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ABSTRACT

Let T denote the class of all non-abelian finite simple groups. We are
concerned with enumerating poly-X groups, that is finite groups without
abelian composition factors. For any natural number n let g=(n) denote
the number of (isomorphism classes of) poly-T groups of order at most
n. We determine the growth rate of the sequence gx(n), n € N.

Similarly, for any S € T we give estimates for the numbers gg(k)
of poly-S groups of composition length at most %, as k tends to infinity.
This initiates an investigation somewhat complementary to the “classical”
enumeration of finite p-groups by Higman [6] and Sims [15].

Our ancillary results include upper bounds for the minimal number of
generators and for the number of (equivalence classes of) permutation
actions of any given poly-T group.

1. Introduction

1.1. MoTIVvATION AND MAIN RESULTS. The problem of determining the num-
bers f(n) of (isomorphism classes of) groups of order n is as old as Cayley’s
introduction of the abstract group concept. In 1895 Holder (8] established a
beautiful formula which yields f(n) for all square-free n. In contrast, it is now
considered unlikely that an equally explicit formula can be found if n is allowed
to take prime power values; cf. [13, Section 2]. Modern computer algorithms
determine f(n) successfully in the range 1 < n < 2000; see [2].
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The asymptotic behaviour of the arithmetic function f(n), n € N, and certain
variants — enumerating only groups of some restricted type — came under inves-
tigation in the early 1960s. For any given prime p, Higman and Sims determined
the asymptotic growth rate of the sequence f(p*), k € N, thus estimating the
number of p-groups of any given order: their results in [6] and [15] show that

(11) pFR O < f(pF) < pERHOETD a5k s oo,

Since then there has been a steady interest in the subject, especially, after the
classification of finite simple groups (CFSG) made the general enumeration prob-
lem much more treatable [11, 4, 9, 7]. Indeed, in 1993 Pyber [12] succeeded in
showing that f(n) < n(2/27+o(W)u(m)* 45 n tends to infinity, where p(n) denotes
the exponent of the highest prime power dividing n.

For every n € N let g(n) denote the number of (isomorphism classes of) groups
of order at most n. For every n € N the interval [n/2,n] contains a power of 2,
and thus Pyber’s result combined with (1.1) yields

n(Fr=o)(ogan)® < g(p) < p(Fr+oogan)” a5y 4 o0,

The purpose of this paper is to consider a restricted enumeration problem
which in a way complements the “classical” situation studied by Higman and
Sims. Let ¥ denote the class of all non-abelian finite simple groups. For every
n € N let gx(n) denote the number of (isomorphism classes of) poly-X groups of
order at most n, and for every S € T and k € N let g5(k) denote the number of
(isomorphism classes of) poly-S groups of composition length at most k.* Thus
we propose to count groups which are far from soluble, or in the above parlance:
far from poly-abelian.

Intuitively, it is clear that gg(n) grows much slower than g(n) as n tends to
infinity; cf. [4]. But what is the precise growth rate of the sequence gx(n), n € N?
And, given S € X, what is the growth rate of gs(k) as k tends to infinity? In
view of the successful enumeration of finite p-groups by Higman and Sims these
questions appear very natural. Our main results are

THEOREM A (Enumeration of poly-Y groups): There exist constants B,C €
R. ¢ such that for all n € N,

’l’lB log, logs n < gE(n) < TLC log, log, n,

* If T is any class of groups, then a poly-I" group is a group G which allows a finite
subnormal series 1 = Go 94 G1 4 --- <4 G, = G such that each factor G;/G;—1 is
isomorphic to some group in I'. If I’ = {H} contains a single element, we also
speak of poly-H instead of poly-I" groups. A poly-X group is just a finite group
without abelian composition factors.
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THEOREM B (Enumeration of poly-S groups): For every non-abelian finite
simple group S there exist constants B,C € Rsq such that for all k € N,

kB < gs(k) < kOF.

