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Dedicated with admiration to L. Nirenberg on his seventy-fifth birthday

1 Introduction

In this paper, we study properties of positive solutions of semilinear elliptic
equations with critical exponent. We give different proofs, improvements, and
extensions to some previously established Liouvilie-type theorems and Harnack-
type inequalities.

Forpy>0,z€¢R*, n>3,

n—2
_ H© T
(1) 'll,(ilt)— (1+M2|x_3—;|2)
satisfies
2) —Au=n(n— 2)u%j-%, u>0, ink.

The following celebrated Liouville-type theorem was established by Caffarelli,
Gidas and Spruck.

Theorem 1.1 ([12]). A C? solution of (2) is of the form (1).

Under the additional hypothesis u(z) = O(|z|2~™) for large |z|, the result was
established earlier by Obata [49] and Gidas, Ni and Nirenberg ([30]). The proof
of Obata is more geometric, while the proof of Gidas, Ni and Nirenberg is by
the method of moving planes. The proof of Caffarelli, Gidas and Spruck is by a
“measure theoretic” variation of the method of moving planes. Such Liouville-type
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theorems have played a fundamental role in the study of semilinear elliptic equa-
tions with critical exponent, which include the Yamabe problem and the Nirenberg
problem. The method of moving planes (and its variants including the method of
moving spheres, etc.) goes back to A. D. Alexandroff in his study of embedded
constant mean curvature surfaces. It was then used and developed through the
work of Serrin ([54]) and Gidas, Ni and Nirenberg ([30] and [31]). In recent
years, and stimulated by a series of beautiful papers of Berestycki, Caffarelli and
Nirenberg ([1]-[8]), the method has been widely used and has become a powerful
and user-friendly tool in the study of nonlinear partial differential equations. In
this paper, we develop a rather systematic, and simpler, approach to Liouville-type
theorems and Harnack-type inequalities along the lines of [42] and [26] using the
method of moving spheres.

Forn > 3, let R} = {z = («/,t) ; ' € R*"',¢t > 0} denote Euclidean half
space. For u > 0,z = (#',%) € R,

%
3 ' — M
© ') = (T (f',t‘>|2)
satisfies
—Au=n(n—2)u?-%, u>0, in R},
@) Ou T
B = cu=-2, on 0R}

where ¢ = (n — 2)ut.
The following theorem was established by Li and Zhu.

Theorem 1.2 ([42]). A C? solution of (4) is of the form (3) for some u > 0,
T € Rn_l, andf: -(F—CZW

Under an additional hypothesis u(z) = O(|z|>~") for large |z|, the result was
established earlier by Escobar ([28]). The proof of Escobar is along the lines of the
proof of Obata, while the proof of Li and Zhu is by the method of moving spheres,
a variant of the method of moving planes.

Liouville-type theorems in dimension n = 2 were established in [22], [27],
[42], and the references therein. Analogues for systems were established in [14].
Improvements to the results in [42] can be found in recent papers of Ou ([51]) and
the second author ([55]).

For n > 3, Liouville-type theorems for more general semilinear equations

5) —-Au=g(u), u>0, in R™,
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and

—Au =g(u), u>0, R:,
© 5

-a—'t‘ =h(u), t=0,

have been studied in [32], [22], [9], [15], [20], [26], [42], and the references therein.
The following two Liouville-type theorems concerning (5) and (6) are improve-
ments of previous results.
Assume that

(g1) g is locally bounded in (0, 00),
(92) g(s)s‘:i—g is non-increasing in (0, 00).

Theorem 1.3. Let g satisfy (gl) and (g2}, and let u be a (continuous) solution
of (5). Then either
Jor some b > 0, bu is of the form (1) and

s_:-gg(s) =n(n - 2)5"4?2 on (O,I%z}txu];

or
u = a for some constant a > 0 satisfying g(a) = 0.

Remark 1.1. Radial symmetry of solutions was established, under additional
hypotheses, by Caffarelli, Gidas and Spruck ([12]). Under the additional hypothe-
ses that ¢ > 0 and g is locally Lipschitz in (0, c0), Theorem 1.3 was established
by Chen and Lin ([15]) and by Bianchi ([9]). The locally Lipschitz assumption
of g was weakened to locally boundedness of g by Chen and Lin in {20]. Theo-
rem 1.3 gives a further improvement by dropping the extra hypothesis that g > 0.
For g(s) = s?,1 < p < 242, the non-existence of positive entire solutions was

established by Gidas and Spruck ([32]). See also a closely related work [37] by
Congming Li.

Remark 1.2. Taking g(s) = —s?, we recover the following well-known result
(a very special case of the results in [10]): forn > 1 and p > 1, there is no positive
solution of Au = uP in R®. Indeed, u can be viewed as a solution of the same
equation in R™ with p > (m + 2)/(m — 2) and m > n, and the result follows from
Theorem 1.3.

For Euclidean half space, we assume that h satisfies

(h1) h is locally Holder continuous in (0, cc),

(h2) h(s)s~==% is non-decreasing.
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Theorem 1.4. Let g satisfy (gl) and (g2), and let h satisfy (hl) and (h2).
Assume that u is a (continuous) solution of (6). Then one of the following two
alternatives holds.

Alternative One: u depends only on t and satisfies the ordinary differential
equation

u' = —g(u), u>0, in [0, 00),

Alternative Two: there exist some constants a and b, withb < —y/ — Sﬂ_—nz)_a when
a <0, such that

nt2
g{s) = as»=2, for 0<s<mazgnu,
h(s) = bs=-2, for 0 <s < maxsry u.
Moreover,
a
u(z) = -— a >0, 7 e R,
(lz-zP+8) =
2 _a_
where T, = nfzan—?, and § = G_“.—z)ﬁa"qﬂ

Remark 1.3. Under the additional hypotheses that g is locally Lipschitz, non-
negative and non-decreasing, Theorem 1.4 was established by Bianchi ([9]). For
9(s) = as"2% and h(s) = bs7>2, see [42] and [26].

Remark 1.4. If we further assume g(s) > 0 for s > 0, we have the following
observation:
1°. If g = 0, there exist a > 0 and b > 0 such that

u(z) =u(t) =at+b and k() =a.

2°. Ifliminf,_, g(s) > 0, then Alternative One does not occur. This follows from
an elementary phase plane argument for ODE (see Appendix C).

3°. If liminf, . g(s) = 0, Alternative One may occur. Indeed, we can take
u(z) = u(t) = (1+1¢)%, g(s) = 1573, and h(s) = Ls7z.

We point out that Theorem 1.4 and Remark 1.4 include a number of previously
established results of various authors as consequences.
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Corollary 1.1. For n > 3, —© < ¢ < %5, there is no positive classical

solution of

—Au =0, R?,
ou "
5{ = —uq, 8R+

Proof. Let g(s) = 0 and h(s) = —s?. Clearly, Alternative Two in Theorem 1.4
does not occur. By Remark 1.4, Alternative One cannot occur either. O

Remark 1.5. Corollary 1.1 in the case 1 < ¢ < ;%5 was established by B. Hu
in [35].

Corollary 1.2. Suppose 0 < p< ™2, —c0 < ¢ < %5, andp+q < (2£2) +
(:23)- Then for any positive constant a, there is no positive classical solution of

Au+ au? =0, R?,
Ou
e n
B u?, OR} .
Proof. Let g(s) = as? and h(s) = —¢?. By the assumptions on p and ¢, we
know that (gl), (g2), (hl), (h2) are satisfied. The conclusion follows easily from
Theorem 1.4 and Remark 1.4. 0

Remark 1.6. Corollary 1.2 under the additional hypothesis p,q > 1 was
established by Chipot, Chlebik, Fila and Shafrir in [25].

Corollary 1.3 (Lou and Zhu [48]). For n > 1 and p,q > 1, there is no
positive classical solution of

Au = up, in Rﬁ,
Z—I: =, on ORY .
Proof. Let g(s) = —s? and h(s) = s?. Then u can be viewed as a solution of

the same equation in R™ with m > n so large that ¢ > m/(m — 2). Then (gl),
(g2), (hl), (h2) are satisfied (with n replaced by m). Clearly, Alternative Two
of Theorem 1.4 does not occur. By Remark 1.4, Alternative One does not occur
either. O
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Corollary 1.4 (Lou and Zhu, [48]). For q > 1, the only positive classical
solutions of

Ay =0, in R}
—66—1: =uf, on ORY}

are u = at + b with some positive constants a, b satisfying a = b4.

Proof. Choose large m such that ¢ > m/(m — 2), and view u as a solution
in R, O

Corollary 1.5 (Hu and Yin [36], Ou [50]). Letn > 3,q < %5, andletu
be a positive classical solution of

~Au =0, inR},
?9—1; = —uf on OR? .

Then q = ;%;, and for some ¥ € R*~! and t <0,
ui) = (== 9 \ T
T \|z - (@, D) '

Proof. Apply Theorem 1.4. 0O

Based on the Liouville-type theorem of Caffarelli, Gidas and Spruck (Theorem
1.1), Schoen established the following groundbreaking Harnack-type inequality.

Theorem 1.5 (/52]). Forn > 3, let B3y be a ball of radius 3R in R", and let
u € C*(Bsg) be a positive solution of

@) —Au=n(n- 2)u:—2, in Bsp.

Then

®) (max u)(minu) < C(n)RE".
Bg Bzr

A consequence is the following energy estimate.
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Corollary 1.6 (/{52]). Letu be as in Theorem 1.5. Then

©) /B (17ul? +u2) < O(n).

Harnack-type inequalities of this nature in dimension n = 2 were established by
Brezis, Li and Shafrir ({11]), Chen and Lin ([17]), and Li ([41]). For n > 3, Chen
and Lin ([15], [16]) established such Harnack-type inequalities for more general
right hand sides g(z, u). In particular, they established a slightly weaker version of
the following theorem.

Assume that g satisfies

(10) g is continuous and positive in (0,00), and sup g(s) < oo, Vit < oo;

0<s<t
then
1 P g(s) is non-increasing in (0, oo)
and
(12) sllf& s‘ﬁd—%g(s) exists and belongs to (0, 0o).

Theorem 1.6. Let g satisfy the above, and let u be a (continuous) solution of

(13) —Au = g(u), u>0, on Bap,
with

maxu > 1.

Br
Then

(maxu)(minu) < CR*™™,
Br Bar

where C depends only on n and g.

Remark 1.7. Under the slightly stronger hypothesis that g is locally Lipschitz
in (0, 00), the result was established by Chen and Lin (theorem 1.2 in [15]).

Remark 1.8. If we allow lim,_, o s—ni3 g(s) = 0 in (12), the result no longer
holds. For instance, let g(s) = %(s + 1)73; then g satisfies (10), (11) and
lim,_,o, s~ 722 g(s) = 0. However u;(z) = vz +J — 1 satisfies —Au; = g(u;)
in B3, and ming, u; — 0. On the other hand, as shown in Appendix D, if
lim,_,, s7Pg(s) € (~o0,0) for some p > 1, and supy,, |g(s)| < oo for every ¢,
then any positive solution of —Au = g(u) in Bj satisfies maxg, u < C(n, g)-
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Harnack-type inequalities are closely related to works on pointwise estimates
of blow-up solutions to Yamabe-type and scalar-curvature-type equations (e.g.,
[521, [53], [38], [39], [40], [16], [18], [19], [46], [20], [21], [23], [34], [45], and
the references therein). They are also related to the work in [13].

The following theorem is an extension of the Harnack-type inequality and the
energy estimate of Schoen to half Euclidean balls under geometrically natural
boundary conditions. We will use notation B} = {z = (z/,t) € Bp: t > 0} to
denote the half ball, and 8'B} = B} N {t = 0}. Forn > 3 and ¢ € R, consider

Au+n(n—2u"33 =0, u>0, in B,
(14)

0 n

6_1: = cu -2, on §'Bjy.

Theorem 1.7. Forn >3, c € R letu € CY(B},;) N C2(B3,) be a solution of
(14). Then, for some constant C = C(n,c),

(15) (max u)( min u) < CR*™"
BE 0B
and
(16) / (IVul? + ui5)dz < C.
B+

R

Remark 1.9. It is easy to see from the proof that for all ¢ < A, the constant C
in Theorem 1.7 depends only on n and A.

