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In this paper we shall deal with Monge-Amp~re equations of  the 

following kind : 

(1) F = - - A ( x , y , z . p , q ) r + 2 B ( x , y , z , p , q ) s + C ( x , y , z , p , q ) t  

+ ( r t - - s  2 ) -  E ( x , y , z , p , q )  = 0 

(p = z , ,  q = zy ; r = z~, , s = z,y , t = zyy). 

W e  assume that the equation is elliptic for the given solution z = z ( x ,  y ) ;  

i .e. ,  the inequality 

(2) A = A C  - -  B z + E > o 

holds. 

Equations of  this type frequently occur in problems of  differential 

geometry in the large. In this connection the problems of  Minkowski  and 

Weyl  O) deserve particular attention, since they stimu!ated many researches 

on this subject. They lead to the following Monge-Amp~re equations which 

in terms of  local parameters ( u ,  v) take the fo rm:  

(3) r t - -  s 2--- f ( u ,  v) > O, 

(4) {'2'I ,oo) (ovv -/q2} -{2221 pv) 
- -  (pus - -  {' 1'} pu - -  {'221 pv) 2 = . K  (u ,  v) [EG - F 2 - -  (Gp2u-- 2Fpupv + Ep~)] . 

In the last equation, which is due to Darboux [7], {',~} . . . . .  {222} are the 

Christoffel symbols with respect to the line element 

(5) as 2 = E ( u  , v ) d u  2 + 2 F ( u  , v) d u d v  + G ( u  , v) dv 2. 

Furthermore K ( u ,  v) is the Gauss curvature of  ds 2, which is assumed to 

be positive, and p ( u ,  v) stands for any component  of  the position vector 

I. For a detailed account on the history of these problems see Nirenberg [25]. 
A. D. Alexandrow's work on Weyl's embedding problem is described by Efimow [9] 
and Pogorelow [27]. For a discussion of Weyl's problem see also Winmer [32]. 
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(6) X (u ,  v) = (x (u ,  v ) ,  y ( u ,  v) ,  z (u ,  v)) 

of the surface under consideration. 

In solving the problems of Minkowski and Weyl by a continuity 

method(Z) one is confronted with the problem of obtaining suitable bounds 

for the second and higher order derivatives of the solutions of (3) and (4) 

in any compact subset of the parameter domain (so-called a priori estimates). 

In order to get a precise formulation of this question let us impose the 

following conditions on the coefficients of the Monge-Ampbre equation (1) 

and the solution z = z ( x , y ) :  

(i) The function z ( x , y )  is of class C 3+x ( 0 < •  in a domain Q 

of the xy-plane and satisfies (1), where the coefficients 

A • A ( x , y , z , p , q ) , . . . , E  ~ - E ( x , y , z , p , q )  

are of class C 2 in an open set of the 5-dimensional space containing the 

hypersurface : 

(7) X = { ( x , y , z ( x , y ) ,  p ( x , y ) ,  q ( x , y ) ) ,  ( x , y ) ~ } .  

coefficients A . . . . .  E satisfy for (x ,  y ,  z ,  p , q)~ Y~ the (ii) The 

inequalities : 

(s) 
(9) 
(lo) 
(11) 

where ~o, cq,  ct2 

IA I, ..., IEI ~_ ~o, 
A ~ AC -- B 2 + E >~ ct-f 1, 

IAJ . . . . .  IEql < - 1 ,  

are finite positive constants. 

(iii) For the solution z ( x , y )  of (1) we have the estimates: 

(12) I z (  x ,Y)] <= to, 
(13) [ p ( x , y ) ] ,  . [ q ( x , y ) [  <=T,, 

where ( x , y ) E  ~ and y0, j t  are finite positive numbers. 

Now let d be a positive number and ~a the set of all points in 4] 

whose distance from the boundary of f] exceeds d. Then the main problem, 

with which we are concerned in the present paper, consists in establishing 

inequalities of the form 

04) Ir l ,  Isl ,  Itl <= ko(,,o,,-~..~, to, r~, d)~ ~ ,  

and 

2. See Weyl [31], Nirenberg [25], and Lewy [tS], [19]. 
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(15) ] r , ]  . . . . .  I ty[ <= kl (cz0 ,~ , ,a2 ,  T0, D , d ) <  o~, 

valid for (x ,  y) ~ Qa. (3) 

The first decisive approach to this problem was made by H. Lewy 

[16], [17] in the case of  analytic Monge-Amp~re equations. In [16] he 

studies the analogous problem for the more general Monge-Amp~re equation 

(16) Ar + 2Bs + Ct + D ( r t - - s  2) = E 

under the additional assumption that the coefficients A . . . . .  E are analytic 

in a complex neighborhood of  •, and a bound for the moduli o f  the second 

order derivatives of  the solution is known, say D .  From these data he 

derives estimates for the third and higher order derivatives o f  z ( x ,  y). 

In [17] he carries the analysis still further by removing the condition 

(iv) lyl ,  Is[,  Itl < r~, (x ,y)+ f~, 

and thus proves a general theorem of  compactness for a certain class of  

Monge-Amp+re equations under the assumption that the first derivatives of  

the solutions are uniformly bounded. However he does not give an explicit 

estimate for their second derivatives. As a principal tool for establishing 

his results he makes extensive use of  the characteristic equations associated 

with (1) and (16), which furnish the analytic continuation of  the original 

solutions into the complex domain. He also observes in [17] that an a 

priori limitation o f  the second derivatives is impossible for the general 

Monge-Amp~re equation (1). (+) 

Applying his results to the equation ( 3 ) a n d  an equation of  the 

Darboux Type (4)(s) he solves the problem of  Minkowski and Weyl  in the 

case of  analytic data (see [18] and [19]). 

Since the papers o f  H. I.ewy much effort has been concentrated on 

the question o f  whether the condition of  analyticity in the equations (1) 

and (16) can be dropped. The first decisive step in this direction was made 

3. No assumptions are made regarding the boundary values of z Estimates 
for the derivatives of 2 !x ,  y), which are valid in the closure of .o. and depend on the 
smoothness of boundary values and the boundary curve of ~2, were given by Bernstein 
[~], Leray [15], and Pogorelow [28]. 

4. See the example on p. 35 of this paper. This phenomenon is remarkable 
in view of the fact that the characteristic equations of (I) do not involve the second 
derivatives of the solution z (x, F). 

5. See the remark at the end of this paper. 
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by Nirenberg [24] and Pogorelow [27], [28] (6) who considered the general 

elliptic equation in two variables: 

1 F 2 >  ~ (18) F ( x , y , z , p , q , r , s , t ) - -  O, F,F~----~ . 

So far as the estimation of the third derivatives is concerned, the 

sharpest result is due to Nirenberg, and is as fol lows: Let z ~ z (x ,  y) 
be of  class C 2 and a solution of  (18), where the function F has continuous 

first derivatives in an open set of  the 8-dimensional space containing the 

hypersurface 

(19) T =  {(x,y,z(x,y), p(x,y), q(x,y), r(x,y), s(x,y), t(x,y)), ( x , y ) ~ f ] }  

and satisfies for ( x , y , z , p , q , r ,  s ,  t) E T the inequalities 

(20) IF.I .... , IF ,  

(21) F , F , -  4 F ~  >~ 

Furthermore, let the estimates (13) and (17) hold. Then the second derivatives 

of  z (x ,  y)  satisfy for (x ,  y) ~ ~a 

exponent depend only on eL, ~,  yl 

This theorem immediately 

a H61der condition whose coefficient and 

,y2 ,  and d.(7) 

gives us a partial answer to our main 

problem, for on applying the well-known Schauder estimates for linear 

equations(8) it follows that under the hypotheses ( i )~ ( i i i )  an inequality o f 

the type (15) is established once we can prove (14). ~ Furthermore on 

account of  a differentiability theorem of  E. H o p f  [13] the assumption that 

z(x ,y)  be of  class C 3§ ( 0 < •  is implied by the fact that z(x ,y) 
has continuous first and second derivatives. 00) 

The methods of Nirenberg and Pogorelow are essentially different in 

character. Nirenberg 's  results, which are based on the earlier work of  

Morrey [23], can be regarded as theorems on linear elliptic equations with 

6. For an English summary of part of Pogorelow's results see [26]. 

7. See Nirenberg [24], Theorem I. 
8. See [29], Theorem 1. Simplified proofs have been given by Miranda [22], 

Chapter V, and Douglis-Nirenberg [8]. 
9. The corresponding result of Pogorelow (see [27], Appendix 2) is somewhat 

weaker in the sense that it furnishes estimates for the third order derivatives of the 
solutions of (18) depending also on the bounds for the third order derivatives of 
F o n  T. 

10. See Nirenberg [24], Theorem 3. 
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bounded coefficients and thus yield information concerning the differentiability 

of  the solutions of  (18). On the other hand Pogorelow makes strong use 

of  the non-linear character of  the equations under consideration and thus 

derives even bounds for the second derivatives of  the Monge-Amp~re 

equations (3) and (4). Completing the earlier work of A. D. Alexandrow 

on the Weyl embedding problem he considers in [27], Chapter IV, w 

a convex cap with a one-to-one projection on the plane z = 0 and a planar 

boundary ; i.e., a vector X (u,  v) = (x (u ,  v) , y (u ,  v) , z (u,  v)) defined for 

(u ,  v) E f2 such that z (u ,  v) #- O, xuy~ -- x~ y~ ~ 0 for (u ,  v) ~ Q and z = 0 

on the boundary of f2. Applying his specific method of  auxiliary functions 

to the Darboux equation (4) he derives appropriate estimates for the 

quantities [Xuu[ . . . . .  ]X'w ] in terms of the line element ds 2 of  the surface 

X ' •  X ( u ,  v). His result is contained in Theorem 5 of the present paper. 

Furthermore, with the aid of  a geometrical theorem on convex surfaces, 

due to A. D. Alexandrow [2], he proves in [28], w the existence of  a 

finite positive number k -- k (ct0, fzl, czz, y0, d) such that the second derivatives 

of the solution of (3) satisfy the inequality 

(22) I . I ,  I s l ,  Itl < .2,  r0, d) 

for (u ,  v )EQa .  In this connection mention should be made of the well- 

known inequalities of  Weyl [31] and Miranda [21].(1') However, since 

they are established for the solutions of  the corresponding differential 

equations defined on the closed unit sphere, they do not yield interior 

estimates for the associated Monge-Amp~re equations ( 3 ) a n d  (4) in the 

sense described above. 

The method adopted in the present paper for estimating the solutions 

of  the Monge-Amp~re equation (1) can be regarded as a further development 

of  the ideas of H. Lewy and is thus different from the methods of Nirenberg 

and Pogorelow. Now since the equation (1) ceases to be analytic, we can 

no longer set up the corresponding characteristic equations in the complex 

domain, as Lewy has done, but must restrict ourselves to real variables. 

Let z=z(x,y) be a solution of ( l )  and let the hypothesis ( i)--(i i i)  be 

11. For a proof of these inequalities see also Nirenberg [25] w tO and w 16. 
An estimate analogous to that of Miranda has been derived by Pogorelow [28] in w 5 
of this paper. A thorough treatment of the inequalities of Weyl and Miranda and their 
corresponding identities has recently been given by Wintner [33]. 
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satisfied. Then on account of  the uniformization theorem we can introduce 

real Farameters (u ,  v) in the large, such that the equation 

(23) q) -~ Ftdx  2 --  F s d x d y  + F, dy'- : ~(du 2 + dv ~-) 

holds identically in d x , d y .  More precisely, we can determine two real- 

valued functions x ( u ,  v) and y ( u ,  v), such that the following conditions 

are satisfied : 

(i') x ~ x ( u ,  v) and y = y ( u  , v) map the unit disc u 2 + v'- ~ 1 

homeomorphical ly onto the disc 

(24) F ----- {(x -- Xo) 2 + (y  - -yo)  2 ~ R e} ~ Q  

such that x ( O ,  O) = Xo and 3 ' (O,  O) ~ - y o .  

(ii') For u 2 + v 2 < l  the functions x ( u , v )  and y ( u , v )  belong to C 2. 

0 (x,y) 
Furthermore, we have 0 (u ,  v) ~ 0 and the representations : 

A + t  x~, + x 2~ B - - s  x.3,. + x~y~ C + r  y~ + y~ 

(25) ]~-~ :~ xuY~--~xv3'-u - '  | f X  xuyv -- xvyu [ :X  xuyv --  x~y,, 

Obviously y = u + i v  and y * ~ u - - i v  are characteristic parameters 

with respect to the equation (1), and our method corresponds to that of  

solving the Cauchy problem for non-linear hyperbolic equations. 02) By some 

formal computations one can derive from ( 2 5 ) t h e  following differential 

equations : 

(26) x . ~ + X ~ v = h t ( x , y , z , p , q ) ( x 2 . + x 2 . ) + h 2 ( x , Y , z , P , q ) ( x ~ y ~ + x ~ y ~ )  
2 2 + h3 (x ,  y ,  z ,  p ,  q) (Yu + Yv) + h4 [x ,  y ,  z ,  p ,  q) (xu y~- -  xv Yu), 

(26') y , , , ,+y~  h , ( x , y  z , p  q) 2 2 ]~2 = , , (x + x ) +  ( x , y , z , p , q ) ( x ~ y ~ + x ~ y ~ )  

+ h3 (x , y ,  z p ,  q) (y~ + y~) + h4(x , y ,  z ,  p ,  q) (x,,y~ -- x,y,,), 

where hi . . . . .  /74 can be expressed in terms of the coefficients of  (1) and 

their first derivatives (see Lemma 3). Furthermore, on account of  (i') and 

(ii') it is easy to establish the following inequality for the Dirichlet integral 

of  the mapping functions (see Lemma 4) :  

(. (27) t (x.~ + 2 2 X d u d v  ~ N (c~o rl R ) <  oc x + y,, + y~) , , . 

u2+v ~ < 1 

Suppose now that we wish to estimate the second and higher order 

12. See Courant-Hilbert [6], Chapter V, especially pp: 344--345, also Hadamatd 
[10], Appendix llI. 
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derivatives of the solution at the point (x0,5'0). Then from the represen- 

tations (25) it follows that this can be done provided that we succeed in 

determining upper bounds for the derivatives of the functions x(u,  v) 
and y(u ,  v) and a positive lower bound for the modulus of the Jacobian 

of the mapping (u,v)-->-(x,y). Now since the mapping functions are 

solutions of the system (26), (26') and satisfy hypothesis (i') together with 

the inequality (27) we can apply our earlier results [12] and thus establish 

the following propositions: 

Theo rem 1. L e t  t h e  h y p o t h e s e s  (i), (ii) a n d  (iii) t o g e t h e r  

w i t h  t h e  i n e q u a l i t y  (17) be  s a t i s f i e d .  F u r t h e r m o r e ,  l e t  v 

be  a r e a l  n u m b e r  in  t h e  i n t e r v a l  O < V < I .  T h e n  we c a n  

d e t e r m i n e  t h r e e  f i n i t e  p o s i t i v e  n u m b e r s  

Oo : 90 (c~0, ct~ , r~ , ~'~ , d ,  v ) ,  

'01 ~ -  I/Qtl (13[0 , 0"1 , ~2 , r l  , ~2 , d ) ,  

O~ - -  ,'t2 ( ~ 0 ,  " ,  , ~ 2 ,  i'~ , ~'2 , d ,  v )  

s u c h  t h a t  t h e  f o l l o w i n g  e s t i m a t e s  h o l d :  

]r(x,, y,) -- r(xo, yo)l __< Oo [(x,- -x+)  2 + (y+-yo)+]  ,+-' 

(28) 

I t (x, , y,)  -- t (xo, yo) l ~ ,% [(x, - Xo) + + (yl -yo)2]  a'/2 

f o r  (Xo,yo)E~d a n d  (xl,yl) EQa, 

(29) I**I, . . . ,  It ,  l --<- o, f o r  ( x , y )  EQd, 

a n d  

I r .  ( x , ,  y , )  - r . ( x o ,  yo) l <= '% [(x,  - Xoy + (y,  -yo )~ ]  ++/2 

( 3 0 )  

l t y  (Xl  , yl) - -  l y  (Xo, Yo) I ~ ;~= [(x, - xo) + + (y, -yo)+] ,,, 

f o r  (xo,yo)~Qa, (x,,yt)~Q+. 

