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ABSTRACT 

We study the space of Iwahori subalgebras containing a given element of a 
semisimple Lie algebra over C((e)). We also define and study a map from 
nilpotent orbits in a semisimple Lie algebra over C to conjugacy classes in the 
Weyl group. 
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§0. Introduction 

Let G be a semis imple ,  s imply  c o n n e c t e d  a lgebra ic  g roup  over  C wi th  Lie 

a lgebra  g. We  deno te  by  ~ the va r i e ty  o f  Borel  suba lgebras  o f  g. F o r  any  

n i l p o t e n t  e l e m e n t  No ~ g, we cons ide r  the  closed subva r i e ty  ~No o f  ~ cons i s t i ng  
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of all Borel subalgebras containing No. The geometry of  the varieties ~u0 has 
been investigated by Springer, Steinberg, Spaltenstein and others; it has 
interesting applications to representation theory. 

In this paper we shall begin the study of the affine analogue of this situation. 
Let F = C((e)) be the field of  formal power series, A = C[[e]] the ring of  
integers o f F ,  G = G(F), gF = g(~C F,  ~ the set of Iwahori subalgebras OfgF. It 
is known that ~ is an infinite dimensional algebraic variety over C; more 
precisely, it is an increasing union of ordinary projective algebraic varieties 
over C. 

For any N ~ ~ we consider the subset ~Jv of  ~ consisting of  all Iwahori 
subalgebras containing N. We shall restrict ourselves to the case where N is 
topologically nilpotent in the sense that ad(N) r ~ 0 in End ~F for r ~ ~ .  (We 
then say that N is a nil-element.) This condition implies in particular that ~N is 
non-empty. We show that ~ u  is infinite dimensional unless N is regular 
semisimple (Lemma 2.5). I f N  is regular semisimple, then ~N is a locally finite 
union of  ordinary irreducible projective algebraic varieties over C, all of the 
same dimension; moreover, there is a free abelian group AN of  finite rank 
which acts on ~N without fixed points and AN \ ~ is an algebraic variety 
(§3, §4). We say that N is elliptic if its centralizer in G is an anisotropic torus; 

when N is elliptic we have AN = {e}, so that ~N is an algebraic variety (it has 
finitely many irreducible components).  

Let X b e  the set of all G-conjugates offiA = g@A c gF. This is just like ~ an 
increasing union of projective algebraic varieties over C and there is a 
canonical G-invariant map p : ~ --- X. We denote by Xu the set of subalgebras 
in X which contain N. Then p maps ~N onto Xu. In §4 we show that if N is a 
regular semisimple nil-element of  ge then there exists some irreducible compo- 
nent of ~ u  which has the same dimension (over C) as its image under  p. It 
follows that dim ~ u  = dim Xu. This implies that N is G-conjugate to an 

element of  gA whose image in ~A/egA is regular nilpotent. 
Let ~u be the unique Caftan subalgebra of ~V containing N. The G-conjugacy 

classes of Cartan subalgebras of ~F are parameterized by conjugacy classes in 
the Weyl group (see § 1) hence to ~N corresponds an element a(N) in the Weyl 
group of ~U, well defined up to conjugacy. It is known that the field F = 
I,.J ,~l C((e~")) is an algebraic closure o f F .  Let v: F ~ Q u ~ be the valuation 
defined by v(aoe m/" + higher powers of e) -~ m/n,  for a0 ~ C* and v(0) = ~ .  We 
conjecture that for any regular semisimple nil element N ~ ~F we have 

2 dim ~N = v(detF(ad N: ~F/DN ~ gFI[)N)) - -  rankF(a(N) - 1 : ~N ~ ~N).  
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The analysis in §5 reduces the verification of this conjecture to the case where 

N is elliptic. 
Now let No be a nilpotent element in g. If Y E ~ ,  then N = No + eY is a 

nil-element of gF and we show that for "almost all" choices of Y, N is a regular 
semisimple nil-element of ge, the conjugacy class of tr(N) in the Weyl group is 
independent of Y, and that dim ~ u  = dim ~N0. (In fact ~Uo is naturally 
imbedded in ~ u  as a union of irreducible components of ~M.) This gives a 
map No--" or(N) from the set of nilpotent orbits in g to the set of conjugacy 
classes in the Weyl group. We show that this map takes "distinguished" ([BC]) 
nilpotent orbits to Weyl group elements without eigenvalue I. We also 
compute explicitly this map in a number of cases and show that it restricts to a 
map defined in [CE] on a certain subset of the set of nilpotent orbits. Our map 
is bijective in type A and seems to be injective (but not bijective) for other 

types. 
We hope that the study of ~ will be useful in the character theory of 

semisimple groups over p-adic fields; in §10 we state some results in this 

direction. 

We wish to thank N. Spaltenstein for some very useful comments. 

§1. Conjugacy classes of Cartan subalgebras and conjugacy classes in the 
Weyl group 

Let F = C((e)) be the field of formal power series, and F its algebraic closure. 
It is well known that F is the union of the subfields F, = F(e ~/~). In particular, 
(1) the Galois group F = Gal(F/F) is (non-canonically) isomorphic to the 
profinite completion Z of Z, and (2) dim F = 1, namely F is a field of 
cohomological dimension 1. Therefore (see [S 1 ], p. 170), for any torus Tover F 
we have Ht(F, T(F)) = 0. Let N be an algebraic F-group such that its con- 
nected component is a torus T. Denote by W the quotient group. 

LEMMA 1,. The map H~(F, N(F)) ~ Hi(F, W) is an isomorphism. 

PROOF. Since dim F = 1, it follows from Corollary to Proposition 1.41 in 
[$2] that p is surjective. Fix p ~ Hi(F, W), and denote by T p a form of T over F 
which corresponds to the action of F on T(F) given by 

7:t~fl(7)tYfl(7) - '  for 7~F ,  t~T(P) .  
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It follows from [$2], 1.5.5, that p-l(fl)  is a quotient ofH~(F, TP(F)). As noted 
above, the last group is trivial. Hence Lemma 1 is proved. 

LEMMA 2. Let G be a reductive algebraic group overC, g the Lie algebra of 
G, G = G(F), gF = gt~c F. Then the set of conjugacy classes of Cartan subalge- 
bras in gr is in one-to-one correspondence with the set of conjugacy classes in the 
Weft group W of g. 

PROOF. Let C c g be a (split) Caftan subalgebra, and N the normalizer of C 
in G. It is well known that the set of conjugacy classes of maximal toil in G is in 
one-to-one correspondence with the set H~(F, N(f')). By Lemma 1, the 
map p : H~(F, N(J¢)) -~ Hm(F, W) is an isomorphism. Now choose an isomor- 

phism ~ : F -~ Z. Since F acts trivially on W, HI(F, W) is isomorphic to the 
quotient of Horn(Z, W)under conjugation by W. Since Hom(Z, W)=  Wthis 
quotient is the set of conjugacy classes of W. It is well known [(Sp 3]) that for 
any w in Wand integer n prime to the order of W, the element w n is conjugate 
to w in W. Therefore the isomorphism between H~(F, W) and the set of 
conjugacy classes of W does not depend on a choice of an isomorphism 

: r" ~ z. Lemma 2 is proved. 

DEFINITION. A Cartan subalgebra which corresponds to a conjugacy class 
7 in W by the correspondence of the proof of Lemma 2 is said to be of 

type 7. 

For any conjugacy class 7 in W, we denote by g~ the subset of regular 
semisimple elements N in gF such that the centralizer Z~ of N in gr is a Cartan 

subalgebra of type 7. 
Let T be a torus over F. Put X.(T)= Homr(Gm, T) and ~ ' . (T )=  

Homr(Gm, T), where Gm is the multiplicative group. It is clear that (1) .( .(T) is 
isomorphic to Z d, where d = dimt T; (2) F acts on A'.(T), and X.(T) is the 
subgroup of invariant elements. We say that T is elliptic if X.(T) = (e). We 
denote by AT (or A) the subgroup consisting of all x(e) in T where x ranges 

over X.(T). 

§2. G/K as a union of algebraic varieties 

Let F be the field C((e)), A the ring C[[e]] of integers in F, and v : F* --- Z 
the valuation with v(e)= 1. Let G be a reductive C-group, ~ its Lie 
algebra, G = G ( F ) ,  K=G(A),  gF=g~cF, ga =gO'cA and p :ga-~g  the 
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natural projection. We say that an element N E g r  is nil if (adN)~----0 

f o r  r ---~ oo. 

LEMMA 1. (a) The element N E fie is nil i f  and only if there exists g ~ G such 
that Ad(g)N E OA and p(Ad(g)N) is nilpotent. 

(b) I fN  is nil and Ad(g)N c gAfor some g ~ G, then p(Ad(g)N) is nilpotent. 

PROOF. Suppose that Ad(g)N~]a  and p(Ad(g)N) is nilpotent. To show 

that Nis  nil it suffices to show that N~ dee Ad(g)Nis nil. Sincep(N0 is nilpotent 

there exists a positive integer r such that lad p(N~)] r =  0. Then we have 

(ad N~)'gA C e~lA. It is clear now that (ad N,)' --- 0 for r --- ~ .  

Suppose that N is nil. Then there exists I E Z  + such that (ad N)tgA C egA. 
1--1 r Let L = U,=0 (ad N) L0. Then L is a lattice in 0r and (ad N)tL C eL. There- 

fore the series for 

exp N def ~ (ad N) r 

r=0 r! 

is convergent, and Ad(exp N)L = L. By [BT] there exists g in d such that 

g(exp N)g- ~ ~ K. Then Ad(g)N ~ ga and it is clear that p(Ad(g)N) is nilpotent. 

Lemma 1 is proved. 

The quotient space X = G/Khas a natural structure of  an infinite-dimensio- 

nal algebraic variety. More precisely, X is an increasing union of finite- 

dimensional projective varieties Xo c X~ c X2 c • • • c Xn c • • -, where the 
variety Xn can be described as follows (see [L]). As a set, X~ is the set o fx  in G/K 
such that Ad x(gA) c e-~gA. Let Gr~ be the Grassmanian of the subspaces in 
e -  ~ gA/en gA whose dimension is equal to the dimension of ~a/e~ ~a. Consider the 
map ¢ : Xn --" Gr, given by 

O(X) = Ad(x)gA/enga C e - n g a / e n ~ A .  

It is clear that ~ is an imbedding. It is shown in [L] that the image ~ X . )  of  X, is 

an algebraic subvariety in Gr,.  It is easy to see that the induced algebraic 

structures on X, are compatible with the imbeddings X, --- X,~ for n < m. 

The group G acts naturally on X. Analogously, any N in ge defines a vector 

field on X and we denote by X~ c X the set of  zeroes of  this vector field. It is 
clear that XN is the set o f x  in G/K with NEAd(x)~A. 

Let p : K ~ G(C) be the natural projection, U C G(C) a maximal unipotent 
subgroup with Lie algebra u c g, R = p-~(U) c K, r = p-~(u) C ~A. The quo- 

tient space X ' =  G/R has the structure of  an infinite-dimensional algebraic 
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G-variety over C such that the natural map n" X ' - , X  is an algebraic mor- 
def 

phism with fibers isomorphic to G(C)/U. (Namely, the map  n : X '  = 
n - t ( X , ) - , X ,  is algebraic for all n.) Let P be a finite extension of F,  ~ '=  
Gal(F/F) ( = Z/dZ, d = [F: F]), G = G(/~), and/~ c / ( ' b e  the subgroups of  
analogous to R, K. As before, we define infinite-dimensional algebraic varie- 
ties ~', .~' over C such that X = G//~, ~" - -  G/R. The Galois group f' acts 

naturally on X, X'. 

LEMMA 2. We ha ve (~"(C)) r = X'(C). 

PROOF. Fix ~ in (~//~)r. Let g be a representative in G. Consider the 
map c" r'--- U given by c(?) = $r$-t .  It is clear that c is a one-cocyde on ~" with 
values in/~.  Since/~ is a pro-unipotent group, c is a coboundary. Lemma 2 is 
proved. 

REMARK. (,~(C)) I" ~ X(C).  

Now (~ acts on X', and any N in ge defines a vector field on X'. We denote by 
X~ the subvariety of zeroes of this vector field. It is clear that as a set, X~¢ is the 
set o f x '  in G/R with N in Ad(x')t. 

LEMMA 3. For any nil element N in ~F, the map rt : X ~ X s  is sur- 

jecti re. 

PROOF. This follows from Lemma 1. 

We assume from now on (except in Lemma 6) that N is a regular semisimple 
nil element in ge. Let Ts be the centralizer of N in t~. It is clear that Ts is a 
maximal torus in (~ and Ts acts naturally on Xs. Let As be the subgroup of  TN 
defined at the end of § 1. 