Remark 1.10. For ¢ < 0, the energy estimate (16) can easily be deduced
from (15) as in the derivation of (9) from (8) (see, e.g., pages 974-975 of [16]).
However, our proof of (16) for ¢ > 0 is surprisingly elaborate. See Section 9 for
details.

Remark 1.11. The difference between Theorem 1.7 and the results in [34]
is that Theorem 1.7 is purely local (no assumption is made on the other part of
the boundary of BB;' »)- The difference is the same as that between [38] and [16].
The Harnack-type inequality (15) plays an important role in deducing the energy
estimate (16). It implies that all the large local maxima of « must have comparable
magnitudes if they are not too close to B3, NR™ . Once the energy estimate (16) is
established, the results in [34] can be applied, i.e., any blow-up solutions {u;} must
have isolated simple blow-ups in B?:;_ AR for any 8 > 0, and the distance between
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any two blow-up points is bounded below by dR, d = d(n, ¢, 3) > 0. Moreover,

(17) }lel\f; u< C(TL,C,,B,Al,Az) }1{}\& U,

for any solution u of (14) and any infinite subsets A; and A, of —B(Tﬁ_) In particular,
min—— 3BT, u in (15) can be replaced by infga u for any infinite subset A of BJr (the
C in (15) then depends also on A). Estimate (17) will be established towards the
end of Section 9.

We have also established the Harnack-type inequality (15) for more general
right hand sides g and h.

We assume that & is locally Holder continuous in (0, o0) and g is continuous in
(0,0), and that they satisfy

(G1) g(s)>0 and sup g(s) < ooVt < oo,
0<s<t

(G2) s“?—%g(s) is non-increasing and sli’xgo s—:_i%g(s) >0,

(H1) Oér;gl h(s) > —oo0,

(H2) s~ =-7h(s) is non-decreasing and Jim s~ 72 h(s) < oco.
— 00

Theorem 1.8. Ler g and h satisfy the above, and let u be a (continuous)
positive solution of

—Au = g(u), B;R,
(18)

ou

_6_t = h(u), t= 0,

with maXzy U 2 > 1. Then

(max u)(min u) < CR*",
B} 8B},

where C depends only on g, h and dimension n.

Harnack-type inequalities for

Au+ K(@)u 2 =0, u>0, in B,
ou —n_
i c(z' yu=—z, on &'Bj,,

with appropriate K (z) and ¢(z'), will be given in a subsequent paper of the second
author ([56]).
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Recent works on pointwise estimates of blow-up solutions of critical exponent
equations with boundary conditions can be found in works of Li ([39]), Li and
Zhu ([43] and [44]), Han and Li ([34]), Zhu ([57] and [58]), Chen and Li ([24]),
Ghoussoub, Gui and Zhu ([29]), Lin ([47]), Gui and Lin ([33]), Zhang ([56]), and
the references therein.

Our paper is organized as follows. In Section 2, we give a different proof
of the Liouville-type theorem of Caffarelli, Gidas and Spruck (Theorem 1.1).
For instance, we do not reduce it to the radial symmetry of u and conclude by
using ODE; rather, we catch the form of solutions using the method of moving
spheres. This approach was suggested in [42], while we have made significant
simplifications in this paper. Using the same approach, we prove Theorem 1.3 in
Section 3, and Theorem 1.4 in Section 4. In Section 5, we give a different proof of
the Harnack-type inequality of Schoen (Theorem 1.5). In particular, our proof does
not rely on the Liouville-type theorem of Caffarelli, Gidas and Spruck. In Section
6, we establish Theorem 1.6 by essentially the same arguments in Section 5. Our
proof is different from the one given by Chen and Lin in [15]. In Section 7, we
establish the Harnack-type inequality (15) in Theorem 1.7. In Section 8, we prove
Theorem 1.8. In Section 9, we establish the energy estimate (16), thus completing
the proof of Theorem 1.7. In Appendix A, we prove a boundary lemma for linear
second-order elliptic equations. In Appendix B, we include some calculus lemmas
taken from [42] and [26]. In Appendix C, we present an elementary proof of
some statement concerning ODE. In Appendix D, we present a result concerning
Remark 1.8.

2 A different proof of the Liouville-type theorem of
Caffarelli, Gidas and Spruck

In this section, we give a different proof of the Liouville-type theorem of
Caffarelli, Gidas and Spruck (Theorem 1.1). Our proof makes use of ideas in [42]
and [26]. The theorem will be deduced from a number of lemmas. For z € R* and
A > 0, consider the Kelvin transformation of u:

An—2 Ny-z
u,,A(y) = I—y—_z—ln_—2u(z+ |—y(_'TZ)), yE]R"\{z}

Our first lemma says that the method of moving spheres can get started.

Lemma 2.1. Foreveryz € R, there exists \o(z) > 0 such that uz »(y) < u(y),
Jorall 0 < X < Ao(z) and |y — z| > A\
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Set, for z € R?,
A(z) = sup{p > 0: ug,a(y) < u(y), forall [y — 2| > X,0 <X < p}.

By Lemma 2.1, A(z) is well-defined and 0 < A(z) < oo for z € R™.
Then we show

Lemma 2.2. If A\(x) < oo for some © € R, then u, 5,y = uon R*\{z}.
Lemma 2.3. If \(Z) = oo for some & € R", then A\(z) = oo for all z € R™.
Lemma 2.4. \(z) < coforall z € R".

Proof of Theorem 1.1. It follows from Lemma 2.2 and Lemma 2.4 that for
every z € R®, there exists A(z) > 0 such that U, 5(z) = u. Then by a calculus
lemma in Appendix A (Lemma 11.1), for some a,d > 0 and some z € R",

n—2
_ a =
u(z) = (d+|a:—:i|2) ’
Theorem 1.1 follows from the above and the fact that « is a solution of (2). a

In the rest of this section, we establish the above lemmas.

Proof of Lemma 2.1. Without loss of generality we may take z = 0. We use
uy to denote ug 5. Clearly, there exists ro > 0 such that

d n—
J;(TTEU(T,H)) >0, O<r<ry, 6eSr

Consequently,
(19) ua(y) <u(y), 0<A<|yl<ro.
By the super-harmonicity of « and the maximum principle,

(20) u(y) > (min wrg "yl 2 7o

Let .
mingp, U\ itz
_____0_) S /ro

)\0 = ’l‘o(
maxEm u

Then for every 0 < X\ < Ag, and |y| > ro, we have

A" 2 r3'2 mingg. u
21 ur(y) € o (maxu) < ———7—2—
lyI*=2" &, [y[n—2
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It follows from (20), (21) and (19) that for every 0 < A < Ag,

ux(y) < u(y), lyl > A

a

Proof of Lemma 2.2. Without loss of generality, we take z = 0 and let
A= X(0), uy = up,n,and Ty = {y: |y| > A}. We wish to show u5 = u in R"\{0}.
Clearly, it suffices to show

From the definition of ),

A simple calculation yields
Ay nt2 A%y
Aux(y) = (l_ﬂ) AU(W)

and, in view of (2),
—Auy :n(n—Z)u,\:_i%, A> 0.

Therefore,

i

(22) ~A(u-uz) = n(n - 2)(w"F ~u}2) >0 in ;.
If wu — uy = 0 on £j, we stop. Otherwise, by the Hopf lemma and the compactness
of 0Bj, we have
d
(23) 5 (u~wx)les; 2b>0.

By the continuity of Vu, there exists R > X such that

%(u—u,\)zg>0 for A\AXA<R, X<r<R

Consequently, since u — uy = § on dB,, we have
24) u(y) —ux(y) >0 forASA<R, A<y <R

Set ¢ = mingp, (u — uz) > 0. It follows from the super-harmonicity of u — uj
that

n—2

R
(25) u(y) - us(y) > Ty,—2 lyl > R.
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Therefore,

n—2
26) u(y) - ualy) > ,—j—; (@) - us@), Iyl >R

By the uniform continuity of u on Bpg, there exists 0 < ¢ < R — X such that for
all A <A< A+e

A%%(%ZI—Z;) _ X"—%(%)I < % for Jy| > R.

It follows from (26) and the above that

27 u(y) —ua(y) >0  forA<A<A+e fy| >R
Estimates (24) and (27) violate the definition of X. 0
Proof of Lemma 2.3. Since A\(Z) = oo, we have
u(y) > uza(y) forallA>0and |y~ Z| > A

It follows that

lim |y|""2u(y) = oo.
Jyl—o0

On the other hand, if A\(z) < oo for some z € R*, then by Lemma 2.2,

lim |y|"2uly) = lUm |y""?u, 50)(y) = Mz)""u(z) < oo.

|y]~—o0 Jyl—o0

Contradiction. 0

Proof of Lemma 2.4. We prove this by contradiction. If A\(Z) = oo for some
i, then by Lemma 2.3, A(z) = oo for all z, i.e.,

uz A (y) < uly), forallA>0andz e R*, |y — z| > A.

By a calculus lemma in Appendix A (Lemma 11.2), this implies that u = constant,
a contradiction to (2). a

3 Proof of Theorem 1.3, a Liouville-type theorem for
more general equations in R"

In this section, we establish Theorem 1.3. The proof is along the lines of the
proof of Theorem 1.1, first establishing Lemmas 2.1-2.3. Our proof makes use of
ideas in [42], [26] and [20].
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Proof of Lemma 2.1 under the hypothesis of Theorem 1.3. We follow
the proof of Lemma 2.1. Since we cannot use the super-harmonicity of v (g is
allowed to change signs), we need to prove that

(28) liminf (|y|" ?u(y)) > 0.
fyl—2o0
Once (28) is proved, we have, instead of (20),
u(y) > coly|*~™ for some cg > 0and V [y| > ro.

Then we pick some Ay € (0,79) such that \7~2 maxg, u) < co to complete the
proof as in the proof of Lemma 2.1.
In the following, we establish (28). Let

0 = {y:uly) < [yI>"}.
By (g2),
u(y) T g(u(y)) > (™) " g(yP ™) > g(1), y€O\B.

It follows that

9(u(y)) —+_ min{0,g(1)}
a(y) > g(Vu(y)~2 > W y€ 0\ By,

and therefore o

where C = max{0,—g(1)} > 0. Let
(29) E@y) = lyl>~" + [y" ™
A simple calculation yields
~AEw) + () = ~(n = DIyl CuT + ).
Thus, for large R,

C _
—A¢(y) + Wf(y) <0  forly| > A.
Pick some small € > Q such that

u(y) > &(y) for ly=R
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and
u(y) = |y*~" > &(y)  ondo.

As aresult, u — & satisfies

(

—Au—- &) + %(u—%) >0 inO\Bg,

Ju—e>0 on §(0 \ Bg),

\lim inf|y|—)oo(u(y) - Eé'(y)) Z 0.
By the maximum principle, u — € > 0 on O \ Bp, and therefore

lim inf n=2, > liminf (&y|® 2 > 0.
yealy[_m(lyl () > yeé,lyll—mo( ly|"~2€(y))

Estimate (28) follows immediately. a

Proof of Lemma 2.2 under the hypothesis of Theorem 1.3. We follow
the proof of Lemma 2.2 and only provide necessary changes.
The equation of uy now is

~tus = (B, ve s
Let
0:= {y € Z5 ruly) < min{(l—f:(—i)"—z,Z}u;\(y)} .
By (g2),

u_':_i%g(’u,) > ux_%( A )n+2g((T)n—2u;‘) in O.

So, instead of (22), we have,

n _nt2
(30) urEAu<u "2 Aus  inO.

Writing u, = su + (1 — s)uj, we have by (30) that

1 d _nt2
0> / — (us n~2 Au,) ds
o ds

_nt2

1 1 .
3l = ( ug "2 ds) Ay — uy) — nt2 (/ u;r‘z‘_zAusds> (u — uy) in O.
0 0

n—2
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We establish (23) as follows. For yo € 0Bj, if &(u — ux)(yo) < (n — 2)u(yo),
then

4 ()" u5) - uw)

dr \\'} = (n - 2)u(yo) - %(u - u3)(yo) > 0.