Our methods allow us to bound the constants appearing in Theorems A and
B quite explicitly — e.g. one may take C' = 53 in Theorem A — but most likely
this is not optimal. Thus one feels compelled to ask the following intriguing

Question: Let S € E. Does there exist a constant C' = C(S) € Ry¢ such that
gs(k) = kCFk+ok)? If 50, how does its value depend on S?

As far as I know this is completely open, even for alternating groups. As
indicated above, the analogous problem for finite p-groups has positive solution
and the constant involved depends uniformly on the prime p; see (1.1).

1.2. DETAILED DISCUSSION AND ANCILLARY RESULTS. Clearly, for every S €
¥ and all k € N we have gs(k) < g=(|S|*). So the lower bound in Theorem A
can be derived from the lower bound in Theorem B; conversely, the upper bound
in Theorem A yields the upper bound in Theorem B.

At first, sight the lower bound in Theorem B may come as a surprise, because
groups without abelian composition factors are known to have a very rigid struc-
ture. For instance, if S € T is such that Aut(S) splits over Inn(S), then every
poly-S group can be written as an iterated twisted wreath product of several
copies of S; see [1]. Nevertheless we are able to manufacture sufficiently many
poly-S groups of socle length just two.

The proof of the upper bound in Theorem A has two main ingredients. Using
recursive methods we construct small generating sets for poly-¥ groups. Writing
d(G) for the minimal number of generators of a finite group G and com(G) for
its composition length, we show

PROPOSITION 1.1: Every non-trivial finite group G without abelian composition
factors satisfies

d(G) < 3log, com(G) + 2.

This can be regarded as a first step towards generalizing results of Wiegold and
others on growth sequences of finite simple groups: given S € T, there are rather
precise estimates for the generating numbers d(S*), k € N; e.g., see [10]. A much
more elementary observation shows that every poly-X group can be generated by
a single conjugacy class of elements; see Proposition 4.3.

Proposition 1.1 and a rather crude, but often-used argument (based on the
fact that every poly-X group embeds into the automorphism group of its socle;
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e.g., see [11, 4]) already ensure the existence of a constant C' € Ry such that
for all n € N we have gz (n) < nC(9821082m)"  The sharper estimate provided in
Theorem A requires a new ingredient, namely information about the number of
permutation actions of a given poly-% group.

PRrROPOSITION 1.2: There exists a constant C € Ry, such that for aln € N
every non-trivial finite group G without abelian composition factors admits (up to
equivalence) at most C™(08z com(G)+1og2 7) permutation representations of degree
n. In fact, one may take C = 224,

It is not difficult to bound the number of normal subgroups of a poly-% group.
This leads to the following interesting consequence.

COROLLARY 1.3: There exists a constant C' € R,y such that for all n € N every
finite group G without abelian composition factors admits (up to equivalence) at
most C™1°82" fajthful permutation representations of degree n. In fact, one may
take C = 248,

These bounds for the number of permutation representations of poly-X groups
are somewhat reminiscent of similar estimates which have been established for
groups with “restricted sections”; e.g., see [3, Theorem 1.2]. But in fact there is
little common ground, because in our setting all non-abelian finite simple groups
are allowed as composition factors, and hence the powerful Babai-Cameron—
Pélfy restrictions simply do not apply. Another noteworthy difference is that our
approach relies much less on consequences of CFSG.

All our results are true for finite groups whose composition factors belong to
the list of “known” simple groups, and we only require the following consequences
of CFSG: the validity of Schreier’s conjecture, the fact that finite simple groups
are two-generated, and — for the upper bounds in Theorems A and B — the fact
that there are at most two non-isomorphic finite simple groups of any prescribed
order (actually a suitable weaker bound would be enough).

