent presentations of Theorem 1 contain various attempts to
fill them. We briefly recall some of these presentations.

The classical proof in the book [8], pp. 347351, by E. Ince essentially repeats
the proof offered by Painlevé, apart from a slightly different path modification.
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However, the estimate for the radius of convergence of the power series expansion
of z(w) is omitted here also.

The book [4] by W. Golubew offers another attempt to overcome the difficulties
related to this path modification. Unfortunately, the attempt is unsuccessful. In
fact, it is enough to remark that the application of the usual mean value theorem
in the complex plane on p. 165 remains unjustified. On the other hand, Golubew
seems be the first to have tried to treat the difficulty of the two possible branches
of u in (2.1). Unfortunately, there is an error of sign on [4], p. 162; see the extreme
right term of the second equation in the formula (7). We offer a less ambiguous
treatment which also corrects the error.

The book [7] by E. Hille repeats, essentially, the presentation offered by
E. Ince. The proof given by N. Erugin in the survey article [3], pp. 267275,
leaves aside the branch problem of u. Concerning the path modification, Erugin
refers to a Poincaré-Lyapunov theorem; see [3], p. 277. We have been unable to
see how this reasoning could be used to settle the radius-of-convergence problem.

The paper of Joshi and Kruskal [9] contains the interesting idea of trying to
establish the possibility of the analytic continuation of a local solution by defining
a suitable operator on a function space and showing that it has a fixed point in
a small neighbourhood of a singularity (which singularity would then be shown
to be a pole). The fixed point is an analytic function which, one hopes, will
be related to the analytic continuation of the initially given local solution. Joshi
and Kruskal identify as an essential problem the proof that such a connection
between the two functions actually exists. To prove it, they define each of the two
functions by means of two parameters (which, in the case of the given solution,
are the values of the function and its derivative at a given point). They wish to
show that there is a one-to-one correspondence between certain pairs of complex
numbers (parameters) so obtained. However, since the functions must necessarily
be considered as defined in a large set, not only in a small neighbourhood of a single
point, and since the only justification for invertibility that they offer [9, p. 206] is
the suggestion that the Jacobian determinant of an implicitly defined function is
non-zero, it seems that this proof also fails to be logically complete.

A number of further presentations may be found in the literature, for example,
[1],[2], [5], [13]. We omit details, since these references either repeat the defective
arguments described above or offer reasoning that is clearly heuristic.
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3 Proof of Theorem 1: Pairs of differential equations
and Cauchy’s estimates

Write B(z,7) ={¢€C : |(—2|<r}and S(z,r)={¢e€C: [(—2|=r}.

Consider an arbitrary local solution w(z) to Painlevé’s first equation (1.1) with
w(zg) = wp, defined in a small disk centred at the point zo € C. We may assume
that wg # oo, for if this is initially not the case, we may move the point z, slightly
to achieve this. Let R be the radius of the largest disk centred at z, to which
w(z) can be continued as a single-valued meromorphic function. Of course, this
extended function then satisfies (1.1) in B(2q, R). We seek to prove that R = oo,
which means that w(z) extends to a single-valued meromorphic function in the
whole plane. To do this, we assume that R is finite and derive a contradiction.

So suppose that R is finite and write D = B(zg, R). If, for each 2z, € S(z, R),
there exists § > 0 such that w(z) can be continued as a single-valued meromorphic
function to the domain D U B(z, d), then we may cover S(z¢, R) by finitely many
such disks (by reducing some of the radii, if necessary) so that any disk overlaps
exactly two others. The union of D with these disks covers a disk Dy = B(zo, R1)
for some R; > R. If two disks B and B’ of the form B(z;,d) overlap, then the
extensions of w to D U B and D U B’ agree in D N BN B’ # { so that they agree in
BN B'. We conclude that w may be analytically (more precisely, meromorphically)
continued without restriction in D;. Since D, is simply connected, it follows from
the monodromy theorem that we have defined w as a single-valued meromorphic
function in D;. This contradicts the definition of R.

Therefore, there exists a point a € S(zp, R) for which there is no § > 0 such
that w(z) can be continued as a single-valued meromorphic function from D to
DU B{a,$).

We now introduce a number of auxiliary functions related to w(z), following
Painlevé. We start with the pair u(z), v(z) defined by

{w =v"2,
3.1)

w' =-20"% - Lzv - 1o? +wd.
These functions satisfy a system of first-order differential equations

{u' 2%+ 3 vt + 103 ——zuva—zuv + 2u%S,

3.2) 8
1+ 3z + 1o® — Ludf.
Since the functions on the right hand side of (3.2) are holomorphic functions (in fact,

polynomials) of z, u, v for all finite values of the variables z, u, v, the equations (3.2)
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have unique solutions which at a given point z = z, assume pre-assigned values ug
and vg. In particular, this is the case if vy = 0.
The second equation (3.1) gives

2w 2

so that u(z) is not a single-valued function around points where w = 0 or w = o0.
If z = z; is'a double pole of w(z) and if we choose the square root so that

) = (e~ 2) " 4+

then u(z) is holomorphic at z = z;. As is well known (see [7], p. 700), the function

(33)  u=w W + jul) + 20 + Law = vu? <w’ + -1—> +ouw® + 22,

!
(3.4) V= (w')? - 4w - 220 + w—u; +z
is also holomorphic at a pole of w(z). We also use the function
v dwd - (w')? +w? + 2w

3:3) W= V T wiww)? — 4wt +w' - 22u? + 2w

below.

We now continue with the proof of the absence of singularities other than poles.
Let 25, R, and a be as before. We join z; and a by an arc I' of finite length
contained in B(zp, R), such that I" avoids the zeros and poles of w(z). This implies
that w(z), u(z), v(z) and V(z) are holomorphic along I" except at z = a. A number
of situations may arise as we approach a along I'; it is our object to show that
the unfavourable ones are excluded and that z = a is either a regular point or a
pole of w(z). We initially join zo and a by a line segment. The assumption that I"
avoids the zeros and poles of w(z) can be satisfied by modifying I" by arbitrarily
small amounts close to the zeros and poles of w(z) on the line segment. Since
these changes can be made as small as we please, we shall ignore them in what
follows and assume that I' is a line segment. Later on, this segment will have to
be modified for other reasons.

Following the reasoning in [7], we divide the proof below into five subcases,
the first three of which are included in this section, §4 consisting of the remaining
two.

Case I. We first show that if at least one of jw(z)| or |w’(2)| is bounded along I',
then w(z) is analytic at z = a, so that the point a cannot be a singularity. In fact,
the relations

w(z) = w(zo) + /z w'(t) dt,

20

w'(z) = w'(20) + 6/il[w(t)]2 dt + 3(2% - 28),
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where the integrals are taken along I', show that boundedness on I' of one of
the functions w(z) and w'(z) implies that of the other. Now, if jw(z)| < A and
[w’(z)] < A on I', for some A < oo, then at every point 2; € I' there is a disk
{z : |z — 21| < p} in which w(z) is holomorphic; and since |z;| < R + |z|, the
number p has a positive lower bound r. Now if |z; — a| < r, it follows that w(z)
is holomorphic at z = a as asserted. This follows by the well-known Cauchy
estimates, applied to the system w’ = g, ¢’ = 6w? + z with unknown functions w(z)
and g(z); see, e.g., [6], p. 17.

For later reference, we point out that this argument shows that w(2) is holomor-
phic at z = o provided that there exists a sequence z, € I' with z, — a, such that
|w(zy)| < A and |w'(2,)| < A for all n and for some A < co.