PROPOSITION 1. There exists a positive integer n such that 

Xs = As(XN ~ X,) and X;v = As(X;v N X~). 

PROOF. First we consider the case when N is a split element. In this case Ts 
is a split torus and we can assume that it is defined over C. We denote this torus 
by T. It is clear that T(F)= AT(A) and T ( A ) c  K. Fix a Borel subgroup 
B = TUin  G. Define Vs = { u ~  U(F) IAd(u)NE~A } and Ys = VsK/K C Xs. 
It is clear that T(A) normalizes Vs and stabilizes IN. 

Let Ad:  t ~ A u t g F  be the adjoint representation of  t~ and p =  
Aai=~-'~"k~(Ad) its exterior power, dp the corresponding representation of  gF. 
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Define the functions A : gr --" F and J : ~F ~ Z t3 -- o0 by A(N) = tr  dp(N),  

J (N)  = v(A(N)). It is clear that A(N) ~ 0 if and only i f N i s  a regular semisimple 

element. For any J C Z  + put  ~ = { N ~  I J (N)  -- J}.  

LEMMA 4. For any J C Z  + there exists n ( J ) C Z  + such that Y~ c X.for all 
Ncg . 

PROOF. Let O g t , . . .  , O/M be the set o f  posit ive roots o f  (G, B). We can 

consider a; as functions a~: C ~ F on the split Cartan subalgebra C c 6F 

corresponding to T C G. Define &; = v o a~: C --- Z. It is clear that hi(N) > 0 

and X~_ ~ &~(N) = 2J. Therefore t~(N) < 2J  for all i, 1 < i < M.  It is clear then 

that YN C X, for n = jM. Lemma 4 is proved.  

LEMMA 5. For any x in Xu there exists 2 in AN such that 2x lies in YN. 

PROOF. Fix x in Xiv. Since G is equal to T(F)U(F)K, we can choose a 

representative of  x in G of  the form tu, t C T(F), u C U(F). Since x C XN we 

have Ad( tu)N C ~a. But Ad( tu )N = Ad(u)N.  Therefore u C VN. Choose 2 C AN 

such that 2t C T(A). Then we have 2x C YN. Lemma 5 is proved.  

By Lemma 4, there exists n E Z  + such that ]IN C Xn. Therefore XN = 
AN(XN A Xn). It follows from Lemma 3 that Xfv = AN(Xk N X'~). 

Now let N be any regular semisimple element. Let P = F ( F / d )  be an 

extension over which the torus TN splits. Put  G = G(F). Let X be defined as 

above. Then AN = (fi-N) r and Xfv = (~'~v) r. Let A = AN, /k = AN. We have 

XN = / ~  17"N • Take n = c~(N) M. Then I~N c Xn. Let S = {~ C A  [ 217"N tq IT'N :# ~ }. 

It is clear that the set S is finite. Let 7 C 1-" be a generator and S = 

(X cA I2 X-IcS). Since h r = A  there exists a finite set D c / ~  such that 

= AD. Let ri C Z  + be such that DX, c .('~. N o w  it is easy to show that 

XIv c A(X~v ¢q X~). Indeed, fix x C XN. We can find ~ C/~ and p C IT'N C .~" such 

that x = ~p. But then (~p)r = ~)7. That  is, ~-,,~rpr = p. Therefore ~ - ' 2  r C S  

and 2 C S. Therefore we can find 2 C A  such that 2 - t 2  C D. Then 2 - i x  = 

(2-1~)pCX~ N X = X a .  Therefore XN=A(XN N X~). It is clear that Xfv = 

A(X~v N X~). Proposi t ion 1 is proved.  

PROPOSITION 1'. For any J C Z  + there exists n ( J ) C Z  + such that for any 
N C g~ we have 

X'N = AN(X'~ N X~(~)). 

PROOF. The proof  is the same as that o f  Proposi t ion 1. 
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COROLLARY. Let N be a regular semisimple nil element in gA. Then 
dim Xu < ~ .  

The converse statement is also true. Indeed, we have: 

LEMMA 6. Let N ~ g,~ be a nil element which is not regular semisimple. 

Then dim Xu = oo. 

PROOF. Since N is not a regular semisimple element, the centralizer ZN of 

N in G contains a nontrivial one-parameter unipotent subgroup V(t) C G, 
t E F .  Let x0~X(C) be the point corresponding to K/KE G/K. Then xoEXu. 
Therefore V(t)xo~Xufor all t E F .  Let I:, = (C(t)xo I t ~e-"A }. It is clear that 

Y, is an algebraic subvariety in X and dim I:,---oo for n - - ~ .  Lemma 6 is 

proved. 

For any l E Z + we denote by Kt c K the congruence subgroup m o d e  I. 

PROPOSmON 2. For any 0 E Z  + there exists l, n ~ Z  + such that for any 

N E~6A, and any N ' ~ N  + dgA, we have 

= n X D .  

PROOV. We start with a series of  simple lemmas. 

LEMMA 7. For any n ~ Z  + there exists l ( n ) ~ Z  + such that Kt acts trivially 

o n  X n . 

PROOF. Clear. 

L~MMA 8. For any t~EZ + there exists l l(O)~Z + such that for any NEg] 
and any N' E (N + etlt6)gA) :1 Zu, we ha ve X'~, = X~; here Zu is the centralizer of 

N in ~e. 

PROOF. As follows from the proof of  Lemma 4 there exists I~(O)~Z + 

such that for any split N ~ g ]  and N ' E ( N + d ,  t6)gA)M Z.u, we have 

Vu = IN,. Then Yu = Yu,. Define Yh = n-~(Yu) N Xfv and Yk, = tt-~(Yu,) N 

X~v,. We have 

X~v, = Au(Y~,) -- Au(YN) = Xu. 

If  N is not split we proceed as in the proof of  Proposition 1. We find that for 

any N ~ g~A and N' ~ (N + el'(O)gA ) 0 ZN, we have 

= = = 
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Lemma 8 is proved. 

LEMMA 9. For any ~ and any l ~ Z  + there exists 12(~, I ) ~ Z  + such that for 
any N ~ ~ and any N ' ~ N + et,(n,°~,~ there exists k ~ Kt such that Ad(k)N' ~ 2~u. 

PROOF. Clear. 

Now we can prove Proposition 2. By Proposition 1' there exists n ~ Z + such 
that for any N~g~ ,  X~ = Au(Xfv N X~). Let l = 12(c~, max(l(n), 1~(~))). By the 
definition of 12(J, l), for any N ~  and N ' E N  + eta,4 we can find k ~Ktt,) such 

that N" ~'f Ad(k)N'E2~m It is clear that N " E ( N  + tt(")gA) n Z,~v. Therefore 
X~,. = X'u and 

X'u, = k-~X'm = k - I X ~  = k - l A t c ( X ~  n x ' )  = n x;)) 

= Au,(XIv n x') .  

Proposition 2 is proved. 

§3. Finite dimensionality of ~ 

From now on we assume that G is simply connected. 
Let ~ be the variety of Borel subalgebras in g. Fix b0E ~(C)  and denote by b0 

the preimage of b0 under the natural projection gA ~ g. By an Iwahori subalge- 
bra we mean a subalgebra of gF which is conjugate to bo. Let B C G be the 
subgroup corresponding to bo and Bo c K be the preimage of  B C G under the 
projection p : K - -  G. It is well known that the set ~ of all Iwahori subalgebras 
of  gv is isomorphic to G//~0. The inclusion ~0 -~ K induces the map p : ~ --* X 
with fiber K/JO o ~-- 8 .  It is easy to define a structure of  an infinite-dimensional 

algebraic G-variety on ~ such that for any n >_- 0 in Z, A', ~f p-~(X.)  is an 
algebraic subvariety of ~ ,  and the map ~'. ~ X. is an algebraic morphism with 
fibers isomorphic to ~ .  It is known that X, is a projective variety. 

Let E (resp. Z) be the set of  vertices of  the Dynkin diagram (resp. extended 
Dynkin diagram) for G. We identify 1~ with the set of  simple reflections ~q in the 
affine Weyl group W of G, by a ~ sa (see [B]). We denote by l(w) the length of 
w E W, and by _-< the standard partial order on W. 

LEMMA 1. 

(a) For any w ~ W there exists a constructible subvariety ~ , ,  < ~ such that 

(b) ~,,, is isomorphic to the affine l(w)-dimensional space A t(w). 
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(c) Let ~ be the closure of 8 ,  in 8 .  Then .~,, = U8.,,, where the union is 
over all w' in W with w' <- w. 

(d) We have 8 = US~ ,  where the union ranges over all w in IV. 

PROOF. Follows from [Ka]. 

COROLLARY. For any pair oflwahori subalgebras 8' and 8" in 8 there ex&ts 
g in G and • ~ Wsuch that gb' = 8o andg~" = ~'~o. The element ~, is uniquely 
determined. 

We say in this case that 8' and 8" are in the relative position ff and write 
8'--* 8-. 

For any aEZ  the subset P0,, ~f Bo U/~0sa/~0 c G is a subgroup and S0,, = 
80 + s,-80 is a subalgebra of gF. A conjugate of S0,, is said to be a parabolic 
subalgebra of type a. The set P, of parabolic subalgebras of type a may 
be identified naturally with G/P,; it has a natural structure of complex 
algebraic G-variety such that the natural map n. : 8 - -  ~ ,  is a Pl-fibration. 
The fibers of n, are called lines of  type a. We denote by ~, the line bundle on 
8 such that 8,(8) is the cotangent space to the fiber of ~ through 8, for every 
8 i n 8 .  

For any regular semisimple N in ~F, we denote by 8N the subvariety in b of 
zeros of the corresponding vector field. 

PROPOSITION 1. 

(a) 8N is a locally finite union of  finite-dimensional algebraic sub varieties 
in 8 .  

(b) AN acts without foced points on 8N. 
Let CN be the set of irreducible components Of SN. 
(C) For any Z in CN, the stationary subgroup of  Z in AN is trivial. 
(d) CN is a finite union of Amorbits. 

PROOF. Follows from the proof of Proposition 2.1. 

COROLLARY 1. There exists an algebraic variety ~N and a map 8N -" ~N 
such that the fibers are Amorbits. 

PROOF. Follows from Theorem 3.2 in [DG]. 

COROLLARY 2. I f  N is elliptic then 8N is an algebraic variety. 
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§4. Irreducible components of ~N 

Fix a E ~. Let 8~ be the restriction to ~N of the line bundle 8~ on ~ defined 
in §3. For any b ~ ~Nlet P~(b) be the fiber of Tt~ through ~. Since exp Npreserves 
/~ it maps p t(~) into itself. Therefore N defines a vector field 2N(b) on p/(fi) 
which is zero at the point/~ of P~(b). Since Nis nil, 2 t~ has a zero of second order 
at b. Therefore 2N(b) defines an element s~(b) in the cotangent space to P~(~) at 
b. This defines a section s~ of 8~. It is clear that sff(b)--0 if and only if 
2N(b)--=0; in this case P~(b) lies in ~N. 

REMARK. We could define the line bundle 8~ by 8~(b) = n/rt~, where ~ is 
the unique parabolic subgroup of type a containing b, and n, n, are the 
nilradicals of b and ~.  Then sff(~) is the image of N in n/n~. 

PROPOSmON 1. Let N ~ ~F be a regular semisimple nil element. Then all 
irreducible components Of ~N ha ve the same dimension. 

REMARK. This Proposition is due to Spaltenstein [Spa] in finite dimen- 
sions; our proof is inspired by Spaltenstein's. 

PROOF. Let d be the maximum possible dimension of an irreducible 

component of ~N. (See Proposition 3. l(a).) 

LEMMA 1. Let Y be an irreducible component of dimension d Of ~N and let 
.~ C ~ bea lineoftypeasuch tha t~  c ~Nand.~  N Y v ~ Z .  Then thereexists 
an irreducible component Y" Of ~N such that ~ c Y' and dim Y' = d. 

PROOF OF LEMMA. If ~ C Y, there is nothing to prove, so we can assume 
that &P $ Y. Let Z C Y be the set of zeroes of the restriction of sff to Y. Then, 
clearly 

Z = (b~ Y 11t~-'(:t~(b)) C ~}N}. 

By Krull's theorem, we have either Z = Y or Z = Z, U Z2 U • • • U Zn, where 
the Zi are irreducible subvarieties of Y of dimension d - I. 