Theorem 2. L e t  t h e  h y p o t h e s e s  (i)--(iii) be  s a t i s f i e d .  

F u r t h e r m o r e ,  l e t  t h e  c o e f f i c i e n t s  A,B,C be  i n d e p e n d e n t  

o f p  and q. T h e n  we h a v e  f o r  (x,y) EQa e s t i m a t e s  o f  t h e  f o r m :  

(+t) I ,I ,  Isl ,  Itl r, ,  d)< +0. 
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Theo rem 3. L e t  t h e  h y p o t h e s e s  (i)--(iii) b e  s a t i s f i e d .  

F u r t h e r m o r e ,  l e t  t h e  c o e f f i c i e n t s  h, . . . . .  /~, o c c u r i n g  in  

t h e  c h a r a c t e r i s t i c  e q u a t i o n s  (26), ( 2 6 ' ) b e  i n d e p e n d e n t  o f  

z, p a n d  q a n d  s a t i s f y  f o r  ( x , y ) ~ Q  t h e  i n e q u a l i t i e s  

(32} ] h, (x, y) . . . . .  h4 ( x ,  y)] ~ l~0, 

Oh, Oh4 I 
(33) - a T  . . . . .  - - a T -  < ' 

w h e r e  [30 a n d  ~1 a r e  f i n i t e  p o s i t i v e  c o n s t a n t s .  T h e n  w e  

h a v e  f o r  ( x , y )  EQa t h e  e s t i m a t e s  

(34) [r I , [ s / , I t  I ~ A(•0, ~0, ~, ,  j ' , , d ) ,  

w h e r e  A is a f i n i t e  p o s i t i v e  c o n s t a n t .  

As mentioned above, the estimates (29) and (30) of Theorem 1 are 

also consequences of Nirenberg's results. Regarding the a priori limitation 

of the second derivatives carried out in Theorem 2, it is remarkable that 

the bound c~2 for the moduli of the second derivatives of the coefficients 

A ... . .  E does not enter into the inequality (31), in contrast to the estimates 

of Pogorelow [28] and Miranda [21]. This fact enables us to weaken the 

differentiability conditions in certain existence theorems (for instance, in 

Theorem 4 of Nirenberg [25]). Theorem 3 constitutes a generalization of 

one of Lewy's principal results (see [17], p. 373) to the case where the 

coefficients A .... , E ;  h, . . . . .  h4 are no longer assumed to be analytic. If we 

apply Theorem 1 and 3 to the Darboux equation (4) we obtain the following 

esimates for a convex surface in terms of its metric ds2: 

Theorem 5. H y p o t h e s e s :  

(i) T h e  v e c t o r  X ( u , v J - - ( x ( u , v ) ,  y (u , v ) ,  z(u,v)) is  o f  

c l a s s  C 3+x ( 0 < •  in  a d o m a i n  ~ o f  t h e  u v - p l a n e  a n d  s a t i s -  

f i e s  t h e  e q u a t i o n s  

(35) X 2 = E, XuX, ,= F , X 2 :  G 
U V " 

(ii) T h e  f u n c t i o n s  E(u ,v ) ,  F(u,v)  a n d  G(u,v) a r e  o f  

c l a s s  C 4 a n d  s a t i s f y  f o r  ( u , v ) E Q  t h e  i n e q u a l i t i e s  

e l  . . . . .  Iol< , 

(36)  . . . . .  LGooI < 
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(37) EG -- F ~ >= a -1 , 

a n d  

(38) K ( u ,  v) > a - ' ,  

w h e r e  K ( u , v )  is  t h e  G a u s s  c u r v a t u r e  o f  t h e  l i n e  e l e m e n t  

ds2 -~Edu  2 + 2 F d u d v + G d v  2, a n d  ct is  a f i x e d  p o s i t i v e  c o n s t a n t .  

(iii) T h e r e  e x i s t s  a f i x e d  u n i t  v e c t o r  Z, s u c h  t h a t  t h e  

i n e q u a l i t y  

' (Z  x ) l ~ r > o  (39 )  ~ , _ 

h o l d s  f o r  ( u , v ) ~ Q ,  w h e r e  X r e p r e s e n t s  t h e  u n i t  n o r m a l  o f  

t h e  s u r f a c e  X = X ( u , v ) .  

Conclus ion:  L e t  v be  a r e a l  n u m b e r  in  t h e  i n t e r v a l  

0 < V < l .  T h e n  t h e r e  e x i s t  t h r e e  p o s i t i v e  n u m b e r s  

r 0 = t 0 ( ~ , j ' , d ) ,  T , = r t ( ~ , r , d )  a n d  r 2 = T z ( ~ , ~ ' , d , v )  

s u c h  t h a t  t h e  f o l l o w i n g  e s t i m a t e s  h o l d :  

(40 )  j x . . I  . . . . .  [ x ~ i < T o  } f o r  (u,v)~O~, 

a n d  

(42) 

X . . .  ( u , ,  v,)  - x . . .  (uo .  Vo) 1 --< T~ [(u, - Uo) 2 + (v, - vo)~]~/2 

x ~ o  ( u , ,  v,)  - x ~  (uo ,  vo) ] ~ ~ [(u, - Uo) ~ + (v, - ~o)q~/' 

f o r  (u0,vo) EQa and (ul,vl) EQa.(tza) 
In the case where the line element ds z is invariantly defined on the 

unit sphere, we can eliminate the condition (39) and thus obtain the 

estimates which are required for an analytical treatment of Weyl's embedding 

problem (see Theorem 6). Apart from some occasional modifications the 

procedure for establishing the inequalities in quesion corresponds to that 

of H. Lewy [18]. Since no detailed presentation of Lewy's method is avail- 

able, it has been felt desirable to give a thorough treatment of  the charac- 

teristic equations associated with (1) and especially with the Darboux 

equation (4). Incidentally we thus re-establish a classical result of Darboux [7]. 

This is done in sections 2.1 and 3.1. Furthermore, for the sake of comple- 

12a. In the corresponding theorem of Pogorelow quoted above ~d is replaced by the 
subset of points in ~ where I(Z, X)l > d, and it is assumed that (Z ,X)  vanishes for 
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teness, a proof of the fundamental theorem of conformal mapping with 

respect to a Riemannian metric is given in w 1, which makes the paper 

independent of others. The principal results, part of which have already been 

published in [11], are contained in Sections 2.2 and 3.2. 

w 1. CONFORMAL MAPPING WITH RESPECT TO A RIEMANNIAN METRIC 

1.1. The  Eel t romi Equot ions .  

Consider a pair of functions u ( x , y )  and v ( x , y ) ,  which are of class 

C' in a domain Q of the xy-plane and satisfy the Beltrami system 

(1.1.1) 

j - -  bv,  + avy 

I - -  cv~ + bvv 
uy --  ] / a c  - -  b 2 

(L.1.3) 

and 

(1.1.4) 

Here a ( x ,  y ) ,  b (x , y ) ,  c ( x ,  y) denote three continuous functions in 

such that a c - - b  2 5 0 .  If we furthermore assume that 

(1.1.2) v2 + > 0 

holds, then we have 

cv 2 ~ 2bv~vy + av 2 
a ( u x v ~ , - u y v ~ ) =  a ~- . . . . . . . . . .  Y- > o ,  

V ac - -  b 2 

~ --: adx 2 + 2bdx dy + cdy 2 -- v a c  ~ b 2  (d u2 + dye) 
Ux Uy - -  Uy Ux 

identically in dx , dy. 

From (1 .1 .3 )and  ( t . 1 . 4 ) i t  follows that to each point (x0 , y0j ~ Q 

there exists a-neighborhood which is mapped conformally with respect to 

the metric cp onto a domain of the uv-plane. If u ~  and v * ( x ,  y )  is 

another pair of  functions satisfying the above conditions, then we have 

(1.1.5) (du')  2 + (dr ' )  2 ~  ?~(du2+ dr2) ,  

and 
0 (u ' ,  v') 

(1.1.5") r v) > O, 

hence 

(t.  1.6) u* + iv* = ~ (u  + i v ) ,  

where ~ is an ordinary analytic function with non-vanishing derivative, 
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For later purposes it is necessary to consider the inverse functions 

x ( u , v )  and y ( u , v ) .  In contrast to u ( x , y )  and v ( x , y )  they satisfy a 

simple non-linear system of differential equations of the type considered 

in [12]. In order to derive these equations we first observe that (1.1.1) 

can also be written in the form: 

b u x  - -  a u y  

v ,  - 1 / _ a c _  b ~ 

(1 .1 .7)  CUx - -  b u y  

%' - -  W a c  - -  b 2 

Now we have 

(1.1.8) u, = 5yv,  

0 (u, v) 
where 8- -  

O ( x . y )  " 

u y =  --Sx~;  v , =  - - B y , ,  v y =  8x , ,  

Inserting this into (1.1.1) and (1.1.7) we obtain 

(1.1.9) 

Xu - -  

Xv  - -  

bxv + cy,  

l / a c  - -  b 2 

bx. + cy .  

and 

(1.l .9 ')  

Yu 

V - -  v 

ax,, + by~ 

V ~  _ b 2 

ax ,  + by ,  

I /  a c  - b ~ 

To proceed further we make the additional assumption that the 

coefficients a ( x , y ) ,  b ( x , y )  and c ( x , y )  are of class C L and the mapping 

functions x ( u , v )  and y ( u , v )  belong to C 2. Differentiating (1.1.9) and 

to u and v we obtain the following differential (1.1.9') with respect 

equations : 

J,'( (1.1.to) •  ~ 

(1.1.10') h y  = 

C 

a 

- -  V~a_c~._b_2 - ( x ,  y~ - -  x~ y,,) ,  

0( b )l 
- -  ~ V a c _ b  - ( x , y , - x o y ~ ) .  

Furthermore, from (1.1.9) we derive the representations: 
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(ul.ll) 
b 

c 

] f  aC - -  

+ 

x ,  y~ - -  xv y~ ' 

x,, y,, + x~ y~ 

x ,  Yv - -  x~,y," 

X 2 - ~  X 2 
u v 

x~ yv - -  xv yu ' 

which are in fact equivalent to (1.1.1). 

1.2. Exis tence Proof. 

We shall now show that it is possible to map a circular disc, whose 

closure is contained in ~, conformally with respect to the metric q0 onto 

the unit disc. In the case of an analytic metric ~p this is an immediate 

consequence of the theorem of Cauchy-Kowalewski and the uniformization 

theorem. In order to extend this result to the case of a non-analytic 

metric ~p, we shall approximate ~p by a sequence of analytic metrics qo,, and 

then apply the results obtained in [12]. (13) It is thus possible to avoid the 

classical theorems of Korn [14] and Lichtenstein [20] on the existence of 

isothermal parameters in the small. Another proof, based on a different 

method, is due to Ahlfors [1], 

L e m m a  1. L e t  t h e  f u n c t i o n s  a ( x , y ) ,  b ( x , y )  a n d  c ( x , y )  

b e  a n a l y t i c  in  Q (i.e., regular power series in the vicinity of each 

point i n ~ )  a n d  s a t i s f y  t h e  i n e q u a l i t y  a c - - b 2 > o .  T h e n  t o  e a c h  

p o i n t  ( x 0 , y 0 ) E •  t h e r e  e x i s t s  a p a i r  o f  f u n c t i o n s  u = u ( x , y )  

a n d  v = v ( x , y )  w h i c h  a r e  a n a l y t i c  in  a n e i g h b o r h o o d  o f  

(Xo ,Yo )  a n d  s a t i s f y  t h e  e q u a t i o n s  (1.1.1). F u r t h e r m o r e ,  

we  h a v e  

a (x0, y0) (u, vy - -  uy v,),  =,0 > 0 . 
Y =Y0 

Proof. Let u (x  , y )  and v ( x ,  y) be a pair of analytic solutions of 

(1.1.1). Then by elimination of u we obtain the following differential 

equation for v:  

13. In the case of a metric q0 with bounded coefficients a similar approximation 
process has been carried out by Morrey using his results on quasi-conformal mappings 

(see [23], Theorem 3). 
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0 ( cv,--bv~ ) 0 (--bv,+avy)  
(1.2.1) OX Va-C~ ~ + --O-y- V a c _ b  2 : o. 

Conversely, if v(x ,  y) is an analytic solution o f  (1.2. l)  in a neighbor- 

hood of  (Xo yo), such that (v~ 2 , + V y ) , = %  > 0 ,  and if we set 
Y=Yo 

(x,y) 

(1.2.2) u ( x ,  y )  = - -  ~ = =  dx + dy 
%. yo I V ac - b~ 1 ~ - a t -  b ~ ' 

where the path o f  integration is the straight segment joining the points 

(x0 ,y0) and (x ,  y), then the function u ( x , y )  is uniquely defined in a 

neighborhood of  (x0 ,y0), and the equations (1.1.1) are satisfied. Further- 

more, according to (1.1.3), we have 

a (x0 ,  yo) (u ,  v~ - 

I f  we write (1.2.1) in the form 

2b a 
(1.2.3) Vxx = --Vxy ~ - -  Vyy 

C C 

uy vy), = ~0 > 0 .  
Y=Y0 

V-ac~-  b 2 c 0 b 

+ 11 

) -  )1 + 

and prescribe the initial conditions 

(1 .2 .4)  V(Xo , y )  = o ,  v~(Xo , y )  = 1 ,  

then the assertion o f  the lemma follows from the theorem of  Cauchy- 

Kowalewski. (14) 

L e m m a  2. L e t  t h e  f u n c t i o n s  a(x ,y ) ,  b (x ,y )  a n d  c (x , y )  
b e  o f  c l a s s  C a+• ( 0 < •  (15) in  a d o m a i n  Q a n d  s a t i s f y  t h e  

i n e q u a l i t y  ac--b2>o. F u r t h e r m o r e  l e t  t h e  d i s c  

O----- { (x- -x0)  2 + O'-- Yo) 2<=R2} 

b e  c o n t a i n e d  i n  Q. 