1.3. ORGANIZATION OF THE PAPER AND NOTATION. Section 2 provides basic
estimates for the socle size and socle length of a poly-X group. In Section 3
we bound the minimal number of generators required by a poly-X group and
thus establish Proposition 1.1. Section 4 contains two results about the normal
subgroups of a poly-X group. In Section 5 we study permutation representations
of poly-X groups and verify Proposition 1.2. The proof of Theorems A and B
appears in Sections 6 (upper bound) and 7 (lower bound).

Our notation is mostly standard. For every x € Rsg we write logx := logy «
for brevity. If necessary, the reader can look up the definitons of
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T, g=(n), gs(n), d(G), com(G), poly-I, poly-S group in Section 1;
soc(G), soc;(G), sol(G) in Section 2;
anything related to socle types M in Section 6.

2. The socle series of a poly-X group

Let G be a finite group. The characteristic subgroup soc(G) < G generated by
all the minimal normal subgroups of G is called the socle of G. More generally,
the socle series

1 =5s0c0(G) <soc {G)<--- <G

of G is defined recursively as follows: socg(G) := 1, and for every 7 € N the i-th
term soc; (() is to satisfy the condition soc(G/ soc;-1(G)) = soc;(G)/ soc;_1(G).
The socle length of G is sol(G) := min{i € Ny| soc;(G) = G}.

Suppose that G is poly-¥. As explained in the introduction, this just means
that & is a finite group without abelian composition factors. Then its socle is
the direct product of non-abelian simple groups, say

M :=soc(G)= ST x---x 8, S;eTforie{l,2,....,r},

where S; = §; if and only if i = j. The centralizer Cq(M) is normal in G, but
M has trivial center. So C(M) =1, and G acts faithfully on M by conjugation.
It is easily seen that

r
Aut(M) 2= ] Aut(S;) 2 Sym(n;),
i=1
where all wreath products are formed with respect to the natural permutation
actions.

A consequence of CFSG is the validity of Schreier’s conjecture: the outer
automorphism group of every finite simple group is soluble. This fact implies
that

G/M — Sym(nq) x --- x Sym(n,) < Sym(n)
where n = 3" _| n; = com(M).

LEmMMA 2.1: Let A be a direct product of finitely many elementary abelian
groups, and let |A| = p{* ---p" be the prime power factorization of |A|. Then A
embeds into the symmetric group Sym(n) if and only if n > 3";_; e;p;.

Proof:  'This follows by induction on the number of orbits, using the fact that a
transitive permutation group which is abelian acts regularly. ]
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LEMMA 2.2: Let G be a poly-X group. Then we have:
(i) com(soc(G)) > £ com(G);
(il) if G admits a faithful permutation representation of degree n, then
n > 4com(G).

Proof: First we consider the special case when sol(G) < 1. Burnside’s famous
pg-Theorem implies that the order of a non-abelian finite simple group is divisible
by at least one prime p > 5. Since G = soc(G) is the direct product of com(G)
many non-abelian finite simple groups, it contains a subgroup A which is the
direct product of com(G) many cyclic groups, each of prime order at least five.
If G embeds into Sym(n), so does A, and Lemma 2.1 shows that n > 5 com(G).
Now we are ready to consider the general case.

(i) For brevity write r := sol(G), and for every ¢ € {1,2,...,r} put k; =
com(soc;((F)/ soc;—1(G)). If r = 0, write k; := O nonetheless. Suppose that
1 < i < r—1. Then, by the remarks just before Lemma 2.1, the group G/ soc;(G)
and thus soc; 11(G)/ soc;(G) embeds into Sym(k;). The “special case” now yields
ki > 5kitq.

This implies

com(soc(G)) = k1 >

[ RN

r—1 ) 4 r 4
;5—_1161 Z —5— ;kz = g COIII(G).

(ii) Suppose that G and thus soc(G) admits a faithful permutation represen-
tation of degree n. By the “special case” and (i) we get

n > 5com(soc(@)) > 4com(G). 1

As an immediate consequence of Lemma 2.2(i) we record

COROLLARY 2.3: The socle length of a poly-% group G is at most 1+logg com(G).