Assume first that Z = Y. Then ]7 = 7t-l(Tt~y) is contained in ~N, and it is 

irreducible. Moreover, it strictly contains Y, since .g~ c 17, .g~ fh Y ~ ~ ,  and 
(Z Y. Hence dim 17 > d. This contradicts the definition of d. Assume next 

that Z ~ Y. Let 17i = 7t~- '(it~ Yi ) ( 1 _-< i _-< n). For some i, we have ~ C Y/. Then 
again Yi is contained in ~N, it is irreducible, and it strictly contains Zi. Hence 
dim 17i > dim Z~ = d - I and dim 17; = d. From the definition of d, it follows 
that 17~ is an irreducible component of ~s.  It contains --~, hence the lemma is 
proved. 
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LEMMA 2. I fb  and b' lie in ~ ,  then there exist lines ~1,  "~2 . . . .  , ~ n  o f  

type al , a2, . . . .  an in ~ ,  such that 

f iE~,  ~'E~n, ~ 1 N ~ : ÷ ~ ,  ~ N ~ 3 ÷ ~ ,  . . . ,  ~n-~ n~n ~ .  

In particular, ~i~ is connected. 

(This is due to Tits in finite dimensions, the proof  in our case is the same as 

that of Tits.) 

PROOF. Let w in Wbe the relative position ofb and fi'. Let w = s~s~,. • .s~, 
be a reduced expression for w, where the ai are simple afline roots. There is a 

unique sequence rio, ~1, • • •, fin in ~ ,  such that rio = ~, fin = ~', and bj_ 1, bi are in 
relative position s~, for 1 < i =< n. Let x = exp N. Then the sequence 

~fi0, :'hi, • • •, grin has the same properties, hence it coincides with b0, fil . . . .  , fin. 
Thus ~ = fi~ (0 < i < n). Let . ~  be the line of  type a~ such that ~ contains fii_ 1 

and ~. Clearly ~ _  1 O ~ ~ ~ for 1 < i < n. It is easy to see that for any line 
~w of type a we have e i ther .~  c ~ lsor .~ '  O ~I~ = point, or La n ~1~ = empty. 

For . ~ ,  the intersection .~z, O ~ contains at least two points ~_ l and fii; it 
follows that ~ c ~I~. The lemma is proved. 

PROOF OF PROPOSITION. Let Ybe an irreducible component  o f ~ ,  b '6  Ya 
point  of  Y not contained in any other irreducible component  of ~ , ,  and Yo an 
irreducible component  of ~N of dimension d. Fix fi in Y0. Let ~ 1 , . . . ,  ~eJv be 
as in Lemma 3. 

Applying Lemma 1 to Yo and ~1,  we see that .~el C Y~, where YI is an 
irreducible component  of  dimension d of ~ls. Applying Lemma 1 to Yl 
and ~2,  we see that -~2 c Y2 where I:2 is an irreducible component  of  
dimension d of ~N. 

Continuing in this way we find a sequence Y1,. • . ,  Yn of irreducible compo- 
nents of dimension d of  ~ s  such that ~ei c Y, for 1 < i _-< n. Since ~' lies in ~ n  
we have that fi' lies in Y~. From the definition of fi' it follows that Yn = Y. 
Hence d im Y = d, as required. 

REMARK. The same proof  shows that for N ~ gr nil, not necessarily regular 
semisimple, the following holds: if ~ contains some irrreducible projective 
variety of  dimension n, then for any fi6~l~ there exists an irreducible 
projective variety of dimension n, contained in ~N and containing ~. 

Let N be a regular semisimple nil element in ~ and Y an irreducible 
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component of ~N. We denote by z(Y) the set of all a in $ such that 
Y = rt~- '(ft.(Y)). 

LEMMA 3. I f  dim Y > 0, then z(Y) • ~ .  

PROOF. Suppose that r(Y) = ~ .  Then we can find y in Ysuch that y does 
not lie in the closure of ~N -- Yand n~-~(n~(y)) n ~N = {Y} for all a in ~. If 
dim Y > 0 then we can find Yl in ~N with y, ~ y. By Lemma 2, there exists an a 
in ~. and a line .Y of type a through y in ~N. Since y is not in the closure of 
~N -- Y, we have ~o C Y. This contradiction proves Lemma 3. 

(An analogous result holds for the varieties ~N in finite dimensions 
(Spaltenstein).) 

THEOREM 1. Let N be a nil element in gt: such that dim ~N > 0. Then 
there exists an irreducible component Y of ~N such that z(Y)= ao, where 

- -  - 

PROOF. We start the proof with a study of the action of the affine Weyl 
group on the homology of ~N. 

It is well known (see [Ka]) that W acts naturally on the homology and 
cohomology groups of ~ .  We describe in detail the action of I~ on Hz(~, C). 
Fix a Cartan subalgebra ~ in g. Let b' be the dual space. Let M~ be the space of 
affine functions on b'. Then the group I~ acts naturally on the space M~. 

LEMMA 4. The action of  W on H2( ¢~, C) is isomorphic to the action on M1. 

PROOF. See [Ka] p. 206. 

LEMMA 5. Let V C Symk(Ml) be a W-in variant subspace, and k a positive 
integer. Then V e/÷ (0}. 

PROOF. Let A C l~be the translation part of l~(see [B]). We may identify 
Sym k M 1 (as a l~-module) with the space of polynomials of degree < k on b'. It 
is clear that any A-invariant nontrivial subspace in SymkMl contains the 
function 1 of Sym k Mi, which is l~'-invariant. Lemma 5 is proved. 

Let Pk : H2k(~, C)-" Sym k H2(~, C) be the projection ? --- Pk(?) defined 
by the condition (It k, Pk(7))= (1 zk, 7) for all /t in H 2 ( ~ ,  C) ( =  dual of 

H2(~, C)). 

LEMMA 6. Let Y be an irreducible algebraic variety of  dimension k in ~ .  
Let ?r be the corresponding homology class in H2k(~). Then Pk(~'r) ~ 0. 



142 D. KAZHDAN AND G. LUSZTIG Isr. J. Math. 

PROOF. We can find a positive integer n such that Yis contained in }?n (see 
the beginning of §3). It follows from the Bruhat decomposition (Lemma 3.1) 
that the map H2(~, C)---H2(.~,) is an isomorphism (if n is sufficiently large). 
Since ~'n is projective we can imbed ,~'n in a projective space. Let/~ be the class 
of a hyperplane section in H~(X~, C), and g the corresponding class in 
H2(~,  C). It is clear that (gk, ~)y) ~ 0. Therefore Pk(TY) ~ O. Lemma 6 is 
proved. 

Let N c gr, be a regular semisimple nil element. Put dN ~f dim ~N. We 
denote by tYs the image of H2d~(~N) in H2ds(~). 

LEMMA 7. VN is a l~-in variant subspace in HEd~(~). 

PROOF. Follows from [K-L, 2.2]. 

LEMMA 8. We have left ~ {0}. 

PROOF. Let Vsbe the image of l?Nin Symd~(H2(~, C)) under the projection 
Pdr It follows from Lemma 6 that VN ÷ (0} and therefore (by Lemma 5) that 
Vff ~ {0}. Since W is a finite group we conclude that l?ff ~: {0). 

Let p: I ~ A u t  HEd~(~) be the natural action of I~ on H2d~(~). Put 

Ta St Id + p(s,) for any a in ~. For any irreducible component Y of ~N we 
denote by [Y] C H2dN(~) the homology class represented by Y. 

LEMMA 9. For any a in T(Y), we have T~[Y] = O. 

PROOF. Follows from [Ka], p. 206. 

Let T denote the sum ofp(w) over all w in W. 
For any a in E let W t~) be the set of w in W such that l(ws~) > l(w). Put 

Q~ = z,~w~.,p(w). It is clear that T = Q_~. T~. 
Now we can prove Theorem 1. Assume that for any irreducible component 

Y of ~ we have z (Y) ~ (a0}. Since z (Y) ~ ( O } there exists a r in Z N T (Y). 
Then T[Y] = Q~,Ta,[Y] = 0 for any irreducible component Y of ~N. Hence 
TI?N = 0. But this contradicts Lemma 8. Theorem 1 is proved. 

COROLLARY 1. For any regular semisimple nil element N in gF there exists 
g in G such that Ad(g)N lies in ~A and its reduction mode is a regular nilpotent 
element in g. 

PROOF. Let Y c ~N be a component such that z(Y) = {a0}. Then there 
exist y in Y(C) such that n~t(n~(y)) A ~ s  = {y} for all a in Y.. Let N~ = 
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Ad(y)N. Then NI lies in gA. Let n~ = 7t(NI) be the reduction ofN~ mod e. It is 

an element of ~. Let ~ , ,  be the set of  points in ~ fixed by exp nv We have 

z(~, , )  c Z(~N,) f~ g = ~ .  Therefore ~ , ,  = {point} and n~ is a regular nilpo- 
tent element in g. Corollary 1 is proved. 

COROLLARY 2. For any regular semisimple nil element N we ha ve 

dim ~N = dim AN. 

PROOF. We have a natural surjective map ~N & AN. Let Y be a compo- 

nent of  ~N such that r(Y) = {a0}. It follows from Corollary 1 that for generic y 

in Y, we have p - l ( p ( y ) ) =  {y}. Therefore dim Y <  dim XN. On the other 

hand, it follows from Proposition 1 that dim ~N = dim Y. Since dim XN < 

dim ~ u ,  we see that dim ~}N = dim XN. Corollary 2 is proved. 

§5. ~N for N in a Levi subalgebra 

Let p = m + n C ~ be a parabolic subalgebra, P = M U  C G the correspond- 

ing parabolic subgroup, P = P(F), AI = M(F),  0 = U(F). Let X M be the 

algebraic subvariety of  X such that X M = 2fl/M(A) c G/G(A) = X. For any 

regular semisimple nil element N in mr C fir we put X~ = X u N AN. It is clear 

that X~ is the set of  m in h;l/lf/l(A) with Ad(m)N in ma. Fix x ~ X. Since 

= PG(A) we can find p = mr in P, where m lies in .$~t and r in 0, such that 
x = pG(A). Denote the element mM(A) /M(A)  of X M by q(x). 

LEMMA 1. (a) The element q(x) is well-defined. 
(b) q(x) ~ Xff for x E XN. 

PROOF. (a) is clear. To prove (b) we note that A d ( p - l ) N c  gA. But 

A d ( p -  I)N = Ad(r-  ~)(Ad(m - t)N). Since Ad(m-  l)N C me, we have 

A d ( r - ~ ) ( A d ( m - l ) N ) = A d ( m - l ) N +  V, where V lies in hr. Therefore 

Ad(m - t)N lies in (gA + nF) N me = mA. In other words, q(x) is in X~. Lemma 
1 is proved. 

Denote by qN the restriction of  q to XN. 

For any regular semisimple nil element N in the subalgebra mp of gF we 

denote by JN the determinant in F of the restriction of ad N on nF. Let VN be the 

valuation of JN; it is a non-negative integer. 

DEFINITION. An algebraic variety Z is called "almost an affine space" if 

either Z is an affine space or there exists a fibration of Z over an affine space 

such that all fibers are almost affine spaces of smaller dimension. 
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EXAMPLE. A two-dimensional algebraic variety Z is an almost affine 

space if and only if there exists a fibration Z - ~ A  ~ with fibers isomorphic 

to A =. 

PROPOSITION 1. The fibers of qu are almost affine spaces of dimension vu. 

PROOF. Let t~ + be the set of  positive roots of  P with respect to the center of  

M, and Z the set of  roots in ~+ which are not sums of two or more roots in ~+.  

For any positive integer k we denote by ~ the subset of  roots in ~+ which are 

sums of at least k roots in Y.. Let .Ark, ~[/~k C ./~ be the spans of the root 

subspaces corresponding to the roots in ~ -  and ~ - + ~k+ t, respectively. It is 

clear that J~/'k is a normal subalgebra in X ,  and that ~[Pk = ~ / ' k / J ~ / ' k + l  • Let 
Uk = exp J~/'k be the corresponding normal subgroup in U. Fix y in X~(C), and 

a representative m o f y  in .(/. Put Arm = Ad(m)N; it is an element of  ~//(A). 

Consider the map ¢~" ~ l ( F )  -~ ~r~(F) defined by ¢~(v)=  [v, Arm]. Put Zt = 

(~(A))/O~ ( ~ ( A ) ) .  It is clear that Z~ has a natural structure of  an aftine space. 