Y=Yo

So for some § > 0, B5(yo) N X5 C O. By the Hopf lemma (see (31)), & (u — u5)(yo)

> 0. Estimate (23) is established. Clearly, (24) still follows from (23). Next we
establish, instead of (25), the estimate

(32) liminf [y[™~2(u — u3)(y) > 0.
lyl—meco

Once (32) is established, the rest of the proof of Lemma 2.2 is the same (note that
on X5 \ (OU Bg),u > au; with a =: min{(R/A)"~%,2} > 1; moreover, by (31) and
the strong maximum principle, u — uz > 0in O).

To prove (32), we observe that for large R,

us(y) < u(y) <2uz(y) <Clyl ™" <1  inO\Bpg.
It follows by (g2) and the the equation of  that
Au = —g(u) < —g(l)u:i—% < y—C——- in O\ Bg.

Since both (|y|/X)*2u;(y) and (Jy|/X)"~2u(y) stay in a compact subset of (0, co)
fory € O\ Bg,

C

1
s Susly) £ s y€O\Bg, 0<s<1;
c? <4V S \ B

and, by the equation of uj,

|Auz| < —

< e in O\ Bg.

By (31) and the above estimates, we have, for some positive constant C,
—A(u—u;\)+Iy—C|’Z(u—u;\)20 in O\ Bg.

Let ¢ be given in (29). Then for a possibly larger R,

_AE) + ,f,qe(y) <0 forly >R

Since, u — uz > 0in O and

A"~2 ming-u
(u —ux)(y) > usy) > 2

in 80 \ Bg,
ly|"—2 \Br
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there exists some € > 0 such that
(u—ux-&)(y) 20  ond(0\ Byp).
By the maximum principle,
(u—ux—&)(y) 20  inO\ Byp.

It follows that

liminf |yI""2(u - u5)(y) > & > 0.
y€O0,|y|—o0

On the other hand, by the note below (32), for some a > 1,

lim inf "=2(y — u >(a-1) lim |y|" 2us(y) > 0.
yER™M\O, |y| o0 i ) 2 ( )Iyl—»oo ly| »()

Estimate (32) is established. O

Proof of Theorem 1.3. It follows from Lemma 2.1 and Lemma 2.3 that either
XMz) = oo forall z in R*, or 0 < A(z) < oo for all z in R™. In the first case, u = b
for some constant ¢ by Lemma 11.2. In the second case, it follows from Lemma
2.2 that u, 5., = u for all z in R*. Consequently, in view of Lemma 11.1,

n—2
a -2
ur)=|———m—m—m=
(z) (d+|a:—§:|2)
where a,d > 0. So, for some constant ¢ > 0,

—Au = cunti = glu).

Theorem 1.3 follows easily. O

4 Proof of Theorem 1.4, a Liouville-type theorem on R}

In this section, we establish Theorem 1.4. Our proof makes use of ideas
in [42], [26], [9] and [20]. We still use u, ) to denote the Kelvin transformation
of u, as in Section 2, but mainly work with z € R} . We use notations By (z) =
{y ER”:|ly—z| < /\} and B, = B)(0).

Lemma 4.1. For every z € OR", there exists Mo(z) > 0 such that u; »(y)
<u(y), forall 0 < A < Ao(z) and y € R} \ Br(z).

Set, for z € IR,

X(z) = sup{p > 0: uzx(y) < u(y),forally € R} \ Bx(z),0 < A < u}.
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Lemma 4.2. If A\(Z) < oo for some T € R}, then ug 57 = uon R} \ {z}.
Lemma 4.3. If\(&) = oo for some T € OR”, then A(z) = oo for all z € ORY.

By Lemma 4.3, either X\(z) = oo for all z € R?, or A(z) < oo forall z € OR} .
Theorem 1.4 then follows from the following two lemmas.

Lemma 4.4. If \(z) = oo for all z € OR", we have Alternative One in Theorem
1.4.

Lemmad.5. IfA(z) < oo forall z € OR?, we have Alternative Two in Theorem
1.4.

Proof of Lemma 4.1. Without loss of generality, we let z = 0 and write
UN = U, 2> /—\ = :\(0)
A direct calculation gives

(33) Aur(y) + (@—Q"“g(('—i—')"”m(y)) =0
and
(34) au(;t(y) = (ﬁ)nh((h;—l)n_zu,\(y)) ont=0,

By the argument in the proof of Theorem 1.3, we only need to show that

(35) lllrln inf Jy|™?u(y) > 0.
y|—o0
Let
O={yeR}; uly) < |y)* "}
By (¢2) and (h2),
g(u(y)) _ min{0,g(1)} +
> , O\ B
uly) 2 g YEONE
and

max{0, h(1)}

hiu 2
M) ¢ pyug)es < e

() y€ O\ By.

It follows that o
—Au+ =2u > 0, y€O0,

u
lyl* ~
du Cz
—— —— —— < 7
Bt ‘ylzu < 0, y € 90,

where C; = max{0, —g(1)} and C; = max{0, (1)}, and 80 = 80 N {t = 0}.
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For A > 1, let
(36) Ey) = ly — Aen|* ™™ + |y[* ™",

where e, = (0,...,0,1). It is easy to see that for large A and R = A2, we have

C
—A£+|—yﬁ£ < 0, yeR:\Bpg,
I C
E—ﬁf z 0, {t =0}

Picking some small € > 0 such that u > & on (O \ Bg) we have, by the maximum
principle,
u > &€ on O\ Bp.

Estimate (35) follows from the above. 0

Proof of Lemma 4.2. Without loss of generality, Z = 0. The equations of uj
are given in (33) and (34). Let

0:= {y € R} \ B; ; u(y) < min { ('157')"‘2,2}%(1/)} :

By (¢2) and (h2),
w () > 0 h (‘5\')%29((%)“—2”) "o

and

W) <7 (2) (L) ) noo,

where 8’0 = J0 n {t = 0}. Thus, by the equations of u and u3, we have

n _nt2
uHEAu < uptlAuy, O,
37
A.(?u ——'LEaU:\ f
e 722 on'o.
Y% = M Ty

Letting wy = u — uy and u, = su + (1 — s)u; we have, by the arguments
following (30), that

_n42 -1 —.2n
Aw; < (zi_%) (fol ug "_Bds) fol us hAu,,ds) wy, in O,
(38)

n-~-1

- —no 1 -2
%& < (n_7—12—) (fo1 ug "2 ds) (fol ug "7° Qagtlds) wy, On 9'0.
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Our goal is to show w5 = 0 in R} \B;. We prove it by contradiction. Suppose
w; # 0. Let v denote the unit outer normal of 8B;. For yo € 0B; NR?, if
Awy (yo)/0v < (n — 2)u(yo), by arguments similar to those following (30), we have
for some § > 0, Bs(yo) N (R% \ B;) C O. By the Hopf lemma and Lemma 10.1,
Ows;(yo)/Ov > 0. So we have shown that

39 Swx (y)/0v > 0, fory € 0B; NR~.
By the maximum principle,
wi(y) > 0, fory € OU (8’0 \ 8Bjy).

Following the arguments in the proof of Theorem 1.3, we reach a contradiction
once we show

(40) liminf |y|" 2w (y) > 0.
lyl-c0

As in the proof of Theorem 1.3, for some large R and some positive constants
C; and C,,

C
_Aw:\-'—l_yl—l‘fw;\ > 0, y € O\ Bp,

Bw; 02
A2y <
ot Pt >
Let ¢ be given in (36) for sufficiently large A, and let € > 0 be such that

0, y € 3'(0O\ Bp).

wy > &  ond(0\ Byp)

Applying the maximum principle in O \ B,3 as in the proof of Lemma 4.1, we
have
wy > & on (O \ Byg).

Estimate (40) follows from the above. 0O
The proof of Lemma 4.3 is the same as that of Lemma 2.3.

Proof of Lemma 4.4. Suppose that A\(z) = coVz € OR} . Then by a calculus
lemma (Lemma 11.3 with v = n —2), u depends only on ¢, and we have Alternative
One. a

Proof of Lemma 4.5. By Lemma 4.2, u = u, 5,) V = € OR7}.. In particular,

41) a:= lim |y %u(y) = A(z)" 2u(z) < o0 VzedR}.

ly| =00
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Applying a calculus lemma (Lemma 11.1), on R} , we have for all z'

a
42 U zI)O = n—2"1
“2) (.0 (2 — 3|2 + &?) "7

where ' € OR7} and a,d > 0.

The following arguments are taken from [26] and [9]. Consider the spheres
B(z,A(z)) for z € OR?. From (41) and (42), we see that all these spheres pass
through (', £d). Let P = (Z', —d) and define

2d \n-2 Ad%(z - P
v(z) = (|z - P|) u(P _Iz_(—_PP—))

Then by direct computation and the properties of conformal transformations, Q :=
(&', d) is mapped into itself and P is mapped to oo, and R} is mapped to |z-Q)| < 2d.
Since u = u, 3, for all z € OR}, v is symmetric with respect to all hyperplanes
through @, so v is radially symmetric about @ in |z — Q| < 2d. The equations that
v satisfies are

(43)

Av(z) + (]z z—dp| )mg((l_z';'#)wv(z)) =0 B(@.2d),

(2 —;Ld)U(Z) _ 6255) — (|Z 2—dP|)—nh((|_z2;d}i|_)n—-2v(Z))’ aB(Q’zd),

where v denotes the unit outer normal to the boundary of |z — Q| < 2d. Since v is
radially symmetric about @, the right hand side of the second equation of (43) is a
constant C on |z — Q| = 2d. Thus we have

h(s) = bs7-2 for0 < s < maxu.
BR%

Here we have used the fact that {|z— P|/2d)"?v(z) : |2~ Q| = 2d} = (0, maxsry u}.
From the first equation of (43), we can deduce that for some ¢ € R,

(44) g(s) = cs773, 0 < s < maxu.
R%

Indeed, since v is radially symmetric about @, and @ # P,

T Y (=) k™

is not constant on {|z — Q| = r}, i.e., ming, u < maxg, u, Where

4d*(z - P)

Sr={P+ |z - P2’

2= Ql=r}.
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Thus, by the radial symmetry of v and the first equation of (43), we have for every
r € (0,2d), g(s) = C(r)s"=% for ming, u < s < maxs, u. It is clear that C(r) is
locally constant and therefore independent of r. Thus (44) follows from the fact
that ( Jg ., 44 Sr = R*. Therefore, the first equation of (43) becomes

Av(z) + cv(z)a’-Lg =0 inlz - Q] <2d

Since v is radially symmetric about @, by an ODE argument, we have Alternative
Two. 0

5 A different proof of the Harnack-type inequality of
R. Schoen

In this section, we give a different proof of the Harnack inequality of R. Schoen
(Theorem 1.5). Our proof, making use of ideas in [42], [26] and [52], is more direct
and does not rely on the Liouville-type theorem of Caffarelli, Gidas and Spruck.
The transformation u(y) — R*T u(Ry) shows that it suffices to prove Theorem 1.5
for R = 1; hence, for the rest of this section, we assume R = 1.

First we have the following elementary lemma.

Lemma 5.1. Let u € C°(B,) be a positive function. Then for every a > 0,
there exists |z| < 1 such that

1
maxu and o%u(z) > 2—au(0),

1
> —
u(:z:) T 22 B,(z)

where o = (1 — |z])/2.

Proof. Consider
v(y) = (1 - [y)*u(y).
Let z € B; be a maximum point of v and let o = (1 — |z])/2. It is easy to see that
z and ¢ have the desired properties.

Proof of Theorem 1.5. The proof is by contradiction. Suppose the contrary;
then there exist solutions of (7) u;, j = 1,2, ..., such that

(45) u;(Z;) minu; > j,
B,
where u;(Z;) = maxg, u;(y).