Case II. Next we prove that if |w(z)| is unbounded on I" while |u(z)| stays
bounded, then z = a is a pole of w(z). For this assumption means that for some
fixed A < oo and for any pre-assigned ¢ > 0, there are points z; on I' in any
neighbourhood of z = a where |u(z;)] < A and |v(z1)] < e. At such a point
21, the system (3.2) has a solution u(z), v(z) which takes on pre-assigned values
u(21), v(z1) at z = z; such that the functions u(z), v(2) are holomorphic in a
disk |z — 21| < r, where r has a positive lower bound, which we can take to be
a fixed constant independent of z; (under the conditions 2; € I, |u(z1)| < A4,
[v(21)] < €). This follows from [6], Hilfssatz 2.2. If |2; — a| < r, then u(z) and v(z)
are holomorphic at z = a. Hence w = 1/v? is well-defined in a neighbourhood
of a. Since liminf |v(z)| = 0 as z — a along I" and lim,_,, v(2) exists, it follows
that v(a) = 0. Thus w(z) has a pole at z = a (and hence a double pole, by the
standard local power series analysis; see [7], p. 698).

Remark. The assumptions in Case II will not be used as a logical subcase
as such (for example, the possibility that w and u are both unbounded on I" will
not be considered later). The only reason for including Case II here is that various
other cases can be reduced to it. Cases I, ITI, IV and V provide a list that logically
exhausts all the possibilities.

Case ITI. We now assume that there is a sequence of points {z, } on I" such that
2n = @, |[w(2,)| = o0, and [V (z,,)] < A for some finite A. Note that |v(z,)| — 0.
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From (3.4) and the second equation in (3.2) we obtain

_A4[(v)? - 1] - 220t — 0P
= —

V—-z=(w)?-4wd - 22w+ /w

4 1
= —U—Z — m(Szv‘l + 16 — (2uv6 —4 - ZU4)2)
vt 1 2,8 6 4 6
:_Z—m(—z v° + 2uv® (220" + 8 — 2uv ))
4 2,2
= _%1_ + z_:_ - %u(zzv4 + 8 — 2uv®)
1 22 u? 2u
(3.6) R R i R

Since v(z,) — 0, we see from the second line of (3.6) that 2uv® — 4 — +4, so that
uv® tends to 0 or 4 on z, as z, — a. In the case of uv® — 0, we consider the last
expression in (3.6) to obtain

3.7 u? —wwd(zw™? + 4) + pu® =0,

where R
z 1
o=y VA g
is bounded on the sequence z,. Solving (3.7) for u, we obtain

3
u= % (zw’2 +4+ (202 +4)/1 - dpw3/(zw2 + 4)2) .

Since ¢ is bounded on z,, we see that
V1 —dow3/(zw=2 + 4)2
=1-20w 3 /(2w % +4)% + O(((,ow‘a/(zw"2 + 4)2)2)

=1--2 -5
=1- 55 +0(w™).

Therefore, .

=¥ w2 . -5
u= (™ +4) (1:!: (1 s+ O ))) .
Clearly, uv® — 0 corresponds to the minus sign here; and we obtain
u= 2w +4)(p+O0(w™?)) = p/4+ O(w™?),

which remains bounded on z,. Hence the argument used in Case II shows that
2 = a is a pole of w(z).

We now proceed to consider the case uv® — 4. By the second last expression
of (3.6), u(2zv* + 8 — 2uv®) also remains bounded; and so

4 2z
“=;€+ﬁ+0(1)'
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We now define a new auxiliary function g by

4 z
g:u———_
w6 v

which remains bounded on z,,. Also now

and
g’ = ul + _2.4_’0, — l _2_2_'0,.
v w? o 8
Using the second equation in (3.2), we now express v’ in terms of g and v
(simply writing u in terms of g and v) and obtain

4 5 6
3.8 S D LA
3-8) v Tt T 73

We note that v/(2,,) — —1. Using this expression for v', we obtain a formula for g’
in terms of g and v, by using the first equation in (3.2) for u’ and then writing v in
terms of v and g. The result is

3.9 g' = L12% — $20% + 10° + zg0® — Sgut + 34700

Now (3.8) and (3.9) form a pair of differential equations for v(z) and g(z). Since
g and v remain bounded on {z,}, the same reasoning as in Case II shows that v
extends to an analytic function in a neighbourhood of ¢ with v(a) = 0, so that
w(z) = 1/v(z)? has a pole at z = a. This completes the proof in Case III.

4 Proof of Theorem 1: Estimates for the power series
of an inverse function

Case IV. Since Case III completes the proof in the situation where |w(z)]| is
unbounded on I" while |V(z)| is bounded on I, the only remaining possibility
is that both |w(z)| and |V(z)| are unbounded on I". We split this case into two
sub-cases. We first assume that |w(z)| > ¢ > 0 on I'; under this assumption, we
show the existence of a sequence {z,} on I' such that z, — a, |w(zn)| = o0 and
|V (2s)] = 0. Hence this sub-case reduces to Case III.

Now if [V(z)| is unbounded on I, the function W(z) of (3.5) must also be
unbounded, since

V(z) = V(20) exp [/z: w(t) dt] .

Hence there is a sequence {z,} on I" with z, — a and [W(z,)| = oo. Let us
now examine the two sequences {w(z,)} and {w'(z,;)}. They cannot both be
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bounded because then the argument of Case I would apply, and then w(z) would be
holomorphic at z = a, which contradicts the assumption that w(z) is unbounded on
I'. If now {w(z,)} is bounded, {w'(z,)} must be unbounded and we may assume
that lim,, o |w’(z,)| = 00. Then (3.5) gives

lim sup [W(z,)] < [liminflw(zn)|]_2,
n—ro0

n—o0

and this is finite by the assumption that |w(z)| > & > 0 on I'. This contradicts the
assumption that |W(z,)| — oo.

It follows that {|w(z,)|} is an unbounded sequence. Again, we may assume,
after passing to a suitable subsequence and renumbering its elements, that we have
a sequence {z,} such that

|w(zp)] = o0, |W(2,,)] = oo.
We can now eliminate w’ between (3.4) and (3.5) and obtain the expression
VW = g1 +gsV £ (92 + gaV)'/?,
where
g=1+z01-whw?-1uv? g3 = —w2,
ge = w3+ 22078 — 2w + :llw_ , ga=w

It follows that V' is a root of the quadratic equation
(W - g3)*V? — [20:(W — g3) + ga]V + ¢ — g2 = 0.
As 2, — a, we have
n—=1 -0 g—20 g—0 W-ooo
and it follows that both roots of the quadratic equation tend to 0, that is,
nllnéo Viz,) =0,

which reduces this situation to Case III.

Case V. (1) In the second sub-case, V(z) and w(z) are unbounded on I but

liminf |w(z)] = 0.
z—a,2€l

The only properties of I" that matter in Case IV are that I" is of finite length and
avoids the zeros and poles of w(z). We call such an arc I" from z; to a admissible.



PAINLEVE EQUATIONS 355

We are free to modify I to another arc I” as long as these properties are preserved.
Thus we can reduce this second sub-case to the first, if it is possible to find an
admissible arc I" on which liminf, .z |w(z)| > 0. This is indeed possible, but
the proof is far from elementary.

Let ¢ > 0 be a fixed small positive number. There is then by assumption a
sequence of points {z,} on I' such that |w(z)| < ¢ for z € I'k, where I}, is the arc
of I joining zax_1 tO 2ok, for k > 1, while |w(2)| > ¢ on the remaining subarcs of
I'. Consider now the sequence {|w’(z,)|}. None of its infinite subsequences can
be bounded, for, if there were a bounded subsequence, then the method of Case I
would apply (since also jw(z,)] < ¢ for all n) and w(z) would be holomorphic at
z = a, which contradicts the assumption that |w(z)| is unbounded on I". Hence,
given any small k > 0, we may assume that

[w'(za)] > 1/ foralln > N.

We set w(z,) = Wy, w'(2,) = 1/(, and consider the differential equation for

z = f(w),
4.1) —f"(w) = (6w?® + f(w))(f'(w))?
at w = wpi_1 With
flwar—1) = 2261, f(wak-1) = Gar—1-

In fact, the inverse function f(w) of w(z) exists in a small neighbourhood of wn,
since w'(z,) # 0.