Put Z = q~71 (y). For any z in Z c XN(C) we can find a representative ofz  of the 

form mrs, where r~ lies in t] = U(F) and is uniquely determined up to a right 

multiplication by elements in U(A). Let rz be the image of r~ in ~/r I = U~/U2. 
Then ~m (f~)E ~m(A). Let q~(z) be the image of ~m (r~) in Zv 

It is clear that the element q~(z) is well defined, q~ : Z - ~  Z~ is an algebraic 

fibration. Let ~2 m : ~2(F)-~  ~trE(F) be the map given by ~2m (v) = [v, Nm ]. Put 
Z2 = ~tr2(A)/~ (~/P2(A)). Fix Zl in Z~(C), and an element r in U(F), such that 

Ad(r)Nm--Nm is contained in At(A), and ~lm (r) = zt. For any z in qF ~(z~) we 
can find a representative of the form mrr~ 2~, where r~ 2> is in U2(F), and r~ 2) is 

uniquely determined up to a right multiplication by an element in U~(A). 
Define the map q~ from Z °) d~___f ql~(ZO tO Z2 by letting qE(g) be the image 
of r~ 2~ in A/'~(A)/~E(~:(A))+ ~ ( A ) ,  where r 2 is the image ofr~ ~ in U:/U~ .~. 
~2. It is clear that q2 is a fibration. Repeating these arguments we obtain 

Proposition 1. 

~6. Constructible subsets of ~A 

Given a subset I ? of  ~A we say that 17 is constructible if there exists a positive 

integer l = l(Y) and a subvariety Y c gA/et~A which is constructible in the 

Zariski topology, such that 17 = pFt(Y) where Pt is the natural projection 
Pt: gA ~ gA/el~A • We say that 17 is irreducible if Y is irreducible. We denote by 

p[,, It > l the natural projection p/, : gxlet, itA ~ I ]a /e tga .  

We say that the subset 171 of ]7" is open if there exists a positive integer 
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II, l~>1, and an open subset Y~ of (p[,)-~(Y), such that 1'~ = pl:-l(Y0. Let 
A : gr ~ F, ~ : ~r -~ Z + U ~ be the functions defined in §2. 

For any constructible subset ]:'in ga we define J(1') = minye~ J(y).  It is clear 
that 6(1') is finite if 1'is not empty. Put  1"0 = { y E  1"Z~(y) = J(1")}. 

LEMMA 1. The set 1"o is open in 1". 

PROOF. Put l = max(/(Y), J(1")+ 1). It is clear that 1"0 = PFI(Y0), where 

Y0 = Pt(1"0) is an open subset in 

( p[~r))-I Y c ga/elgA. 

I_emma 1 is proved. 

COROLLARY. For any constructible nonempty set 1" there exists a nonempty 
open subset 1"o of  1" which consists of  regular semisimple elements. 

Let .~" c g be the subvariety of nilpotent elements and A? its preimage in ga. 
Define a function don  o~" by d(N) = dim ~ s .  For any subset 1" c ~ we define 

d(1") -- minNee d(N). 

LEMMA 2. For any constructible subset 1" of  ~(/" ther exists a nonempty open 
subset 1"1 of  1" such that d(y)  = d(1") for any y in 1"1. 

PROOF. By Lemma 1 we may assume that ~(y) = J(1") for all y in 1". By 
Propositions 2.1' and 2.2 there exist positive integers n and l such that for any 
N in 1" we have d i m ~ N = d i m ( ~ N  n . ~ ) ,  where ~'~ =Tr-I(X~) and 
(~N n )(~) = ~N+; n X'~ for all z in e l~A . We may assume that Y = pt-l(Y), 
where Y is a constructible subset of ~A/e~I]A . Define a function D : Y-~ Z by 
D(y)  = dim ~N, N X~, where Ny is in Pt- t (Y)- Since D is constructible, Lemma 
2 is proved. 

Let W~ be the set of conjugacy classes in W. For any c in W_ denote 
by ~= c ~F, the subset of regular semisimple elements y such that the centra- 
lizer Ty o fy  in G is of type c (see Lemma 1.2). Fix a Cartain subalgebra Oc OfgF 
of  type c. 

PROPOSITION 1. For any constructible subset 1" o f  (h there exists a 
nonempty open subset 1"o o f  1" and c in W~ such that 1"o is contained in gce. 

PROOF. By Lemma 1 we may assume that O(y) = ~( = ~(1')) for all y in 1". 
In particular, any element y in 1" is regular semisimple. We can assume that 
I(Y) > 6. For any 1 E Z  + we define Kt = {k E K  [ k ----- 1 mod et}. 
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LEMMA 3. For any y in Y and z in dtr)gA, there exist k in Kl such that 
k-~(y + z)k lies in ~-~, where ~'y is the centralizer of  y in gr. 

PROOF. Clear. 

For any positive integer n we denote by G, the preimage of X~ in G (see §2), 
and choose a positive integer l~ such that g-~Kt, g is contained in Kttr) for all 
g in G~. The set G~/Kt, has a natural structure of an algebraic variety. We define 
a subvariety Z, x o f ( ~  N e-n~A/el(Y){]A) X G'/Kt. by Z, x = {(/~, x) I [x,/~]~ Y}. 
Let Y~,~ be the image of Z~ x in Y under the morphism (/~, g) ~ Ix,//]. It 
follows from a theorem of Chevalley that Y,,,c is a constructible subset in Y. 
Since 

Y =  (..J Yn.c, 
c E W ~  

n E Z  + 

it follows from Baire's theorem that there exists a conjugacy class c in W_ and 
a positive integer n, such that Y,,c contains an open subset in Y. Proposition 1 
is proved. 

COROLLARY. For any irreducible constructible subset ~" c ~A there exists a 
unique conjugacy class c -- c(i') in W~ such that g~ N i" contains an open 
subset of  i'. 

§7. The sets Zw 

7.1. We fix b o E ~  with nil-radical no. For each w E  I~, let ~<w)= 
{ b e ~ ]  bo w b}. (Here b0 ~ b means: bo, b are in relative position w.) For 
any k e N ,  let ~k = { ~  [b ~ ek%}. Then ~k  is a projective subvariety of 
4 ;  it is a union of finitely many ~w). Conversely, it is clear that any ~<~) is 
contained in some ~k for sufficiently large k. 

Let Z~ = {(x, b)Eno X 
If k e N is such that ~w) c ~k we define 

n0 

where k is a representative for x in %. (The condition k ~ b is independent of 
the choice of representative 2 since ekno C b). 

Then Z~ is an irreducible algebraic variety over C of dimension equal to 
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dim(nde, krto). (Indeed, the second projection Z k ---~t~) is a vector bundle 

whose fibre at ~ ~ t . ) i s  (no n ~)/ekno, a vector space of dimension 

dim n__£o dim no = d i m  n____~o l(w); 
ekno n o N b gkn 0 

moreover ~(.~ ~ C;(W).) 
Note that Z,~ is the inverse image of Z k under the natural map 

nk" no X ..~.,~-" 11o X d~t.). 
gk no 

We shall denote by re k + ~ • Z k + t __, Z k the map induced by the natural map 

1 1 0  A 
/~k+ln ° X '-~(w)-"* 1l° X ,~(w). 

gk 110 

Let Zk be the Zariski closure o f Z  k in (no/ekno) X ~tw). We define Z~ to be the 
inverse image of 2k under the natural map 

.o x x 
8~r10 

Then Z~ is independent of the choice o fk .  Indeed, 2 k+~ is the inverse image of 
2k under the natural map 

~k + lno ~krt ° 

We have Z~ c 2~ c ((x, ~)~.o  × ~ I x ~ ) .  

7.2. PROPOSITION. Given w ~ W ,  the set Zw-[Uys~, ,y , ,wZy] is non- 
empty. 

PROOF. Ifkis  such that ~(w)c ~k,  we set Y(k) = { y e  W ]y ~ w, ~(y)C ~k}; 
this is a finite set. For each y ~ Y(k), Z k (and 2 k) is an irreducible subvariety of 
(no/ekno) X ~ of the same dimension ( = dim(no/ekno) as Z k. It follows that 

Z~ n [ Dyer(k) -k Z~] is a closed subvariety of Z k, distinct from zk;  hence its 
complement Ok~ in Z~ is non-empty in Z k. 

It is clear that it k + I ((l)kw+ I ) C (~kw, Note that the maps it k + 1. Z k + ~ _~ Z k are 

open (they are vector bundle maps). We now fix ko such that ~t~) c ~ko. For 
each k = > ko ,  l t ~  + l  o , , , OTfk_  2 k - l o  nk_l(tl)k~) is a non-empty open subset of zko, 

hence it is open dense; the intersection of this countable family of open dense 
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subsets of Z k0 is non-empty by Baire's theorem applied to zk0 with the standard 
locally compact topology. Let ago be a point in this intersection. 

We shall construct a sequence of points akEO k (k > ko) such that 
/ t k + l ( a k + l )  = Ot k for all k _-> k~ Assume that ak is already defined for all 
k, ko _-< k < k~ where kl ->_/Co, and it has the required property as far as it makes 
sense. 

Consider the subset R = (Tr~,+t)-t(ak,) of Z~ ~+1. This set is an algebraic 
variety isomorphic to n0/e %. 

The sets rr~+ +2 o . . .  o/r~;T~/r~;_ t((I~') N R (k' > kt + 1) are non-empty, open 
subsets of R (by the properties of a ~ . . . ,  ak); the intersection of  this count- 

able family of open dense subsets of R is non-empty by Baire's theorem. Let 
°tkj + l be a point in this intersection. Thus, we have an inductive construction of 
the sequence Ot k ( k  ~ k0) with the required properties. 

Since Zw = ~imk Z k , there exists a ~ Zw such that 7tkt~ = a k for all k >_- k~ We 
now show that for any y 6 if', y ÷ w, we have a ~ Zy. Assume that a ~ Zy. We 
can choose some k->_ko such that ~y C ~k.  Then rtka6Z k. But 7tka= 
O~ k ~ O k, hence 7tkOt is  n o t  contained in -k Zy, by the definition of • k. This is a 

contradiction. The proposition is proved. 

7.3. PROPOSITION. I f ( x ,  b ) ~ Z w -  ( UyecrZy), then x is a regular semi- 
simple nil-element and dim ~x  =< l(w). 

PROOF. Consider an irreducible component  X of the algebraic variety 
~I~ tq ~t~ ' ) (w'6  l~r', w' ->_ w) such that bEX.  There is a unique y E l~'such that 
~¢y) N Xis open dense in X. We can find a sequence b~ (i >= l) in ~¢y) tq Xsuch 
that lim~_o~ b~ = b in X. Then lim~_~ (x, b~)= (x, b), hence (x, b)E2~y. By 
our assumption on (x, b), we must  then have y = w. Thus ~t~) tq X is open 
dense in X. Hence X C ~¢w), and dim X < l(w). Since w' was an arbitrary 
element of i f ' such that w' > w, the proposition follows from Lemma 2.5 and 

the remark preceding Lemma 4.3. 

For any simple reflection s E W, let no.~ = 6o ~ b where b E ~ is such that 
b0 ~ b. (Then n0.~ is independent  of the choice of lb.) The following proposi- 
tions (7.4, 7.5, 7.6) correspond to the study of regular and subregular nilpotent 
elements in semisimple Lie algebras. 

7.4. PROPOSmON. The following conditions for x E no are equivalent 
(a) (x, ~0) E Z~ - I..Jy,,, ~y, 
(b) x E no - n0.~ for any simple reflection s, 

(c) drx = {lbo). 
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PROOf. Assume that x ~ no~ for some s. Then (x, b0) is in Ze t3 Zs. Thus 
(a)=~(b). 

Assume that (x, bo) ~ Zy for some y ÷ e. We can find a simple reflection such 
that l (sy)<l(y) .  I f (x ' ,  b)~Zy, there is a unique b ' ~  such that bo s b', 
1~' ~ b and b' automatically contains x'. Hence x '~no  N ~' = rto~. It follows 
that for any (x', b) E Zy we have x'  E no.,. In particular this holds for x '  -- x. 
Thus (b) =* (a). 

If(a) holds, then x is a nil-element and ~x is of dimension 0 (see Proposition 
7.3); since ~x is connected, it is {b0}. Thus (a)=, (c). I fx  E n0~ then clearly ~x 
contains a projective line ( = the set of ~ E ~ such that b D n0~). Thus (c)=* (b). 
The proposition is proved. 

7.5. PROPOSITION. Let s be a simple reflection in IS', and let 

y ÷ s  

Then x is a nil element and dim ~x = 1. 

PROOF. We have dim ~x < 1 by 7.3; on the other hand ~x  clearly contains 
the line of type s through b, hence dim ~x = 1. 