Applying Lemma 5.1 to u = u;(- + &;) and a = (n — 2)/2, we find z; € B (Z;)
such that

2—n n-— —1n
ui(z;) > 27" max w;  and (o) T u(z;) > 257 u;(3),
a; zj
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where
oj =3(1—|z; - ;) < §.

It follows that
(46) Uj(.’Ej) Z 'U,j(:ij);
also, using (45), we have

47) = ui(x; ;—3'50~Zlu~ z;)7=7 > Lu;(Z;) miny;]7=2 > 177 — oo.
i J\Lj J = 2%\ 2\t At 2
2

Set y
w;(y) = ujlz; + ) y| < Ty,
0= oyl o) W<
where
L = u;(z;) "=
Then
nt2
(48) —Aw; =n(n - 2)w;™?, w; >0, on Br,
and
(49) 1=w;(0) >2%" max w;.
On |y| = T'; we have, by (45) and (46), that
. ming_ u%; j J 2—n
(50) min w; > By I — > = jIre =",
oBr;, T wi(zs) T owi(mi)u(E5) T us(s;)? 7

For every fixed z € R", as in the derivation of (19), we can find 0 < r, ; < 1
such that
(51

A \n2 MN(y—=z
Wiz a(Yy) == (m) w; (5'3 + IT-—T"’)) Swi(y), 0<A<ly—z[<rsy.

It is then easy to find some A, ; € (0,7, ;] such that
(52) wjz A (y) < w;(y) forall0 < A < Az ;,y € Br; \ B, ;(z).

Indeed, the above can be verified as in (21) with

minB j\B"zj( )’U) n_1__
Az,j = Tz,j( e ,J) F <1
maXjy—z|<r,,; Wj
Because of (51) and (52), we can define
(53)

Xj(z) = sup{0 < p < T; = |z] : w2 () < w;(y), y € Br, \ Br(z), 0 < A < pu}.
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Lemma 5.2. Forevery z € R,

lim Aj(z) = oo.
j—oo
Proof. For simplicity, we take z = 0. Suppose the contrary; then (along a
subsequence)
(54 A <C <

for some constant C independent of j. Here we have used the fact v; — oo
(see (47)).
By the definition of A;,

wis, Sw; inX;={y: Aj < |yl < Tj},

and therefore

ni2 nt2
(55) —A(’U)j - 'wj,;\j) = n(n - 2) (’w;‘_2 _ w]’:/—(:) >0, in Ej.

Also, by (49) and (54),
maxw; 5, < OT3™"

for some constant C independent of j. Therefore, by (55) and (50), for large j,
i%il}: (wj —w;5,) > 0.

Recall that
w; —w;5, =0 on 0Bs;.

An application of the Hopf Lemma and the strong maximum principle yields

(56) (wj —w;5,)®) >0, X<yl <T;
and

3(“’1’ - wj,X,-)
(57) | ony. >0

£

Consequently (see the derivation of (19)), for some ¢; > 0,
wia(y) Swjy), ford; <A< Aj+¢, A<|y <y

This violates the definition of ;. O
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Since y; = 00, one easily deduces from (48) and (49) that (along a subsequence)
wj = w in C2,(R")
for some solution w of
(58) —Aw=n(n-— 2)wﬂ%, w>0, R".
By Lemma 5.2 and the convergence of w; to w, we have
(59) we(y) Swl(y)  forly—z{>A>0.

It follows, by Lemma 11.2, w = constant. This violates (58). Theorem 1.5 is
established. O

6 Proof of Theorem 1.6, a Harnack-type inequality for
more general equations in R*
Essentially the same proof of Theorem 1.5 yields a

Proof of Theorem 1.6. The proof is by contradiction. Suppose the contrary;
then there exist solutions of (13) u;,j = 1,2, ..., such that

(60) w;(Z;) min u; > j/R}?,
Bar;
where
(61) uj(Z;) = maxu; > 1.
B,

Applying Lemma 5.1 tou = u;(R;-+%;) anda = (n—2)/2, wecanfind z; € Bg,(Z;)
such that
uj(z;) > 25" Bf:%fj)uj(w)
and
(04 u(a5) > (B;/2)°T uj(3;),
where
oj = 3(R; — |z; - %,]) < R;/2.
It follows that

(62) us(z5) > ui(Z;)
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and, by (60),
: : 1
(63) 7 = uy(a;) 7705 > "ug(25) 2% > T uy(2;) min ] > 2577 = oo,
2 2 Ban, 2
Set )
Y
w;y) = ujlz; + , yl <Ly,
@) = oy (2 uj(zj)ﬁ_z) lyl <T;
where
—2_
[ = u;(z;)"=2 R;.
Then
(64) ~Aw; = uj(z;)” " g(u;(z;)w;) on Br,,
(65) 1=w;(0) > 2" maxw;.
B,,

On |y| = Tj, we have by (60) and (62)

ming = u; . -
min w; > 2 J J

= n—2 Z 9 pn—2 =~7T?—n'
8Br, u;(z;) uj(z;)u;(Z;) R; u;(z;)*R;

As in the proof of Theorem 1.5, for every z € R*, we can find 0 < A;; <1
such that

n— 2(y —
wj,z,A(y) = (I_y_i—zi) 2w1‘ ($+ ily—(%—;'?)-) < w;(y), forally € Br, \ Ba(z).

Define A;(z) as in (5.3); then Lemma 5.2 still holds. Indeed, only one change is
needed in the proof: the derivation of (56) and (57). Consider

O = {y € Br; \ Bx, : w;(y) < (I91/3))""*w;5,®)}.

As in the proof of (30), we have

242 -3
n— n— _ .
w; "7 Aw; Sw, 5 Aw;s., in O.

Since Aw; and Aw; 5. are negative in O and w; > w; 5, in O, we have, instead
of (55),
Aw.’ S ij,;‘j, in 0.
(56) and (57) follow from the arguments following (30).
Next we show
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Lemma 6.1.
llwjllcr (s, 2) < C.

Proof. It follows from (11) and (10) that
g(s) <C(L+s73%),  s>0.
Therefore, by (64), (65) and (61),
|Aw;| £ C on B,,.

Lemma 6.1 follows from standard W?? estimates and Sobolev embedding
theorems. O

By Lemma 6.1, we know that along a subsequence,
wj = w in CP .(R™),

where w satisfies w > 0, w(0) = 1.
By the convergence of w; to w and the fact that \;(z) — oo for every z € R,
we have (59). Again, by Lemma 11.2, w = constant.
Let
¢ = limsupu;(z;) > 1.
j—o0

If ¢ = oo, we see easily by (64), (12), and the convergence of w; to w, that for

some a > 0,
n42
—Aw:aw?:-%, w > 0, on R".
If ¢ < ¢, then
_nt2
—Aw=c""2glcw) w>0, on R".

Neither of the above is possible since w is identically a constant. Theorem 1.6
is established. aQ

7 A Harnack-type inequality on half Euclidean balls,
the first part of Theorem 1.7

In this section, we establish the Harnack-type inequality (15) in Theorem 1.7.
For z € R*, n > 3, we write z = (', t), where z' = (z1,...,2,-1). We also use the
following notation:

Br(z) =B(z,R)={y€R":ly—z| <R},  Br= Bg(0),
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Bi(z) = B(z,R)n{t > T}, Bj(z)=B(z,R)n{t>0}, Bf =Bk0),
8"BY(z) = 0BR(z)n {t > T}, d'BL(z) = 0BL(z) N {t =T},
B} (z) = dBS () NORY,  9"B}(z)=0B}(z)nR:, B} = BJ(0).

In this section, we give a proof of the Harnack-type inequality (15) in Theorem
1.7.

Proof of (15) in Theorem 1.7. We argue it by contradiction. If (15) were
not true, we would have solutions {u;} of (14) on B; R, such that
u;(z;) inf wuw; > jR>™",
i(z;) 8B;RJ_ j > I

where u(z;) = maxu;. It follows that

B+
R;

(66) ui(@) R, T — oo,

Before proceeding further, we record the following elementary lemma, which is
similar to Lemma 5.1, and whose simple proof we leave to the reader.

Lemma 7.1. Let u € C°(B] Ty be a positive function, T > 0. Then for every
a > 0, there exists x € By N {t > —T} such that for o = (1 — |z|)/2,

1 1
w(z) > — max v and o®u(z) > —u(0).
20' B;T(:L‘) 20

Applying Lemma 7.1 to uj(z; + R;/4-) witha = (n —2)/2 and T = 4x;,/R;
(z;n denotes the n-th component of z;), we find z; € B(z;, R;/4) N R} such that

2-n

67) uj(z;) > 277 uj(x) for z € B(z;,0;) NRY
and
(68) (205)"T uj(z)) > u(2;)(R;/4)°F - o0,

WhCI'CO'j = %(%RJ‘—'IZJ‘—.’L‘]'I) < %R] Setfy]- = Uj(ZJ')"—"LZO'j andI‘j = 'U,j(Z]‘):i—sz.

It follows from (66), (67) and (68) that
(69) u]'(Zj) > Uj(.’L‘j), FJ' > 8’)’]' — 0.
Consequently,

(70) uj(z;) inf w; > jRI™
BHB;-R‘
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Let
Tj := uj(25) "2 zjn
and set
v(y) = uj| z; + ), y €y,
i) u;(z;) ]<J uj(zj)?z—2 ’
where

Clearly v; satisfies

nt2
Avj +n(n—2v;* =0, in Q;,
Ov; .
{ —a-tlzcvj 2, Ontz—Tjj

n—2

[ v;(0)=1, andv;(y) <277 for ye€Q;and |y <.

Let 3"Q); = 00N {y ; yn > —T;}. Itis clear that

1
T(—)I‘j < dist(O,B”Qj) S IOF]',
and by (70) and the above,
) uj(zj) infa,,B;R‘ 'u]' )
s n— i > ] : n-— .
(71) yelg,fnj(lyl v;(y)) > ) ) eg},fnj(lyl ) =00

We divide the remaining proof of Theorem 1.7 into two cases (after passing to
a subsequence).
Case 1: lim;_, T = co.
Case 2: limj_, T; = T € [0, 0).

Reaching a contradiction in Case 1. Since min{vy;,T;} = oo, {v;}j=1.2,...
is uniformly bounded on compact subsets of R™. It follows from standard elliptic
estimates that v; (or a subsequence) converges in C? norm to some U on compact
subsets of R”, where U is a positive solution of (2).

For z € R" and A < T}/2, let v}, denote the Kelvin transformation of v; with
respect to the By (z), i.e.,

o= () Tu(E+ ) yen), =0\,

»e ly — z ly — z|?

Clearly v} satisfies the same equation of v; in T} .
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As in the proof of Theorem 1.5, we can find A, > 0 such that
v}, (y) <vjly) foryeX}, and 0< A< Ay
Define
Xj(x) := sup{u > 0: v}, (y) < v;(y) for y €T}, and 0 < A< p).
Lemma 7.2. );(z) = co as j = oc.

Proof. Without loss of generality, we take z = 0. Suppose the contrary; then
along a subsequence, A; < C. Let wy = v; — v} To reach a contradiction, we only
need to show that

Ows,
(72) Z(y) >0 for y € 0B;,
Ov i
and
(73) wy,(y) >0 fory € T5,\ 9By,

where v denotes the unit outer normal of 9By .
Indeed, we easily deduce from (72) and (73) that wy > 0 on X, for A close to
};, violating the definition of A;.
It is clear that
wy, 2 0 in E;‘j

and
Aws, (y) + bi(y)ws, (v) =0 in Zx,,

where

By (71) and the boundedness of };, wy, >0on 0"(1;; thus, by the strong maximum
principle and the Hopf lemma, we have (72) and

wy, (y) >0 fory € E;\j.
To show (73), we only need to establish
wy,(y) >0 on{t=-T;}NoQ;.

This follows from the following
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Lemma 7.3. Suppose Tj — oo and {);} are bounded. Then for any N > 0,
there exists jo > 1 such that for j > jo,

v (z)

J

ot

> Nv?‘j(z)?:_?, forz € 0Q;n {t = -Tj}.