(2) We now interrupt the actual proof of Theorem 1 for a lengthy reasoning
about this inverse function. To this end, consider a point b with w(b) = w1 and
w'(b) # 0. The inverse function f(w) exists in a small neighbourhood of w;, taking
w; to b. There is a power series expansion

(4.2) fw) = an(w—w)®
=0

valid in some disk B(w;,r) = {w : |w — wy| < r } centred at w;. From now on we
write { = w — wy. Let Ry be the radius of convergence of the series (4.2). It then
follows that the function f(w) given by the series (4.2) satisfies (4.1) in the whole
disk B(w, R1). Of course, if R1 = oo, then B(w1, R;) is the whole complex plane,
but this naturally cannot occur when f is the inverse function of w and w satisfies
(1.1).

Observe that if f’ has a zero of order m > 1 at some point w € B(wy, R, ), then
f" has a zero of order m — 1 at w. Hence the left hand side of (4.1) has a zero of
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order m — 1 at w, while the right hand side of (4.1) has a zero of order at least 3m
at w. Since 3m > m — 1, this is impossible, and we conclude that f’ has no zeros
in B(wl, Rl)

We shali prove the following auxiliary result.

Lemma 1. Suppose that the function w(z) satisfies (1.1) in a neighbourhood
of the point b and that w(b) = w; and w'(b) # 0. Let f(w) be the inverse function of
w, given by (4.2) in a small neighbourhood of w, and taking w, onto b. There exists
an absolute constant C > 1 such that the following holds. Suppose that M > 1,
£ €(0,1), and that [b| = |ag| < M, |wi| < &, |a1] = |f'(w1)| < Me/8, and M3e < 1.
Then the coefficients ay in (4.2) satisfy (4.5) below for all k > 1, and the radius of
convergence R, of the series (4.2) satisfies R, > 1/(C(Me)¥/3).

Letn € (0,1) and M > 1. Then there exists go € (0,1) such that if 0 < £ < go
and all the above assumptions are satisfied, then for all z,w € B(w,,2¢) (and
hence, in particular, for all z,w € B(0, |w1])), we have |(f'(z)/f (w)) — 1] <.

To prove Lemma 1, we first examine the power series expansions in ¢ = w —w;
of the two sides of (4.1). The left hand side is

f'w) ==Y nn-1a " == (n+1)(n+2)anta"
n=0 n=0

For the right hand side, note first that
w? = (w +¢)? = wf + 2w+ (%

We have
fl(w) = Zna = Z("‘*‘U%HC",

n=0
so that
o0
(f'(w))® Z Y (k+ D+ 1)(p+ ars1aim18p41,
n=0 k+l+p=n

where k, I, p take non-negative integer values (as do all indices to be considered).

Hence also

fw)(f Z ") (kDI + )P+ Dakt101418p110-

n=0 k+l4p+g=n
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Next, we have
6w?(f'(w))* = 6(w? + 2wi ¢ + ) (f'(w))?

o0
=6wl Y ¢* Y (k+1)(+1)(p+art1a118p41
n=0 k+l+p=n

o0
+ 12w1 E Cn Z (k + 1)(l + 1)(p + 1)ak+1al+1ap+1
n=0 k+l+p=n—1

oc
+6 Z Cn Z (k + 1)(l + 1)(P + 1)ak+1a1+1ap+1.
n=0 k+l4+p=n-~2

We conclude that

- Z(n +1)(n + 2)an+2¢"
n=0
o0
= Z " Z (k + 1)(l + 1)([) + 1)ak+1al+1ap+1aq
n=0 k+l+p+g=n
+ 6w Z ¢ Z (k+ 1)1 + 1)(p + 1)ak+181418p+1
n= k+i+p=n
[e 9}
+12w Y ¢" Y (k+ D+ D)0+ k1001054
n=0 k+l+p=n—1
oo

(4.3) +6> ¢ Y (k+ 1+ 1)(p+ Dart10410p41-

n=0 k+l+p=n—~2

Of course, if n = 0, then the sum involving ¥+ +p = n — 1 is (vacuous and hence)
zero, and if n = 0 or n = 1, then the sum involving k +1+p=n—2 is zero.

Comparing the coefficients of (™ on both sides of (4.3), we conclude that for
each n > 0, we have

—r+)n+2ana= > (k+1{+1)(p+1)ar101418p110
k+i+p+g=n

+ 611)% Z (k+ 1)1+ 1)(p + 1)akt101418p+1
k+l+p=n

+ 12un Z (k + 1)(l + 1)(p + 1)ak+1al+1ap+1
k+i+p=n~1

(4.4) +6 Y (k+ D+ D)(p+akr10410p41.
k+l4p=n—2

Note that a; = f'(w;) # 0. Let M and ¢ be as in the statement of Lemma 1.
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Recall that |ap| < M, and suppose that C is a number with C > 1 such that
(4.5) |lak/a1| < 8DC*~1 (Me)®*/3=1 /(K +1)°

for1 < k < n+ 1, for some n > 0, where we define for each k > 1,

Dy =(Me)?  ifk is divisible by 3,
Dy, = (Mg)/3 if k is of the form k = 35 + 1,
Dy = M(Me)®¥®  if kis of the form k = 35 + 2.

We shall prove that, if C is a sufficiently large absolute constant, (4.5) holds also
for k = n + 2. Since (4.5) holds trivially for k = 1, it follows that (4.5) holds for
alk > 1.

We mention in passing that our induction proof could easily be modified to
show that

Iakl < chk_l(ME)Zk/S/(k + 1)3

for all k > 1. In the present situation this conclusion follows from (4.5), since we
are assuming that |a;| < Me/8. However, when applying this general method to
some other differential equation, it might be more convenient to obtain an upper
bound directly for |ax| rather than for a quotient such as |ax/a;|, so we mention
that our method can be used for that also. Our reason for estimating |ax /a1 is that
this will be needed to prove (4.8) below, which is the purpose for considering the
inverse function f of w in the first place.

We proceed to prove (4.5) for k = n + 2. Considering in the first sum those
terms where ¢ = 0 and ¢ > 1 separately (because of the different upper bounds for
|ao| and for la, /a1, ¢ > 1, given by (4.5)) and using (4.4), we obtain

4+ DN +2anral < Y. (k+ DI+ D@ +1)lar+101418p410
k+l+p+g=n

+6lwi? Y (k+ D)+ 1)(p+ Dlakr1ai110p41]
k+l+p=n

+12wi| Y. (kDU + D)@+ Dlariairiapnl
k+1+p=n—1

+6 > (k+1D){+1)(+ Vlerrarnap|
k+i+p=n=~2
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<laml* Y (k+ D+ 1)(p+ Dlars1a418p1104]/lar|[*

k+i+p+g=n
q>1

+(M +6lwiPlai* D (k+ 1)1+ 1)+ Dlars10ir1apel/la?
k+l4+p=n

+12wifla)® ) (k+ D+ 1)(p+ Dlarrraisrapial/janf?
k+l4+p=n—1

+6lal® Y (k+ D)+ 1)(+ Dlakriariapial/laf
k+l+p=n-2

< 84|a1 |4Cn—1(M5)2(n—3)/3 Z

k+l+p+q=n
g1

+ 8%as[P(M + 6lwy [2)C™(Me) 2973 Y
k+l+p=n

+12)w; |83l01|30n_1(M€)(2n_5)/3 Z
k+l+p=n—

(4.6)  +6C™28%a,|}(ie) /B Y
k+l+p=n-2

Di41D141Dp11 D,
((k+2)(+2)(p+2))%(¢+1)°

Dy +1D141Dp 41
((k+2)(1 +2)(p +2))?