7.6. Now let x '  be any nil-element such that dim ~x , - -1 .  Then each 
irreducible component of ~x, is a line of type s' for some simple reflection s'. 
(See Lemma 4.4.) The pattern of intersection of these lines can be described by 
a graph F, whose vertices are in 1-1 correspondence with the irreducible 
components of ~x,; two vertices are joined precisely when the corresponding 
components of ~x, meet each other. 

7.7. PROPOSITION. In the set up of  7.6, F is an extended Dynkin graph 
of  type: 

(a) /5 ,  (resp. F,,) i f  ~ is of  type D, (resp. En). 
(b) /)2, (resp. /),+2) i f  ~ is of  type B, (resp. C,). 
(c) E7 if ~ is of  type 1:4. 
(d)/~6 i f  g is of  type O2. 

I f  g is of  type A. (n > 2) then F is the universal covering of  the extended Dynkin 
graph of type ,4,. 

PRoof. Consider for example the case where g if of type An (n > 3). The 
simple reflections in I~ can be labelled s~ (i ~ Z/(n + 1)) where si ÷ sj commute 
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if and only i f / - j ~ / ~  ___ 1 (mod n + 1). I f X i s  a line of type si contained in ~x, 
then X meets exactly one line X'  of type si + ~ contained in ~x,, exactly one line 
X" of type si-~ contained in ~x, and no lines of  types s j , j ~ i  + 1 (mod n + 1), 
contained in ~x,. This follows from the structure of  the varieties ~x  for 
subregular nilpotent elements in semisimple Lie algebras of type A2 and 
A~ X A i. Moreover X N X' tq X" is empty: two lines of type s~ + 1, s~_ t contained 
in ~x, cannot intersect since (i + l) - (i - 1 )5  + 1 (mod n + 1) for n > 3. 

It follows that F must  be a covering of the extended Dynkin graph of 

type A,. 
Now let ~1,  ~2  . . . . .  .~", be a sequence of lines of type sj+ 1, sj+2 . . . . .  sj+,, 

respectively, each contained in ~ , ,  such that .W~ ~ ~ 2  ÷ ~ ,  

"~2 ('~ *~3 =fl: ~ ,  " ' " ,  -~Om- 1N "~m 5g: ~ .  

(Here j + 1,j  + 2 . . . . .  j + m are taken modulo n + 1.) Then sj+tsj+2. • "Sj+m 

has length m in I~. Since this element describes the relative position of some 
point in ~ t  with some point in g ' , , ,  it follows that ~ l  ÷ ~ , , .  This shows that F 
is the universal covering of the extended Dynkin graph of type A.. Analogous 
arguments apply for ~ of type D, or Es; the argument is actually simpler, since 
the Dynkin graph is already simply connected. The arguments in the other 
cases are similar. (This proof  is suggested by the analysis of subregular 
nilpotent elements in semisimple Lie algebras, see [St, 3.10].) 

7.8. Let x '  be as in 7.6. If~ is of type A2 or A~ then F is 

either the infinite graph . . . . . . . . . . . . .  or the 

finite graph o - -  o (for A,) or g / ~  (for A2). 

The infinite graph is realized by 

I ol [°°il x ' =  E g[2 and x ' =  0 0 ~g[3. 

e 0 

The finite graphs are realized by 

io:1 [oo) x ' - -  ~12  and x '  = e2 e 0 ~ g[3. 
0 e 

In the last case, ~x, consists of three lines meeting in a single point. 
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7.9. The discussion in 7.1 can be carried out also in the case of  a finite- 

dimensional reductive complex Lie algebra ~g. (See [St. 3].) We shall state 
briefly the results which we need. Let ~ be the variety of Borel subalgebras of 
~g. Let ~Wbe the Weyl group. We fix ~bo~ l~ ,  and let l~,~ (w ~ ~ W) be the set 
of  all ~b ~ l ~  such that ~b0, ~1~ are in relative position w. Let ~n0 be the nil-radical 
of ~b0. Let ~Zw = {(x, ~b)E ~n0 × ~ w  [x E ~b}. Let 12~w be the closure of I Z  w in 
~Z = {(x, ~b)~ ~no × ~ [ x E  ~b}. The ~2w (wE XW) are the irreducible com- 
ponents of ~Z; note that 1Zw is isomorphic to ~n0. 

Let ~ be the unique nilpotent orbit in ~g such that for any ~b, ~b'E l ~  in 
relative position w, the intersection tb n ~ '  n cg~ is open dense in the nilpo- 
tent radical of ~b tq ~b'. 

(a) w ---- ~ is a surjective map from ~ W to the set of  nilpotent orbits in ~l]. 

(See [St], [BC].) 
Since the Zw (w ~ ~ W) are distinct, irreducible of the same dimension, we 

have 
(b) Zw - [ ,,  ÷ (w ' W). 

Moreover: 
(c) I f (x ,  ~b) is in the set of(b), then x E  ~g~. 

Let ~ ,  be the variety of all Borel subalgebras of g containing x. Let X 
(resp. X') be an irreducible component  of t~x containing ~b0 (resp. ~b). Let 
y ~ ~ Wbe such that a generic point o f X a n d  a generic point o f x '  are in relative 
position y. From [St] it follows that x ~ % .  It is clear that we can find a 

sequence/~i ~ X and a sequence/~' ~ X' (i = 1, 2 . . . .  ) such that lim;_o~ pi = ~b0, 
limj_o~ fl" = ~b, and (fl~, fl[) are in relative position y for all i. We fix fl* G ~ 
opposed to tb0, let U* be the unipotent radical of the corresponding Borel 
subgroup. We can assume that/~, is opposed to/~* for all i. Hence there is a 
well-defined sequence u~ E U* such that fl~ = Ad(u;) ~bo. We have limg_® (ug) = 
1 since lima~o~flj = ~b0. Consider the sequence (xg, lbi)= 
(Ad(u~)-~x, Ad(ui)-l(fl;)) in ~Z (i > 1). We have limi~o~(xi, ~bi)=(x, ib) 
(since lim~_~ fl; = ~b and limi_~ u~ = 1). Note that (x~, ~b;)~ ~Z r. It follows 
that (x, ~b)~ iZy. From our assumption on (x, tb) it now follows that y --- w. 

Since x ~ ~y, we have x ~ ~g,, as desired. 

§8. Induction of nilpotent classes 

8.1. We wish to extend to ~F some results of [LS] on induced nilpotent 
classes. 

We fix a parahoric subalgebra ~ c ge with nil-radical n. Let P be the 
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corresponding parahoric subgroup of G. The quotient ~ = p/n is a finite- 
dimensional, reductive complex Lie algebra. Let n : p ~  lg be the natural 
projection. We shall use the notations of  7.9 for ~g. I fx  is a nilpotent element of 
~, then the variety ~ x  of  Borel subalgebras of  ~fl containing x may be 
identified, via I b ~ n-1(l b), with the variety ~p,x of  all Iwahori subgroups ~ of 

g,~ such that b C p and x E n(~). 
If:¢ is any element o fp  such that lr(.~) = x, then clearly ~,,x c ~ .  We seek 

nil-elements .~ Err -  ~(x) c p such that dim ~ is as small as possible. 

8.2. PROPOSITION. Given a nilpotent element x ~  ~g = p/n, there exists an 
open subset ~11 of n-~(x) such that any Y c ~ l  is a nil-element satisfying 
dim ~I~ = dim i ~ .  (For such ~, ~,.x is a union of irreducible components of 

PROOF. Let w ~ W  be such that x E ~ ,  relative to ~g (see 7.9(a)). We 
imbed in a natural way t W as a parabolic subgroup of I~, hence we regard w as 

an element of I~. 
Let b 0 be an Iwahori subalgebra ofg such that b0 c p and let ~b0 = n(b0) be the 

corresponding Borel subalgebra of ~g. 

Let (x', b) be an element ofZw - [ Urea, ~,,w Z~] (see Proposition 7.2), where 
Z , ,  2~ are defined relative to b0. In particular, we have x'~3o ~ ~ and b0 " 1~. 
Let ~¢ = ~t(x'), ~b = n(b). Let ~Xbe an irreducible component  of ~ilx containing 
~b and let X be the corresponding irreducible component  of ~ . x .  We know 
that x '  is a nil-element (see Proposition 7.3). Let X' be an irreducible 
component  o f ~ ,  containing X. Let X~ = {b'~X' I b' c p}. Then X c X~ c X'. 
Assume that X~CX'. Then X' - X~ is an open dense subset of X' hence there is 
a sequence b ~ X ' - X ~  (i > 1) such that lim~_® I~ = b. Passing to a subse- 
quence, if necessary, we may assume that there exists y ~ I~ such that 
(x', b,-)~Zr for all i. It follows that (x', b )~Zr .  By the definition of (x', b), we 

must  have y = w, hence we have (x', hi) ~ Z ,  for all i. But then b0 " b~ so that 
!~ c p (since w ~ t W). This is a contradiction. Hence we have X~ = X'. Thus X' 
is an irreducible component  of dl~,~ containing X, hence X' = X. It follows 

that d im ~x, = dim ~ .  From the 
it follows that 

(.~, I~)~ IZw 

inclusion (x', b ) E Z .  - [ Uy~. ,y .~  ~Zy] 

yvtw 

Using now 7.9(c) it follows that x E ~w. Hence x is conjugate to x under an 
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element in the adjoint group 'G of  Ig. Hence x '  is conjugate under  an element 

of P to a nil-element 2 ~ p such that 1t(2) = x. We have 

dim ~}~ = dim ~x, = d im ' ~  = dim ' . ~ .  

Thus min~, - ,x  dim ~}~ = dim '~x .  Using now Lemma 6.2, we see that there 
exists an open subset ~ of 7t- '(x) such that for all 2 E~//we have d im ~ = 
dim '~x .  The proposition is proved. 

8.3. PROPOSITION. Let x,  p, ~ll C rt- '(x) be as in 8.2; we assume that p is a 
maximal parahoric subalgebra and that x is not contained in any Levi 
subalgebra of  a proper parabolic subalgebra of'g. Then any element 2 E~II is 

elliptic. 

PROOF. We use notations from the proof  of Proposition 8.2. From our 
assumption it follows that '¢] is a semisimple Lie algebra over C and the 
centalizer Z,~(x) has the property that the elements of finite order in it have 
bounded order. 

Assume that 2 6~// is  not elliptic. Then there exists an injective homomor-  
phism ~ : Gm -" G of F-algebraic groups such that ¢(F*) centralizes 2; hence 
¢<C*) ( c ¢(F*) c G(F)) centralizes 2. Now ~(C*) acts on ~t~ and it leaves 
stable each irreducible component  of ~t~. Now ~:~ has at least one irreducible 

component  X' such that b E X ' = , b  C p; since ~C*)  leaves X'  stable, it must 
leave p stable. Hence ¢(C*) c P. Let h : P--- 'G be the canonical homomor-  
phism. Its kernel contains no elements of finite order > 1; hence the compo- 
sition h o ~ : C* - ,  'G is injective at least on the group of roots of 1 in C*. The 
image of  h o ~ is contained in Z,~(x). Thus Z,~(x) contains elements of  finite, 
arbitrarily large order. This contradiction proves the proposition. 

8.4. The converse to the previous proposition is false. It may happen for 
(P = gA) that x is a nilpotent element contained in a Levi subalgebra of  a proper 
parabolic subalgebra of  g, and that there is an open subset ~ / C  i t - ' (x)  such 
that any 2 6 ~ / i s  elliptic. An example is obtained by taking x to be a subregular 
nilpotent element in ~P4. Another example, arising in ~P6, is given in the 
Appendix. 

§9. A map from nilpotent orbits in ~ to conjugacy classes in W 

9.1. Let ~, gF, OA be as in §2. We shall denote n - e~A, SO that g~ = ~(~n. For 
any nilpotent element N E g, we consider the subset N + n of  ~a. By the last 
Corollary in §6, there exists a non-empty open subset ~d of  N + n and a 
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conjugacy class (tr) in W such that for any x Eq/ ,  x is regular semisimple in a 
Cartan subalgebra of gr of  type (a). Since any two non-empty open sets in 
N + n have non-empty intersection, it follows that (a) is an invariant of N. It 
clearly depends only on the G-orbit of  N. Thus, we have defined a map 

(a) N - -  (a) - (aN) 

from the set of nilpotent orbits in g to the set of conjugacy classes in the Weyl 
group. 

This section will be concerned with the study of the map (a). Note that a map 
like (a) has been defined earlier (in quite different ways) on certain subsets of 
the set of nilpotent orbits by Caner-Elkington [CE] and Springer [Sp l ]. 

9.2. PROPOSITION. I f N  is a nilpotent element o f  g not contained in any Levi 

subalgebra of  a proper parabolic subalgebra o f  ~, then aN is not contained in any 

proper parabolic subgroup o f  the Weyl group. 