Indeed, if for some z with z, = -1},

then z is a minimum point; and by Lemma 7.3 and for large j,

) A Iy A,
Aj = - ;’l_Z p— = J n— 2 —
0< —2(2) = ev;(2) L-(2) = e(o]’ (2)) ™7 - = (2) <,
a contradiction.

Proof of Lemma 7.3. Since T; — oo and {};} is bounded from above by

positive constants, we have for large j,
1 Az
'2'U(0) < ’UJ(I '2

By a direct computation,

) < 2U(0) and IV”J(| I2)’ < [VU(0)|+1, z € 8N {t = —Tj}.

Bv;_-\’ 2 o (N2 " en iz
2-(2) > (n— DX Ty 4 v,(| |2) e ||2)|

> mX 2 Tylz] ™ > Nop (2) 73,

where m is a positive constant independent of j. Lemma 7.3 is established. So is
Lemma 7.2. o

It follows from Lemma 7.2 and the convergence of v; to U that for every z € R,

A 2 Ny —z)
= (—=— < - )
Usa(®) : (Iy—zl) U(z+ o T TR <U),  forly—al2A>0
By Lemma 11.2, U = constant, a contradiction.

We have reached a contradiction in Case 1. Now we

Reach a contradiction in Case 2. For convenience, let 9; be a translation
of v; given by

Py

9j(y) =v;{y - Tjen),  y €y,
where e, = (0/,1) and Q; = Q; + Tjen.
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Clearly v; satisfies

( ni2 oA
Av; +n(n—2)o77* =0, in Oy,
< —6% = AJY—':—2, ont =0,
| 9;(Tjen) =1, and 9j(y) < 2°F7  forye Q;andly| <v; - Ty

Let 6"f2j = 0% N {y ; y» > 0}. Then for some positive constant C,
CIT; < dist(0,8"Q);) < CT
and

(74) nf (8;)ly]"™*) = 0.

It follows from standard elliptic estimates that after passing to a subsequence, v;
converges in C2 norm to some U/ on compact subsets of K7 , where U is a solution
of (4).

For every fixed z € AR’} consider the Kelvin transformation of o;

032 (y) = (I—y—f—x—I)n—Zﬁj (z+ ’\I—zy(li—;%)) y€Saa,

where 3 ; := 2;\Bx(z). As usual, there exists X,,; > 0 such that
054 (y) < 9;(y) fory e 2,\,ac and 0<A<Ag;

Define

Ry(2) = sup{u > 0: 35(y) > 9, (y) for y € Tng, and 0< A < .
Lemma 7.4. \;(z) = oo as j — oo.

Proof. For simplicity we take z = 0. Suppose, to the contrary, that along a
subsequence, X; < C. Let wy = #; — 9. To reach a contradiction, we only need to
show that

wy, > OinE;\j,

(75) <

> 0 ond"Bj

wy, > Oona’fJ;\j\F;\:,
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and
Ows,,
(76) ay’ {(y) >0, fory € OR} NOBy,,

where v denotes the unit outer normal of the sphere 0By, , and
8’2;3. = 82;\3, N {t = 0}.

Indeed, we easily deduce from (75) and (76) that wy > 0 on %, for A bigger and
close to A;, violating the definition of };.
It is clear that w) satisfies

Awy +bywy, =0 in fIA,

ow,, cn 2

— = n-2 =
5 — 25 W) ont=0,

where £(y), given by the mean value theorem, is between 7;(y) and z‘);\ (y) and

nt2 N
()= ~ 0y
A
J

ba(y) = nn - 2) 2

Since {);} is bounded and ©; converges to U uniformly on compact subsets,
we have 93 ()|y)"~2 < C on 8"};. It follows from (74) that for large j,

an inf wy, (y) > 0.

8"Y;
Estimate (75) follows from the strong maximum principle and the Hopf lemma,
and estimate (76) follows from Lemma 10.1 in Appendix A. Lemma 7.4 is
established. O

By Lemma 7.4 and the convergence of 9; to U, we have, for every z € OR?,

a0 = ()0 )

< U(y), forally € R? and |y —z| > A > 0.
By Lemma 11.3 in Appendix B, U depends only on ¢, a contradiction (see 2° in

Remark 1.4). O

8 Harnack-type inequality for more general equations
on R?, proof of Theorem 1.8

In this section, we establish Theorem 1.8. The proof is similar to the proof of
(15) in Theorem 1.7.
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Proof of Theorem 1.8. We follow the same line of proof of Theorem 1.7 and
often use the same notation without explicit mention. Suppose the contrary; then
there exist solutions {u;} of (18) on B; R such that

uj(z;) inf u; > jRI ",
0B,
where u;(z;) = maxgz-u; > 1. In the proof, we need to pass to subsequences
Rj
several times; and we just do so without any explicit mention. Following the same
selection process in the proof of Theorem 1.7, we can find {z;} € B(z;,R;/4) N R}
such that (67), (68), (69) and (70) hold. Define v; as in the proof of Theorem 1.7;
then v;(y) satisfies (71) and

[ Av;(y) + uj(z;) 722 g(uj(2;)vi(y)) =0, in Q;,
Ov; e
{ cfhgy) = u;j(2;)” "7 h(u;(2)v;(y)), ont=-T;
[ v(0) =1, andu;(y) <277, fory € 2, and Jy| < v;.

We divide the situation into two cases.

Case 1: lim;_,o, Tj = oo.
Case 2: lim;_,5, T; = T € [0, ).

Reaching a contradiction in Case 1. Most of the reasoning is like that in
the proof of Theorem 1.7. We point out the necessary changes.

We know that min{~;, T;} — oo, so on any given compact subset of R", {v;}
is bounded by 275 for j large. It follows from (G1) and (G2) that on any given
compact subset K of R", we have, for large 7,

u;i(z;) "2 g(uji(2;)v;(9)) < 9(v;(y)) < C(K).

Here we have used the fact that u(z;) > u(z;) > 1. By standard elliptic estimates,
v; (after passing to a subsequence) converges in C! norm to some U on compact
subsets of R”. Clearly U(0) = 1. Since v; is super-harmonic, so is U; and therefore
U >0onR".

For a fixed z € R", let v}, be the Kelvin transformation of v;, as in the proof
of Theorem 1.7. As usual, for every z, we can find A;, > 0 such that

v}, (¥) <vi(y) forye€X}, and 0 <A< Aj,.

Define A;(z) as in Section 7.
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Lemma 8.1. For every z € R*, \;(z) = 0o as j = oo.

Proof. Without loss of generality, we take £ = 0. Suppose, to the contrary, that
along a subsequence X; < C. Let wy = v; — v;. To reach a contradiction, we only
need to show (72) and (73).

Let i

0= {y € T5, \ By, s vi(y) < (Iyl/2)" v}’ @)}

The derivation of (37) yields

_nt2 = I
= Xjy—nt2 Aj .
v; " Av; < (v?)T A, in O,

w

Oov X vi,-

— 725 0Vj Ajy— 2 YY; P

‘ —— < (v;7) =2 on 8'0,
J ot (’ ) ot ’

where 8’0 = 80 N {t = 0}. Since Av; and Av;_.\’ are negative in O, we have
Avj - v;_-\") <0, in O.

The derivation of the second line in (38) yields, for some function ¢;(z'),

9 5, 5, ,
5 (i v}’) < e(a')(v; —v}’), ondO.

By (71) and the boundedness of A j-wx, >0on 0"(};. Estimate (72) and wy, > 0
on 5 follow from the arguments following (38). So we only need to show that it
is not possible to have wy (z) = 0 for some z with z, = —T}. Indeed, were this to

hold, we would have

5\‘
av;’

Owy, —a, i
5t (2) = uj(25)” "2 h(u;(z5)vi(2)) — 5 (%)

0<

By (H2),
wj(z) T TR (2)v5(2)) < Cvj(2)773,

where C is some constant independent of j.

Thus ~
(90;1

ot

(2) < Cv;(2)==2. ]
This violates Lemma 7.3.
It follows from Lemma 8.1 and the convergence of v; to U that forevery z € R*,

U a(y) = (Ei—z[)n_zU(x +

My -z

ly_z‘z)gU(y), ly 2 2 A>0.
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By Lemma 11.2, U = U(0) = 1. By (G2), we have for some positive constant a,
nt2

—Avy; > av;™* in Q;. Let j — oo; we have —AU > a > 0 in the distribution sense,

a contradiction (since U = 1). O

Reaching a contradiction in Case 2. Let 9,(y) be defined on Q; as in
Section 7. The equation of 4;(y) now becomes

[ 89,(y) +w;(z;) " 2 g(us(2))85 (1) = 0, yey,
0%, _a A
S W) = us(25) 777 h(u;(25)05(y)), on {t = 0},
| 9;(Tjen) = 1, and 9;(y) < 2°7, fory € ; and |y| < ; - T;.

Estimate (74) still holds.
By (G1), (G2) and the fact that u;(z;) > 1, we know from the equation of v;
that
N _n#2 . N
0 < —A%;(y) = u;(z;) =2 g(u;(2;)0;(y)) < 9(9;(y)) < C,
i) 2

fory € Qj and |y| <«; — T;. By (HI), (H2) and the fact that u;(z;) > 1, we have

6 i o n_ N ~ —n_ 7a
-C< %(y) = u;(z5) " "2 h(u;(2;)0;(y)) < Co;(y)=-2 < C, ond'y,

where 8Q; = 80, N OR?}.
By standard elliptic estimates and the fact that v; — oo, for 0 < a < 1 and
R>1,
”ﬁJHC"(E) S C(a’ R)

It follows that after we pass ©; to a subsequence, 7; converges to some U in C*
norm on compact subsets of R}. In particular, U(Te,) = 1. Since v; is super-
harmonic in Q;, U is super-harmonic in R%, so U is positive in R7:. Let j — oo;
then either (if u;(2;) — oo) U satisfies

~AU =aU>%,  inR?,
for some a > 0, or (if u;(z;) - M > 1)
~AU, = M~ g(MUy),  inRT.
Defining 9?,, £, - and };(z) as in Section 7, we still have

Lemma 8.2. For every z € R", \j(x) = 00 as j — oo.
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Proof. Without loss of generality, we take z = 0. Suppose, to the contrary, that
along a subsequence A; < C. Let wy = v; — v}. To reach a contradiction, we only
need to show (75) and (76).

The equation of 4} now is

AT Y) + ((Ii—l)n_2uj(zj))_:—‘t§g( ()" uy)mm) =0, s,

B () ute) () wtrt). o)

ot A

Consider n-2 3
0= {y €35, vi(y) < (,‘-'1‘}‘!) ”?j(y)}'

.

and, for some function ¢(z'),

%(ﬁj - o)) <e(@)(8; - 9)),  ondO,

where 9’0 = 30 N {t = 0}.

Since (77) still holds, wy is not identically zero. Thus we can apply the strong
maximum principle, the Hopf lemma, and Lemma 10.1 in O the usual way to
obtain (75) and (76).

We conclude that U depends only on ¢. Passing to the limit in the equation of
#;, we see that either U satisfies

U"(t) = al(t), t>0,
for some a > 0, or for M = lim;_,o u(z;) < o0,
U"(t) = M—* 5 g(MT),  t>0.

This is impossible (see 2° in Remark 1.4). O

9 Energy estimate on half Euclidean balls, the second
part of Theorem 1.7

In this section, we establish the energy estimate (16) in Theorem 1.7. We only
need to prove (16) for R = 1. The general case follows by applying the result to
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v(-) = R*Fu(R.). In order to prove (16) for R = 1, we analyze the interaction
between large local maximum points of a solution u of

78 Au+ n(n — 2ur =, u>0 in B,
) %’lti = cuﬁ’ on 6’B;

The following proposition indicates how the large local maximum points are de-
termined; its proof is by a standard blow-up method based on the Liouville-type
theorems of Caffarelli, Gidas and Spruck, and Li and Zhu. See [34] for a proof.