3. Generating poly-¥ groups
In this section we prove

PROPOSITION 3.1: Let C := 2/log(3). Then every non-trivial poly- group G
satisfies
d(G) < Clogcom(G) + 2.
Note that C = 2/log(3) < 3, so Proposition 1.1 follows. Apart from im-
provements upon the constant C' one cannot hope to do much better. This is
illustrated by
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Example 3.2: Let G =S5 x --- x § be a direct power of some non-abelian finite
simple group S. Then we have

d(G) > logg| com(G) = (log [S]) "L log com(G).

Indeed, put d := d(G) and k := com(G). Choose a minimal generating set
{gil 1 < i < d} for G, and for every j € {1,2,...,k} let 7;: G — S denote
the projection onto the j-th factor of G. Then the tuples (g17;, g27j, ..., g47}),
1 < j <k, are pairwise distinct. So we obtain the inequality |S|? > k.

The sequence d(G¥), k € N — for any given (finite) group G — has been
studied extensively by Wiegold and others. For instance, in [10] it is shown that
for every S € ¥ and k € N one has d(S*) > logs k + log;s; | Aut(S)].

Proof of Proposition 3.1: Let G be a non-trivial poly-X group. Note that
M :=s0¢(G) = Ny x --- x N,., where N;, 1 < i < r, are the minimal normal
subgroups of G. Choose s € {1,2....,r} such that the normal subgroups

Hy =Ny x--+xNg_y, Ho:=Ng, Hz3:=Ngp1x---xN. 4G
satisfy
(3.1) com(H;) < com(M)/2 and com(H3) < com(M)/2.
We distinguish two cases.

CasE 1: com(H3) < com(M)/2. If H H,=G, then clearly we have d(G/H,Hs)
< Clogcom(G). Otherwise induction on com(G) shows that
d(G/HHy) < Clogcom{(G/H{Hs) + 2
< Clog(com(G) — com(M)/2) +2

< Clog(3com(G)/5) + 2 by Lemma, 2.2(i)
= Clogcom(G) + Clog(3/5) + 2
= C'log com(G) by definition of C.

Similarly, we obtain
d(G/HyH3) < Clogcom(G) and d(G/H;H3) < Clogcom(G).

Put d := [Clogcom(G)]. Then we find g,...,94 € G such that G/M =
(1M, ...,g4M). By [5, Satz 1], we find hyy,.... hig € H; for i € {1,2,3} such
that

G/H1Hy = (gihs1, - .., gahaa),
G/HyH3 = {g1hi1, - .., gahia),
G/H1H3 = <91h217 . -wgdhzd)-
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For every i € {1,2,...,s} choose n; € N; \ {1}, and put
hi:=mny---ns_1 € Hi, h}:=n, € H,.
Now it suffices to show that the subgroup
U := (gihi1haihay, .. ., gahiaheahsq, R, R3) < G

is in fact equal to G. By construction, we certainly have UH{Hy = UHyHj3 =
UH,H; = (. So it is enough to show that HiHs C U, equivalently that N; C U
for alli € {1,2,...,s}.

Suppose that ¢ € {1,2,...,s — 1}, and choose m; € N; such that [n;, m;] # 1.
Since UH2H3 = G, we find h € HyH3 = Cp(Hyp) such that m;h € U. Then we
have [n;, m;] = [h}, mih] € U, hence

Ny = {[ni, mi])¢ = ([ns, my)V M = ([ng, mih)V C U

Similarly, one shows that Ny C U. This finishes the proof in Case 1.

CASE 2: com(Hs) > com(M)/2. Write N := H,. If N = G, then obviously we
have d(G/N) < C'log com(G). Otherwise induction on com(G) shows that

d(G/N) < Clogcom(G/N) + 2
< Clog(com(G) — com(M)/2) + 2

< Clog(3com(G)/5) + 2 by Lemma 2.2(i)
= Clog com(G) + Clog(3/5) + 2
= Clogcom(G) by definition of C.