T h e n  t h e r e  e x i s t s  a p a i r  o f  f u n c t i o n s  x(u,v) a n d  y(u,v)  
w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  

14. See, for instance, Hadamard It0], pp. 14--19. 
15. A function is said to be of class C k+~ in Q, (k=0,!  .... ; 0 ~ v  <~ l) if it 

has continuous derivatives up to the kth order, which satisfy HOlder conditions of 
exponent v in any compact subset of Q. 
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(i) x = x ( u , v )  a n d  y = y ( u , v )  m a p  t h e  u n i t  d i s c  u2+v2<~1  

h o m e o m o r p h i c a l l y  o n t o  t h e  d i s c  D, s u c h  t h a t  x ( o , o ) = x 0  

and  y ( o , o ) = y 0 .  
(ii) F o r  u ~ + v  2 

o f  c l a s s  C 2 a n d  sa 

(1.2.55 
t o y  

(1.2.6) 

< 1  t h e  f u n c t i o n s  x ( u , v )  and y ( u , v )  

t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s :  

~ ' ~ - ~  , - ~ -  V ~ - ~  
( ~ ) o ~ 

(iii) F o r  u 2 q - v 2 < l  we h a v e  x . y ~ , - - x ~ y , , ~ O ,  a n d  

a Y.+ + Y~ 
V ac - Y x .  y . - -  x~ y . '  

b x~ y .  + xv y~, 

[/ac --  b 2 X. yv - -  x .  y .  

C X2 - ~ X 2  
u v 

]/~ac --  b 2 x .  y .  --  x~ y,," 

are 

] (x .  y~ --  x~ y . )  , 

) ] ( x . y ~ - - x ~ y . ) .  

Proof. (I) We first prove the assertion under the additional assumption 

that the functions u ( x  , y ) ,  b ( x , y )  and r  y)  are analytic in the disc D. 

According to Lemma 1 we can determine to each point (x*, y*)E D 

a positive number 8 and a pair of  functions u * ( x , y ) ,  v * ( x , y )  with 

the following properties: 

(i') The functions u * ~  u*(x ,  y), v * =  v*(x,  y) map the disc 

K = l ( x - ~ * )  2 + ( y - y ' ) 2  < ~1 
topologically onto a domain in the u*v*-plane. 

(ii') u ( x , y )  and v ( x , y )  are analytic in K and satisfy the Beltrami 

system (1.1.1). 

0 ( u " ,  v*) > o .  
(iii') For ( x , y )  E K  we have a ( x , y )  �9 O ( x , y )  

Furthermore, if (x*--x0)2 + (y*--yo)  ~ --  R 2, we can choose the 

functions u ( x , y ) ,  v ( x , y )  such that 

(i") the circular arc 

o---- Kf~{(X--Xo)  2 + ( y - y 0 )  2 - - R  2} 

is mapped onto a segment of the real axis v*=  0. 

Introducing the system of local parameters (u*, v*) the disc D thus 
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(1.2.8) 

and 

(1.2.9) 

becomes a simply connected finite Riemann surface S. From the uniformi- 

zation principle for finite Riemann surfaces (tO it follows that S can be 

mapped conformaliy onto the unit disc u s + V2< 1. The mapping functions 

u - - u ( x , y )  and v = v ( x , y )  are analytic for ( x , y ) ~ D  and satisfy the 

conditions (1.1.3) and (1.1.4). Furthermore, we have u (x0, y0) = v (x0, y0) = o. 

Hence they are solutions of the Beltrami system (1.1.1). The statements 

(ii) and (iii) of the lemma then follow from (1.1.10), (1.1.10')and (1.1.11). 

(II) We shall now remove the restriction that the functions a ( x ,  y), 

b(x ,  y) and c(x ,  y) be analytic in D. According to the Weierstrass 

approximation theorem there exist sequences of polynomials 

{a,,(x,y)}, {b,,(x,y)}, {c,,(x,y)}, 

such that the relations 

an(x, y) ->" a(x ,y)  .... , Cn(X , y) +C(X ,y) ; | 
(1.2.7) Oa~ 3a 3c~ Oc j n --~ 

o ~ - - "  o-W~ . . . .  ' O-y - ->  O y 

hold uniformly in D. Consequently there exist two finite positive constants 

cl and c2 such that for (x , y ) E D  and n>=n0 the inequalities 

! Oa~ Oc,, 
ia,,(x,Y) i + ' " + i C n ( X , Y ) ]  + ! O~x- + . . .  + i ~ -  < c , ,  

b J 

an (x , y) cn (x , y) -- bn (x , y)2 > c2 

are satisfied. Let u, , (~,  y) and v,,(x, y) be the mapping functions defined 

in (I) and xn(u,  v), y, ,(u,  v) be the inverse functions satisfying the 

conditions (i), (ii) and (iii), where the functions a, b, c have to be replaced 

by a,,, b, ,  cn. From (1.2.6) we conclude 

(1.2.1o) 

16. 

loxeS2 [Oxn~2 lOy,,~z (@#)2 
= \ o u !  + \ o ~  ! + \ O u !  + 

]/a,, Cn - -  bn2 0 (x~, Yn) 
O ( x ,  y) 

(?u,,ta l o v , , l  2 a 
o,c ! + \ Ov! + \ ~ # !  + \ Sy ! 

0 (Un , V,,) 
3 (X, y) 

See, for instance, Schiffer-Spencer [30], w 2.10. 
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Hence by (1.2.8) and (1.2.9) we have for n>_no the estimates: 

(1.2.11) [ Oxn ~Z [OX. ~2 JOy n ~2 (00_~)2 C_~20(Xn ,y,) } 
\ Y ~ I  + ~W-1  + ~ o,, I + <= o (,,,  ~) ' 

and 

(1.2.11') ~ Ox ! + ~ Oy ! + ~-~-x ! + ~-Of-! -~ O(x.y) " 

On integrating (1.2.11) and (1.2.11') we obtain the inequalities 

J[d) " | \ - ~ - !  [[ Ox,, ]2+ \ Ov-v ~ ]~ + \l O Y"ou ]'1 + . . ~ . ~,", ) '  l du ,tv (1.2.12) 

u2+v ~ < 1 
a ~  du dv .~" xct R2 c_Z_t 0 ( x ,, , y ,, ) = c--Z--t d x d y = 

U2-~-V2 < I D 
and 

(1.2.12') . f f ' [ l  ou. i ' t o . .  ~ 2 1o,,. ~' l ov. ~2l axdy [Cff-x / + ~ Oy ! + ~,-~x ! + ~,-3-y) l 
o 

S_L~ o (~ . .  v.) c, du dv = V ~  " 
S F'-~ O(u ,v )  , dy - -  V ~ u , + v , < t  

According to [12], Theorem 9, (i) and (ii) together with the 

inequalities (1.2.8), (1.2.9) and (1.2.12) imply estimates of the following kind: 

(1.2.13) - ~ -  . . . . .  i Ov <= c3(R , p) < o~ , 

and 

(1.2.14) 

(u 2 + v 2 ~ p 2 <  1, n>~no), 

I x,,,, (u , ,  vl) -- x,,,, (u2, v,) I ~- c~ (R, p ,  v) [(u,--u2) 2 + (vt--v2)2] ~12 

IY., (u, ,  v,) -- Y,,v (u, ,  v2) l ~ c4 (R, p,  v) [(u,--u2) 2 + (v,--v2)2]*P, 

where c 4 ( R , p , v ) <  ec, n ~ n o ,  and 

,,~+~,___p~< i, ,,~+,,1<=p~< i, o<v<~.  

Furthermore, from [12], Theorem 7, we conclude that an estimate of the 

form 

[Ox,,~ 2 [Ox,~'~ 2 [Oy,,'~ 2 lOY.~2 
(1.2.15) ~-o~-! + ~ o~ ! + \ o,, ! + \ o~ ! >= ~,(R. ,o) ~ o 



ELLIPTIC MONGE-AMPERE EQUATIONS 17 

holds for u 2 + v 2 < = p 2 < l ,  and n>_no.  Using (1.2.11) we obtain the 

inequality 

o(~,,y,,) [ V~.~,(R p) 
(1.2.16) O(u~v)-, ] --  ~ c, ' > 0 , (n>_no)._ 

From (1.2.7), (1.2.13) and (1.2.14) we infer that there exists a 

subsequence {n~} of positive integers such that the relations 

x,,+ (u , 0 -> x (u , ~) | 
(1.2.17) Y"k (u ,  v) --> y (u ,  v) / k -->- oo, 

Ox,k Ox l 

o--~ -> -o~-  l 

(1.2.18) ] k ->- oo, 

Ov Ov J 

and 

(1.2.19) 
~"+ -> Fa-~-F - ~  l f~7--F (x+y~-xoy,) 

k-->- oo 

Ay,,,+ -..>- I / ~ - F  + --  Ox ]/-a-~-Z_b ~ (x,+,y+, - -  x+y,,) 

v =~p2< 1. Since by (1.2.14) the hold uniformly in every closed disc u2+  2 l- 

functions x ( u ,  v) and y ( u ,  v) are of class C l+v ( O < v <  1) for u 2 + v2< 1, 

the limit functions lim Ax, k and lim Aye, belong to C~ hence by [12], 
/~-+ 0o k -Too 

Lemma 2, x ( u ,  v) and y ( u ,  v) are of class C 2+k ( O < x < l )  for u2q-v2K[1 

and satisy (1.2.5) and (1.2.5'). Furthermore, from 0.2.16) we conclude 

that for u 2 + v 2 < y ~ 1 the inequality 

o (x, y) V ~ .  c+ (R ,o) 
(1.2.20) 6) (U-, v) >~-- Cl ' > 0 

holds, hence the functions x ( u ,  v) and y ( u ,  v) satisfy the equations 

(1.2.6). According to a classical result of Lebesgue (see [12], Lemma 16) 

statement (i) together with the inequalities (1.2.12) and (1.2.12')implies 

that the functions x,, (u , v), y,, (u , v) and their inverses un (x,  y), v,, (x, y), 

(n ~ n0) are equicontinuous for u 2 + v 2 _< 1 and (x --  Xo) 2 + (3' -- Y0) --<_ R 2 , 

respectively. Therefore the functions x ( u ,  v) and y ( u ,  v) are continuous 

for u 2 + v  2<__1 and map the disc u 2 + v  2=<_1 in a one-to-one way onto the 
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disc (X--Xo) z + ( y - - y 0 )  2 <= R z such that x(0  , O)=Xo 

This completes the proof of Lemma 2. 

and y ( o , o ) ~ y o .  

w 2. ELLIPTIC MONGE-AMPERE EQUATIONS 

2.1. Charac te r i s t i c  P a r a m e t e r s .  

Let z =  z ( x ,  y) be a real-valued function, which is of class C 2 in a 

domain ~ of the xy-plane and satisfies the partial differential equation 

(2.1. l)  F ( x , y ,  z , p ,  q ,  r ,  s ,  t) = 0 

( p = z ~ ,  q = z  v; r = z ~ ,  s=z~y ,  t = z y y ) .  

In order that (2.1.1) has a meaning we assume that F is a real-valued 

function of class C 1 in an open set of  the 8-dimensional space 

( x , y , z , p , q , r , s , t )  

containing the hypersurface 

T = { ( x , y ,  z (x ,y ) ,  p(x ,y) ,  q(x ,y) ,  r (x ,y) ,  s(z ,y) ,  t (x ,y)) ,  ( x , y ) ~ ]  I. 

Now the equation F = 0 is called elliptic, if for 

(x , y ,  z , p  , q ,  r ,  s ,  t ) ~ T  

the inequality 

D = F , F , - - 4 F ~  > 0 (2.1.2) 

holds. (2.1.2) implies that the characteristic differential form 

(2.1.3) cp = Ftdx  2 --  F, d x d y  + Frdy  2 

is (positive or negative) definite. I f  we furthermore assume that the functions 

z ( x , y )  and F be sufficiently regular the results of w 1 show that we can 

introduce new independent variables u = u ( x ,  5') and v = v ( x ,  y) in the 

large such that 

(2.1.4) 

and 

(2.1.4') 

,p = ), (x , y) (du z + dr2), 

F~ �9 (u, vy - -  uy v,) > 0 

hold. In accordance with the general theory of hyperbolic equations in 

two variables (17) the quantities x ,  y ,  z , p ,  q, r ,  s ,  t, considered as functions 

of u and v, satisfy certain non-linear elliptic systems of the type considered 

in [12], w 3. Although not strictly logical, we shall call the parameters (u ,  v) 

17. See Courant-Hilbert [6], Chapter V, also Hadamard [10], Appendix Ill. 
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introduced by (2.1.4) and (2.1.4'), characteristic with respect to the equation 

F - - - - 0 .  

In the following investigations we shall be concerned with the 

Monge-Amp~re equation 

(2.1.5) F =__ Ar  + 2Bs + Ct + rt - -  s ~ - -  E = 0 

(A  = A ( x , y , z , p , q ) ,  . . . ,  E = E ( x ,  y , z , p , q ) ) .  

For any solution of (2.1.5) we have 

I F2 (A + t) (C + r) - -  ( B  - -  s)  2 (2.1.6) D = F , F ~ - - ~  s = 

--:- AC - -  B 2 + A r  + 2Bs + Ct + r t - -  s 2 

= A C - - B 2 + E .  

Ellipticity of the equation (2.1.5) 

The main object of  this section 

equations satisfied by the functions 

characteristic parameters 

will be carried out in 

by formal computations. 

Lemrna  3. L e t  

s a t i s f y  t h e  e l l i p t i c  

(2.1.7) A r  

therefore means that A C- -  B 2 + E > 0. 

consists in setting up the differential 

x ( u , v )  and y ( u , v ) ,  where ( u , v )  are 

gith respect to the equation (2.1.5). This procedure 

the next lemma, which is derived from Lemma 2 

z = z ( x , y )  b e l o n g  t o  C 3+x ( 0 < •  a n d  

M o n g e - A m p ~ r e  e q u a t i o n  

+ 2Bs + Ct + r t - -  s 2 - -  E ,  

D ~ - A C - - B  2 + E > 0  

in  a d o m a i n  Q o f  t h e  x y - p l a n e .  F u r t h e r m o r e ,  l e t  t h e  

c o e f f i c i e n t s  J----- A ( x , y , z , p , q ) ,  . . . ,  E = E ( x , y , z , p , q )  be  o f  

c l a s s  C 2 in  an o p e n  s e t  o f  t h e  5 - d i m e n s i o n a l  ( x , y , z , p , q ) -  

s p a c e  c o n t a i n i n g  t h e  h y p e r s u r f a c e  

X = { ( x , y , z ( x , y ) ,  p ( x , y ) ,  q ( x , y ) ) ,  ( x , y ) ~ Q } ,  

a n d  l e t  t h e  c i r c u l a r  d i s c  (X - -  Xo)2 + (y  - -  yo)2 <= R 2 b e l o n g  t o  f2. 