Dy+1Di+1Dp 1
T+ D+ 9+ DP

Dri1D141Dp
(+2)(1+2)(p+2))*

We define, for n > 0, the expressions

Amy= Y ((k+2)(+2)(p+2) g+

k+l+ptq=n
q21

and
2

Cn)= Y. (k+2)(+2)(+2) "
k+l+p=n
Thus A(0) = 0, corresponding to an empty sum. We define A(n) = C(n) =0ifn
is a negative integer.

Suppose now that n is divisible by 3 and write X (k) for the residue class of k
modulo 3, so that X (k) € {0,1,2}.

In the first sum on the extreme right of (4.6), k + 1+ p + ¢ = n, so that
(k+1)+(I+1)+(p+1)+q = n+3,and hence X (k+1)+ X (I+1)+ X (p+1)+X(q) =0
modulo 3. Since Me < 1 < M and M3¢ < 1, the largest possible value of
Dyy1Di41Dpi1 Dy is (Me)3, obtained when one of X (k + 1), X(I+ 1), X(p+ 1),
X(q) is equal to 0 and all others are equal to 1. (Note that eachof k+ 1,1+ 1,
p+1, g is > 1.) More precisely, apart from permutations, there are 5 possibilities
for (X(k +1),X(l +1),X(p +1),X(q)); they are (0,0,0,0), (0,0,1,2), (0,1,1,1),
(0,2,2,2) and (1,1,2,2). In these cases, the value of Dy1D141Dpt1D, is (Me)?,
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M(Me)8, (Me)3, M3(Me)?, M?(Me)*, respectively. Since Me < 1 and M3¢ < 1,
one can verify that the largest value among these is (Me)3.

In the second sum, we have X(k+1) + X (I + 1)+ X (p + 1) = 0 modulo 3; the
largest value of Dy 1 D1 Dpi1 is Me, obtained when all of X (k + 1), X(I + 1),
X(p + 1) are equal to 1. More precisely, apart from permutations, there are 4
possibilities for (X (k+1), X({+1), X (p+1)), namely (0,0,0), (1,1,1), (2,2,2) and
(0,1,2). In these cases, the value of Dyy1D141Dpp is (Me)8, Me, M3(Me)® =
MB35 and M (Me)* = M54, respectively.

In the third sum, we have X(k + 1) + X({ + 1) + X(p + 1) = 2 modulo 3;
the largest value of Dy+1D;11Dp41 is (Me)®/3, obtained when one of X (k + 1),
X(l+1), X(p+1) is equal to 0 while the others are equal to 1. More precisely,
apart from permutations, there are 3 possibilities for (X (k+1), X(1+1), X(p+1));
they are (0,0,2), (0,1,1) and (1,2,2). In these cases, the value of Dy 1 D41 Dpy1
is M(Me)17/3, (Me)®/® and M?(Me)'1/3, respectively.

In the fourth sum, we have X(k + 1) + X({ + 1) + X(p+ 1) = 1 modulo 3;
the largest value of Dy Dj.y Dy is M(Me)7/3, obtained when one of X (k + 1),
X(l+1), X(p+1) is equal to 2, while the others are equal to 1. More precisely,
apart from permutations, there are 3 possibilities for (X(k+1), X(I+1), X (p+1));
they are (0,0,1), (0,2,2), (1,1,2). In these cases, the value of Dry1 D141 Dpy1 i
M(Me)'3/3, M?(Me)*6/3 and M(Me)7/3, respectively.

Hence, when 3 divides n, we have

(n +1)(n + 2)|an+2|

< 8ay 'O (Me)E/DH N (R +2)(1+2)(p+2) (g + D)7

k+l+p+g=n
qz21

+8%]a1[*(M + 6lwn[)C™(Me) =3/ N7 ((k+2)(1 +2)(p+2) 7
k+l+p=n

+ 12|wy[8%)a; PO (Me) @n=9/9+E/8) 3™ ((k+2)(1+2)(p+2)) 2
k+l4+p=n-1

+ 6072830y P(Me)(@n=D/3+AA N ((k+2)(1+2)(p+2)7?
k+l+p=n—~2

< 8ay[*C™ 1 (Me)? "3 (Me)® A(n)
+8%a; |2 (M + 6|w; |2)C™(Me) 233 MeC(n)
+ 12|w1{8%a1 |PC™ L (Me) 393 (Me)®/3C (n - 1)
+6C™28%a; |3 (M) N/3 M(Me)/3C(n — 2).
Suppose next that n is of the form n = 35 + 1 for some non-negative integer j,
and consider the right hand side of (4.6). In the first sum, k + [+ p + ¢ = n, so that
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(k+1)+(+1)+(p+1)+g = n+3,and hence X (k+1)+ X (I+1)+ X (p+1)+ X (¢q) = 1
modulo 3. The largest possible value of Dy D41 D,y 1Dy is (Me)*/3, obtained
when X(k+1), X(I +1), X(p+ 1), X(q) are all equal to 1. More precisely, apart
from permutations, there are 5 possibilities for (X (k+1), X({+1), X (p+1), X(9));
they are (0,0,0,1), (0,0,2,2), (0,1,1,2), (1,1,1,1) and (1,2,2,2). In these cases,
the value of Dy11 D11 Dpy1 Dy is (Me)19/3, M?(Me)?2/3, M(Me)*9/3, (Me)*/® and
M3(Me)'/3, respectively.

In the second sum, we have X(k + 1) + X(I + 1) + X(p + 1) = 1 modulo 3;
the largest value of Dy, Dyy1Dpsq is M(Me)7/3, obtained when one of X (k + 1),
X({+1), X(p+1) is equal to 2 while the others are equal to 1.

In the third sum, we have X (k +1) + X (I + 1) + X (p+ 1) = 0 modulo 3; and the
largest value of Dg41D141Dp+1 is Me, obtained when X (k+1), X(I+1), X(p+1)
are all equal to 1.

In the fourth sum, we have X(k + 1) + X(1 + 1) + X(p+ 1) = 2 modulo 3; and
the largest value of Dyy1Diy1Dypyy is (Me)®/3, obtained when one of X (k + 1),
X(+1), X(p+1) is equal to 0 while the others are equal to 1.

Hence, when n is of the form n = 3j + 1, (4.6) yields

(n +1)(n + 2)lant2| < 8%ar|*C 7} (Me)? ™33 (Me)*/* A(n)
+ 8%ay |P(M + 6|wy|?)C™(Me) I3 M(Me)/*C(n)
+ 12|w1|8%a1 PC™ " (Me) P/ 3 MeC(n — 1)
+6C™28%ay [} (Me) P73 (Me)®3C(n — 2).

Suppose then that n is of the form n = 3; + 2 for some non-negative integer j,
and consider the right hand side of (4.6). In the first sum, k + !+ p+¢ = n, so that
(k+1)+((+)+(@P+1)+g=n+3hence X(k+1)+ X(I+1)+X(p+1) +
X(q) = 2 modulo 3. The largest possible value of Dy1Dy11Dp1 Dy is M(Me)¥/3,
obtained when one of X(k + 1), X({ + 1), X(p+ 1), X(g) is equal to 2, while all
the others are equal to 1. More precisely, apart from permutations, there are 5
possibilities for (X (k + 1), X({ + 1), X(p + 1), X (g)), namely (0,0,0,2), (0,0,1,1),
(0,1,2,2), (1,1,1,2) and (2,2,2,2). In these cases, the value of Dy1D;41Dp+1D,
is M(Me)23/3, (Me)14/3, M2(Me)V7/3, M(Me)®/? and M*(Me)?0/3, respectively.

In the second sum, we have X(k+1) + X(I + 1) + X(p + 1) = 2 modulo 3;
the largest value of Dy, Dyy1Dpt1 is (Me)®/3, obtained when one of X (k + 1),
X(1+1), X(p+1) is equal to 0 while the others are equal to 1.