PROOF. Let o//C N + n be as in 9.1. By 8.2 there exists a non-empty open 
subset 0//, o f N  + n such that d im ~ = dim 1 ~  for all ~" ~ a//, (notation of  7.9 

with lg = ~). The intersection a//N o//, must  be a non-empty open subset of  
N + n; by 8.3 a n y / ~ o / / ¢ q  0//, is elliptic. Since .~ is contained in a Cartan 
subalgebra of type (aN), the proposition follows. 

9.3. PROPOSITION. Assume that ~ = ~t(Vc), where V c is a vector space o f  
dimension n > 2 over C. Let N ~ ~ be a nilpotent element with Jordan blocks o f  

sizes nl > n2 > • •. > n, > 0 (~ ni = n). Then the conjugacy class (ON) in the 
symmetric group ~ ,  is represented by a product o f  disjoint cycles o f  lengths 

nl, n2,  • • • ,  n,. 

We first prove the following. 

9.4. LEMMA. With the notations in the previous proposition, let X E n, and 

let 2 ,  . . . , 2n E F be the eigen values o fN  = N + X:  Ve ~ VF (Ve = Vc~F). Let 

s = n ~ + n 2 + . . . + n , _ a + j  ( l < a < r ,  O < j < n a ) .  Then, for any 

1 < il < i 2 <  . . .  <is <=n, wehave 

J 
U ( 2 i , 2 i 2 "  " " 2 i ,  ) ~_~ a - 1 + ~ . 

na 

PROOF. If is enough to show that A'(N~.):A'(Vr)---A'(VF) maps A'(VA) 
into e'. ~ -  t~+JVA (VA = Vc®A). 
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We have N", = N", + eY, Y~gA.  Note  also that the image o f  N", • Vc--" Vc 

has dimension 

d = ( n l -  n a ) + ( n 2 -  na)+ "'" + ( n a - l -  na). 

Let el , .  • . ,  es ~ IrA. We have 

AS(~r",)(elA . . .  Aes) = (N",e~ + eYem)A. . . A(Nn,es + eYes) 

= ~ ( + ts-k)N",ej,A . .  .AN".ej~AYeh,A...AYeh,_~ 

sum over all subsetsj~ < • • • <Jk  of  [1, s]; ht < • • • < hs-k is the complemen-  

tary subset. We may restrict this sum to those terms for which k < d (the other  

terms are clearly zero). For  such terms we have 

s - k > s  - d =  n l  + . . .  + n a - l  + j  - (n t  - n a )  . . . . .  ( n a - t  - -  ha) 

= na(a - 1) + j ;  

hence these terms are in e", (a- I)+JVA. The lemma is proved.  

9.5. LEMMA. Consider the n × n matrix (au) (n > 2) with a i , , + ~ C  x for 

1 < i < n - 1, a , , ~ e  .C*, a~j = O for all other ( i , j ) .  Then the eigenvalues o f  

this matrix are a(e 1/, where a ~ C* is f ixed and ( runs through the n-th roots o f  1. 

PROOF. It is clear that the n-th power  o f  our matrix is a '  t imes identity 

where a '  = al,2a2,3" • .a ,_  l.na,. 1. The lemma follows. 

9.6. We recall that A : gv --- F is the map A(x) = Tr(A2V((ad)x)) where 2v is 
the number  of  roots and A 2" denotes  exterior power. I f  x E gF is regular 

semisimple then A(x) is the product  o f  non-zero eigenvalues o f  ad(x) : ~r -"  Se; 

i f x  Egv is not regular semisimple then A(x) = 0. Recall (Lemma 6.1) that for 

any constructible set X in gA and any integer i, the subset 

( x E X  I v(A(x)) < i} 

is open in X. 

9.7. PROOF OF PROPOSITION 9.3. Let N = N + X ~ N + n  and let 

21, 22 , . . . ,  2, be the eigenvalues of  N arranged so that v(2~) < v(22) _-< -.  • _-< 

v(2,). We have 

v(AOV)) = 2 ~] v(2, - 2i) >= 2 Y~ v(2~) = 2v(2~-'2~ - 2 . .  .2 ,_,) .  
i <j i <j 
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Moreover ,  i f  v(2i - 2j) > v(2i) for some i < j ,  then  the same a rgumen t  shows 

tha t  v(A()V)) > 2 v ( 2 ~ - ~ 2 ~ - 5 . . . 2 , _  0. 

We take a direct  sum o f  blocks o f  sizes n~, n2 . . . .  , n,, as in L e m m a  9.5, when  

n~ > 1, and  o f  fo rm (a,e), ai~C, when  n~ = 1 (x a~ = 0). We obta in  a nil- 

e lement  N + X o ~ N  + n; we can assume tha t  it is regular  semisimple .  We 

arrange its e igenvalues #~,/t2 . . . . .  /t, so tha t  v (#0  < v(/t2) < • • • < v(/~,); we 

then  have  v(/tt/t2. • ./Is) = a - 1 +j /na  where s, a , j  are as in L e m m a  9.4 and  

s < n - 1. F r o m  L e m m a  9.4, it follows tha t  v(2~22. • .2s) > v(/~a2. • .2s) for 

s = 1, 2 , . . . ,  n - 1. Add ing  these inequal i t ies  t e rm by term,  we get 

v(2~ - 12~ - 5 . . .  2, _ ~) _-> v ( ~  - ~#~ - 2 . . .  # , _  ~), 

hence  v(A(/V)) > v(A(N + X0)) wi th  strict inequal i ty  unless  v(2~ - 2j) = v(2j) 

for  all i < j ,  and  

v(2122. • "2s) = V(ltl/t2. • .#~) for  s = 1, 2 , . . . ,  n - 1 

(which impl ies  v(2i) = v(/ti) for  1 < i _--< n - 1). 

It  follows tha t  the set 

5¢ = {/q e N + n ] v(N) = v(A(N + Xo))} 

is open  in N + n. It is n o n - e m p t y  since it conta ins  N + X0. Let  ~7 E 5¢. As we 

have  seen above,  the eigenvalues 21 . . . . .  X. o f / V  satisfy v(2i) = v(#~) for  

1 _-<i < n - 1. Hence  

v(2,) . . . . .  v(2.,) = 1/n,, 

(,) 
v(2.,+,) . . . . .  v (2 . ,+ . , )=  1/n2, etc., 

except  that ,  when  n, = 1, v(2.) is an integer  (or oo) not  necessari ly equal  to 

v(/z.). We have  also seen tha t  v(2j - 2j) = v(2~) for  all i < j .  Let  2j be such tha t  

v(2~) = l / m  and  assume tha t  2~ $ C[[et/m]]. Let  ae "It ( a ~ C * )  be the first t e rm in 

the  Puiseux  series o f  2t such tha t  r/ t  is an  i r reducible  f ract ion with  t no t  

divis ible  by m.  Since v(2,) = 1/m we have  1/m < r/t .  We can find 7 ~ Gal(F/F)  

such tha t  7(e ' /")  = e llm, 7 ( t  t i t)  = ~e, tit where ~ ~ 1 is a root  o f  1. Then  clearly 

2~ - ~,(2~) = a(1 - ~)e 'It + higher  powers,  hence  v(2~ - 7(2~)) = r/t  > 1/m = 

v(2~); this  is a con t rad ic t ion  since ~,(2~) --- 2j for some j .  Thus  we mus t  have  

v(2~) = l / m  =.2~ ~C[[evm]].  

This  and  ( . )  imply  tha t  f i ' i s  con ta ined  in a Car tan  subalgebra o f  gr whose  type 

is a p e r m u t a t i o n  o f  1, 2 . . . .  , n which  is a p roduc t  o f  d is jo in t  cycles o f  lengths 
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nl, n2 . . . . .  nr. Since this holds for a l l /V in the non-empty  open set ~ ,  the 

proposi t ion follows. 

9.8. PROPOSITION. Assume that g = ~P(Vc) where Vc is a vector space of 
dimension 2n over C with a non-singular symplectic form. Let NEg  be a 
nilpotent element with Jordan blocks of even distinct sizes 2n, > 2n2 > • • • > 

2n, (Y. n~ = n). Then the conjugacy class (try) in W (imbedded naturally in the 
symmetric group 6~2n) is represented by a product of disjoint cycles of  lengths 

2nl, 2n2 . . . .  ,2nr .  

PROOF. Let  N = N + X ~ N + n and let Al, 22 . . . . .  22n be the eigenvalues o f  

arranged so that  v(23 < v(22) < . . .  < v(22~). We can assume that  22 = 

- 21, 24 = - 23 . . . .  ,22~ = - 22~- 1. We have 

v(A(29)) = 2 Y. v ( 2 2 ,  - -  22j) + 2 Y~ v(,h~ + ,h i )  
< < < l<i<j<=n 1 = i = j = n  

> 2v(Xgn - ~;t~n - 3 . . .  22~). 

Moreover ,  i f  the last inequali ty is equali ty then v(22~- 22j)= v(22~) for  all 

1 __< i < j  < n and v(22, + 22j) = v(22;) for  all 1 _-< i < j  < n; hence v(~l~ - 2j) -- 

v(2i) for  all 1 < i < j  < 2n. 

Taking a direct sum of  blocks as in L e m m a  9.5, o f  sizes 2 n ) , . . . ,  2n, 

(representing nil-elements in symplectic Lie algebras), we obtain a nil-element 

N + Xo~N + n which can be assumed to be regular semisimple and whose 

eigenvalues at . . . . .  /hn satisfy 

# 2 ~ - - -  - - / . ~ 1 ,  / . 1 4 ~ "  - - # 3 ,  " " " ,  ~ 2 n  -'~- - - / , L 2 n _ l ,  

1 1 
. • , = = - -  

v(/~l) = . . . .  v(/A~,) = 2hi v(/~2~,+ 1) = v(l~2n,+2~2) 2n2 etc. 

F rom L e m m a  9.4, it follows that  v(21X2.-.22~)>v(#l#2 - .  . / ~ )  for  s - -  

1 . . . . .  n. It follows that v(A(37)) >_- v(A(N + X0)). It follows that  the set ~9 ° = 

{ N E N  + n ] v(A(29)) = v(N + X0)} is non-empty,  open in N + n. As in 9.7, we 

see that  for /9E~9 °, the inequalities V(XlX2"" "22s)>~_>~ - v( /h/h""  "a2~) must  be 

equalities for s = 1 . . . .  , n. It follows that  v(Xi) = v(#i) for  i -- 1, . . . ,  n. As in 

9.7, we see that  for  ~7~ ~ ,  we have: 

1 
V()Li) -~-- ==.2i ~ C[[,1/2m]]. 

2m 

The  proposi t ion follows. 
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9.9. PROPOSITION. Assume that g -- ~o(Vc) where Vc is a vector space o f  
dimension 2n over C with a non-singular symmetric bilinear form ( , '1. Let 

N Eg be a nilpotent element with two Jordan blocks o f  odd sizes 2p + 1 > 

2q - 1 ( p + q = n ). Then the conjugacy class (as) in W (imbedded naturally in 

the symmetric group ~2,) is represented by a product o f  two disjoint cycles o f  

lengths 2p, 2q. 

PROOF. Let f : ge ~ F (i - 1, 2) be the polynomials which attach to x ~ ~t 
the trace of A2~x on A 2p Ve (for i = 1) and the determinant o fx  on Ve (for i = 2). 

For any N E N  + n, we have v(f(fi~)) > 1, v(f2(~r)) > 2. (The second inequa- 
lity follows directly from Lemma 9.4 applied to ~I(Vc). Using Lemma 9.4 we 
see also that v(ft(N)) > 2p/(2p + 1), hence v(f~(fi')) > 1 since v(fl(N)) is an 
integer or ~ . )  

It follows that the set 

q / =  {37~N + n [ v(f~(N)) = 1, v(fa(/V)) = 2} 

is an open subset of N + n. 
We now show that o//is non-empty. Consider a basis 

{e, I 1 < i  < 2 p  + 1}Li{f; I 1 <j < 2 q -  I} 

of Vcsuch that 

{10 i f / + / ' - - - 2 p + 2 ,  {10 i f j + j ' = 2 q ,  
(e,, e.) = (fj, fj,) -- 

otherwise, otherwise, 

and (e~, fj ) = 0 for all i, j .  We may assume that 

Nei = ei+, (1 < i < p), Ne~ = - e~+, (p  < i < 2p), Ne2p+l = O, 

N f j = f j + t ( l ~ j < q - l ) ,  N f j = - - f : + l ( q - - l < j < = 2 q - - 2 ) ,  Ue2q_~=O. 