T h e n  t h e r e  e x i s t s  a p a i r  o f  f u n c t i o n s  x ( u , v )  a n d  y ( u , v )  

w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :  

(i) x ~ - x ( u , v )  a n d  y = y ( u , v )  m a p  t h e  u n i t  d i s c  u 2 + v 2 < = l  

h o m e o m o r p h i c a l l y  o n t o  t h e  d i s c  ( x - - x o ) 2 + ( y - - y o ) ~ R  s u c h  

t h a t  x ( 0 , 0 ) = x 0  a n d  y(0 ,0 ) - - - -y0 .  

(ii) F o r  u 2 + v 2 < 1  t h e  f u n c t i o n s  x ( u , v )  a n d  y ( u , v )  a r e  o f  

c l a s s  C 2 a n d  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  
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( 2 . 1 . 8 )  

(2.1.83 

w h e r e  t h e  f u n c t i o n s  h),  . . . ,  /~4 a r e  

e x p r e s s i o n s  

1 (D~ + D,p -- DI, C + DqB) 

(2.1.9) 

a n d  

(2.1.9') 

h~ ~ ~ h~ (x,, hx  = h, (x~+x~) +h2 (x,,y,,+xoy~) + (y .+y~)  + y~--x~y,,), 

ay : l~ t (x~+xo)+,~2(x , ,y , ,+x~y~)+ " ' 2 2 h3 (y, +y~) +/~4 (x,, y~--x~ y,,), 

d e f i n e d  b y  t h e  

h2 = --Aq --  Bp --  -2@ (Dy + D d + DpB -- DqA) 
2 

h3 ~- Ap 

1 ( A , + B v + A ~ p + B , q _ A p C + (  Ao+Bp) B _  BqA- -  t_l Dp) 
h, = V 3  2 ' 

1~1 --= Cq 

1 
[~2 = --By -- Cp -- - ~  (D. + D.p --  DpC + DqB) 

1 (Dy+ D,q + DpB- -DqA)  

t~4-- ]/DI (Cy+B.+C,q+B,p - -BpC+(Bq+ Cp) B - -  CqA -- 1__2 Dq) . 

(iii) F o r  u Z + C <  1 we h a v e  x, y v - - x ~ y , , : # O  a n d  t h e  

r e p r e s e n t a t i o n s  

A + t  x ~ + x  2 B - - s  x . y ~ + x ~ y ~  
( 2 . 1 . 1 0 )  - 

V b  x,,y~ - x ~ y , , '  1/-3 x , , y~ -x~y , , '  

C + r y] + y~ 

l f b  x~ Yv -- xv y~ 

Proof. The characteristic form associated with the equation (2.1.7) is 

(2.1.11) (9 = (C + r) dx 2 -- 2 (B -- s) dx dy + (A + t) ay2, 

and by (2.1.6) we have 

(2.1.12) (C --b r) (A + t) -- (B -- s) 2 = V > 0 

for (x ,y )  Ef]. Since by hypothesis the coefficients of q~ are of class C 1+• 

(0<V~<l) in Q, the statements (i) and (iii) are immediate consequences of 

Lemma 2, (i) and (iii). Furthermore, from (t.2.5) and (1.2.5') we obtain 

the differential equations 
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(2.1.13) 

and 

(2.1.13') 

We shall 

Ax l Ox ~ ]/-9 ] + -07 (x,, y, -- x, y,,), 

Ay = 0 + ~ - (x,, v xvy,,) 

now transform the right-hand sides of (2.1.13) and (2.1.13') 

into expressions which contain the quantities x,  y , z ,  p ,  q; x . . . . . . .  y~ only. 

First of all, we have 

(2.1.14) c)x + 

_ 1 ( A . + A = p +  As, r + A q s + B y + B . q + B t . s  ~-Bqt) 
Vb 

B - - s  
A + t (D.+D=p+Dpr+Dqs) 2~ .D(Dy+D,q+Vps+Vqt )  
2DVb 

-- ~ [ (A.+A=p+By+Bd--ApC+B (Aq+Bp) -- BqA) + Ap (C+r) 

- -  (Aq+Bp)(B--s) + Bq (A+t)]  

A + t [(D=-~ D=p--DtC+DqB) + Dp (C+r) -- Dq (B--s)] 
2D]f D 

B - - s  
2D]/ D [(Dy+ D d +  DpB--DqAJ -- D p (B--s) + Dq (A+t)]  

_ 1 [A,+A,p+By+B,q--ApC + (Aq+Bp) B--BqA] 
VD 
A + t 

[Bq -- ~D (D=+D=p--DpC+DoB)] 

B - - s  1 
+ - ~ - [  - (Aq+Bp)  -- TD- (Vy+V=q+VpB--DqA)] 

C + r  Dp 
+ ~/_~-  �9 Ap 2D]/-D [(A+t) (C+r) -- (B- - s )q .  

Using (2.1.12) we obtain 

(2.1.15)  =h, +h297+.3 +h4, 

where the coefficients ht . . . . .  h4 are defined by the equations (2.1.9). 

In the same way we derive the equations 
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(2.1.16) oy \ Vb ! 4- W - r ~  ~ 

= ~ (Cs+C"q+C~s+Cct+B*-k-B"p+Bpr+Bqs) 

C+~ B- -s  
2--~(Dy+D.q+D~s+Dq t) 2D]/~)(D~+D*p+D~r+Dq s) 

= ~ [(Cy+C,q+B~+B,p+(Cp+Bq) B--CqA-. B~C) 
P 

-- (Ct.+Bq) (B--s) + Cq (A+t) + Bp (C+r)]  

C+r [(D~+D~q+DpB--DaA ) -- Dp (B--s) + Dq (A+t)]  
2Dgb 

B -- s [(D~+D~p_Dt, C+DqB) + Dp (C+r) -- Dq (B--s)]  
2DV-[) 

_ 1 [(Cy+C.q+B,+B,p +(Cp+Bq) B--CqA--BpC)] 

A+t B--s 1 (D~+D~p--DpC+DqB)] + 1/--~.c~+-V-~[-c,-B~-5-d 
C+r [Bf -- - ~  ( Dy+ D.q+ Di, B--DqA)] 

+ ~Vb- 
Dq [ ( A + t ) ( C + r ) - -  (B--s)2]. 

2DVb 
With the aid of (2.1.12) it follows that 

_;LU+,~ o/.8-s'~ A+t B-~ c+,  
(2.ta7) Oy~V. b / + ~-\ -17~] = L �9 ~-~ + L .  ~ + L  .-r +~,, 

where the coefficients ht . . . . .  h4 are given by the formulas (2.1,9'). If we 

now insert the expressions (2.1.15) and (2,1.17) into the equations (2.1,13) 

and (2,1,13') and use (2.1,10) we arrive at the differential equations (2.1.8) 

and (2.1.8'). Lemma 3 is thus proved. 

2.2. Interior Estimates. 

The essential feature of the preceding lemma lies in the fact that 

the second order derivatives of  the solutions of (2.1.7) are given by the 

simple formulas (2.1.10), whereas they do not enter into the differential 

equations (2,1.8) and (2.1.8'), This enables us to establish a priori estimates 
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for the second and higher order derivatives of  the solutions of certain 

Monge-Amp~te equations in terms of bounds for the first order derivatives. 

The proofs of these statements will depend on the results obtained in [12], w 3. 

In order to apply these we shall first derive from Lemma 3 a simple 

inequality satisfied by the functions x(u ,  v) and y (u ,  v): 

L e m m a  4. L e t  t h e  f u n c t i o n  z ( x , y )  s a t i s f y  t h e  h y p o -  

t h e s e s  o f  L e m m a  3. F u r t h e r m o r e ,  l e t  t h e  i n e q u a l i t i e s  

IA] <= a ' " "  "El s  I ( x , y , z , p , q ) e E ,  0 < , , <  oo, 
D=AC--B2+E>--=~ -1 j (2.2.1) 

a n d  

(2.2.2) IP( x , y ) i ,  iq( x ,y)[  < F <  ~176 ( x , y ) ~ f ~ ,  

b e  s a t i s f i e d .  T h e n  w e  h a v e  t h e  e s t i m a t ' e  

(2.2.3) . ] ;  (x~+x~+y2,+y~v)dudv < 2~a312R2+4~ra'12FR, 

u2--J-v 2 <~ 1 

w h e r e  x(u,v)  a n d  y(u ,v )  a r e  d e f i n e d  b y  L e m m a  3. 

Proof. Let p be a real number in the interval O < p <  1. Then from 

(i), Lemma 3, it follows that there exists a real number R 0 satisfying the 

inequality 0 <  Ro< R such that the image domain K* of the circular disc 

K = { ( x -  Xo) 2 + (y--yo) ~ < R~} 

under the mapping (x,y) + (u,v) covers the disc u 2 + v zG__p2. For 

abbreviation let K '  denote the circle K ' =  {(x--xo)2+ (y--yo) z = R~}. Now 

on account of (2.1.10), we have 

A + C + r + t  
(2.2.4)  .... ~-fD . . . . .  

for u 2q-v  2 < 1 .  Hence with the 

the estimate 

(2.2.5) 

x 2 + x2 + y2 _;_ y2 v 
U v 

x~ y~ - -  x~ y ,  
:Ao 

aid of  (2 .2 .1)  and (2.2.2) we obtain 

fi" (x~-kx~§ du dv _<_. (x~-kx~--ky~+y~) du dv 

tfl-l-v2~,o 2 K* 

[ A + C + r + t ]  dxdy < ,~,l, f f  = "(A+C+r+ 0 d, dy [ �9 = [ 
K K 

= a'/2 ~ ' (A+C)dxdy  + ~ (--qdx+pdy)] 
;, K, ] 

<= a 1/= (2= aRo ~ + 4= yR0) <= 2~r ct ̀/e R z + 4n a 'n  FR. 



24 ERHARD HEINZ 

If we now let p tend to 1, we arrive at the desired inequality (2.2.3). 

T h e o r e m  1. 

H y p o t h e s e s :  

(i) T h e  f u n c t i o n  z = z ( x , y )  is  o f  c l a s s  C 3+x ( 0 < •  in  a 

d o m a i n  ~ o f  t h e  x y - p l a n e  a n d  s a t i s f i e s  t h e  M o n g e - A m p ~ r e  

e q u a t i o n  

(2.2,6) Ar + 2Bs + Ct + rt -- s 2 ---- E ,  

w h e r e  t h e  c o e f f i c i e n t s  A = A ( x , y , z , p , q )  ..... E - ~ E ( x , y , z , p , q )  

a r e  o f  c l a s s  C z in  an o p e n  s e t  o f  t h e  5 - d i m e n s i o n a l  s p a c e  

c o n t a i n i n g  t h e  h y p e r s u r f a c e  

g = { ( x , y , z ( x , y ) ,  p ( x , y )  

(ii) T h e  c o e f f i c i e n t s  A . . . .  E 

t h e  i n e q u a l i t i e s  

(2.2.7) 

(2.2.8) 

(2.2.9) 

(2.2.10) 

w h e r e  C~o,al a n d  a2 ar 

(iii) F o r  t h e  f u n c  

(2.2.11) p(x 

a n d  

q(x,y)), (.,y)~f~}. 
s a t i s f y  f o r  ( x , y , z , p , q ) ~ Z  

AI  .. . . .  IEl< o, 

D = A C - - B  2 + E ~ a o  1, 

IA,[ . . . . .  !Eql <_-- ~,,  

]A,~r . . . . .  ru,qr <=~2, 

e f i n i t e  p o s i t i v e  c o n s t a n t s .  

t i o n  z ( x , y )  we h a v e  t h e  e s t i m a t e s  

,Y)I<=Y,,  [q(x ,y)]<~Z,  

(2.2.12) [r (x ,y )  <~ y2, Is (x ,Y)  l <= "(2, I t (x ,Y)  l < "(2, 

w h e r e  ( x , y ) E Q  a n d  YI,'D a r e  f i n i t e  p o s i t i v e  c o n s t a n t s .  

C o n c l u s i o n :  

L e t  Qa d e n o t e  t h e  s e t  o f  a l l  p o i n t s  o f  f2, w h o s e  

d i s t a n c e  f r o m  t h e  b o u n d a r y  e x c e e d s  a p o s i t i v e  n u m b e r  d. 

F u r t h e r m o r e ,  l e t  v be  a r e a l  n u m b e r  in  t h e  i n t e r v a l  

0 < v < l .  T h e n  t h e  f u n c t i o n  z ( x , y )  s a t i s f i e s  t h e  i n e q u a l i t i e s  

(2.2.13) 

I r (x, ,  y,) -- r (x0, Yo) I <= 00 (a0, a , ,  r , ,  r2, d, v) [(xl --  x0) 2 + (y, - -  y0)2] v '  

I t(xt ,y,) - t (Xo  ,yo)] < Oo (~o, a,,  r , ,  y2, d, v) [(xL -- Xo) 2 + (y, --yo)21 "/2 
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f o r  ( x l , y , ) ~ Q a ,  (xo,yo)~Qa,  

(2.2.14) i r* I, -" ,  /ty I ~= t'q' (ao, (z,, cx2, j ' , ,  D ,  d) 

f o r  ( x , y ) E Q a ,  a n d  

(2.2.15) 

r, (x, , y,)  -- r, (Xo , yo) I <= 02 (ao , ct, , a2 , y, , "(2, d,  v) [(x,--Xo) 2 + (y,--yo)2]m 

ty (x,, y,) -- ty (x0, yo) I <= ,92 (ao, a , ,  a2, j ' , ,  D ,  d,  v) [(x,--Xo) 2 + (Yl--yo)2] ~# 

f o r  ( x l , y l )  EQa, (xo,yo)EQa, w h e r e  0o,0t a n d  t92 a r e  f i n i t e  

p o s i t i v e  c o n s t a n t s .  

Proof : Let (Xo, Yo) be an arbitrary point in Qa. According to Lernrna 3 

there exists a horneornorphism x---x(u,v), y - - y ( u , v )  of the disc 

u 2 + v  2 ~ 1  onto the disc (X--Xo) 2 + ( y - y o )  2 ~ d  2 such that x ( 0 , 0 ) = x 0 ,  

y ( o , o ) = y o ,  and the equations (2.1.8), (2.1.8'), (2.1.10) are satisfied. 