Put d := |Clogcom(G)|. Then we find ¢;,...,94 € G such that G/N =
(g1N,...,g4N). Writing k := com(N), we have N = S; x --+ x S, a direct
product of non-abelian simple groups. Moreover, conjugation induces a transi-
tive action of G /N on{Sy,...,Sk}. According to CFSG, every finite simple group
is two-generated. Choose generators hy, hy for S1. Then G = (g1, ..., 94, h1, h2),
and d(G) € Clogcom(G) + 2 as claimed. |

4. Normal subgroups of poly-X groups

The number of normal subgroups of a poly-X group is very restricted.
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LemMMA 4.1: Let G be a poly-X group, and put k := com(G). Let
n € {0,1,...,k}. Then the number of normal subgroups N QG withcom(N) =n
is at most (i‘l)

This bound is sharp. Indeed, we have

Example 4.2: If G = S* is the direct k-th power of a non-abelian finite simple
group S, then the number of normal subgroups N < G with com(N) = n is
precisely (¥).

Proof of Lemma 4.1: If G is trivial, there is nothing to prove. So suppose that
G # 1. Let M <in G be a minimal normal subgroup, and write m := com(M). If
N <G, then either (i) N D M or (ii) [N, M] =1,1e, N C C(M)<G. Note that
both G/M and Cg (M) are poly-X groups. Moreover, we have com(G/M) = k—m
and com(Cg(M)) < k — m; the latter inequality follows from Co(M)N M =
Z(M)=1.

By induction, we know that there are at most (k_m) subgroups N with M <

n—m
k—m
n

N <G and com(N) = n. Similarly, there are at most (
N 4G, N<Cg(M) and com(N) = n.
So altogether there are at most

(o) () =G0 ()= 6)

normal subgroups N 4 G with com(N) = n. ]

) subgroups N with

For completeness we also state

PROPOSITION 4.3: Let G be a poly-Y group. Then there exists g € G such that
G=(g)°.

Proof: For G =1 the claim is trivial; so assume that G # 1. Let M <,;;n G be a
minimal normal subgroup. Then M is the direct power of a non-abelian simple
group, in particular Z{M) = 1.

By induction we find ¢g; € G such that G = (g,)°M. If [M,g;] # 1, then
M C {g1)%; we are done. So suppose that [M, g;] = 1. Choose any g € M \ {1}
and put gs := g19. Then G = (g2)° M and [M, g5] # 1, s0 as before M C (g5)¢,
and (g2)¢ = G. |
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5. Permutation representations of poly-X groups

In this section we bound the number of permutation representations of a poly-%
group. To render the text more readable we sometimes omit terms like “up to iso-
morphism” or “up to equivalence”. Our first observation is that Proposition 1.2
readily follows from

PROPOSITION 5.1: There exists C € Rs1 such that for alln € N every non-trivial
poly-X. group G admits (up to equivalence) at most C(108 c©om(G)+logn) ¢rapsitive
permutation representations of degree n. In fact, one may take C' = 223,

Proposition 5.1 implies Proposition 1.2: Choose Cy, € Ry such that for all n €
N every non-trivial poly-% group G admits at most C[-('°8 ™) +108™) ¢ 1ancitive
permutation representations of degree n, and put C = 2Cy;.

Let G be a non-trivial poly-¥ group and n € N. Up to rearrangement of
letters, a choice of orbits for a representation G — Sym(n) corresponds to an
additive partition of n. Clearly, n has less than 2"~! such partitions, and if
n=mn;+---+n, then 3 ;_, n;logn; < nlogn. This shows that G has at most

r
Z Hcm(logcom(G)-Hogm) < Cn(logcom(G)+logn)
tr —
all partitions g§=1
ny+-Fnp=n

permutation representations of degree n. [ |

Next we state a technical lemma whose verification is a matter of routine and
hence omitted.