In the third sum, we have X(k + 1) + X(I + 1) + X(p + 1) = 1 modulo 3; the
largest value of Dy, 1Diy1Dpy1 is M(Me)?/3, obtained when one of X (k + 1),
X(+1), X(p+1)is equal to 2 while the others are equal to 1.
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In the fourth sum, we have X(k + 1) + X(1 + 1) + X(p + 1) = 0 modulo 3; the
largest value of Dy.1D;41Dpt1 18 Me, obtained when X(k+1), X(1+1), X(p+1)
are all equal to 1.

Hence, when n is of the form n = 3j + 2, (4.6) yields

(n+1)(n + 2)|ans2| < 8*ar}*C™ (M) "=D/3M(Me)*/* Aln)
+ 8%ay |3 (M + 6jwy|)C™(Me)®=3/3(Me)3/3C(n)
+ 12|w1 |8%]ay PC™ Y (Me) 29/ A M (Me)/3C(n — 1)
+60"7283a, 13(Me) 3T/ MeC(n - 2).
We next estimate A(n) and C(n). We have A(0) = 0 and C(0) = 1/64.
Suppose that n > 1. Consider first A(n). For given k, I, p, ¢ > 0 with

k+1+p+q=n, write s = max{k,l,p,q}. Then s > n/4. Thus we have (since
2(g+1)® > (g+2)? forallg > 1)

An)= ) ((k+2(+2)(p+2) g+ 1)

k+l+p+qg=n
g1
0o oo oo
<2 Y 4+ (k+27D 1+ (p+2)77
n/4<s<n k=0 1=0 p=0

< 2(7%/6 —1)3n/(n/4 +2)* < 9n/(n + 8)%.

Consider now C(n). For given k, !, p > O with k + 1 +p = n, write s =
max{ k,l,p}. Then s > n/3. Thus

Cy= Y ((k+2)(+2)(p+2)?

k+l+p=n
o< o0
< Y (54272 (k2P (1+2)7
n/3<s<n k=0 =0

< (7%/6 — 1)*n/(n/3 +2)* < 4n/(n + 6)°.

Let us now return to the case when 3 divides n, so n > 3. Using the above
estimates for A(n) and C(n), we obtain

(n 4 1)(n + 2)|ansz| < 8%a;|*C™ 1 (Me)2"=3/3(Me)39n/(n + 8)°
+ 8%ay |2 (M + 6|w;|2)C™ (Me) 233 Medn/(n + 6)*
+ 12]wy[8%]as [PC™H (Me) 93 (Me)®4(n — 1)/ (n + 5)?
+6C™28%a, P (Me) 2=/ M(Me)34(n — 2)/(n + 4)%.
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Here D,,,, = M(Mz¢)3/® and hence, since |a;| < (Me)/8,

lan+2/all/(80"+1Dn+2(ME)(2"+1)/3/(n +3)%)
< 8%a;3C72(n + 3)3(Me)19n/(M(n + 8)2(n + 1)(n + 2))

* (%' ) {(M + 6w, [)C~ (n + 3)4n/(M(n + 6)*(n + 1)(n + 2))

+12lw1eC~%(n + 3)%4(n — 1)/((n + 5)*(n + 1)(n + 2))
+6C3(n+3)%4(n-2)/((n+ 4}(n+ 1 (n+2))} < 1,

provided that C is at least as large as a certain positive absolute constant.

Suppose then that n is of the form n = 35 + 1 > 4. In the same way as above,
we deduce that

(n+ 1)(n + 2)|an42| < 8%ar[*C"~H (Me)2*~3/3(Me)*/*9n/(n + 8)°
+ 8%a1 (M + 6jwy |2)C™ (Me) P33 M(Me)*4n/(n + 6)*
+ 12wy |8%]a; |PC™ Y (Me) P9/ 3 Med(n — 1) /(n + 5)?
+6C" 283 a1 |*(Me)?7/3(Me)®34(n — 2)/(n + 4)°.

Now D, = (Me)?; and so

|ant2/a1]/(8C™ ! Dpya(Me) @13 [(n + 3)%)
< 8a1[*(Me)3C7(n + 3)%9n/((n + 8)*(n + 1)(n + 2))
8lai]\? [ (M +6|ur |2)C " {n + 3)3M(Me)dn
+(Me) { (n+6)2(n+1)(n+2)
+ 12\w1 |C~H(Me) " (n + 3)%4(n — 1)/((n + 5)*(n + 1)(n + 2))
+6C3(n+3)%4(n-2)/((n+4)3*(n+1)(n+2))} <1,

provided that C is at least as large as a certain absolute constant, since |w;| < € and
M3e < 1.

The above leaves out the case n = 1. In this case, we have

(n+1)(n + 2)|ans2] < 8a[*C™ 1 (Me)2™—3/3(Me)*30n/(n + 8)
+8%[a1 |2 (M + 6Jwy [*)C™(Me) =33 M(Me)4n/ (n + 6)?
+ 12|w; |C™ 1830, |3 (Me) 3573 Me(1/64)
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so that (withn = 1)

|an+2/a1]/(8C™ ! Dy ya(Me)PrH1/3 [ (n + 3)3)
< 8%, [3(Me)~364C~2(1/54)

n (811\;?) {(M +6|w1|2)C_1 -64M(Me)(2/3)(1/49)

+ 12|wy |CH(Me) 71 /6} < 1

if C is at least as large as a certain absolute constant.

Suppose then that n is of the form n = 35 + 2 > 5. In the same way as above,
we deduce that

(n+ 1)(n + 2)|ansz] < 8%ay [*C™ 1 (Me)2 I3 M(Me)?/39n/(n + 8)2

3
* (8)‘2') {(M + 6jwn|?)C™(Me)> "33 (Me)®/34n/ (n + 6)°

+ 120w O™ (Me)2™ /3 M (Me)/34(n — 1)/ (n + 5)?
+ 60T (MM et(n - D) (n + 47

Now Dp4q = (Me)'/3, and so

|an+2/a1]/(8C™ ! Dpya(Me) /3 [ (n + 3)%)
< 8ia,{3C2M9n(n + 3)3/((n + 8)%(n + 1)(n + 2))
8lai|\? [ (M + 6lw1|?)C~} (Me)34n(n + 3)°
+(Me> { 1 62m+D(n+2)
+ 12w, |C2M(Me)?4(n — 1)(n +3)%/((n + 5)*(n + 1)(n + 2))
+6C~ 3 Me) P4 — (n+ 33 /((n+4)*(n+ D(n+2))} <1

under similar conditions as above.

This leaves out the case n = 2. When n = 2, we have

(n+1)(n + 2)|ansa| < 8%ar|*C" 1 (Me)2" =DM (Me)®/39n/(n + 8)*

3
¥ (Lzl‘;;l) {(M + 6wy )C™(Me2m+9/3 (Me)*/4n (n + 6)?

+12Jun|C™ 7 (Me)2X ™3 M (Me) P 4(n — 1)/ (n + 5)°
+6C™2(Me)X™1/3 Me(1/64)},
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so that (with n = 2)

|an+2/a1|/(8C™F Dpya(Me)*™D/% [(n + 3)%)
< 8%a;1BC2MIn(n + 3)3/((n + 8)*(n + 1)(n + 2))

8la1]\? [ (M + 6|w,[>)C~!(Me)34an(n + 3)3
+(M€) { (n+6)2(n+1)(n+2)
+12}w1|C2M(Me)?4(n — 1)(n + 3)3/((n + 5)*(n + 1)(n + 2))
+6C3(Me)/3(1/64)(n +3)%/(n+1)(n+2)} < 1

under similar conditions as above. This completes the proof of (4.5) fork =n 42,
and it follows that (4.5) holds for all £ > 1.
It follows from (4.5) that the radius of convergence R; of'the series (4.2) satisfies

1/R; = limsup |a,|'/™ < C(Me)?/3,

n—oc

so that
4.7 Ry > C7Y/(Me)?/3.