Now let 

y (u, v) --yo (2.2.16) X ( u  v) x ( u , v ) - - X o  Y ( u  v) 
�9 d ' ' d ' 

and 

(2.2.17) H i ( X ,  Y) = dhl, ..., I~I,(X, Y)  = dh,,  

where the quantities hi . . . . .  /~4 are defined by the formulas (2.1.9)and 

(2.1.9'). Then the functions X ( u , v )  and Y ( u , v )  are of class C 2 for 

u 2 + v2< I and map the disc u 2 + v 2 <= 1 homeomorphically onto the disc 

X2 + y2 <_ 1 such that X ( 0 , 0 )  = Y (0 ,0)  = 0 and the differential equations 

(2.2.18) AX = H, ( X ,  Y) (Xu 2 + Xv 2) 

+ H3 (X,  Y) (Yt + V~) 
(2.2.18') A y = f l i t ( X ,  Y)  CXZ + X2) 

+ ~3 ( x ,  Y) (Y~ + y~) 

hold. Furthermore, 

CO) for X 2 + y 2 <  1 

(2.2.19) 

+ u2 ( x ,  Y) (x. Y~ + xo Y~) 
+ H, (X, Y) (X~ Y~ -- X~ Y~), 
+ /:/2 (X, Y) (X. Y. + X~ Y~) 
+ f~, ( x ,  Y) (x~ Y~- x~ Y~) 

the coefficients H1 (X,  Y) . . . . .  H, (X,  Y) are of class 

and satisfy inequalities of the form 

I H, (X,  Y)] -<-- d.o (ao, ~, ,  r~), 

I n* (X,  Y) l < a,o (,~o, c,,, r,), 
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and 

(2.2.20) OH1 
OX , 

< d 2 ~tl (,Xo, a , ,  a~, r ' ,  r~) 

I 0/-/4 d 2 i ~  ~ -  < I * , ( ~ 0 , a t , a 2 , j ' l , r 2 )  for X 2 + Y 2 < 1 ,  

where bt0 and ~q are finite positive constants. As to the mapping functions 

X ( u , v )  and Y (u ,v ) ,  we derive from Lemma 4 the estimate 

(2.2.21) ~ ( X ~ + J ~ + Y 2 + Y 2 )  du dv ~ 2amff 2 + 4~tot~o/2 ~q d -1 . 
t 

ue+v2 < 1 
o ( x .  Y )  

Furthermore, we have @ O. 
0 (u ,  v) 

Now applying Theorem 9 and Lemma 1 of [12], we obtain inequalities 

of the form : 

(2.2.22) ]Xu! . . . . .  ] Y v l < = ~ t z ( a o , a l . y , , d , , o ) <  o~ 

(u 2 + v 2 <= p2 < 1), 

(2.2.23) 

x .  (u, ,  91) - x .  (Uo, vo) i < ,.3 (.*o, < ,  r , ,  a ,  p ,  v) [(u,- , ,o)  ~ + (v,-vo)q, 'n 

Y. 0 , 1 . 9 , ) -  Yo (uo, 9o) I < ~3 (,,o, -1 ,  r , ,  a ,  ,o, ,9 [ (u , -Uo) '  + (91-  vo)q,~: 

(ulZ-k-P~'<p2<1, u~--}-gZo~P'<1 , O < v ' ~ l ,  ~t3~c,z); 

(2.2.24) I x . . [  . . . . .  IY.ol < ~ ( a o ,  ~ , , ~ ,  r l ,  r ~ , d , p ) <  ~ ,  
(u 2 + v ~ <= ,o ~ < 1) 

and 

(2.2.25) 

! x . . ( u ,  , 9,)  - x . . (Uo ,  Vo) < t*~(,~o, ,~,, ct~, r , ,  "r d,,o, v) [(u,--Uoy + (91--Vo)q% 

IYw(uL, v l ) -  Yv~(Uo, Vo)i < Vs (ao,eq, az, yt, y2 ,d ,p ,v)  [(ul--Uo) 2 + (vt--Vo)2]~'t 2, 

( u ~ + v 2 < P  2 < 1 1 =  , u o2+vo~p2<l_ , O < v < l ,  ~5<o0).  



ELLIPTIC MONGE-AMPERE EQUATIONS 27 

Furthermore, from [12], Theorem 7, we derive an estimate of the following 

kind : 

(2.2.26) X ~ + X 2 v + Y ~ + Y ~ p 6 ( a o , a , , y t , d , p ) > O ,  

( u  ~ + v 2 <__,o~< 1), 
an3 by (2.2.4) we have 

X~ + X2~ + Y~ + Y2~ I A + C + r + t ] 
(2.2.27) [X,~ Y~ -- X~ Y~ I = V 3 

< I A l q - I C t q - l r l q - t t l  < 2%~t2(a0+D)< oo 

= 1 / ~  = 

Combining (2.2,26) and (2.2.27) we obtain 

(2.2.28) ]X, ,Y~--X~Y, ,]  ~ [.t6(( ' t0,al,) ' , ,d,jo) 
-- 2a~/2 (ao + ~'2) > 0,  

where u2+v2~io2< 1. Now let ( x l , y l )  be a point in O such that 

(xt--xo) 2 + ( y , - y o )  2<2s 2, and put 

x~ --  x0 yt -- yo 
(2.2.29) X~ -- Y, -- 

d ' d 

If (u,, vt) is the image point of (Xx, Y1) under the mapping (X ,  Y) --> (u,  v), 

then we have 
(x I , Izt ) /(0. 0,) 

(2.2.30) u~ = ~ d.~ + ~-y--dY , 
(0. o) 

{X1 ) Y1 ) 

(2.2.30') ( + 

to. o) 

where the path of  integration is the straight segment joining the points 

( 0 , 0 )  and ( X , Y ) .  From (2.2.30) and (2.2.30') we conclude 
(X24 X2 ~y24 y2)112 

(2.2.31) (u~ + v~) m ~= (X~ + y~),/2 Max 
x~+r~<=,/4 [x.Yv-X~Y~i 

Now since ) / = X ' ( u , v ) ,  Y =  Y ( u , v )  is a homeomorphism of the 

disc u2+v 2G1 onto the disc X'2+Y 2 ~ 1 ,  such that X (0 , 0) = Y (0 , 0) ----- 0, 

and (2.2.21) holds, it follows from [12], Lemma i6, that we can determine 

a positive number p---- [(c~0, y l , d ) ~  1 such that the image domain of the 

disc X 2 + y2 ~_~ under the mapping ( X , Y )  + ( u , v )  is contained in the 

disc u2+v2Gp  2. Hence by combining (2.2.22), (2.2.28), (2.2.29) and 

(2.2.31) we obtain the estimates 



28 ERHARD HEINZ 

(2.2.32) (u~.-l- v21)'/2 ~ p(Oto, y, ,  d ) <  1, 

and 

(2.2.32') (u~ -~- ~121)112 ~ ~7 (1~0) I~l, •l) •2) d) [(Xl--xo) 2 -]- (el--yo)2] 112 ) 

where ~tr denotes a finite positive constant. 

The proof of the lemma is completed by using the equations (2.1,10) 

(see Lemma 3). First of all we get 

(2.2.33) r = --C + ]/-D �9 Y~ + Y2v 
z~Y~ - z o Y . '  

s = B  - - I lL)  �9 X , ,Y , , -kX~Y~ 
X~ Y~ -- X~ Y . '  

+ 
t = - A  + / b  �9 z . Y v - x v Y .  

Differentiating these equations with respect to x and y we obtain 

(2.2.34) rx : --(C, + C, fl + Cpr + Cqs) 

1 y ~  + y2v 
+ ~ _ ~  (h,  + o,p + Ot, r + hqs) �9 X ,  Yv -- X~ Y ,  

r y:+Y: Y, ) y, ] 
+ d [OukX, Y v - - X ~ Y , I X ,  Y ~ - - X , Y ,  Ov~X,Y~-XTY~ X , Y , - - X ~ Y , '  

and similar representations for the functions r y , . . . ,  ty. From the equations 

(2.2.33) and (2.2.34) the inequalities (2.2.13)--(2.2.15) are derived suc- 

cessively by making use of the estimates (2.2.22)--(2.2.25), (2.2.28), 

(2.2.32) and (2.2.32'). The theorem is thus proved. 

Our next object consists in exhibiting certain classes of  Monge-Amp~re 

equations for which interior estimates of  the second order derivatives can 

be obtained.. Two cases of such equations will be considered. Both of them 

allow applications to problems of differential geometry in the large. 

Theorem 2. 

H y p o t h e s e s :  

(i) T h e  f u n c t i o n  z = z ( x , y )  is  o f  c l a s s  C 3+x ( 0 < •  in  a 

d o m a i n  Q o f  t h e  x y - p l a n e  a n d  s a t i s f i e s  t h e  M o n g e - A m p ~ r e  

e q u a t i o n  

(2.2.35) A ( x , y , z ) r  + 2 B ( x , y , z ) s  + C ( x , y , z ) t  + (r t - -s  2) 

= E ( x , y , z , p , q ) ,  

w h e r e  t h e  c o e f f i c i e n t s  A , B , C , E  a r e  o f  c l a s s  C (2) in  an 
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o p e n  s e t  o f  t h e  5 - d i m e n s i o n a l  s p a c e  c o n t a i n i n g  t h e  

h y p e r s u r f a c e  

Y,={(x ,y , z (x ,y ) ,  p(x,y), q(x,y)), ( x , y ) e ~ } .  

(ii) T h e  c o e f f i c i e n t s  A , . . . , E  s a t i s f y  f o r  ( x , y , z , p , q )  E~, 

t h e  i n e q u a l i t i e s  

(2.2.36) ]AI . . . . .  I E I <= C~o, 

(2.2.37) D = AC -- B 2 + E >~ ao~ , 

a n d  

(2.2.38) i A, ] . . . . .  [Eq [ ~ a t ,  

w h e r e  a0 a n d  ~t a r e  f i n i t e  p o s i t i v e  c o n s t a n t s .  

(iii) F o r  t h e  s o l u t i o n  o f  (2.2.35) we h a v e  t h e  e s t i m a t e s  

(2.2.39) Ip(x,y)],  [q(x,y) I <= "f~, 

w h e r e  (x,y)~ff~, a n d  y~ is a f i n i t e  p o s i t i v e  c o n s t a n t .  

C o n c l u s i o n :  

L e t  ffIa d e n o t e  t h e  s e t  o f  a l l  

t a n c e  f r o m  t h e  b o u n d a r y  e x c e e d  

T h e n  t h e  s e c o n d  d e r i v a t i v e s  o 

s a t i s f y  f o r  (x,y)~ffIa t h e  i n e q u a l i t  

(2.2.40) I r ] ,  I s ] , l l [  <= O(ao,  

w h e r e  O 0 x 0 , a l , j ' t , d  ) is  a f i n i t e  po  

p o i n t s  o f  ~, w h o s e  d i s -  

s a p o s i t i v e  n u m b e r  d. 

f t h e  f u n c t i o n  z ( x , y )  

i e s  

~ ,  T1, d), 

s i t i v e  c o n s t a n t .  

Proof: Since the coefficients A , B ,  C of the equation (2.2.35)do not 

depend on p and q, the associated functions hi . . . .  , h4, defined by the 

formulas (2.1.9) and (2.1.9') fulfill the relations 

(2.2.41) hi == /~2, h2 --= 7*3 and h3 = hi ~ 0: 

Retaining the notations introduced in the proof of the preceding theorem 

it follows that the mapping (u,v)-->- (X,  Y) satisfies all the hypotheses 

of [12], Theorem 10 with 

(2.2.42) M ~ d~t0 (a0, a l ,  j'1), 

and 

(2.2.43) N = 2~ct0312 "-t- 4~a~/z y1 d - t  �9 

Hence we conclude that the inequality 

(2.2.44) (]X, Yv--X~Y,[),-~=o~ ~ ( M , N , o ) > o  

holds, where X4(M,N,p) is defined in [12], Theorem 10. 
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Applying now (2.2.22) 

~ollowing estimates : 

!r(xo,Yo)] J 

(2.2.45) [S(Xo,Yo)] I =< ct~ + V - ~ + a ~  " 

t (x0, y0)[ 

If we now set 

(2.2.46) 0 (ao, a , ,  ;r d) = so + ],/a~ + so �9 

and (2.2.44) we derive from (2.2.33) the 

2~2(%,s~ ,  y , , d ,  0) 2 

X~ (M,  N ,  O) 

2V2(n0, s , ,  y , , d ,  0) 2 

~4 (M,  N ,  O) 

we arrive at the and remember that (xo,yo) is an arbitrary point in Qa, 

conclusion of the theorem. 

Theorem 3. (18) 

H y p o t h e s e s :  

(i) T h e  f u n c t i o n  z ( x , y )  is  o f  c l a s s  C 3+x ( 0 < •  in  a 

d o m a i n  Q o f  t h e  x y - p l a n e  a n d  s a t i s f i e s  t h e  M o n g e - A m p ~ r e  

e q u a t i o n  

(2.2.47) Ar + 2Bs + Ct + rt -- s 2 = E ,  

w h e r e  t h e  c o e f f i c i e n t s  A = A ( x , y , z , p , q )  ..... E = E ( x , y , z , p , q )  

b e l o n g  t o  C 2 in an o p e n  s e t  o f  t h e  5 - d i m e n s i o n a l  s p a c e  

c o n t a i n i n g  t h e  h y p e r s u r f a c e  

E - - - - - { ( x , y , z ( x , y ) ,  p ( x , y ) ,  q ( x , y ) ) ,  ( x , y ) ~ Q  I. 

(ii) T h e  c o e f f i c i e n t s  A . . . . .  E s a t i s f y  f o r  ( x , y , z , p , q ) ~ Y  

t h e  i n e q u a l i t i e s  

(2.2.48) J AI . . . .  , F Ei <_- s,,, 
a n d  

(2.2.49) D = AC -- B z + E ~ not ,  

w h e r e  a0 is  a f i n i t e  p o s i t i v e  c o n s t a n t .  

(iii) T h e  f u n c t i o n s  x ( u , v )  a n d  y . (u ,v )  d e f i n e d  in  Lemma 3 

s a t i s f y  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

(2.2.50) Ax ~ h l ( x , y )  r,x,,2 + x)" + hz (x , y ) ( xuyu+xvyv )  

o (x,y) 
+ h3 (. ,y)(y: +y~) + h4 (x ,y) o ~ 7 )  ' 

18. See Theorem 4 of [11], where an analogous result is proved. 
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(2.2.50') Ay -- [+,(x,y)(x+.+x2 v) q- l~2(x,y)(x.y.+xvy+) 

-b h3 (x, y) (y~ + y2) -t- t;4 (x, y) O (x, y) 
0 ( u ,  v)  " 

H e r e  t h e  c o e f f i c i e n t s  ht(x,y) . . . . .  h4(x,y) b e l o n g  to  C 1 f o r  

(x,y)EQ, a n d  we h a v e  t h e  i n e q u a l i t i e s :  

(2.2.51) ]h,(x,y) . . . . .  Ih4(x,y) i ~ ~o, 

oh, I 
(2.2 52) ~ - X  . . . . .  I - ~ Y  ~ 13,, 

w h e r e  ~0 a n d  ~i a r e  f i x e d  p o s i t i v e  c o n s t a n t s .  

(iv) F o r  t h e  s o l u t i o n  z o f  (2.2.47) we h a v e  t h e  i n e -  

q u a l i t i e s  

(2.2.53) [p(x,y) i, [q(x,y) l G'[ , ,  

w h e r e  (x ,y)EQ a n d  Ft d e n o t e s  a f i n i t e  p o s i t i v e  n u m b e r .  

C o n c l u s i o n :  

F o r  (x,y)EQg t h e  e s t i m a t e s  

(2.2.54) I~r I , l s l ,  ]tl < A(~0, ~0, ~ , ,~ ' , , a )  

h o l d ,  w h e r e  A is  a f i n i t e  p o s i t i v e  c o n s t a n t .  

Proof : We again use the same notations as in the proof of Theorem 1. 