Let M :  Vc--" Vc be defined by Me2p = ael, Me2p +, = - ae2 - bf ,  Mf2~-, = be, 

(a, b E C*) and M is zero on all other basis elements. Then N + eM E N + n 
and a simple computat ion shows that f~(N + eM)E e.  C* f2(N + e.M)~ e2C *. 
Thus, N + eM ~ °!1 so that a//is non-empty. 

Now let /q  E a//and let i t , , . . . ,  it2, be its eigenvalues on Ve. We may assume 
that it2 = - it,, ita = - it3 . . . . .  it2n = - -  i t 2 n - -  I and that V ( i t l )  ~ V ( i t 2 )  ~ " ° " ~_ 
V(itEn ). We will show that: 
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(,) 

v(2 i )=- - I  f o r l < i  < 2 p ,  
2p 

v(2~) = __1 for 2p + 1 < i < 2p + 2q. 
2q 

Since 37Eq/, we have v(2~22.. "22p ) ~-< 1. It follows that V(21)~  1/2p. Using 
9.4, we have v(21) >_- 1/(2p + 1). If  v(21) = 1/(2p + l) then multiplying 2~ with 
the various (2p + 1)-th roots of  1 and with _+ 1 will yield 2(2p + 1) distinct 
eigenvalues for 37; this is impossible since 2(2p + l ) >  2n. Thus, we have 
1/(2p + l) < v(21) _-< 1/2p. If  v(21) < 1/2p, then v(21) would be a rational 
number  with denominator  _>- 4p + 1; this would imply again that there are at 
least 4p + 1 distinct eigenvalues for 37, which is impossible since 4p + 1 > 2n. 
Thus, we must have v(21) = 1/2p. It follows that there are at least 2p distinct 
eigenvalues 2 for 37 with v(2) = l/2p, hence 

l 
v (21)=v(22)  . . . . .  v(22 ) 

2p 

and 2 1 , . . . ,  22p are distinct and contained in a single orbit of  GaI(F/F). 

Since 37 E q/, we have v(2122. • • 22n) = 2 hence V(22p + 122p + 2 °° "22p + 2q) = 1. 
It follows tht V(22p + 1) < 1/2q. If V(22p + I) < 1/2q, then the orbit of22p +1 under 
Gal(F/F) would contain at least 2q + 1 elements, hence this orbit must meet 
the set {21 . . . . .  22p }. Hence the Galois orbit of 21 contains strictly more than 
2p elements; its cardinal is a multiple of 2p since v(2~) = 1/2p, hence it is at 
least 4p. This implies that p = q and v(22q + 1) = v(21) = 1/2p, in contradiction 
with v(22p + l) < 1/2q. Thus, we have v(22q + 1) --- 1/2q. Since 

V(22q+1 ) ~ " ' "  ~ V(22p+2q) and v(22,+1) + . . .  + v(22p+2q) = 1, 

it follows that v(22q + i )  . . . . .  v(22p +2,) = 1/2q and (*) follows. 
If  p > q, then {21 . . . . .  22p}, {22q+1,... ,  22p} must  be two orbits of the 

Galois group and the desired description of (a~) follows. I f p  = q, then there 
are three possible cases: 

(a) {21 , . . . ,  22p}, {22p+1,.. . ,  24p} form two distinct orbits of the Galois 
group, 

(b)  {2,  . . . . .  22p} = {2 ,p+1 . . . .  

(c) {21, • • •, 24p } is a single orbit of the Galois group; 
we must exclude the cases (b), (c). 

The case (c) cannot arise since the Weyl group of type D2p does not contain a 
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4p-cycle o f  the symmetric  group ®~p. The case (b) can be excluded by 

shrinking q / t o  a non-empty open subset of  q / i n  which all elements are regular 

semisimple. The proposition follows. 

More generally we have the following result. 

9.10. PROPOSITION. Let N be a nilpotent element in 0 = ~o(Vc), with Jordan 

blocks of odd, distinct sizes 

2Pt + 1 > 2q~ - 1 > 2P2 + 1 > 2q2 -- 1 > • • • > 2P2 r + 1 > 2q2 r - 1 

(Zp~ + Zq, = n). Then the conjugacy class (tru) in W c ~2, is represented by a 

product of  disjoint cycles of lengths 2pi, 2q~, 2p2, 2 q : , . . . ,  2p~,, 2q2,. 

We shall omit  the proof; we only note that the proof  involves considering a 

direct sum of  blocks M as in the previous proposition. 

9.1 1. PROVOSlTION. Let N be a nilpotent element of 0 which is not con- 
tained in any Levi subalgebra of a proper parabolic subalgebra of 0. Let 

"~- ~ Z  ~2i be the grading pro vided by the Jacobson-Morozo v theorem for N. 
(See [BC].) Let a be the largest integer such that 02o ~0 .  Let ME~EA02~, 

M = Z i M 2 i  ~ A ;  then N + e M ~ N  + n. 
(a) Any eigenvalue 2 of ad(N + eM) : Or;--+ Ov satisfies .v(2) >_- 1/(a + 1). 
(b) I f  M ~_2~ - {0}, then N + tM is not nilpotent [Sp 1, 9.30)] and any 

non-zero eigenvalue 2 of ad(N+eM):~v--'Ov is of  form ae ~/t~+l) 

( a~C*) .  
(c) There exists a non-empty open subset qi c N + t~ such that for any N E qi, 

ad N: OF ~ OV has some eigenvalue 2 with v(2) = 1/(a + 1). 

(d) Assume that N satisfies Springer's condition dim 04 = dim(02) - 1, [Sp 1, 
9.6(d)]. I f  M_2, q~e.Ao_2~ then N + e.M is regular semisimple and any 

non-zero eigen value 2 of  ad(N + eM) : Oe "" Oe satisfies v(;O = 1/(a + 1); 
moreover, we have v(A(N + eM)) = 2o/(a + 1), where 20 is the number 

of roots of o. On the other hand, if  M_:a ~eAO-2a, then v(A(N + eM)) > 
2o/(a + 1). 

PROOF. Let V 0 = ~0, V / =  ~2i~,~2i_2a_2 (1 ~ i ~ a), V = ~ - o  V~ C ~ .  Let 
~tr i = A .  V~, ~tr = A .  V =~[~7-o ~tr~ C 0A. I f N  = N + eM then 

(e) ad(N)vj = Zo<_j <_j t¢~M)(vs) + Zj<i ~a ¢~,~M)(vs) for all v s E ~trs, 
where ,~ ' )  = ,-~a : 3v'j -~ ~tr~ areA-l inear  maps (0 < i , j  < a); moreover,  i f M ° E  g-2a is 

defined by M _ ~  - M°EaA0_ , . ,  we have: 
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~wj + l,j wj+l,jJt jJ j+l 
(f) (0 _--<j _--< a -- 1). 

M) /do) 2 
- c e 

From (e) we deduce that 
(g) ad(fir)"+l(~j) C e ~  for all j ,  hence ad(5))~+l(~v ") C e~v'. 
Let fifo __ N + e.M °. Using also (f), we see that 

(h) ad( )a + 'vj = ad( )a + + e  ia(v ) + e: A, 
where ~,~j, p~a are A-linear maps ~ ~ .  From (g) it follows that any 
non-zero eigenvalue )t of  ad(fir) ~ +1 satisfies v(~) >_- 1 and (a) follows. 

Next, we note that ad(fi'°)(V~)c Vj+l for 0 _-<j < a  and ad(/~/°)V~ c eVo. It 
follows that ad(fi'°)~+~Vj c eVj for all j .  Hence there exists a C-linear 
map O: V ~  V such that ad(fir°) a +i = e0 on V. It follows that the eigenvalues 
of a d ( i ~ ) a + ~ : g r ~ g r  are eA where 2 ~ C  are the various eigenvalues of  
qt : V ~ V; from this, (b) follows. 

We have 

e- lad(N) ~+l = e-l(ad(Ar°) a+l + T) + eT' 

as endomorphisms of ¢ ;  here T'EEndA(~ r) and e-l(ad(.~°) a+~ + T) is an 
upper triangular endomorphism of  ~C (with respect to the block decompo- 
sition (~)'Fi) with e-mad(.~°)a+l representing the diagonal blocks. Hence if P 
(resp./~0)) is the characteristic polynomial of  the endomorphism e-  IAd(N)a + l 
resp. e -  IAd(](r°)a + 1 of gF then: 

(i) P ~A [X], pt0) E C[X] and the difference P - pt0) is a polynomial of lower 
degree with coefficients in eA. 

Assume now that N is as in (d) and that M_2a ~&4g_2a. Then, according to 
[Sp 1, 9.5, 9.6], ~ is regular semisimple. Hence/~0) is divisible by X l but not by 
X t + ~ where l is the rank of g. From (i) it follows that P is not divisible by X l + 1. 
Hence ad(N) a + 1 has at most I eigenvalues equal to zero. The same must  hold 
for ad(N). Hence ad(.~) has exactly l zero eigenvalues hence .~ is regular 
semisimple. From (i) we see also that the product 2122. • • ~2o of  the non-zero 
eigenvalues of e-~ad(N) a+l is an element of A whose constant term is the 
product of the non-zero eigenvalues of  e-lad(JQ°) a+l, an element of  C*. In 

particular, this constant term is non-zero so that v0[iA2.. ",~2~)= 0. Hence if 

gl, . . . .  g2o are the non-zero eigenvalues of ad(N) then v(gl#2". . /ho) = 
20/(a + 1). Using now (a) it follows that v(gO . . . . .  v(#2o) -- 1/(a + 1). 

Assume now that M_ 2~ ~ eA g_2~ and that N is regular semisimple. Then 
is nilpotent, hence/~0) __ xcUm ~. From (i), it follows that the coefficient o f X  t in P 
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is in eA. This coefficient must be (up to sign) the product of the 2o non-zero 
eigenvalues of e-lad(N)a + i. Thus, if21, . . . .  22~ are the non-zero eigenvalues of 
ad(N) then II~2~_ ~ (e-~2~+~)~e.A. It follows that v(2~. • .22o)>20/(a + 1); in 
other words, we have v(A(N)) > 2o/(a + 1). 

The last inequality holds trivially when IV is not regular semisimple; we then 
have v(A(N)) = ~ .  Thus, (d) is proved. 

We now prove (c). We fix M~°)~g_2~ - {0} and let s be the number of 
non-zero eigenvalues of ad(N + eMo) (including repetitions). Let R : gF ~ F be 
the polynomial which attaches to an element x~g ,  the s-th elementary 
symmetric function in the eigenvalues of ad(x). 

By (a) we have v(R(,~)) >_- s/(a + 1) for any D E N  + n. Hence the set 

a+lS } 
is open in N + n. It is non-empty since v(R(N + eM~°))) = s/(a + 1), by (b). 

Let N ~ q/. Assume that all eigenvalues 2 of ad(/V) satisfy v(2) > 1/(a + 1). 

From the definition of R, it follows that v(R(N)) > s/(a + 1), a contradiction. 
Thus, at least one eigenvalue 2 of ad(~') satisfies v(2) _-< l/(a + 1). It then 
satisfies v(2) = l/(a + 1), by (a). This completes the proof. 

9.12. We now consider a nilpotent element Nin g such that the centralizer of 
N in the adjoint group of ~ is a unipotent group. The classification of such N is 
due to Dynkin. We shall describe in each case the conjugacy class (au) in W. 

(a) Assume that Nis regular in g. From 9.11 (d) it follows that au is a Coxeter 
dement of W. 

(b) Assume that N is subregular in ~ of type E6, E7 or Es. From 9.11 (d) it 
follows that (au) is the class of a regular element in W(in the sense of[Sp 1]) of 
order 9, 14, 24 respectively. 

(c) Assume that N is sub-subregnlar in ~t of type Es. From 9.1 l(d) it follows 
that au is the class of a regular element in W of order 20. 

(d) Assume that N is sub-subregnlar in ~ of type ET. From 9.1 l(c) it follows 
that aN is the class of an element of W with characteristic polynomial 
• ~2(X)dp6(X)~(X) (do a = d-th cyclotomic polynomial). 

(e) Assume that Nis as in 9.9 in ~I of type D,. Then (au) is as described in 9.9. 
This exhausts all cases. We find that the restriction of our map N --- (aN) to N 

as above coincides with the map defined by Carter-Elkington ICE]. (See also 
[Sp 1, 9.13].) The connection between regular nilpotent elements and Coxeter 
elements has been first pointed out by Kostant [Ko]. 
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9.13. It is likely that our map N ~ (a~) is an injection of  the set of  nilpotent 
orbits in {t to conjugacy classes in W. It is a bijection for ~Tn, but not in the 
general case. Note however that our map extends naturally to a map tip 
{nilpotent orbits in lp} ._, conjugacy classes in Wwhere p runs over the classes 
of  maximal parahoric subalgebras of  {]F and ~p is the finite-dimensional 
reductive quotient of p. It is likely that this extended map is surjective. 