Propeosition 9.1. Suppose u is a solution of (78). Then for any ¢ € (0,1),
R > 1, there exist some positive constants C§ = Cj (€, R,n), Cf = C{(e,R,n) > 1
such that if maXg+ u > C§, there exists a set Z = {q1,...,qx} C B_j of local
maximum points of u such that for each 1 < j < k, one of the two situations
occurs:
L ifg; € E;'— \ {t = 0}, we have

€

”u((Ij)’lu(u(qj)—;i—zy + Qj) _ ( 1 ),._;_2

—_— <
1+ [y|? cxBL™)

where T; = u(g;) = @jins Qjn IS the last component of q;;
2. ifq; € 8B, then

n—2
Ac )T
T+ A2y 12 + |yn — 2ef?)

B _ 2
Juta " ututan =y + ) - ( oo < ¢
R

where A, = 1+ (755)% t. = (n—c2))\c'

2
Moreover, for r; = u(q;)” "2 R, we have

(B,.(@:) N B, (g;) = 0, fori # j,

n—2 * . .
1g —q;177 ulg;) > C§,  forj>i,

| u(g) < Cydist(q, 2)="%*, forallq€ B ,.

We deduce the energy estimate (16) in Theorem 1.7 from the following result,
which says roughly that every two bubbles must be separated by a positive distance
independent of u.

Proposition 9.2. For suitably large R (depending only on n and c) and
0 < € < ek, there exists d = d(R,€) > 0 such that for all solutions u of (78)
satisfying maxzyu > Cy, we have
1

mln{dtSt(qth) ©qiyq5 € ZOF;-/2:1’ # .7} Z dy
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where C§ is the constant in Lemma 9.1, and Z is the set of large maximum points
defined in Lemma 9.1 which is determined by €, R and Cg.

Proposition 9.2 leads to (16) in Theorem 1.7. This is given towards the end of
this section. Our main effort in this section is to establish Proposition 9.2.

We introduce the definition of isolated blow-up points and indicate some
standard consequences.

Definition 9.1. Let {u;} be a sequence of solutions of (78). Suppose {z;} is a
sequence of local maximum points of {u;} satisfying z; — = € BTf Then we say
z; — T is an isolated blow-up point of {u;} if lim; e u;(z;) = co and, for some
¢ > 0 and 7 > 0 (independent of j),

ui(z)|z - 77 <C  for |z—Z < F.

Proposition 9.3 and Remark 9.1 below can be found in [34] (see Proposition
1.3 and Proposition 1.4 there).

Proposition 9.3. Let z; -+ Z € Bf U8 Bj be an isolated blow-up point of
{u;}. Then for any sequence of positive numbers R; — oo, €; — 0, there exists a

2
subsequence of {u;} (still denoted as {u;}) such that r; := Rju; "~*(z;) = 0 and
one of the following two assertions holds.

1. Ifz; € R}, then

- __z 1 252
Hu]'(:z;j) luj(u]'(:rj) -2y + l‘j) - (W) C’(B_Tj (23)) < €5,
3r; (Z;

where T; = uj(z,-)Tg-'?zjn.
2. Ifz; € 8'BY, then

Ae )"T_z
L+ 22(1y' 12 + lyn ~ tcl?)

- —_—2_
i)™ s s ()~ 2y +2) - oo oy <
SRJ' J

where A\, = 1+ (;%5)? and t. = TR
Moreover, there exists r, € (0,7) (independent of j) such that

uj(z) < Cuj(z;) |z — z;>", forz € Bf;\Box,,
where C is independent of j; T is the one in Definition 9.1.

Proposition 9.4. Using the notation in Proposition 9.3, we have
Ck -
(79)  |D*uj(z)| < I—z—lmuj(zj) ! Jor 2r; <z —zj| <r1/2, o >0,

where D*u; is understood as all partial derivatives of v; of order k.
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Proof of Proposition 9.4. For any 4r; < |z — z;| < /4, set
vi(y) = " Pus(z)uy(ry),
where r = |z - z;| and y € Q := {1 < |y| < 2; ry € BF }. By Proposition 9.3,

v; < C in . By the equations of u;, v; satisfies

n+2
—Av; =n(n - 2)r‘2uj(a:j)_7'{_2v]?“2 in Q,

and, if 0'0:= 00N {y; ry € 9B}} #0,

dv; 2
i el -2 ’
=crui(z) T 2], on 9'().

ot

=
Since r > r; and R; — oo, the coefficients r~2u;(z;)~+~% and r~u;(z,)” % tend
to zero. By standard elliptic estimates,

| D¥v;(y)| < Ck, fork>1 and y € RN IB;,

which implies (79). Proposition 9.4 is established. O

Remark 9.1. As a consequence of Proposition 9.3, for each isolated blow-up
point z; — Z of u;, we have

uj(zj)u; > b in CE (B (2)\{z})

for some h € C} (B (z)\{z}) satisfying

(k@) =0,  BL@\{}
{ h(z) = oo, as r — %,
k Bf;(tx) — O, T € a’Bn (.’i) if a/Br1 (2_:) ;é @

Remark 9.2. In fact, the domain of the harmonic function h and the

convergence of u;(z;)u; to h can be extended to BF (z) \ ({z} U 9" B} (z)).
Proof of Remark 9.2. This is rather standard. For the reader’s convenience,
we include a proof. It is enough to show that for any r € (0,r,/4), u;(z;)u;

converges in C? norm over K = B}_ (z) \ Bf (z). It follows from Definition 9.1
that there exists C = C(r) > 0 such that

u; <C on B, ,(8)\ B ,(@).
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Then u; satisfies

,AUJI < CUJ' in Kl,
%fl < Cu; on 0K, N {t =0},

where K; = B;L_r /2(1‘0) \ B;L/z(:i). By the Harnack inequality (see, e.g., Lemma
A.1in [34]), maxk u; < Cming u;. Then by Proposition 9.3, u;(z;) maxx u; <
Cuj(z;) ming u; < C, i.e., uj(z;)u; is uniformly bounded over K. The equation

satisﬁed by Uj(l'j)’u.j is

- nt2
A(uj(z5)u3) +nln = Dug(z)) 77 (uilz))u) " =0, K,
O(usi(zi)u; 2 e
I — oy (255 (s ) 22, 0K N {t=0}.
Since u;{z;) — 00, uj(z;)u; converges to a harmonic function h over K. Remark
9.2 is established. O

We first prove Proposition 9.2; and towards the end of this section, we use
Proposition 9.2 to establish (16) in Theorem 1.7,

The following two lemmas say that the magnitudes of two bubbles in set Z are
comparable as long as they are not too close to 8" Bi . Note that in [34] two closest
bubbles can be found because the solution is defined on the whole manifold. Here
we do not have this advantage. The nature of our problem is purely local.

Lemma 9.1. Let u be a solution of (78). Then there exists Ry = Ry(n,c) > 1
such that for any R > Ry and 0 < € < e~ E, we have

(80) u(g)u(z) > CHz ~q*™

foranyge Zandz € B;ﬁ satisfying Ru(q)_n_37 <|z-g| <} HereZ is the
set defined in Proposition 9.1 with respect to R and ¢, and C is some constant
depending only on Ry.

Proof of Lemma 9.1. Let e,, = (0', 1),

..J:z)

Q = Blen, u(g)™2) O {t > —u(q) "7¢a},

and
v(y) = u(@) tu(ulg) "Iy +q), yeN

It follows from Proposition 9.1 that

o) - (5m) ™

__<e€
C2(BrNQ)
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or

Ae T
“v(y) - (1 F0YE + Jgm — tcl2)) o B

In either case, we have for some §; = d;(n,c) > 0,
v(y) > &ly>™™,  y€QNOBa.

Here we have used the largeness of Ry.
To prove (80), we only need to show for some é; = d2(n,c) > 0 that

(81) v(y) > &y)>"  fory € (\ Br) N Blen, u(q) "7 /2).
To see this, we set

o(y) = 202(|y — €a|>™™ — u(g)™?),

where .
. 1/n—-2\%"
52 —mln{51/4,—2-(m) }
Clearly,
v(y) > ¢(y)  ondBRNQ,
and

o(y) >0=¢(y) forly— e =u(g)™7.
By a direct computation,
0 —n o _2_
%06 5 25300~ 2)ly — eal™ > Ielé0) 7, on {1 = ~u(g)HHqa).
It follows that for some £ > 0,

awa; 8 < |cfv™2T - |c|¢7F < E(w—¢), on {t = —u(q)TTgn}.

Since v— ¢ is super-harmonic in (2\Bg)NB(en, u(q) w3 /2), we apply the maximum
principle to obtain that v — ¢ > 0 on (Q\Br) N B(en, u(q) = /2), from which (81)
follows. )

Lemma 9.2. For suitably large R and0 < € < e™F, there exists C = C(¢, R,n)
such that for any solution v of (78) and any q € Z N B3+/2, we have

(82) u(z) < Cru(g) for z € B+(q,1/12),

where Z is the set of local maximum points of u defined in Proposition 9.1.
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Proof of Lemma 9.2. By the Harnack-type inequality (Theorem 1.7),

sup u _inf wu<C.
B+(q,1/12) B*(4,1/6)
Now u is well-approximated by standard bubbles; so, obviously, u(z) > u(g)™*
for |z — q| < Ru(q)_izﬁ. Thus, by (80), we have mings+(g,1/6) % > C~lu(q)™t.
Estimate (82) follows easily from above. Lemma 9.2 is established. 0

Proof of Proposition 9.2. Suppose the contrary; then for some fixed large
Rpand 0 < ¢ £ e~ Ho, there is no such d = d(eg, Ry). Consequently, there exist a
sequence of solutions {u;} to (78) and some ¢, ; € Z; suchthatdist(q15, Z;\{q:;}) =
0, where Z; is the set of local maximum points of u; defined in Proposition 9.1
with respect to ¢ and Ry. Let go; be the local maximum of u; in Z; so that

dist(q1j, Z;\{q1;}) = lg1; — q2;|- Then we have
05 = Iq1; — @251 = 0.
By Proposition 9.1, we have
(83) uj(y)dist(y, Z;) T < Cf(eo, Ro), v € BF.

Since B(q1;,u;(q1;)” 7% Ro) and B(gzj,u;(gz;)” 72 Ro) must be disjoint, we have
o; > u]'(qu)—;"z'—2R0, [ = 1,2. Consequently,

u;(q15), uj(ga;) > 00 asj— oo.

For the sake of simplicity, we write ¢, and g. instead of g;; and g, later in this
section. Still by Proposition 9.1, we have

(@) ™ i (us(@) ™2y + @) = A+ )77 gy gmmy <o, U=1,2
0
or
”uj'(qz) Y (uj(qr) ""y+‘1’)—(1+,\2(|y'|2:—Iyn—tclz))
c

€0,

<
cx(BY,)

[=1,2,

——2_
where Tj; = uj(q)” "2 qin-

Lemma 9.3. Forany N; - oo and 0 < €; < e™""4, there exists a subsequence
{ui,} (still denoted as {u;}) such that 5; > uj(qz)_ﬂ_%Nj forl = 1,2 and one of
the following two assertions holds.

L Ifqe€ B;ﬁ, we have

@) ) uy(uy(a) Ty + @) = DT gy o <65
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2. Ifq € {t =0}, then

(85) .
-1 _ 2 Ac 7
“uj(ql) us(us(a) ™2y an) = (1+/\3(|y'|2 +!yn—tc|2)) crpgy
Proof. Let

_ _ 2
v;(y) = uji(q) 1“1‘(“1’(‘11) Iy +q)
be defined in
Dom(v;) := B(0, £u;(q1)72) N {t > —u;(q1) "2 q1n}).