Let the functions X(u ,  v), Y (u, v) ; H1 (X', Y) .. . . .  [-14 (X, Y) be defined 

by the equations (2.2.16) and (2.2.17), respectively, where now hi . . . . .  h4 

are the coefficients occurring in the equations (2.2.50) and (2.2.50'), 

Then from the inequalities (2.2.21), (2.2.51) and (2.2.52) it follows 

that the mapping (u,v)--> (X ,  Y) satisfies all the hypotheses of [12], 

Theorem 1l with 

(2.2.55) M0 = d~0, M, = d z ~ ,  

and 

(2.2.56) N = 2~ao3/2 -q- 4~ct0/z j', d - ' .  

Hence we have the estimate 

(2.2.57) (i X, Y~ -- Xv Y~ I),=v=o ~ Z5 (M0, M , ,  N ,  0) > 0, 

where ~.5 (M0, MI,  N ,  o) is defined in [12], Theorem 11. Furthermore, from 

[t2], Theorem 9, we conclude that estimates of the form 

(z.2.5s) I x , ( o , o ) l  . . . . .  I o) I , ,  13o, r , , a )  

hold, where ~ts(C~o, ~o, y l ,d )  is a finite positive number. If  we now 
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combine the inequalities (2.2.57) and (2.2.58) with the representations 

(2.2.33) we obtain the estimates 

[,(xo,yo)l  ] 

(2.2.59) I s(xo,yo)] < ao + ] f  ~ + ~o �9 

I t (,co,yo) I 
Putting 

(2.2.60) A ( a o , ~ o , O , , r , , a 3 =  a o + V % ~ + a o  �9 

298 (C~o, ~o, r ' ,  d) 2 
~,5 (Mo, M1, N ,  O) 

2~t8 (no,/%, ?'1, d) 2 
~s (Mo, MI ,  N ,  0) 

and remembering that (x0,Y0) is an arbitrary point of ~a, we arrive at the 

conclusion of our theorem. 

As an application of the results hitherto obtained, we shall treat the 

case where the coefficients of the equation (2.1.5) are independent of z, p, 

and q. It then becomes possible to estimate !p] and ]qi in terms of bounds 

for [z t and state: 

Theorem 4.09) H y p o t h e s e s :  

(i) T h e  f u n c t i o n  z = z ( x , y )  b e l o n g s  t o  C 3+x ( 0 < x < l )  f o r  

( x , y ) ~  a n d  s a t i s f i e s  t h e  M o n g e - A m p ~ r e  e q u a t i o n  

(2.2.61) A ( x , y ) r +  2 B ( x , y ) s +  C ( x , y ) t + r t - - s  2 = E ( x , y ) ,  

w h e r e  t h e  c o e f f i c i e n t s  A . . . . .  E a r e  o f  c l a s s  C 2 f o r  ( x , y ) E Q .  

(ii) F o r  ( x , y ) E Q  we h a v e  t h e  i n e q u a l i t i e s  

(2.2.62) [A I . . . . .  I E! ~ Cto, 

(2.2.63) D = AC -- B z + E ~ c~o' , 

(2.2.64) lax [ . . . . .  I Ey ] ~ a , ,  

(2.2.65) [A,,J . . . .  , i e , , [  =< 

w h e r e  a 0 , a t , a 2  a r e  f i n i t e  p o s i t i v e  c o n s t a n t s .  

(iii) T h e  f u n c t i o n  z ( x , y )  s a t i s f i e s  f o r  ( x , y )  E Q t h e  

i n e q u a l i t y  

(2.2.66) [z(x,  y) I ~ y0 < 

C o n c l u s i o n :  W e  h a v e  t h e  e s t i m a t e s  

(2.2.67) [pl,lqi< ,( o,ro,d) f o r  (x ,y) Qa, 
(2.2.68) Ir/, !s], !tl ~ ~2(ao ,a , ,  yo,d) f o r  (x,y)~Qa,(2~ 

19. This is an improvement of Theorem 4' of [11]. In the case where the 
coefficients A ( x , y ) , . . . , E ( x , y )  are analytic, an analogous result was previously 
established by H. Lewy (see [17], Theorem 2'). 

20. This contains the inequality ~22) of Pogorelow [28]. 
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(2.2.69) 

I r (x , ,  Yl) - -  r (Xo, yo) I <= 73 (So, a , ,  yo, d ,  v) [(x I - -  X O )  2 -[- (yI - -  yo) 2]*/2 

33 

I * (~,.  yt) - -  t ( X o ,  yo) I ~ 73 (s0. ~ , .  to. d.  v) t(x, -- Xo) ~ + (y, - -  y o ) 2 ]  */~ 

for (xo,yo)efla,  ( x , , y , )~ f Ia ,  and O < v < l ,  

(2.2.70) I ~ l  . . . . .  {t,{ ~ 7 ~ ( a o , a , , a ~ , y o , d )  f o r  ( x , y )~ f Ia .  

a n d  

(2,2.71) 
jr, (x, ,YO -- r, (xo , yo) J <= 75 (so, a, , a2, yo, d, v) [(x, --Xo) 2 + (y, --yo)2] */2 

I t, (,~,, y,) - t, ( ,o.  yo) I <: ~ (so. ~ , ,  ~ ,  ro, d, v) [(,,  - , o y  + (y, - -  yo)~] "/' 

f o r  (xo,yo)E~2a, (x~,yl )EOa,  a n d  0 < V < l ,  w h e r e  r~, . . . . .  7s a r e  

f i n i t e  p o s i t i v e  c o n s t a n t s .  

Proof:  We shall first establish (2.2.67). First of all, from (2.1.6) 

and (2.2.63) we conclude that the functions A + t  and C +  r have the 

same sign in Q. Performing the substitutions A-->---A, B ~ - - B ,  C->---C, 

E--~ E, z + - - z ,  we may suppose that the inequalities 

(2.2.72) A + t > 0 ,  C + r > o  

hold throughout ~, without changing either hypotheses or conclusion of 

the theorem. Now let (xo,Yo) be an arbitrary point of f]a and put 

(2.2.73) Z(x  ,y)  = z ( x , y )  + ~ -  [(X--Xo) ~ + (y--yo)2]. 

On account of (2.2.62) and (2.2.72) we have Z**>_ 0 and Zyy ~ 0.  

Consequently the functions Zx and Zy are monotonic in x and y, respectively. 

There exist real numbers x' ,x",  y ' , y "  satisfying the inequalities 

(2.2.74) x o - - d ~ x ' ~ x o ,  Xo ~ x "  ~Xo + d ,  

and 

(2.2.74') yo -- d ~ y" ~ yo, yo ~ y" ~ yo + d, 

such that the equations 
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(2.2.75) 
z (xo, yo) - z (Xo - a ,  yo) 

d 

(2.2.75') 
z (Xo + d,  yo) -- Z (xo, yo) 

d 

(2.2.76) z (xo, yo) - z (xo, yo - a) 
d 

and 

(2.2.76') 
z (xo, yo + a) - z (Xo, yo) 

d 

hold. From the above facts we conclude 

(2.2.77) 

and 

(2.2.78) 

= Z.  (x' ,  Yo), 

--  Z ,  (x",  yo) ,  

= Z,  (Xo, y ' ) ,  

= Zy (xo, y") 

I z~ (~o, yo) I = I z~ (Xo, yo) I ~ Max {I Z. (x', yo) J, [ Z, (x", yo) ll 

2 Max i z ( x , y o ) , <  2 (  ~o ) 
d - l x - x o l ~ a  = ~ -  ro + d2 , 

I zy(xo,Yo) ! = ]Zy(xo,yo) l ~ Max{ Z y ( x o , y ' ) l ,  

2 Max ! Z ( x o , y )  i < 2 ( 
s -d->-yol<a ' = d -  \r~ 

Putting 

(2.2.79) 

we arrive at the estimates (2.2.67). 

Now consider the function z(x,  y) in the disc 
1 .421 f2 = {(X--Xo)-' + (y--yo) 2 < u ~. 

In virtue of (2.2.67) we have for (x, y)E ~ the inequalities 

(2.2.80) I P (~, y) i, ', q (~, y) l ~ ~, (~o, ro, -~ a) = r , .  

Now applying Theorem 2 we obtain 

~(~o, yo)I } 
(2.2.81) S(Xo, yo) l ~ O((xO,(xt,'fi,~-d). 

t (xo,  yo) l 

If  we set 

(2.2.82) ~i2 ("o. a l ,  To, d) = 0 (o~,,, % ,  y, ,  12 d) 

and remember that (xO.Yo) is an arbitrary point in fIa, 

(2.2.68) are established. 

F Zy (Xo, y") 

+ ~ - d  ~ . 

the inequalities 
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Let us now put 

' d) (2.2.83)  ~'~ = ~ (~0, ~1, r0,3-  

and identify Q with ~. Then all the hypotheses of Theorem 1 are satisfied. 

Hence from (2.2.13) we conclude that for 
d 2 

( x , -  Xo) ~ + ( y , -  yoY < 1-g- 

and O < v <  1 the inequalities 

(2.2.84) 

I r(x , ,y l )  --rCxo,yo) [ 

d 
~= 1(}0 ((10, (11, j 'l, j~2, 7 '  V) [(X l-x0)  2 + (Yl--Y0)2] .12 

is analytic in the 

Ixll < 1 we have 

(2.2.87) 

and 

(2.2.87') 

vicinity of each point of the real axis. Furthermore, for 

if'(x)]< 1, 

1 
f "  (x) = 3 f" (x) ~ + 

It (x , ,  y,)  - t (Xo, yo) l 

hold. If we set 

(2 .2 .85)  
{ a,v), 2n~(~0,a,, r0, a)} ' *~3(%,~l ,y0 ,d ,v)  : Max 80 ( % , r  ~ - ~  

\ - /  

we arrive at the estimates (2.2.69). 

Finally, by a repetition of the preceding arguments, we successively 

derive the inequalities (2.2.70) and (2.2.71) from (2 .2 .14)and (2.2.15). 

Theorem 4 is thus proved. 

The following example, which is essentially due to H. Lewy [17], 

shows that an a priori limitation of the second order derivatives of the 

solutions of the Monge-Amp~re equation (2.1.5) in terms of bounds for 

the first order derivatives is in general impossible. Let f (x) be the teal 

solution of the ordinary differential equation 

(2.2.86) f ' ( x ' )  3 + e f ' ( x ) =  x ,  f ( 0 ) =  0,  

where E is a positive parameter. Obviously the function f ( x )  thus defined 
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(2.2.89) 

For p < 1, 

(2.2.90) 

and 

(2.2.90') 

From this it follows that the function 
y2 

(2.2.88) z ( x , y )  -~ f ( x )  -b - -  
2 

is a solution of  the Monge-Amp~re equation (2.1.5) with 

A - - - - - l + 3 p 2 + ~ ,  B = C = 0 ,  E =  1. 

q < l ,  and 0 < ~ < 1  we obviously have estimates of  the form 

I A i  . . . . .  iE~q I < a ,  

D = A C - -  B 2 + E ~ a - 1 ,  

where a is a fixed positive number. Furthermore, from (2.2.87)we conclude 

that the inequalities 

(2.2.91) I p ( x , y )  l ,  i q ( x , y ) ! < l  

hold for x 2 + y 2 <  1. On the other hand, by (2.2.87') we have 

1 
(2.2.92) r (0,  O) --  

e 

which tends to + v o  for 8->-0.  

w 3. THE WEYL EMBEDDING PROBLEM. 

3.1. S o m e  Classical  Results in Differential  Geomet ry .  

As an application of the results obtained in the preceding section we 

shall treat the following non-linear system of differential equations: 

(3.1.1) x 2 + y2 u + z 2 ---- E ( u  v) 
t*  t~  ' ' 

xuxv + y ~ y v + z , z ~ = F ( u , v ) ,  

x 2 + y ~ + z  2 = G ( u  v) 

This system, which can also be written in the more compact form 

(3.1.2) d x  2 + d y  2 + dz  2 = E d u  2 + 2 F d u d v  + Gdv 2 , 

occurs in the problem of realizing a given line element 

(3.1.3) ds  2 : E d u  2 + 2 F d u d v  + Gdv 2 

by a surface x-----x(u,v) ,  y : y ( u , v ) ,  z = z ( u , v )  in the three dimensional 

space. Unless otherwise indicated we shall make the following assumptions 

concerning the functions x ,  y ,  z ; E ,  F .  G. 
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(i) x , y , z ; E , F , G  are real and of class C 2 in a domain ~ of the 

uv-plane. 

(ii) The discriminant E G - - F  ~ of the differential form ds 2 is positive. 

(iii) The Gauss curvature K ( u , v )  of the line element ds 2 is every- 

where positive. 

Our main object consists in deriving certain a priori bounds for the 

derivatives of the coordinate functions x (u,  v), y (u,  v) and z (u ,  v), which 

are relevant in the discussion of the Weyl embedding problem. This 

procedure will be carried out in the next section. As a preliminary stepwe 

shall first derive an equation of Monge-Amp~re type satisfied by x ( u ,  v) ,  

3' (u ,  v) and z ( u ,  v) and then study its characteristic equations (see Lemma 5 

and 6). All the results proved in this section are due to Darboux [7]. 

To proceed further we shall make use of some of the standard 

notations and results in differential geometry. We shall denote vectors in 

three-space by capital letters: 

X = ( x , y , z ) ,  Y = ( x ' , y ' , z ' ) ,  ..., 

and put 

(3 .1 .4)  

(3.1.5) 

( X ,  Y )  = xx' -4- YY" + zz" (inner product), 

X Y  = (yz'  - -  y ' z ,  z x ' - -  z 'x ,  xy '  - -  x 'y)  (cross product). 

Furthermore, we set I X  I = (X,  X y  Iz, and occasionally we shall write X Y  

and X 2 in place of ( X ,  Y) and ( X ,  X ) .  With these abbreviations the 

unit normal X of the surface X =  X ( u , v ) = ( x ( u , v ) ,  y ( u , v ) ,  z ( u , v ) )  

is given by the formula 

y . •  
(3 .1 .6)  X - 2 , 

and the system (3.1.1) takes the form 

(3.1.7) E = X 2 Y = X,,X~ a = X z 

Furthermore, the second fundamental quantities L ,  M ,  N of the 

surface X =  X ( u , v )  are defined by the equations 

(3.1.8) L --- X X , , , ,  M = XX~v ,  N =  XX~,, .  