§10. Remarks on characters 

In this section we shall change our notations: G will denote a split semi- 
simple simply connected algebraic group over a finite field k = Fq, G -- G(k), 
T c G a maximal torus defined over Fq, T = T(k).  To any character 0 : T - *  C* 
in general position one can associate an irreducible representation xr,0 of G 
(see [DL]). Fix a unipotent  element u in G. The character value tr ~r,0(u) does 
not depend on the choice of 0. We denote it aw(u), where w is the conjugacy 
class in the Weyl group W of G corresponding to T. In large characteristic one 
has the following algebro-geometric interpretation for a~(u) (see [Sp 3], [K]). 
Let ~ be the variety of Borel subgroups in G, ~u c ~ the variety of Borel 
subgroups containing u. The group Wacts naturally on H*(gS,,) = H*(glu, Ql) 

(see [Sp 3]) where I is a prime, (1, q) = 1. We have 

2dim m~ 

aw(u) = ( - l) '-'~r) ~ ( - 1)iTr(w o Fr, Hi(~,,))  
i -0  

where r = k-rank of  G, r(T) = k-rank of T and Fr denotes the Frobenius map. 
In other words the computat ion of  aw(u) is reduced to the study of  the action of 
W X Fr z on H*(~,,) .  It is known that H°dd(~u) = 0 (see for example [CLP]) 
and that the eigenvalues of  Fr on H*(~u)  are integral powers of q times roots of 
1. This gives us some fairly explicit formulas for aw(U). 

We now consider the local field F -- k((e)) with residue field k and with ring 
of  integers A = k[[e]]. Let G = G(F), K = G(A); let p : K ~  G be the natural 
projection. To any representation ~ of  G we associate the representation FI(Tt) 
of  G defined by If(it) = Ind,( i t  op). Let IIr,o = II(Ttr,0). If  T is a k-anisotropic 
torus in G, then Fir,0 is a finite sum of irreducible cuspidal representations of (~ 
(see [H-Ch]). Therefore its character Xr,0 is well defined and is a locally constant 

function on the set of regular semisimple elements in G. Let q / c  K be the set 
of  regular semisimple elements u in K such that p(u)  is unipotent. It is clear 
that the restriction ofxr,0 to ~/does  not depend on 0. We denote it by Xw where 
as before w is the conjugacy class in Wcorresponding to T. An element u E G is 
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said to be elliptic if its centralizer is a torus anisotropic over the maximal 
unramified extension of F.  (This is stronger than the usual notion of ellipti- 
city.) Let u be an elliptic element in ~/. We denote by ~ . ( k )  the set of Iwahori 
subgroups in G containing u. One can show as in §3, Corollary 2, that ~ , ( k )  is 
the set of  k-points of a natural projective k-variety ~,,.  The group W acts 
naturally on H*(~, ,)  and 

2 dim ~.  

Z~(u) = + ~ ( - 1)iTr(w o Fr, Hi (~ , ) ) .  
iffi0 

For G = GL,,  X,,(u) is given by an explicit elementary formula [BDKV], 
[CH] (in large characteristic); this suggests that H°dd(~,,)----0 and that the 

eigenvalues of Fr on H2~(~,,) are powers of qi. 
In the Appendix it will be seen that for G = Sp6 there exists a family ua E~//, 

2 ~ k, of elliptic elements such that the motive,of ~ ,  contains the motive of an 
elliptic curve E~ with j-invariant 2. Therefore Xw(u~) has the form Xw(u~)= 
A(q)+B(q)lE,~(k)l where A(q), B(q) are non-zero polynomials in q. In 
particular, we see that there is no "elementary" formula for Xw(u). 

APPENDIX 

An example of a non-rational variety ~N for G -- Sp(6) 

BY 

J. BERNSTEIN AND D. KAZHDAN 

Let L be a 6-dimensional C-vector space with symplectic scalar product 
( , ), G( = Sp(6)) the corresponding symplectic group Aut(L, ( , )), ~ its 

Lie algebra. We put LA = At~c L, /~  = F~L ,  d = G(F) = Aut(£,  ( , )), K = 

G(A). 
Consider the nilpotent conjugacy class in g, which consists of elements S 

such that Ker S = Im Sis  a Lagrangian subspace in L. We fix one such element 
S and denote by N an induced element in ~ .  By definition N ffi S + ~Y, where 

Y E gA is an element in the general position (see the end of the introduction 

and §8). 
We claim that the variety ~t N is not rational. More precisely, we will prove 

that one of  its components  admits a dominant  morphism onto an elliptic 

C u r v e .  

First of all, let us describe the curve. Put V = K e r S - - I m  S, I I ' - - L / V .  
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Since V is Lagrangian, d im V = dim V' = 3 and V' is canonically isomorphic 
to the dual of  the space V. 

Operators S and Y define morphisms ,~: V ' - .  V, v ' ~ - , , S v ' E V C L  and 

~': V--- V', v--, Yv (rood V + eLA)~LA/(V + eL,4)~--V'. Since S, Y ~  gA these 
morphisms are symmetric, i.e., they define quadratic forms Bs and By on V' 
and V respectively, namely, Bs(v')= (Sv', v'), Br(v)= (Yv, v) (mod e.A). We 
denote by Q c P(IO and Q' c P(V') quadrics, defined by these forms and 
consider a curve E = {(l, l') c Q × Q']  (l, l ') = 0}. 

It is easy to see that E is connected and the natural projection E --- Q m pi is 
a 2-fold covering ramified at 4 points, which are points of intersection of  the 
quadric Q with the quadric Q~ dual to the quadric Q'. This shows that E is an 
elliptic curve and allows us to compute the Jacobi invariant j(E).  Namely, let 

2~, 22, 23 be eigenvalues of the operator ~¢I~: V-~ V; since Y is generic, we 
assume that they are nonzero and distinct. Then in some coordinate systems 
on V and V' we can write By = X x 2, Bs = X 2Lv 2, ( ) = E xiy~. The dual 

quadric is given by B~ = E #pc~ with #~ = 2i -~ . Using this it is easy to 
check that 

PROPOSITION 1. There exists an irreducible component Z of  ~ and a 
fibration ~o : Z -~ E,  with fibers isomorphic to P~ X pi. 

COROLLARY 1. Variety ~ is not rational. Moreover, its birational type 
essentially depends on N, i.e., on (21, 22, 23). 

REMARKS. (1) One can show that ~}N \ Z  is a rational variety, so the 
birational type of  ~ completely determines the curve E.  

(2) Our proof  depends on the fact that d im ~N = 3, which we easily deduce 
from §8 for generic Y. In fact, one can prove by direct calculations (similar to 
ones in §9) that dim ~N = 3 for any Y such that 2, are nonzero and distinct. 

PROOF OF PROPOSITION. First of  all, let us give a more geometric descrip- 
t ion of varieties X = G/K and ~ = G/~0.  

DEFINITION. A lattice is a finitely generated A- submodule A c £ ,  such that 
F . A = £ .  

A chain is a sequence of  lattices C- -{C( i )} ,  i E Z ,  such that for all i, 
C(i + 1) ~ C(i) and C(i + 6) -- eC(i). 
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It is easy to see that in a chain dirac C( i ) /C( j )  = j  - i for j  >_- i. We define the 
dual lattice A # by A # = { x E f - , l ( x , A ) ~ A )  and the dual chain C # by 
c#(i) = c( - i) 

LEMMA I. X and ~ as G-sets are naturally isomorphic to the sets of selfdual 
lattices and selfdual chains, respectively. 

PROOF. Denote by Ao the selfdual lattice Ao -- L,~ -- A ®L. Its stabilizer in 

(~ coincides with K. It is known that (~ acts transitively on the set of selfdual 

lattices, so this set is isomorphic to ~/K. Now let C -- {C(i)} be a selfdual 

chain. Replacing C by gC for some g ~ ~ we can assume that C(0)= Ao. 

Consider the flag : = (L = Fo D F~ D ... D F6 = 0} in L = Ao/eA0 given by 

Fi = C(i)/eAo. Since eA0 = C(6), this flag is a complete flag in L, dim Fi -- 
6 - i. Moreover, the condition C = C # implies that the flag: is selfdual, i.e., 

F: = F6-~. Conversely, any selfdual flag : in L determines a selfdual chain C 

by C(i) = F~ + eA0 for i = 0, I, .... 6. Since K acts transitively on selfdual 

flags and the stationary subgroup of one of them coincides with Iwahori 

subgroup/~0, the set of selfdual chains is isomorphic to (~/B0 = ~. 

Henceforth we will identify ~ with the variety of selfdual N-invariant 

chains. Note that since N is nil and dim(C(i)/C(i + I))= I the condition 
NC(i) c C(i) in fact is equivalent to NC(i) c C(i + I). 

Fix lattices Ao=LA=A®L and A'= V+eA0. Clearly A~=Ao and 

(A') # = e- ~A' = e- ~ V + Ao. We define a subvariety Z c ~N by 

Z = {C = {C(i)} I Ao D C(l)  D C(2) D A', NC(  - l) C C(1), NC(2) c C(4)}. 

LEMMA 2. There is a natural fibration ~ : Z-- '-E with fibers isomorphic to 

P~ × P~. In particular, Z is irreducible nonsingular o f  dimension S.  

LEMMA 3. All irreducible components o f  ~ :  ha ve dimension 3. 

Clearly, these two lemmas imply the proposition. 

PROOF OF LEMMA 2. Let C =  { C ( i ) ) E Z .  We have A o 3  C ( 1 ) D A ' =  
V + eAo so e - i V  + Ao D C ( -  l )D  Ao. Since dim C ( -  1) /C(1)= 2 we have 
d im C( - 1)/Ao = 1, i.e., C( - l) = e-~l + Ao, where I~P(V) .  Note that I is 
completely determined by C( - l) as l = eC( - 1)/eAo c A'/eAo = V. 

Choose a nonzero element a E l  and consider b = e - t a l C (  - 1). Then 
(Nb, b) = e - 2(Sa, a ) + e - ~( Ya, a ) = e - ~Br(a ) (mod A ). Since b ~ C( - 1 ) and 
Nb ~ C(1) by definition of Z this implies that Br(a)  = 0, i.e., l ~ Q. 

Similarly C(2) = l'~)A' where l ' E  Q'. The line l '  is determined by C(2) as 
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1' = C(2)mod A' c A0/A' ~ V'. Since (C( - 1), C(2)) C A, we see that (1, 1') = 0, 
i.e., (l, I ')CE. 

Thus we have described a morphism ~ : Z - ~  E.  Let us describe the fiber 
¢-~(l, l'). By definition, it consists of selfdual chains C = { C(i)} C Z such that 
C( - l) -- e-~l + Ao, C(1) = C( - l) t ,  C(2) = l '  + A', C(4) = eC( - 2) -- 
eC(2)*. Hence such a chain is completely determined by lattices C(0) and 
C(3). Since C( - 1) ~ C(0)~C(1) the lattice C(0) is determined by a line in the 
2-plane C ( -  l)/C(1). Similarly C(3) is determined by a line in the 2-plane 
C(2)/C(4). We claim that any choice of these two lines gives a chain C = 
{C(i)}CZ, which shows that (p-l(/, l ' ) ~  P~ X pm. 

Let us check that any lattice C(0) between C ( -  1) and C(1) satisfies all 
conditions for a chain in Z. Since NC( - 1) C C(1) we automatically have 
NC(O) C C(1). So we only have to check that C(0) is selfdual. 

Clearly C(0) ~ also lies strictly in-between C( - 1) and C(1). So it is enough 
to show that C(0)* ~ C(0), i.e., that for each a, b c C(0) we have (a, b ) C A .  
Since ( ) is skew symmetric and dim C(O)/C(1) -- 1, we can always assume 
that b C C(1). But then (a, b) CA since a C C( - 1) = C(1) t .  

Similarly one checks that any choice of C(3) between C(2) and C(4) satisfies 
all conditions. 

PROOF OF LEMMA 3. As was shown in §4 all components  of  ~N have the 
same dimension. Since N is induced by a nilpotent element S E~, dim ~N 

equals dim ~ s ,  where ~ s  is the variety of S-invariant flags in the flag variety of 
4. It is easy to check that dim ~ s  -- 3, which proves the lemma. 
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