We mention in passing that since C can be taken to be an absolute constant, we can
get as large a value for R; as we like by considering situations where M is fixed
while ¢ is taken to be small enough.

Now suppose that n € (0,1) and M > 1 are given, and let the assumptions of
the first paragraph of Lemma 1 be satisfied. Let C > 1 be an absolute constant for
which the conclusions of the first paragraph of Lemma 1 are satisfied. There exists
g0 € (0,1) such that for any ¢ € (0,0, we have C(Me)?/? < 1, 3eC(Me)?/? < 1,
and

(Me)?3C(2¢)/(1 — 26C(Me)?*/3) < n/3.

Fix ¢¢ by this condition and consider any ¢ € (0,¢p) in what follows. Now
a; = f'(w1), and if w € B(w;, R;), we have

Fiw) = f'(w) + Y nan¢™ .
n=2
Thus
fl(w) —1= in(an/al)cn—l-

‘f, (wl) n=2
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Hence by (4.5), if |{] = lw — w1| < 2¢, then

£0) | S el -

oy 1| s Sl
(M) 5 o s o = _MEPPCIL
ST GO T T gy <5

Then for all z,w € B(w1, 2¢) and hence, in particular, for all z,w € B(0, |w;]), we
have

f&)_qzlf@)fWﬂ
|

w) 7w
7(2) F(wn) (2) Fwy)

( Twn) ~ 1) (f’(w) - 1) * (f'(wl) - 1) * (‘f-@ - 1)1
f'lwy) (
Fi(w)
1-#2
1+(%§%—1)
@9 <3 (4) o - T <

7o )+

This completes the proof of Lemma 1.

(3) We now return to the proof of Theorem 1. Note that if b is chosen to
be a point in the disk B(zo, R), then |b — 2| < R, so that we may use the fixed
value M = max{2,|2| + R}, independent of the particular choice of b, to satisfy
[b] < M. We fix a number 7 € (0,1) satisfying (7/2)(1 +71)/(1 —n) < 1.6. Then
we choose ¢ € (0,1) so that all the conditions in Lemma 1 are satisfied, including
those required to apply the last paragraph of Lemma 1 with this 7 (note that, by
construction, we then have 3¢C(Me)%/3 < 1).

We now continue the discussion of Case V using this choice of . Assume that
the points z,, which we have defined in Case V, have been chosen using this e. We
apply Lemma 1 to b = 225—1. Since w’(z,) — 00, it is clear that, for all sufficiently
large values of k, the assumptions of Lemma 1 will be satisfied.

The estimate (4.8) allows one to follow the argument as given in [7], pp. 703—
704, for the path modification of I' to I". Thus, for each sufficiently large value
of k, we replace the subarc I'y of I" by the arc fx(Qx), where fj is the branch
of the inverse function of w(z) mapping a neighbourhood of w(zsx—1) onto a
neighbourhood of zg;-; and Qy is the shorter arc of the circle 5(0,¢) joining
w(zz2x—1) to w(zz), the latter point being the first point on w(I") after w(zzx—1)
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with modulus . Note that, as a branch of an inverse function, f; is necessarily
one-to-one in its domain of definition. Applying Lemma 1 to f = fx, we see that
the radius of convergence of the power series of fi, with base point w(22x_1) is at
least 1/(C(Me)?/3) > 3¢, sothatw(I}) C B(0,e) C B(w(22k-1), 3¢). It follows that
the paths fi(w(I%)) and fr(Qx) have the same end points, namely, zpx—1 and za;.
Hence this modification leads to a continuous path. We may continue w analytically
as f! in the simply connected domain Dy, = fx(B{w(226-1), 3¢)), which contains
1 (Q4). Since fi(w(z)) = z close to zox—1, and since w([k) C B(w(z2x-1), 3€), we
further have Iy, = fi(w(I%)) C D. Hence the analytic continuation of the function
w along the original arc I'; leads to the same result (namely, to the point w(zax))
as the continuation of w along the new arc fi(Qy). Performing this operation for
all large k, we obtain a new path I".

Next, it follows from the estimate for |f’| = |fi| given by Lemma 1 that the
length of the new part of the modified path I" between the points w; = w(22k-1)
and wy = w(zgk), where |wi| = |wa| = ¢, is at most

(7/2)|wa = wi|| F (w1)|(1 + ).

On the other hand, the length of the corresponding original part I, of the path I
was at least

|f(w2) = flwi)| 2 |f'(wi)[wz = wi|(1 —mn).
Hence the new length divided by the old length is at most (7/2)(1+7n)/(1-7) < 1.6.

We now construct a Riemann surface S by following the modified path I" and
by surrounding it with a sufficiently small neighbourhood in which the function
w remains single-valued. This seems necessary since, a priori, branches of the
modified path might intersect outside B(zo, R), so that following the path might
give rise to different definitions of w at the points of intersection. On §, we will
be on different leaves (layers) above such points of self-intersection, so that the
function w(z) will be well-defined on S.

Applying the argument in Case IV to S, we now conclude, considering a point
of the modified path I" close enough to a, that w extends meromorphically to a
neighbourhood of a. This contradicts our assumption and so completes the proof
of Theorem 1.

5 Proof of Theorem 2

The proof of Theorem 2 follows closely that of Theorem 1. Therefore we
indicate only the major differences, leaving a number of details to the reader.
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To derive a counterpart to the equations (3.2), we first consider the equation
(1.2) w”(z) = 2w(2)® + 2w + @,

where o is a complex parameter, close to a pole z; of w. Hence, we are looking
for a pair of analytic functions u, v defined in a neighbourhood of z; and satisfying
equations analogous to (3.2). A familiar analysis shows that the pole of w is simple
and that the residue, which we denote by p, is £1. In particular, 42 = 1, which will
be a useful relation. Furthermore, with { = z — 2;, we have

¥4 a+ +
G wle)=5- - TR+ DO+ Bt +0(0),
where D is an arbitrary complex parameter.
We now set v = 1/w. If we want to express
(5.2) Y s W Y V)

in terms of v, starting with a term involving 1/v%, it seems inevitable that the
number y, which can vary from one pole to another, must be introduced into
the equations, unlike the case of Painlevé’s first equation (1.1), where no such
parameters are involved. Otherwise, we proceed similarly to §§3—4. By a simple
computation,

63 vmpc+ e Sy (WD) ey MG o0,

We invert the series (5.3) by the usual formulas for formal power series and obtain

1
S WS S LI (1_512 °‘+“U3+0(v4)).

6 4 6 4
Thus
LBy, B, ati
(5.4) C_v<1+ 207+ 2280 + O ))
and
1_ 219, 0t p o 4
(5.5) 7= (1+3 + 23R8 40t ).

Inserting these formulas (5.4) and (5.5) into the formula (5.2) for w’, we obtain

Tk L2 _kBn oty 2
W= <1+3v+ 5 +O(v) 8 5 wv + O(v°)
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or, after writing z; = z — ¢ and expressing ( in terms of v again in the constant
term,
v
w = —U——-—-+§—(1+au)v+0(v2).
The above has been presented to motivate the fact that we now define the
function u by

(5.6) w' = ;—f— %z-—(%+au)v+uv2.
Thus
5.7 v = —viw =+ ‘_‘2‘31,2 + (% +ap)r® —wt.

Now by (1.2),
" 3 2 z
w' = 2w twta=S5+-+o
v v

By (5.6),

2uv’ "
w’' =W = % - g — (3 +op)v’ +u'v® + 2uvy’.
Combining these equations and substituting the right hand side of (5.7) for v’ in

the result, we see, after some calculations, that
(5.8) o =HE Ly ap) — pzuww + (3 + ap)?v — 3(3 + ap)uv? + 20?08
2 2 2 2

Now, (5.7) and (5.8) form the system corresponding to (3.2) in §3. Solving for u
in (5.6) and replacing v by 1/w, we get

W, . ( 4 2w? )
u=—t+wwtplw +——+aw].
2 2
Multiplying both sides of (1.2) by 2w’ and rearranging terms, we see that
(w')? —w! - 20w — zw?)’ = —w?.