With these notations the Gauss and Weingarten equations take the form 

(3.1.9) Xuu = {'1'} X. + {'2'} X~ + L X ,  

X,v = {112} X,  + {~2 2} X~ + M X ,  

( 1 ~  
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and 

(3.1.10) 

where the quantities 

(3.1al) 

and 

(3.1.12) L11 ~- 

LIX.+ 
- x , ,  = L x. + L2 x , 

{11'} . . . . .  L22 are given by the expressions 

GE~ + FE~ - -  2 F F u  
{114} = 2 ( E G - - F  9 ' 

2 E F u  - -  EE~ - -  FE, ,  
11211 = 

2 ( E G  - -  f 2) ' 

{1121 = G E v - -  FG~ 
2 ( E G  - -  F z) ' 

E G ,  - -  FE~  

~ ) ~- 2 ( E G - - F  ~) ' 

2GF~ - -  GG~ - -  FG~ 

{ V I  = 2 ( E G - -  F~) ' 

12221 = E G v - -  2 F F ~  + FG~ 
2 ( E G - -  F 2) , 

GL - -  F M  E M  - -  F L  
E G  --  F 2 ' L21 - E G  - -  F 2 ' 

G M  - -  F N  E N - -  F M  
L ~  - -  ~ - -  

E G _ _ F  2 ' L2 E G _ _ F  2 

The Gauss theorema 

integrability conditions 

be written as follows: 

egregium and the Codazzi equations, which are the 

for the combined system (3.1.9) and (3.1.10), can 

L N  --  M z 
(3.3.13) E G _ F  2 - = K 

I E ,  F ,  t t . F v - -  y G ~  E ,  F ,  T E v  

_ 1 F ,  G ,  i ! G  
(EG --  F2) 2 ] y Gv _ F ,  G ,  2 ~ , 

t 
, i  e l 1 1 1 1 
I ~ u, F ~ - -  TE~,  F ~  - -  ~Evv - -  T G ~  ~ E ~ ,  ~ G , ,  0 

(3 .1 .14)  Lv --  m ~  = {4,2} L + ({422}-  { 1 1 1 } ) m -  {121} N 

My-- N ~ - -  {212}L + ({222} - -  {12}) M --  {122}N. 

In deriving the Codazzi equations (3 . l .14)  we have to assume that X ( u ,  v) 

is of  class C 3 for ( u , v )  E Q .  
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With the aid of  these results it is easy to establish the following 

two lemmas : 

L e m m a  5.(2~) L e t  Z b e  a f i x e d  u n i t  v e c t o r  s u c h  t h a t  

( Z , X ) - ~ O .  T h e n  t h e  f u n c t i o n  p ( u , v ) = ( Z , J ( )  s a t i s f i e s  t h e  

M o n g e - A m p ~ r e  e q u a t i o n  

(3.1.15) T - - ~ o , , , , - -  { ' , ' } , o , - - { ' 2 ' } p ~ ) ( , o ~ - - ~ ' 2 2 ' o  ~, , pv) 

- -  K ( u ,  v) [EG - -  F '  - -  (Gp~ - -  2FDu ,or + E,o2v)] ---- O . 

W e  h a v e  

(3.1.16) 

Proof : 

(3.1.17) 

Hence with the 

(3.1.18) 

Tpuu Tpvv - -  ] -  Puv 

From the Gauss equations (3,1.9) we conclude 

,o . .  - { , , , }  p .  - { V } , o .  = L(z, X) 
i 1 2  p . .  _ { , 2 } p . _  t2 }P.  --- M ( Z ,  X )  

p~,v - -  {2 ,}p. _ {~22}p~ = N ( Z ,  X ) .  

aid of  (3.1.13) we obtain 

(p.. - {','} p. - {'r p.) (,o~o - {V} , o . -  {V} po) 

- -  (,o~ - -  {,,2} ,o~ - -  s,(2i2) ,ov)~ = K ( u ,  v) ( E G - - F  2) (Z  , X )  2 . 

N o w  we have 

(3.1.19) (EG - -  F 2) ( Z ,  X )  2 = ( Z ,  X ,  X Xv)  2 

j Z z , Z X , , ,  
L 

= i X . Z ,  X 2 

X,,Z, XvY., 

zx~ 

x~x~ 
X 2 

v 

1 p ,  p~ 
i 
i 

= [p ,  E F 

~o~ F G 

~- EG - -  F 2 - -  (G,o~ - -  2 F p ,  pv + E p 2 ) .  

(3.1.18) together with (3.1:19) imply (3.1.15) and (3.1.16), which proves 

the lemma. 

L e m m a  6. L e t  X ( u , v )  a n d  t h e  c o e f f i c i e n t s  E ( u ,  v ) ,  

F ( u , v ) ,  G ( u , v  ) b e l o n g  t o  C 3+* ( 0 < •  a n d  C 4 f o r  ( u , v ) ~ Q ,  

r e s p e c t i v e l y .  F u r t h e r m o r e ,  l e t  t h e  i n d e p e n d e n t  v a r i a b l e s  

( u , v )  b e  c o n s i d e r e d  as  f u n c t i o n s  o f  t h e  p a r a m e t e r s  (c~,[3) 

w h i c h  a r e  c h a r a c t e r i s t i c  w i t h  r e s p e c t  t o  t h e  M o n g e -  

A m p e r e  e q u a t i o n  (3 .1 .15) ,  i n  t h e  m a n n e r  d e s c r i b e d  in  

21. See Darboux [7], w also Bianchi [4], p. 115. 



40 ERHARD HEINZ 

L e m m a  3. (22) T h e n  t h e  f u n c t i o n s  

s a t i s f y  t h e  f o l l o w i n g  s y s t e m  

e q u a t i o n s  :~23) 

(3.1.2o) Au + 

u=-u(a,[~) a n d  v = v ( a , 1 3  ) 

o f p a r t i a l  d i f f e r e n t i a l  

. K , , \  

( Ko) 
(3.1.203 av+{h'}(u:+u;)+(2{'., ~} +-~K-K )(U~v~+u~v~) 

( K~ ) ( v : + v ; ) = O .  + {V} +ZR- 

P r o o f :  From (3.1.17) we conclude that the characteristic form as- 

sociated with the Darboux equation (3.1.15) is 

(3.1.21) r = (Z ,  X)(Ldu 2 + 2Mdudv + NdC) .  

Hence on account of  Lemma 2 and 3 it is evident that the functions 

u ( a ,  ~) and v (a, ~) satisfy the equations 

(3.1.22) A u =  ~ I / L ~ M  2 --Ov-v V L N _ M  ~ (uc, v~ - -u~v , ) ,  

hv=-: e ~ L 2 ~ - - M  ~ - - ~  =L_M 2 (uc~vp--U Ova), (3.1.22') 

and 

(3.1.23) 
eL 

V - - =  LN -- M z 

~M 

I /  L N  - -  M 2 

eN 

V LN -- m 2 

v " +  2 a vp 

Ua vp ~ Ufl Va 

ua va + up vp 
ua vp --  u O v a 

U2 + 7. a Uf3 

Ua V O - -  Uf~ Va 
where e-----+_l. 

The idea of  the p roof  consists in eliminating the unknown quantities 

L , M , N  from the differential equations (3.1.22), (3.1.22')  by making use 

22. On account of the differentiability hypotheses concerning X;  E , F ,  G the 
conditions of Lemma 3 are all satisfied. 

23. See Darboux [7], w also Bianchi [4], w 112. The Darboux equations are 
obtained from (3.1.20) and (3.t.20') by the formal substitutions: 
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of the Gauss theorema egregium, the Codazzi equations, and the representations 

(3.1.23). Let us put for abbreviation 10( ) 0( )l 
P (u , v)  = ~ ~ -  V L N  - -  M 2 - -  ~ I /  L N  - -  M 2 ' 

(3.1.24) 

and 

(3.1.24') e fl L O 

Then on account of the Gauss formula (3.1.13) we have 

(3.1.25) eP(u v ) =  N . - - M ~  N [ f l logK 
' V ~ - M 2 21/LN--M2 \ ~  

M [ O log K 

and 

(3.1.25') eQ (U, V) = 
L~ --  M~ 

V L N  -- M 2 

fl log (EG--F2)~ 
+ flu J 

fl log (EG --F2)~ 
4 fly ] ' 

L [01ogK 01og(EG--F2))  

/ 

M [OlogK Olog(EO--F91 

1 0 logK~ M 

+ 2  ov J VLN--M; 

Using the Codazzi equations (3.1.14) we obtain 

L 
( 3 . 1 . 2 6 )  ~P ( u ,  v) = - 7121 r  M~ 

1 O l o g ( E G - F  2) 
+ {1,2} _ {222}+ Y ov 

1 OlogK~ N 
2 Ou ] V L N  --  M z 

1 O log (EG- -F  2) 
+ {122} 2 OU 

L = __ {212} + 
] / L N  --  M 2 

+ K~ l M 
2 2K / I / L N  - M 2 

{11~} 

IG ~ N 

and 
1 0 log (EG--  F'-) 

(3.1.26') EQ(u, v ) =  {,2} 2 fly 

I O l o g ( E G - - F  2) + {122 } _ {,1} +_2 ,~ 

N 
--{121} V L N _ M  2 

+ 

1 0 log K' l L 
- 2  0v ] i / ~ _ i ~  

1 OlogK t M 
2 T .  ] g Y - U _ n ~  
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= -  {22 ~ } + 2 K ] I / ~  ~ + 2 . + ~  L N - M  ~ 1/ICN_M~. 

L M N 
If  we now express the functions and 

] / L N - ~ - I V F '  g ~  - -  M 2 ] / L N  --  M 2 

in terms of ua . . . . .  v~ by means of  the relations (3.1.23) and then 

substitute the resulting expressions for P and Q into the equations (3.1.22) 

and (3.1.22'), we arrive at the conclusion of the lemma. 

3.2. Pt Priori Est imates .  

The preceding two lemmas show that the Darboux equation (3.1.15) 

associated with the given line element ds 2 belongs to the type of Monge- 

Ampere equations considered in Theorem 3. This fact enables us to establish 

a priori estimates for the second and higher order derivatives of  the vector 

Y ( u ,  v) in terms of the coefficients of  the metric ds 2. We shall first treat 

the case where the surface S:  X =  X ( u , v )  has a boundary (Theorem 5) 

and then pass to the more special situation where S is closed (Theorem 6). 

In the latter case, which occurs in the discussion of Weyl's problem, the 

line element is defined in terms of local parameters on the unit sphere. 

T h e o r e m  5. 

H y p o t h e s e s :  

(i) T h e  v e c t o r  X ( u , v ) = ( x ( u , v ) ,  y ( u , v ) ,  z ( u , v ) )  i s  o f  c l a s s  

C 3+x ( 0 < •  in  a d o m a i n  Q o f  t h e  u v - p l a n e  a n d  s a t i s f i e s  

t h e  e q u a t i o n s  

(3.2.1) X 2 = E Xu Xv = F X 2 = G 

(ii) T h e  f u n c t i o n s  E ( u , v ) ,  F ( u , v )  a n d  G ( u , v )  a r e  o f  

c l a s s  C + a n d  s a t i s f y  f o r  ( u , v ) E Q  t h e  i n e q u a l i t i e s  

(3.2.2) i E I ,  I F I ,  ]G] ~ ct, 

IE,,I . . . . .  l G v l < ~ ,  

IE,, ,I  . . . . .  ]G~ov[~f~, 

' E . . ~ .  I . . . .  , IGv.o~,[ < ~,, 
EG --  F 2 ~ ~z - I  , (3.2.3) 

and 

(3.2.4) K ( u ,  v) > ~ - ' ,  
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w h e r e  K ( u , v )  is  t h e  G a u s s  c u r v a t u r e  o f  t h e  l i n e  e l e m e n t  

d s 2 = E d u ~ + 2 F d u d v + G d v 2 ,  a n d  ct is  a f i x e d  p o s i t i v e  c o n s t a n t .  

(iii) T h e r e  e x i s t s  a f i x e d  u n i t  v e c t o r  Z, s u c h  t h a t  t h e  

i n e q u a l i t y  

(3.2.5) I (Z,  X)!~> ~*>0 

h o l d s  f o r  ( u , v ) E Q .  

C o n c l u s i o n :  

L e t  Q~ be  t h e  s e t  o f  a l l  p o i n t s  o f  Q w h o s e  d i s t a n c e  

f r o m  t h e  b o u n d a r y  o f  Q e x c e e d s  e > 0 ,  a n d  v a r e a l  n u m b e r  

i n  t h e  i n t e r v a l  0 < v < l .  T h e n  we  h a v e  t h e  e s t i m a t e s  

(3.2.6) 

(3 .2 .7 )  

a n d  

(3.2.8) 

Z , , . . ( u ,  

X=.[ . . . . .  ]X~ l ~ z 0 ( c t , y , 0 < o o  f o r  (u ,v )  GQ, ,  

Y..~[ . . . . .  i X ~ , ~ ] ~ z , ( a , y , 8 ) < o o  f o r  ( u , v ) ~ Q ~ ,  

v , )  - X , , . .  (Uo, Vo) <= ~ O ,  i' ,  ~ ,  v) [(u, - Uoy + iv,  - v0)'-]"n 

x ~ v ~ ( u , ,  v , )  - X~.~(Uo ,Vo) 

f o r  (u0,v0)EQ,  a n d  ( u l , v l ) E Q ~ ,  w h e r e  

p o s i t i v e  n u m b e r .  

Proof :  The Darboux equation (3.1.15) satisfied by 

p ( u , v )  = ( 2 ,  X ( u , v ) )  can be written in the form 

(3.2.9) a,ou. + 2b,ouv -1- cpvv + (,o.u pw --,o~v) = e,  

where the coefficients a ,  b , c ,  e are given by the expressions 

(3.2ao) 

T2 (C~, y,  ~,V) is 

<-- ~ (~, r ,  e, v) [(u,  - u0)' + (v,  - ~0y]  "/-' 

a f i x e d  

b = {112 / io. -~ {122/ toy. 

= - -  {'''1 ,0. - -  { V I  ,0~. 

= ( { ' , 2 }  ,o. + { v / , o ~ )  ~ 

- ({,,,}~o,, + {,~,jm)(i~,~Ip,, + { v l m )  

+ K ( u ,  v) lEG - -  e 2 - -  ( @ ~  - -  2 r , o .  po + E , O  ] . 

Furthermore, on account of (3.1.16) we have 

(3.2.11) d - -  ac -- b 2 + e = K ( u , v ) ( E G - - F 2 ) ( Z ,  X )  2. 

Now since for ( u , v ) E Q  the estimates 

the function 
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(3.2.12) pu [ s  zVu ~ (x */2 , 

and 

(3.2.12') pv I <= Xv I <-~ ct'/2 

hold, we conclude from the hypotheses of the theorem that the coefficients 

a,  b, c ,  e considered as functions of the variables u ,  v ,  p , p,, , p~ satisfy for 

( u ,  v , ,o, ,o~ , ,o~) ~ X = { (u ,  ,, , p (u  , v) , ,o~(u ,v) ,  ,o~(u ,  v)),  (u  , v)  ~ ~}  

the inequalities 

(3.2.13) 

(3.2.14) 

(3.2.15) 

and 

(3.2.~6) 

]a'~ . . . . .  ]e / ~ ~ 0 ( , , ) <  o o ,  

d = a c - - b  2 + e > ~ a  - 2 Y : > O .  