LEMMA 5.2: Letn € Nzg,, and C € R24, Put ) = logC(Q). Then the functions
J1, f2: [2,n/2] — R defined by

filz) == g +a:+)\x+3)\xlogg and  fo(x) :=g+x+2/\r+)\

satisfy the following properties.
(1) Both fy and fs take their global maximum at Tyax 1= n/2.
(2) If C > 2% then f1(Tmax) < 1 and fo(Tmax) <1 — A

With this we are ready to embark upon the

Proof of Proposition 5.1: We show that C := 223 is large enough. The proof is
divided into three steps, the last being the most complicated.

STEP 1: Reduction to faithful representations. Let G be a non-trivial poly-
Y group and n € N. If com(G) = 1, then G is simple and has precisely two
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normal subgroups. Now suppose that com(G) > 2. We claim that G has
at most 27108°°m(G) normal subgroups N 4 G such that G/N < Sym(n). If
p: G — Sym(n) is a permutation representation with kernel N := ker(yp), then
Lemma 2.2(ii) shows that n > 4com(G/N). By Lemma 4.1 the group G has no
more than

(n/4] Ln/4]

Z <C0m’(G)> < Z com(G)j < COIIl(G)n — onlog com({G)
" J ;

j=0 j=0

normal subgroups N < G such that com(G/N) < n/4. This yields the desired
bound and shows that, writing Cr, := C/2 = 222, it suffices to justify the
following

Cram: For all n € N every non-trivial poly-2 group G admits (up to equiva-
lence) at most Cfr;(log com(@)+o8 ) foiehful transitive permutation representations
of degree n.

Put Cg, = C/8 = 22°; the meaning of the subscript-notation will become
clear later. For more flexibility it is convenient to continue the argument with
reference to Co € {Cepy, Cra}-

STEP 2: The case when G is simple. Let G € ¥ and n € N. Then G is two-
generated by CFSG, and clearly |Sym(n)|] < n™. So there are at most 4"°8"
homomorphisms from G to Sym(n). As Cy > 4, we are okay.

STEP 3: The case when G is not simple. Let G be a poly-X group with com(G
> 2, and let n € N. Choose a minimal normal subgroup N <., G, and put H :=
G/N. Put d := d(H), and choose hy,...,hg € G such that G = (hy,...,hg)N.
By Proposition 1.1 we have d < 3logcom(H) + 2.

Suppose that ¢: G — Sym(n) is a faithful transitive permutation representa-
tion; in particular, this presumes that n > 5. Then the G-space 2 := {1,2,...,n}
falls into r separate N-orbits 1,...,Q,, say. They form a system of blocks
for ¢: the N-spaces §1y,...,$2, are pairwise isomorphic, and they are permuted
transitively by the induced H-action. In particular, r divides n, and since N is
non-trivial and acts faithfully on €2, we have 1 <r < n/2.

To recognise the action ¢ of G on 2 up to equivalence, it is enough to know

o the number 7 of N-orbits on €2 — there are no more than n possibilities;

o af this point we may assume without extra-cost that we also know the
partition of Q1 into N-orbits Qy,...,8Q,, and for each i € {1,2,...,7} we
may choose a reference point o; € §;;
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e the action of N on one (and hence, after rearrangement, on all) of its
orbits — by induction (on the composition length) there are no more than
cr/miog com(N)+og(n/m) 1o ocibilities;

o the induced action wg of H on {Qy,....€,} — this need not be faithful,
but based upon our considerations in Steps 1 and 2 induction (on the com-
position length) shows that there are at most 27 108 com(H) 7 (log com(H)+logr)

possibilities;

o finally, for all i € {1,2,...,7} and j € {1,2,...,d} the images o;h; € Qﬁj
of our reference points under the chosen generators for G modulo N —
there are no more than (n/r)"® possibilities.