By (5.1),

21 _ 2
so that the integral of —w? is equal to 1/¢ + (21/3)¢ + O(¢?), apart from a possible
additive constant. On the other hand, —w’/w = 1/¢ + ¢, where ¢ is holomorphic,
close to z;. We see that the function

7

(5.9) V(z) = (w')? —w* — 20w — zw® + %

is holomorphic in a neighbourhood of z;. This definition now corresponds to (3.4).
Note that V is analytic in any domain where w is defined (as a single-valued
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function) and where w does not take the values 0 and co. Observe also that p is not
needed in the definition of V.
Now (compare (3.5)), using also (1.2), we obtain
_ V' w?(u'v” — w'vd - 20w’ — w? — 2zuw’) + w'w — (w')?
v w2((w')? — w? — 20w — zw? + (w'/w))
w* — (w')? + 20? + aw
w(w(w')? — wb + w' — 20w? — 2w3)’

We are now ready to proceed as in §§3—4. So let w(z) be an arbitrary local
solution to (1.2) with w(zp) = we # oo, and let R be the radius of the largest
disk centred at z, to which w(z) can be continued as a single-valued meromorphic
function. Assuming R is finite, let a € S(z0, R) be a point for which there is no
§ > 0such that w(z) can be continued as a single-valued meromorphic function from
B(z0, R) to B(zg, R) U B(a,d). We sketch below how this leads to a contradiction,
which shows that we actually have R = oc.

To argue in a way analogous to that used in §3, replace (3.1) by w = v~ and
(5.6), (3.2) by (5.7) and (5.8), (3.4) by (5.9) and (3.5) by (5.10). We do not have
a pole of w available to determine u, but we may choose p to be 1 or —1 in (5.6),
as long as we then use the same value of u in all subsequent calculations. We may
now start exactly as in §3, repeating Case I and Case II with obvious modifications
only. Thus we omit further details concerning Cases I and I1.

In Case III, we have a sequence {z,} on I’ such that z, — a, |w(z,)] = oo,
[V (2n)| < A for some finite A, and |v(z,)] — 0. By (5.7) and (5.9), making use of
w=v"1, we obtain

(5.10)

(v')2 = 1= 2av® — 2v% — v'®

V= =
22 2 3 2 2,2 4
=7 - 2pu + azv — pruv® — 2opuv® + (o — $v? + v
2 4
2 uv
=7 +azv + (a? - %)v2 + —vT(uv“ —2u — pzv? — 20uv°)
2
= zz +azv+(@® — I? + u(uv? — 2u — pzv? — 20u03)
2
(5.11) =% tow+ (o — 1)o? + u(—2p — p2v® — 20p0%) + wPot.

Solving the quadratic equation for u obtained from the last expression of (5.11),

we get
2uvt = 2p + pzv? + 200 £ Vo,

where

® = (2p + p2v? + 2au0)? + [AV — 2% — dazv — 4(a® — D)oot
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Therefore, uv? remains bounded on {z,,} as n — oo. Since |v(z,)| — 0, the third
last expression of (5.11) implies that either uv? — 0 or uv* — 2u # 0 on {2,,} as
n — 0o,

If uv? = 0, then ©?v* = o(Ju|) and (5.11) gives u(—2u + o(1)) = O(1). Hence u
is bounded on z,. Thus this situation reduces to Case II.

Assuming now that uv? — 2u, we conclude from the next to last expression
of (5.11) that

u(uv® ~ 2u — pzv® ~ 20p0°)

remains bounded on {z,}, and so
h=v"*(uv? - 2u — p2v® — 20m0®)

remains bounded as well. Writing

_ 20 uz  2ap
e-12) e
we find
M 2ap | 2pz | 8p)
(5.13) h'—u—v—2+<—1)—2,—+v—3+;-5—)v.

Expressing u in terms of 4 and v from (5.13), we rewrite (5.7) in the form
1
(5.149) v=—p- Euzvz + (% - a,u) v? — kvt

Substituting (5.14) into (5.13), and (5.8) for «/, expressing u in terms of A and v
from (5.12), and noting that z? = 1, we obtain finally
(5.15 K = (g- - '%) 2+ (3 — ap + a® + huz)v + (3ahp — 3h)? + 2h%0%
Now, (5.14) and (5.15) is a pair of differential equations for v(z) and h(z). Since
h and v remain bounded on {z,}, the same reasoning as in Case I in §3 shows that
w(z) = 1/v(z) has a simple pole at z = a.
Case IV now proceeds in a way similar to that in §4. We assume that there is
a sequence {z,} on I" such that z, — a, |w(2z,)| — o0, and |W(z,)| — oco. From
(5.9) and (5.10), we obtain

wVW =uw* — (') + 20 + ow = —-(V - v'/w) — aw
= (v /w) -V - aw,

so that w' = wPVW +wV + aw? and w'/w = w VW + V + aw. Substituting these
into (5.9), we obtain

(WW? + 2w W + w?)V2 + (200°W + 20w + w2 W)V +(a® - w* — zw® —aw = 0,
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which may be written as a formal quadratic equation
hiV? + hoV + hg = 0.

Note that h; = w?(w?W + 1)2. A calculation now shows that hs/h; and ha/h;
tend to zero on the sequence z,, as n — 0o, so that also V'(z,) — 0; hence this case
reduces to Case III.

The counterpart of Case V remains to be verified. To this end, consider (1.2)
at a point b with w(b) = w; and w’(b) # 0. Then in a small neighbourhood of w;,
w(z) has an inverse function taking w; to b. We denote this inverse function not by
z{w) but by f(w). There is a power series expansion

(5.16) fw)=>" an(w—wy)"
n=0

valid in some disk B(w;,r) = {w : Jw — wq| < r} centred at w,. We write from
nowon{ =w — w;.
We can write (1.2) in the form

(5.17) -f"(w) = (20’ + wf(w) + a)(f (w))?

in B(wy,r). Let now Ry be the radius of convergence of the series (5.16). Note
that the series (5.16) is completely determined by the function w(z) in a small
neighbourhood of the point b. It then follows that the function f(w) given by the
series (5.16) satisfies (5.17) in the whole disk B(w;, Rz). Since f arises from (1.2),
we have R; < oo.

If f' has a zero of order m > 1 at some point w € B(wy, Rz), then f” has a zero
of order m — 1 at w. Hence the left hand side of (5.17) has a zero of order m — 1
at w, while the right hand side of (5.17) has a zero of order at least 3m at w. Since
3m > m — 1, this is impossible; so we conclude that f’ has no zeros in B(w1, Rz).

The following statement is the counterpart of Lemma 1.

Lemma 2. Suppose that the function w(z) satisfies (1.2) in a neighbourhood
of the point b and that w(b) = wy and w'(b) # 0. Let f(w) be the inverse function of
w, given by (5.16) in a small neighbourhood of w, and taking w to b. There exists
an absolute constant C > 1 such that the following holds. Suppose that M > 1,
& € (0,1), and that |b} = |ag| < M, |a| < M, |2w} +wiao+a| < M, |6wf+aol < M,
lwi| < 8, [a1] = | f/(w1)] £ M&/8, and M3§ < 1. Then the coefficients ay in (5.16)
satisfy (5.19) below for all k > 1, and the radius of convergence R; of the series
(5.16) satisfies Ry > 1/(C(M6)M/?).