By Lemma 9.2, v; satisfies

[ Av;(W) +n(n-2v;p)*2 =0,  yeDom(y),
§ T a0, on 'Dom(v;),
[ v;(0) =1, wv;(y) LC, for y € Dom(v;),

where 8'Dom(v;) = 8Dom(v;) N {t = —u;(q1) "= q1n}. Since u;(q) — o0, v;
is uniformly bounded on any compact subset of {t > —limj_,o uj(ql)ﬁqln}.
After passing {v,} to a subsequence if necessary, (84) and (85) follow from the
Liouville-type theorems of Caffarelli~Gidas—Spruck and Li~Zhu. Similarly, we
have (84) and (85) after applying the same argument to q». Since g, is a local
maximum point of u;, (84) and (85) imply that o; > uj(ql)‘n%zNj because for
ly — ¢} < uj(ql)_%—zNj, q1 is the only local maximum point of u;. So we have
o; > u;(q1)” =2 N,. Similarly, we also have agj > uj(qg)'ﬁNj. Lemma 9.3 is
established. a

It f(?‘l_l(z)ws from Lemma 9.3 that {B_(q[,Uj((I[)_"_i—")Nj)}[=1,2 are disjoint and
uj(@)o;? — oo, I = 1,2. We rescale u; to w; so that the distance between the
two local maximum points corresponding to q; and ¢; becomes one. Indeed, let
w;(y) = o;%z u;j(0;y + ¢1) . Then w; satisfies

nt2 .
[ Aw;(y) +n(n - 2Qu;(y)*2 =0,  ye B,

Ow; oy it

( wj(0) 200,  wj(e) oo,
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where e = (g2 — q1)/o; and T; = 05 ' qin.
By Lemma 9.1 (with u = uj, R = Ry, and € = ¢), we have

86) w;i(2) 2 C7lw;(0) 2", Roo}lui(q) 7 <zl < 071/4, 2n 2 T3,

and
(87 .
wi(z) > Clwi(e) Mz —el’™™,  Roojluj(q:)”7 2 <lz—e| < 07'/4, 20 > -Tj,

where C > 0 is a positive constant depending on n only.
We also have

(88) Rooy uj(@)""% —» 0 and  Roo~'u;(g2) 7% 0.

In the rest of the proof, we analyze how w;(0)w; approaches a harmonic
function and employ the Pohozaev Identity to get a contradiction.

Lemma 9.4 and Remark 9.3 below are in correspondence with Proposition 9.3
and Lemma 9.2.

Lemma 9.4. Let D; = w; 0)=2T, - After passing to a subsequence, we have
the following.

1L IfT; >0,
n-—-2
{(0)Yws (w; (0)-72Ey) — (—1 ) % .
@ s w0 - (755m) 7 ougae, <o
2. If T; = 0 for all large j, then
2

(0)Lw, (w; (0) 723 ) — Ac T .

(90) ”w;(O) w;(w;(0)”7=2y) (1+/\§((y’|2+lyn—tc|2)) c2(B;0) <€

In either case, let T = lim;_,o, T; € [0, 00); then there exists a harmonic function h
defined on ByT U (0B; T N {t = —T}) such that

1) lim |lw;(0)w; — hl| 0, 0<B<%,
j—oo

C2(B;j\Bg)
where h satisfies

([ Ah(y) =0, h>0, in By T\{0},

(92) h(y) — oo, asy =0,

\ afé(ty) —0, y€0BTN{t=-T} ifoBTn{t=-T}+#9.
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Proof of Lemma 9.4. Since
w;(0) M w; (wj(O)_ﬁy) = uj(q1) ', (U;‘(ql)—"%’y + (h) ,

(89) and (90) are the same as (84) and (85) ( = 1). Let Zj = {oj"‘(q —q1):q€ Z;}
be the set of large local maximum points of w;, the rescaled version of Z; for u;.
Since g, is the nearest point in Z; to ¢;, and |z — q1] = o, for any compact subset
K of BT U &' BT, there exists C = C(K) such that

ly| < C(K)dist(y, Z;)  forally € K.
Consequently, by (83),
wi(y)ly|"*" < C(K) forye K.

Therefore, 0 is an isolated blow up point of {w;}; and (91) and (92) follow from
Remark 9.1 (see also Remark 9.2). Lemma 9.4 is established. O

Remark 9.3. By Lemma 9.2 (with u = u;, R = Ry and € = ¢), and the fact
that o; = |g1 — ¢2| = 0, we have

C7'w;(0) Swye) S Cwy(0), e = o—ib.
lg2 — a1

Remark 9.4. It is not hard to see that the harmonic function h in Lemma

9.4 is of the form h(y) = a|y|>~™ + b(y), where a > 0 and b is harmonic on B; T.
Moreover, if T = 0, b satisfies 9b/0t = 0 on &' By .

To complete the proof of Proposition 9.2, we need to rule out the following two
cases.
Case 1: T = lim;j_, T} € (0, ).
Case 2: T = limj_,, T; = 0.

We first

Rule out Case 1. Recall that w;(0)w;(y) — aly|*>~™ + b(y) on compact subsets
of B{ T\{0}. We show thatb > 0 on B;'7.

Step 1: 5> 0on BT,

For0 < e < a, let

$i) = (@ = Iy = (a - 9ol

We compare w;(0)w; and ¢; in B;_T{ \ By/;. Since b is harmonic (and therefore
bounded) near 0, we have for large 3’,

w;(0)w;(y) > ¢;(y), Iyl =1/jorly| =07
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It is easy to see that fory € {t = —-T}},
%5 > (n-De - 9T,

and

A(w;(0)w;(y))

” = cw,-(O)ﬂT%f(wj(o)wj(y))"_'ii

< (n=2)(a - )T T;(w; (0)w; (¥)) =7

It follows, by the mean value theorem, that

Ow;(0)w;(y) — ¢;
oy Os0) = 4300 ¢ )y Oy @) - 8500], v € {2 = -,
where £;(y) > 0. By the maximum principle,
w;(0)w; > ¢j,  onB i\ By
Sending j to infinity, we obtain, for any compact subset w of By T \ {0},

alyP " +by) > @- oy, yeEw.

Letting e — 0%, we have b > 0 on By T \ {0}.

Step 2: b> 0 on By 7.

For any compact subset w of B, and j sufficiently large (which may depend on
w), we have by (87) and (88) that

w;(y) > Clwj(e) Yy —e)*™ fory € w.
Letting j — oo, we have, by Remark 9.3,

aly> " +b(y) > C My -, yeBrT\{0},

2 Yy—r€
for y in B; and y close to e. We already know that & is non-negative and harmonic

in Bf T, so by the maximum principle, b > 0 on B 7.
In order to reach a contradiction, we need the following Pohozaev Identity.

where & = lim;_, e. It follows that lim . BT yore b(y) = oc. In particular, b(y) > 0

Lemma 9.5. Let ) be a piecewise smooth bounded domain in R* and u > 0
a C?(QY) solution of

—Au=n(n- 2)u7'-ﬂ—%, Q.
Then
(n—2)° 2 |Vu?y  Ou n—2 Oduy
(93) /89{:5 1/( g Ut 3 )+ay(x Vu) + 5 uay}-—O,

where v is the unit outer normal of 9.
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A proof of Lemma 9.5 can be found in [38].

Let @ = B, for 0 < r < 1 and apply Lemma 9.5 to w;. Multiply wjz. (0) on both
sides and let j — oco. Elementary computation (see Proposition 1.1 in [38]) shows
that the left hand side of (93) is negative for r sufficiently small, which is clearly a
contradiction. Case 1 is ruled out.

Now we

Rule out Case 2. Recall that w;(0)w;(y) — aly|>~™ + b(y) on all compact
subsets of B;, with b(y) harmonic in B] and satisfying db(y)/dt = 0 on &'B;.

Let

$i(y) = (a — Oy — wi(0) "™ ea)* " = (a - €)(0;" ~ 1)* ™.

We compare w;(0)w; and ¢; on

;= {ye B3 ly—w;(0) " ea| <oj' - 1).
It is clear that

wiOw;(y) > ¢iy)  for [y| = 3uw;(0) 7% or |y — w;(0) " FFeq| = 07 ~ 1.

Computation shows that fory € {t = -T}},

50) _ (n— 3)(a - oLy ()% + TyJgn
and

2G5O a0y O )=
< (n = 2)(a — €)% [w;(0) % + T](w; (0)w; () 7.

By the mean value theorem,

a[w,-(o)wj{(’z;) ~ 4] & W) w; (0w, (y) — ¢;w)], € {t=-T;},

where ¢;(y) > 0. By the maximum principle,

w;i(0)w; — ¢; >0, on ;.
Letting j — oo, we have
aly>™ +b(y) > (e -yl  yeBf.
Sending e to 0 shows that

by) >0, yeB
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Arguing as in Case 1, we have
bly) >0, yeB.

Since 2£(0) = 0, by the Hopf Lemma, b(0) > 0. Apply Lemma 9.5 to w; and
let @ = B;t. Multiply w?(0) on both sides of (93) and let j — oo. Then b(0) > 0
makes the left hand side of (93) negative for r small, a contradiction. Case 2 is
ruled out. O

Once Proposition 9.2 is established, we can finish the proof of (16) in Theorem
1.7 as follows.

Proof of (16) in Theorem 1.7. Clearly, we only need to establish it for

R = 1. In fact, it is clear enough to show that [, (|Vu|? + u22)dz < C(n,c).
1/2

Suppose, to the contrary, that there exists a sequence of u; satisfying (78) such that

/ (V] + u 1) dz - 0.
1/2
Then by standard elliptic estimates, MAXpF tj — 00. Let € and R be as in
Proposition 9.2, and let Z; be defined in terms ‘of € and R for u;. By Proposition
9.2, any two points of Z; ﬁB3 /5 Are separated by a distance no less than d(e, R) > 0.
In particular, the number of points in Z; N 33 /2 is bounded by a fixed number

FF U < 00, MaX, _, oy u;(z) = co. For any fixed r > 0, {u;} is
z€ 4/3

bounded on BJr /3 \U,e z; Br (z); therefore, by the Harnack inequality, the maximum
and the minimum of u; on the set are comparable. So, by Proposition 9.3, the
maximum of u; on the set tends to zero; and by standard elliptic estimates,

2n
/~ (Vs + u; %) - 0.
+
B1 \Uzesz,-(z)

On the other hand, for every z € Z; N B4 130 WE have, by Proposition 9.3 and
Proposition 9.4, that

k. Since max——

2n
/ (VP +u}~?)dz < C.
Bt*(z,r)

Since Z; N B3 2 has at most k points,

k

4/3

2n
(IVu;|? +uj~?)dz < C,

a contradiction. Estimate (16) in Theorem 1.7 is established. a
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As pointed out in Remark 1.10, if ¢ < 0, estimate (16) in Theorem 1.7 can be
established in a much simpler way. Indeed, we have

Proof of (16) in Theorem 1.7 for ¢ < 0. We first show
(94) [ w= <cem.
Bf
For y, n € B3, let

Mn_—lz)%(ly—nlz’”-(;—l)nzé?z yl ) n# 0,

1
n(n — 2w,
be the Green’s function on Bz with respect to the Dirichlet boundary condition.

Here w, is the volume of the unit ball B;. Set

G(y,n) = Gi(y,n) + G1(y,7), y,n € B,

where 7 = (n', —n,) is the reflection of n with respect to IR7 .
Then from above it is immediate that for fixed y € BF U (8'Bf \ 8B7),
G satisfies

Gl (y’ 77) =
(ly*~"-3>"™), n=0,

( _AnG(ZU,n) = 61/7 n € B;_a
G(y,m)=0, ned"Bf,

9G(y,n)

= ' B+
61/ 0’ nea 3

0G(y,n)
\ 81/

<0, ned"B;.

It is also clear that
Gly,n) >C™', y,ne Bf,

for some C > 1.
Let u(y) = mingyu, y € By . By Green’s formula, and as in [21],
2

= [, cuncains [ cwogwas- [ FhDus

> [ Cwmunha - / Gumeutn = - [ Xy

8B}
>C7' [ uhEE (n)dn.
B}
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Therefore,

&

2n_ .
/ w2 < maxu/ um-2 < C(maxu)(minu) < C.
Bf B} Bt BF B}

The derivation of

©95) / Vuf < C
B+

1/2

from (94) is as follows. Let ¢ € C*° (Ef) such that

W) =1, yeBl,  $W=0, [y =1/V2

First we multiply ¢?u on (78) and integrate by parts to obtain

c/ Pu=t ¢ / (¢%|Vul® + 20uVe - Vu — n(n — 2)¢2ur"2) = 0.
B} B}

Then it follows by Holder’s inequality that

[ o <o [ weru e [ e [ g,
B BY B} & B}

To estimate the last term of the above, we have for |z'| < 1/2,

l/f 1/v2 -2 .
’/ un 2ds+/ ¢22n uﬁﬂdsl
0 T
1/\/_ 2n—2 1/\/_ Ju 5 l/ﬂ 2 3
= 2. nz 2
gc/o u 2ds+C(/0 ¢(axn)ds) (/0 Hu 2ds)

vz o, 1/vV2 1/vV2
SC/ ui—22d8+€/ ¢2(6u) ds+c/ wro2ds.
0 0 oz,

71

Integrating with respect to z’ and choosing e sufficiently small, we can derive (95)

in view of (94).

a

Proof of (17). We only need to prove it for R = 1. Without loss of generality,
we may assume that A; and A, are subsets of B1 /2" We argue by contradiction.