Indeed, suppose that we know all the data listed above. Then first of all, we
know the induced action ¢n of N on €. Since G = (hy,...,h4) N, in order to
recognise ¢ it is enough to know how hy,...,hg act on Q. Solet j € {1,2,...,d}
and w € Q. Then w € §; for some ¢ € {1,2,...,r}. Because we know ¢y, we
find g € N such that a;g = w, and we also know the action of h;l gh; € N on
(2. Since a;h; is given, we can successfully compute wh; = a;h; (hj_lgh,j).

Unfortunately, the estimates given above are not quite sufficient to deal with
the situation » = 1, i.e., when N acts transitively. To resolve this problem,
we first condsider faithful transitive representations G — Sym(n) with N act-
ing intransitively, then with NV acting transitively. In each case the number of
representations is bounded by %Cg(log com(@)+logn). (}is will finish the overall

proof.

CASE 1: N acts intransitively. Then the range of r is restricted by 2 < r < n/2.
Put A :=loge, (2). Then multiplying all the estimates given above, we find that
the number of faithful transitive representations G — Sym(n) with N acting
intransitively is bounded above by C’g ™) where

f(n):= 251?2;(/2 {Alogn) + [Z:— (log com(N) + log ;)]

+ [Arlog com(H) + r(logcom(H) + log )] + [Ardlog ;]
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Recall that d < 3logcom(H) + 2. With Lemma 5.2 we obtain

n n
fin) < 2512;{/2 {; logcom(N} + (1 + A+ 3X\log ;) rlog com(H)]

+ [/\logn+ ElogE +'rlogr+2)\'rlog—:f—]
T r

n n
< -4 | , 1
2;1235/2 ['r +r+ Ar+ 3Arlog r] og com(G)

+ [—?+r+2/\r+/\] logn
<nlogcom{G) + (n — A)logn
< — A+ n(logcom(G) + logn),

as wanted.

CASE 2: N acts transitively. First we finish the overall proof in the special case
where G is characteristically simple, that is when G = S* for suitable S € £ and
k € N. This is quite easy. Read all previous occurrences of Cy as Ce,, and suppose
that G = S* with S € © and k € N. Since N is a minimal normal subgroup, we
have N 2 S, Cg(N) = S*~1, and G = N x Cg(N). Since N acts transitively,
its centraliser C'¢(N) acts semi-regularly. This implies |Cq(N)| < n < |N|, and
since N # G, we must have Cg(N) = N. Thus com(G) = 2. By CFSG the
group G is four-generated, and there are at most 16"!°8™ homomorphisms from
G to Sym(n); cf. Step 2. Since 167187 < %C&(logcom(c)ﬂogn), we are okay.

We have shown: for all n € N every non-trivial characteristically simple
poly-X group G admits at most th('og com(G)Hosn) coithful transitive permuta-
tion representations of degree n, up to equivalence.

Finally, we return to the general case. Read all occurrences of Cy prior to the
beginning of Case 2 as Ct,, and recall the general set-up introduced before the
argument divided into cases. Since N is a minimal normal subgroup of G, it is
characteristically simple. Since N acts transitively on §2, we have r = 1 and the
action of H on {Q;} is necessarily trivial. To recognise the action of G on § up
to equivalence, it is therefore enough to know

e the action of N on 2 — we just proved that there are no more than
chlos com(N)Hogm) 1 ossibilities;

o for each j € {1,2,...,d} the image aih; of the single reference point o
under h; — there are at most n possibilities.

Write A := loge, (2) = 1/22 and p :=logg, (Cen) = 20/22. Asn > 5, we have
logn < n/2 and thus

3
(5.1) un+ 3xlogn < 20An + 5/\11 < n.
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Multiplying the estimates given above, we find that the number of faithful
transitive representations G — Sym(n) with N acting transitively is bounded
above by CL™, where

f(n) := [pn(log com(N) + logn)] + [Adlogn).
Recall that d < 3logcom(H) + 2. With the inequality (5.1) we obtain

f(n) < [punlogcom(N) + 3Alognlog com(H)| + [(un + 2X) logn]
< (un + 3Alogn) logcom(G) + (pun + 2X) logn
< nlogcom(G) + (n— A)logn
< =X+ n(log com(G) + log n).