Letn € (0,1) and M > 1 be preassigned numbers. Then there exists a number
8o € (0,1) such that if 0 < & < & and if all of the above assumptions are satisfied,
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then for all z,w € B(w,,28) (and hence, in particular, for all z,w € B(0,|w:])), we

have |(f'(2)/f'(w)) = 1] <n.

To prove Lemma 2, we examine the power series expansions in { = w — w; of
the two sides of (5.17). The left hand side is

—f"(w) == nn-1)a{"? ==Y (n+1)(n+2)an+2(™
n=0 n=0

For the right hand side, note first that

wd = (w, +¢)% = w? + 3wiC + 3uiC? + ¢

We have
fl(w) = znangnnl = Z(n +1)an41¢",
n=0 n=0
so that

(fw)’ = ¢t S k+ 1)+ )P+ Daktia+1ape,

n=0 k+l+p=n
where k, I, p take non-negative integer values (as do all indices to be considered).
Hence also
[o o]

Fw)(f'(w)’ = Z ¢ Y (kD +1)(p+1)akt100410p4+10

n=0  k+l+p+g=n

and

wf(w) (f' (W)’ = (W + Q) f(w)(f'(w))’

o
=w Y (" Y, (k+1)(+1)(p+1)akr101110p110
n=0  k+l+p+g=n

o0
+3¢" ) (k+ )+ D) (p+1)art161410p410g.
n=1 k+i+p+q=n—1
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Next, we have

2w + ) (f ()’ = 2w} + 3wi¢ + 3w ® + ) + ) (f'(w))°

= (2uwd+a) Z ¢ Z (k+ 1)1+ 1)(p+ 1ar+1a1410p41
n=0  k+itp=n

+6w?) ¢* D (k+ D+ Do+ 1)ar+101410p41
n=1 k+l+p:’n—1

+ 6’UJ1 Z g" Z (k + 1)(l + 1)(p + 1)ak+1al+1ap+1
n=2 k+l+p:’n—2

+ 2 Z Cn Z (k + 1)(1 + 1)(p + 1)ak+1al+1ap+1.
n=3 k+l+p=n-3

We conclude that

o0

=Y (n+1)(n+2)ans2("

n=0

o
=uwy Z ¢ Z (k+ 1)1+ 1)(p + 1)ak+101+1ap+10q
n=0  k+l+p+a=n

+3.¢" D R+ D+ 1)(p+ Dakr1a1110p+104

n=1  k+i4+p+g=n—1

oC
+@ui+a)) ¢ Yo (k+ 1)+ (p+ Varr1a410p4
n=0 k+l+p=n

+ 6w} Z - Z (k+ 1)1+ 1)(p + ak+1a1+10p+1
n=1  k+i+p=n—-1

oo
+owr Y " Y (k+ D)+ D)+ Dar10041841
n=2 k+l+p=n-2

o0
(5.18) +2) ¢ D (B4 D+ 1)+ Dakt1ai11ap41.
n=3  k+l+p=n—3

Comparing the coefficients of (" on both sides of (5.18), and taking separately
the terms with ¢ = 0 in the first two terms on the right hand side of (5.18), we
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conclude that for each n > 0, we have

—(n+D)(n+2anz=w Y. (k+ 1D+ +Dar1ai+10p180

k+l4+p+g=n
21

+ Y (k+DU+D(p+1ag410418p410

k+l+p+q=n-—1
g1

+ (2w? + wiag + @) Z (k+ 1D+ 1)(p+ Dar+101+1ap+1
k+l+p=n

+(6wl+a)) Y. (k+1){I+1)(p+artia1apm
k+l4p=n-—-1

+ 6w, Z (k+ 1)1+ 1)(p + Dak+1ai1+1ap+1
k+l+p=n—2

+2 > (k+ DI +1)(p+ Vaks1a1110p41.
k+l+p=n-3

Here and later, an empty sum is considered to be equal to zero.

Note that a; = f'(w;) # 0. Let M and § be as in the statement of Lemma 2.
Suppose that the inequalities involving M, §, &, ag, and w1, given in the assumption
of Lemma 2, are satisfied, and suppose that C is a number with C > 1 such that

(5.19) la/ay| < 8ERCF1(M&)*=D/2/(k +1)3
for 1 < k < n+ 1, for some n > 0, where we define for each k¥ > 1,
Ey = (M§)® if k is divisible by 4,
Ey = (M&Y?  ifkisofthe formk =45 +1,
Ey = M(M$)?  ifkisofthe formk =45 +2,
Er = M(M§)*?  ifkis of the form k = 45 + 3.
We claim that then, if C is a sufficiently large absolute constant, (5.19) holds also

for k = n + 2. Since (5.19) holds trivially for k = 1, it follows that (5.19) holds for
allk > 1.

That (5.19) is valid for all k£ > 1 can be proved by an induction similar to that
used in the proof of Lemma 1. Hence we omit the details. We only mention that
the counterparts of the conditions C(Me)%/® < 1, 3¢C(Me)?/3 < 1, and

(Me)?/3C (2¢)/(1 — 2eC(Me)*/®) < n/3

needed for the proof of the second paragraph of Lemma 1 are C(M§)/? < 1,
36C(M6)M/? < 1, and

(M&)V2C(28)/(1 — 26C(M6)2) < n/3.
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We shall now take the view that Lemma 2 has been proved.

Note that in Lemma 2, the upper bound for |a| has period 4, while in Lemma 1,
that upper bound had period 3. This is connected to the difference in the exponents
2/3 of Me and 1/2 of M4 in the lower bound for the radius of convergence of the
power series for f.

We may now finish the proof of Theorem 2 in the same way as we dealt with
Case V of Theorem 1 in §4, part (3). Briefly, we note that we only consider points
b € B(zg, R) so that if M = 6+ |z0|+ R+ || > 1, then the assumptions of Lemma 2
will be satisfied provided that jw;| < § and 0 < § < 1. We fix a number € (0,1)
satisfying (7/2)(1 + 7)/(1 — n) < 1.6. After that, we choose § € (0,1) so that
all the conditions in Lemma 2 are satisfied, including those required to apply the
last paragraph of Lemma 2 with this 7 (note that, by construction, we then have
36C(M8)'/?% < 1).

We are assuming that V(z) and w(z) are unbounded on I" but

Jminf [w(2) =0

We have fixed § € (0,1) above. Thus there exists a sequence of points {z,} on I’
such that |w(z)| < & for z € I, where I’y is the arc of I from 2241 t0 22, fork > 1,
while |w(z)| > & on the remaining subarcs of I". As in the proof of Theorem 1, we
see that |w’(zn)| — oo.

We apply Lemma 2 to b = zg;—;. Since w'(z,) — oo, it is clear that for all
sufficiently large values of k, the assumptions of Lemma 2 will be satisfied.

For each sufficiently large value of k, we replace the subarc I, of I' by the
arc fr(Qx), where fi is the branch of the inverse function of w(z) mapping a
neighbourhood of w(2s—1) onto a neighbourhood of 25,_; and Q) is the shorter
arc of the circle S(0,4) joining w(z2x—1) to w(zzx), the latter point being the first
point on w(I") after w(zx—1) with modulus §. Applying Lemma2to f = f,, we see
that the radius of convergence of the power series of f;, with base point w(zzx—1) is
at least 1/(C(M§)1/?) > 34, so that w(Ik) C B(0,0) C B(w(zz2k—1),35). It follows
that the paths f(w(I%)) and fx(Qx) have the same end points, namely, 2551 and
29. Hence this modification leads to a continuous path. Performing this operation
for all large k, we obtain a new path I".

Next, it follows in the same way as in the proof of Theorem 1 that for
each modified part of I', the new length divided by the old length is at most

(r/2)(1+7)/(1 - n) <16.
We now construct a Riemann surface 5 which amounts to a small neighbourhood

of the modified path. The proof is completed in the same way as for Theorem 1.
This completes our sketch of the proof of Theorem 2.
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