From these facts and Lemma 6 it follows that the Darboux equation 

(3.2.9) satisfies all the conditions of Theorem 3 with 

(3.2.17) ~o = ~o(r + (xz y_2 ,  

(~0 = ~0 ( '0  < ~ ,  

jq ~ 0tl/2 " 

Hence from (2.2.54) we deduce estimates of  the form 

(3 .2 .18 )  ! ,o~f  . l,o,~r , I,o~vi < ~ 'o(~ ,  r , 0 <  oo 

where (u ,v )  is an arbitrary point in Qe and ~'0(ct, y , e )  is a fixed positive 

number. Now applying Theorem I we obtain the inequalities 

(3.2.19) ],o.,~ I . . . .  , j p~,.~ { ~ , ' ,  (a ,  r , 8 ) <  ~ 

for ( u , v )  EO~, and 

(3.2.20) 

I , , , . , , . (u , .  ~,)  - n.~ (Uo, ~o) 1 ~ ~'2 (~*, r ,  ~:, ~) [(u, - Uo) ~ + (v, - ~o)~].'n 

! p~,,~(u,, v0  - ,o~o(uo, Vo) l -5 ~'2 (~.  ~-, ~, v) [(u~ - u0y + (~, - Vo)qVn 

where (u0,vo) EQ~, (u t ,v l )  E Q , ,  0 < v < l ,  and ~ ' 2 ( a , y , ~ , , v )  is a fixed 

constant. 

The proof of the theorem is now completed by taking account of the 
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systems of equations: 

(3.2.21) 

(3.2.21") 

and 

1 X.  X . .  = T E. 
1 

X , , X , , , , = F , , - - T E ~ ,  

ZX,,v = p.v 
1 

1 

(3"2"21~) Xu.~vv = Fv - -T  Gu 
1 X~X~=~G~ 

and the fact that the determinant I ( Z ,  X,X.Y~)[ is ~ u - ~ l Z r > o .  

We shall now apply the preceding theorem in order to establish the 

a priori estimates required for an analytical treatment of the Weyl embedding 

problem.(24) To fix the ideas we consider two overlapping regions s  and 

~2 on the unit sphere 2S which are bounded by parallels of latitude, such 

that ~t contains the north pole and ~2 contains the south pole, and 

introduce a parameter system in each. The parameter system (ul, v,) for ~1 

is obtained by stereographic projection of ~ from the south pole onto the 

plane tangent to ~ at the north pole, and similarly the parameter system 

(u2 ,v~) is constructed by stereographic projection of "E from the north 

pole onto the plane tangent to Y. at the south pole. Evidently the parameter 

domains ~2, and Q2, which correspond to X, and 322, are circular discs. 

Every point of Y. lying in the intersection of X: and ~2 is represented by 

two points (us,v~) and (u2, v2) lying in ~j and ~22, respectively. Further- 

more, (ul,vl) and (u2,v2) are connected by an analytic transformation 

having a non-vanishing jacobian, Consider now a vector-valued function 

X =  ( x , y , z )  on ~g. In each of the parameter domains ~Qi, X becomes an 

ordinary function Xi(ui,  vi), ( i =  1, 2), and we have 

(3.2.22) X, (U, , Vt) == )(2 (U2, v2) 

for any pairs (us,v,) and (u2,v2) representing the same point on X. X is 

said to be of class C k+v ( k = 0 ,  1 .. . .  ; O ~ v < l )  on )-2,, if the functions 

24. See Nirenberg [25], in particular w 10 and w 11. 
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Xi(ui ,vi)  ( i=  1, 2) belong to C k+v in Qi. In the same way a quadratic 

differential form (3.2.23):  

El (u , ,  vl) du21 Jr- 2F, (u , ,  v,) du~dv, + G,(u,,  v,) dv~, (u , ,  v,) E Q,, 

ds'- = E2 (u2, v2) duZ2 + 2F2 (u2, v,) du2dv2 + G2(u2, v;) dye, (u2, v2) E 02, 

is said to be of class C k+v, if all the coefficients E1 (ul, vl) . . . . .  G2 (u2, vz) 

belong to C :~+~ in the respective parameter domains. In order that ds 2 be 

invariantly defined on ~ we have to assume that the equation 

(3.2.24) E, (ul,  vl) du2~ + 2F, (ul,  vl) dut dr1 + G1 (ut,  vt) dv2~ 

= E2 (uz, vz) du~ + 2F2 (u2, v2) du2 dvz + G2 (u2, v2) dv22 

holds for any pairs (ul ,  vl) and (u2, v2) representing the same point on X. 

Furthermore, we shall require that the differential form ds 2 be positive 

definite throughout X. Our object consists in deriving a priori estimates 

for the solutions of the equation 

(3.2.25) (dX) 2 =  ds 2, 

where ds 2 is a given line element of positive Gauss curvature K, defined 

on 2~. Geometrically speaking, the equation (3.2.25) expresses the fact that 

the line element ds 2 is realized by a closed convex surface in the three- 

dimensional space (Weyl's embedding problem). 

It is convenient to state the next theorem in the language ot 

functional analysis, as Nirenberg [25] has done. For this purpose we shall 

introduce certain norms for functions X and quadratic differential forms ds 2 

defined on Y.. Let us put 

(3.2.26) NXl]k+v = l .u.b,  iXl i  + l .u .b.  [)(2] + ... 
(u,,  vl) ~ Oi (u2, v2) ~ 02 

+ 1. u.b. O" X1 O ~ X2 
( u l , v , ) ~ 0 ,  Ou,k + "'" + 1. u. b. (u2, v2) ~ O2 ~ w -  

Ok X~ O* X~ 
~ (-,, ~,) o.~ (~'1,,:1) 

+ I.u.b.  + 
(u, ,  v,) ~ 0,  [( u l -u'02  + (v,-v',)q~" "'" 
(u'l ,v'3 ~ 01 

(u,,  vl) ~ (u',, v'l) 
I O k X2 O '~ X2 
i ov~ (u2,v~) o~ (u'~,~'~) 

+ l .u.b.  
(u~, v2) ~ O2 [(u2-u'2)~ + (~'~-v'2)q~/2 
(u'2, v'~) ~ 02 

(u~, v~) :# (u'~, v'2) 
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for X E C  k+v ( k = o ,  1 . . . .  , 0 < = V < l ) ,  and similarly 

(3.2.26')  ]i ds2 ]!k+v -= 1. u .b .  E,  I +  ... + 1. u .b .  ]G2 [ +  ... 
(u,,  v,) e ~,  (u2, v2) e ~, 

! O k Gz 
1.u.b. I ~  + 1. u.b. 

I o ~ E ,  O" E1 
i - ~ y  (u,, v,) . . . .  (u',, ~',) 

+ 1. u .b .  I - -  OuSt J + . . .  

(u , ,  ~,) ~ ~ ,  [ (~ , -u ' ,y  + ( v , - r  

(~,, v,) # (u',, r 

O k G2 . 0 ~ G2 . , ! 

( .2 ,  ~2) ~ O2 [(u~-u'0 ~ + (v~-~'=)=]'/~ 
(u3, ,  3) ~ Q~ 

(u2, v~) :# (u'2 , r 

for d s 2 E C  k+v (k = O, 1 ; 0 ~ v <  1). Then the following theorem holds :  

T h e o r e m  6. L e t  X b e  o f  c l a s s  C S + • 2 1 5  o n  X a n d  

s a t i s f y  t h e  e q u a t i o n  

(3.2.27) ( d X )  2 =  ds 2 , 

w h e r e  ds  2 i s  a g i v e n  l i n e  e l e m e n t  o f  c l a s s  C * o n  X. F u r t h e r -  

m o r e ,  l e t  t h e  f o l l o w i n g  i n e q u a l i t i e s  b e  s a t i s f i e d :  

(3.2.28) I] ds214 ~ a ,  

(3.2.29) Ei  G i -  F/2 ---> a - ~ ,  (i = 1, 2) ,  

(3.2.30) K >~ ~t--', 

w h e r e  K i s  t h e  G a u s s  c u r v a t u r e  o f  ds 2 a n d  a i s  a f i n i t e  

p o s i t i v e  c o n s t a n t .  T h e n  t h e r e  e x i s t s  a f i x e d  v e c t o r  Y 

s u c h  t h a t  w e  h a v e  f o r  0 < v < l  a n  e s t i m a t e  o f  t h e  f o r m :  

(3.2.31) I IX--Ytr3+~ s m(ct ,V)  < oo.  

In order to prove the above theorem, use is made of  the following 

lemma on closed convex surfaces, which is an immediate consequence of  

the results established in Blaschke [5], w and w 26. 

L e m m a  7. L e t  S b e  a c l o s e d  r e g u l a r  s u r f a c e  o f  c l a s s  

C 2. F u r t h e r m o r e ,  l e t  t h e  G a t l s s  c u r v a t u r e  K a t  e a c h  p o i n t  

X o f  S s a t i s f y  t h e  i n e q u a l i t y  
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(3.2.32) 0<~1 ~ K ~ ~ 2 < ~ .  

T h e n  t h e r e  e x i s t s  a f i x e d  v e c t o r  Y s u c h  t h a t  a t  e a c h  p o i n t  

X E S  t h e  e s t i m a t e s  

(3.2.33) I X - - Y t  < ,~ (~, )< ~ ,  

a n d  

(3.2.34) I C X - - Y , X )  I > z*(~, ,  ~2)>0 

h o l d ,  w h e r e  X is t h e  u n i t  n o r m a l  o n  S. 

Proof of Theorem 6. 

From (3.2.28) and (3.2.29) it follows that the Gauss curvature K 

at each point of the surface S realizing ds 2 satisfies an inequality of the form : 

(3.2.35) K < ~ (~,)< o0.  

If we combine this with (3.2.30) and then apply Lemma 7, we infer the 

existence of a fixed vector Y such that at each point X E S  the estimates 

(3.2.36) I J ( - -  y I < ~ (ct)< eo, 

and 

I (X-  Y, X) I >- a - ( a ) > o  (3.2.37) 

hold with 

(3.2.38) 

and 

(3.2.39) 

Now let Q 

~+ (~)  = '~ 0 " - ' )  , 

o -  (~) -- o" 6 ' - '  , ~ (~)).  

be one of the parameter domains Qi ( i =  1, 2), and write 

u , v ;  X ( u , v ) ;  E ( u , v ) ,  F ( u , v ) ,  G ( u , v )  in place of u l ,v i ;  X~(ui,vi); 

Ei (ui ,v i ) ,  F i (u i ,v , )  and Gi(ui,vi) .  Furthermore, let ~ be any closed 

subdomain of Q whose distance from the boundary of ~2 exceeds a positive 

number ~. Then from (3.2.26) and the construction of the parameter systems 

(ui ,v i )  it is evident that our theorem is proved once we can establish 

estimates of the following kind: 

(3.2.40) I x,,,, I . . . . .  I xo~ I ~ ~o0 (~,, ~) < ~ ,  

(3 .2 .40  IX=,,,I . . . . .  I x ~ 0 1 ~ o , ~ ( , ~ , ~ ) < o o  for ( ~ , ~ ) ~ ,  
and 

(3.2.42) [ Xuuu (u ,  v) - -  Xuuu (u ' ,  v') i < O)z (,t ,~, v) [(u--u') 2 + (V--V')~-] vl2 
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for (u ,  v) E ~-. (u ' ,  v') E ~ ,  and 0 < v < 1, where to2 (~t, e,  v) < oo.  

In order to prove these inequalities, we first consider the 

F = I(u--u0)  2 + (V--Vo) 2 < ~2 i,  where (Uo . %) is an arbitrary 

in ~, and (o-,o,) 
(3.2.43) ~ = ~(ct ~ ) =  Min E 

, , 2cttlZ �9 

Obviously F is contained in Q and by (3.2.28) we have 

(3.2.44) [X(u,v)--X(uo,Vo)J~o-(ct) for ( u , v ) E F .  

Combining this with (3.2.37) we obtain 

-- 1 ( , )  for ( u , v ) E F .  (3.2.45) ttX(uo,Vo)--Y, X(u,,,))[>~o- 
If we now put 

(3.2.46) 

then from (3.2.45) 

inequality 

(3,2.47) 

holds. Hence 

Z = X (uo, vo) -- Y 
i x(,,o, ~o)- v i ' 

and (3.2.36) we conclude that for ( u ,  v)EI"  

I ( z ,  X)i ~ o- ( , 0  > 0 
20+ (ct) 

disc 

point 

(3.2.48) 

(3.2.49) 

and 

(3.2.:50) 

the 

Theorem 5 becomes applicable and yields the inequalities: 

Ix . .  (,,o, vo) i, ..~, ] x~ (,,o, ,,o) I K ~o ,~, 2o+ (,0' a (,~, 0 ; 

(o - ( ,~ ) ,~ ( ,~ ,~ ) )  
I x.,,. (uo, yogi ..... J x ~  (.o, Vo) j ~_ ~, c,, 20+ (,O 

l x~.  (,,,, ~.,) - x~., (,,o, ,,o) I _~ ,, ,,, -27,+ (~j 2 , , v �9 

[(~, - ,,o)~ + ( , , ,  - , o ) , ] , ' ~ .  

for 

If we set 

X ~  (u, , v,) - X ~  ( . o ,  v0) l < .2 ( a ,  o-(a) i ~ (,~, E)~ vl 
2 o *  (~)' 2 J 
[0', - Uo) ~ + ( ,  - ~ O q  ~" 

! F)2. (HI -- UO) 2 + (Vt --FO) 2 ~ ~-~(~ , 
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O-- (c~) a (cZ, E)) (k = 0, 1 ) ,  (3 .2 .51)  Ok(Or, I~) = 17k eL, 20+(~ )  , 
/ 

and 

(3.2.52) 

o z ( ~ t ,  E, v) =- Max  

( o-(a)  aCa,O) ( ) 217' ~' 20+(R)' 0-(~) 1 a(c~,~) v , 
172 or, 20 + (Or)' 2 ' ( 5 -a (O t ,  E))v 

we arrive at the inequalities (3.2.40)--(3.2.42), which proves our theorem. 

Concluding Remarks.  

The proof of Theorem 6 can be somewhat simplified by using the 

auxiliary function p ( u , v ) =  1 2 y2 ~-(x + + z 2) instead of the coordinates, as 

Lewy [18] and Nitenberg [25] have done. Since the characteristic form of 

the corresponding Monge-Ampare equation c25) is proportional to the second 

fundamental form of the surface X =  X(u,v), Lemma 6, hence Theorem 3, 

can be applied and yield a priori estimates of the type (3.2.31). Further- 

more, it follows from the differentiability theorem of Nirenberg-Hopf, 

mentioned in the introduction, that in hypothesis ( i ) o f  Theorems 1--6 

the assumption 

z ( x ,  y) ~ C 3+~' (or X ( u ,  v) ~ C 3+') 

can be replaced by the weaker requirement that the respective solutions 

belong to C 2 in their domain of existence. 
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(/~dded in proof) 
In his recent  no te  " O n  the regulari ty o f  convex surfaces wi th  a regular  

metr ic  in spaces o f  constant  curva ture"  (in Russ ian) ,  Dok lady  Akad.  Nauk .  

SSSR (1958) ,  vol .  122, N o .  2, pp. 1 8 6 ~ 1 8 7 ,  A. V. P o g o r e l o w  extends 

some  o f  his p rev ious  results to the case where  the e m b e d d i n g  space o f  

the  line e lement  has constant  curvature. App ly ing  L e m m a  3 i t  can be shown 

that  the  M o n g e - A m p ~ r e  equat ion,  on which  his cons idera t ions  are based, 

satisfies the hypotheses  o f  T h e o r e m  3 o f  the  present  paper. 