Suppose there is a sequence {u;} solving (78) such that

(96) 11{11f uj > j 11{12f uj.
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Then we must have max 3 u; — oo, since otherwise, by the Harnack inequality, u;
1

on BY, would be bounded below and above by positive constants and (96) would

1/2 ane
be impossible. Let Z; be as in the proof of (16). We know that Z; N By has at most
k points with k independent of j, and the values of u; on Z; N B} are comparable.

So for r > 0 small, A; \ (U;ez, B,(z)) and A, \ (Uzez,- B,(z)) are non-empty.

The values of u; on B \ (U.e z, Br(2)) are comparable; and by Proposition
9.3, are all bounded above by C(r)u(z)~! for z € Z; n Ef So in particular,

infa, u; < C(r)u(z)™! for z € Z; N E On the other hand, by Lemma 9.1,
infa, u; > C(r)~'u(2)~! for z € Z; N By . It follows that infa, u; < C(r)infy, u;j,

violating (96). This completes the proof of (17). O

10 Appendix A. A boundary lemma

In this section, we let 2 be a domain of R*,n > 2, with the origin 0 on
its boundary. Assume that near 0 the boundary consists of two transversally
intersecting C? hypersurfaces p = 0 and o = 0. Also, suppose p,s > 0 in . Let
v(y) be the unit outer normal to the surface {oc = 0} N N at y.

Let {b:i(y)} be L> functions, and let {a;;(y)} be a n x n matrix function
satisfying, for some positive constant A > 1,

ATHER <) aii(y)&g < AP foré € R,y e Q.
i,j

Under this setting, we have

Lemma 10.1. Let u € C?(Q) N CY(Q) be positive in Q, u(0) = 0, and suppose
that for some positive constant A

Y oh =1 Gaguij + 20 biui < Aw, in Q,
0
(9_:: > —Au, on {U =0,p >,0}a
where v denotes the unit outer normal. Then
ou
5 (9 >0,

where V' is any vector in the tangent space of {o = 0} that enters into {p > 0}.

Proof. Since the hypotheses and conclusions are invariant under change of
coordinates, and of the choices of the particular p and o representing the bounding
hypersurfaces, we may assume without loss of generality that p(y) = y, and
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o(y) = y2- By the Hopf lemma, u > 0 on {y2 = 0,51 > 0} (otherwise, by the
boundary condition and the fact that u > 0in Q, v = 0 and du/0v = 0 at a point
on {y2 = 0,71 > 0}, violating the Hopf lemma). So we may, as in [30], assume
without loss of generality thatu > 0 on 2\ {0}, because we may replace y; = 0 by a
sphere tangent to y; = 0 at the origin and then straighten the sphere to a hyperplane
by a coordinate change and call the new hyperplane y; = 0.

Pick ¢ > 0 so small that {y; > 0} N {y» > 0} N B(0,2¢) C 2. We wish to
construct a function ¢ > 0 in  such that

1. zi,j aijdi; + Ei bip; > Adin QN B(O, €),
2. ¢ =0o0n {y; =0} B(0,¢),

3. g% < —Agon {y, =0,y1 >0} N B(0,¢),
4, ¢ <u on AB(0,e) NN,

¢
5. W(O) > 0.

Once such ¢ is constructed, Lemma 10.1 can be proved as follows. Let w = u — ¢;
then w satisfies

( Zaijwij + Zbiwi - Aw <0, QN B(0,¢),
i i

J w >0, on {y; =0} NB(0,¢) and OB(0,e) N1,

a
{ _6}5+sz0’ on {y2 = 0,y1 > 0} N B(0,¢).

By the maximum principle, w > 0 on the closure of B(0,¢) N ; and therefore by
w(0) = 0, we have

ow
i > .
) 0)20
Consequently,
du 0¢
—(0) > — )
o' 0) 2 ov' (0)>0
Such a ¢ can be given explicitly by setting

$(y) = 6(e* ¥ —1)e*®2,  yeqQ,

where a > 1 is large and then é > 0 is chosen small.
By a direct calculation, we have for large a,

D aiiti + 3 bigi > 6o’ (ca — C)e®'V1e®¥2 > Ag,
¥ i
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where ¢ and C are generic positive constants.
On {y, = 0}, for large a,

ie.,

L<-4p  on{r=0}.

Now fix the value of a. Since u > 0 on @\ {0}, choose § > 0 small enough
such that
u>¢  ondB(0,e)NnQ.
99

Finally, itis immediate that s (0) > 0, so all the desired properties are satisfied.
1
Lemma 10.1 is established. 0

11 Appendix B. Some calculus lemmas
In this section, we present, for the reader’s convenience, a few calculus lemmas
and their proofs taken from [42] (see also [26]).

Lemma 11.1. Ler f € CY(R*),n > 1,v > 0. Suppose that for every z € R",
there exists A(z) > 0 such that

o (o) i ) e e

Then for some a > 0,d > 0,z € R",

f(:l:) - :{:(___.a_'...____)y/z_

d+ |z~ &2
Proof. It follows from (97) that

Bi= lm [y"flv) = Az)"f(z), zeR"

If B =0, then f = 0, and we are done. If B # 0, then f(z) does not change sign.
Without loss of generality we may assume that B = 1 and f(z) > 0. For large y,
by making a Taylor expansion of the left hand side of (97) at 0 and z, we have

©8) 10 = (30) (s + 32 (O)A(,?,zy‘ +o(m))

and

0 1= (PEL) (1w + LX) (1),



SEMILINEAR ELLIPTIC EQUATIONS 81

where of m |) denotes some quantity satisfying lim o ( , y,) / (,—1—) = 0. Combining

|ly|—00
(97), (98), (99), and our assumption B = 1, we have
@)l @) = ;) 2L © - v
It follows that for some z € R*,d > 0,
;) = ly -3 +d o

Lemma 11.2. Let f € C1(R™),n > 1,v > 0. Assume that

v 20 _
A fz+A—(y—%) <f(y) forallA>0, z€R,|y—z|> A\
ly ~ zl ly — z|

Then f = constant.

Proof. For z € R*, A > 0, set

@ = flo+2) = (Z) F(a+75), 12

It is easy to see that
gz,lzl(z) =0,

gz,|z|(rz) >0, r>1.
It follows that J
E,'{gz,lz](rz)}lr=l > 0.
A direct calculation yields
2Vf(z+z)-2+vf(z+1z)>0.
Since z and z are arbitrary, by a change of variables, we have
2Vi(y) - (y—2) +vf(y) 2 0.

Dividing the above by |z| and sending |z| to infinity, we have Vf(y) - § < 0 for all
z € R™ and 6 € S™~ 1. It follows that Vf = 0 in R". O

Lemma 11.3. Ler f € C*(R}),n > 2,v > 0. Assume that

by v /\2(1/—2,') ) )
(ly_xl) f(x+—|y—_:v|2 )Sf(y), )\>0, z € OR ,ly—x'ZA’ye]R_'_.

Then
f@) =@, =f0,t), z=(1)ek.
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Proof. For 2z € OR?, A > 0, set

A

9o (2) = flz +2) - (m)yf(“ %) z€RY, |2z| > A

As in the proof of Lemma 11.2, we have
Vf(z+z)-z+vf(z+2) >0 forallz € OR},z € R} .
Making a change of variables, we have
20, f(y'\t)- (¥ —2')+ 28 f (¥, )t + v f(y',t) > 0 forall z’,y' € R*},¢ > 0.

Dividing the above by |z'| and sending |z'| to infinity, we have J, f(y',t) -6 > 0
for all (y't) € R} and 6 € S™~1. It follows that 8, f(y', t) = 0. O

12 Appendix C

In this appendix, we prove the following simple result which is needed for 2°
in Remark 1.4.

Lemma 12.1. Let g be a positive continuous function on (0, ) satisfying
llggfg(s) > 0.

Then
u"(t) + g(u(t)) =0, 0<t< oo

does not have any positive solution u.

Proof. Let v = ¢'; then

d [ u v
o #(0) ()

If v(0) < 0, we have from the second equation of (100) that v(¢) < v(0) for all
t > 0. Then by the first equation, u(t) < u(0) + v(0)¢. This is impossible for large
t since u is positive. If v(0) = 0, then by the second equation, v(t) < 0 for ¢ > 0.
This is impossible by the above argument since the system is autonomous. So we
only need to rule out the possibility that v(¢) > 0 for all ¢ > 0. In this case, by the
first equation, u(t) > u(0) > 0 for all ¢; and therefore, by the hypothesis on g and
the second equation, there exists some § > 0 such that v'(t) < —4t for all ¢. This is
impossible, since v is assumed to be positive all the time. O
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13 Appendix D

In this appendix, we present a result which we could not find in the literature.

Theorem 13.1. For n > 1 and p; — p € (1,00), let {g;} be a sequence of
measurable functions on (0, o) satisfying

sup |g;(s)| < oo, t >0,
j, 0<s<t
and, for some a < 0,
(101) lim (sup ‘gj—(i) - aD =0.
s—00 j sPi

Let {u;} be positive solutions (in the distribution sense) of
—Au; = gi(u;), on Byp C R".
Then we have

(102) lim sup(sup u;)} < oo.
j—)oo BR
Remark 13.1. If 1 < p < 22 > 3, and a > 0, estimate (102) still holds.
This can be seen easily from the proof, by using the result of Gidas and Spruck:
For such p and n, —Au = u? has no positive solution in R".

Proof. It is easy to see that we only need to proveitfora = —1and R = 1. Our
proof is by contradiction. Suppose the contrary; we may assume, without loss of
generality, that

Uy (O) — Q.

By Lemma 5.1 (with a = ;25), there exist |z;| < 1 such that

—2
uj(z;) > 2777 sup wuy,
B"j(zj)

and
2

pj—1 =5
g; uj(.’l}j) > 2177 Uj(O) — 00,

where g; = (1 — |z;])/2.

Consider
()= X (o y (Y (PI=1)/2
w.?(y) - ’U,j(wj)u} (;8.7 + uj(mj)(pj_l)/2)$ ,yl < 0333(33]) —* 00.



84

Y. Y. LI AND L. ZHANG

Then w; satisfies

—Aw;(y) = gj(uifgjglg(y))

, lyl < ojuj(z;) P72,

By the hypothesis on g;,

lg;(s)l < C(1 +[s7),

and therefore

|Aw;| < C.

After passing to a subsequence (still denoted as {w;}, etc.), we have, by standard
elliptic theories,

wj »w>0 in CL.(R™).

Sending j to oo in the equation of w;, we have

(103) Aw = wP, on R™.

Indeed, if uj(z;)w;(y) = oo, then by (101), u;(z;) "% g;(u;(z;)w;(y)) = —w(y)?;
if uj(zj)w;i(y) - 0, w;(y) = 0 = w(y), and then by the boundedness of {g;},
u;(z;) 7% g;(u;(z;)w;(y)) - 0 = —w(y)?. Since w;(0) = 1, w(0) = 1. By the
strong maximum principle, w is a positive solution of (103), a contradiction (see
Remark 1.2). O

Added in proof. We thank Yihong Du, who kindly informed us that Theorem
13.1 in Appendix D can be deduced from a result of J. B. Keller in: On solutions
of Au = f(u), Comm. Pure Appl. Math. 10 (1957), 503-510.
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