As indicated just before Case 1, this finishes the overall proof. |

We note that Corollary 1.3 follows immediately from Proposition 1.2 and
Lemma 2.2(ii).

6. Enumerating poly-¥ groups: an upper bound

This section is entirely devoted to the proof of the upper bound in Theorem A:
we claim that
gs(n) < n®3108187  for all p € N.*

As in the previous section we freely omit the expressions “up to isomorphism”
or “up to equivalence” where adequate.

Let n € N. If n < 60, then gx(n) = 1. Hence let us assume that n > 60.
Although we make no attempt to optimise the constants in our bounds, we are
going to compute everything quite explicitly; for this purpose we record the
following basic estimates. For every poly-X group G with |G| < n we have

1
com(G) <logggn < 5 logn,

(6.1) sol{(G) < 1+ logs com(G) < %log logn (by Corollary 2.3),

d(G) < 3logcom(G) + 2 < 3loglogn  (by Proposition 1.1).

Next we introduce the notion of “socle type”, in addition to the basic definitions
given already in Section 2. A finite socle type is just a tuple of finite groups
each of which has socle length one. Note that a finite group has socle length one

* For n = 1 the reader should interpret n®3'°81°8™ 55 lim,,_,,; £531081087 — 1,
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if and only if it is a non-trivial direct product of finite simple groups. Let G be
a finite group and M = (M, ..., M,) a finite socle type. The group G realizes
M, if sol(G) = r and for all ¢ € {1,2,...,r} we have soc;(G)/soc;—1(G) = M;.
If each component of M is poly-X, we say that M is poly-%. So, if G realizes M,
either both are poly-¥ or none of them. The total order of M is the product
[T;—, |M;| of the orders of its components. Thus, if G realizes M, the order of G
equals the total order of M.
Now, returning to the proof of our claim, we divide the argument into

STEP 1: the number of poly-¥ socle types of total order at most n which can
be realized by suitable poly-¥ groups is no more than n(3/2)leglogn,

STEP 2: any particular poly-X socle type of total order at most n is realized

51loglogn

by no more than n poly-X. groups.

This will certainly imply gs(n) < n531081967 a5 wanted.

STEP 1: The socle length of a poly-E group of order at most n is bounded by
1 loglogn; see (6.1). So we only have to consider socle types up to that length.
According to [12, Lemma 2.3}, the number of poly-T groups of socle length one
and order at most n is less than or equal to n3. Thus no more than n(3/2)leglogn
poly-X socle types of total order at most n are actually realized.

STEP 2: Fix a poly-X socle type M = (M;,..., M,) of total order n < n. If
7 = 1, only the trivial group realizes M. So let us assume that # > 1, and write
M := M. Note that m := |M| # 1 divides 7.

Suppose that G is a poly-¥ group realizing M. Then M 22 soc(G) is the direct
product of non-abelian simple groups, say

M=SP x..x 8k S eSforie{l,2...,5},

where S; = S if and only if ¢ = j. The factor group H := G/M is again
poly-¥ and realizes the socle type (M, ..., M,} of total order |H| = fi/m < 7.
We can view G as an extension of M by H, and conjugation in G induces a
coupling homomorphism x: H — Out(M). Clearly, M has trivial centre, and
so by [14, §11.4.21) the extension 1 - M — G — H — 1 is determined up to
equivalence by

(1) the isomorphism class of M = M,

(2) the isomorphism class of H,

{3) the coupling homomorphism y: H — Qut{M}.

Of course, the same data then determine the group G up to isomorphism.
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So we can bound the number of poly-¥ groups realizing M by estimating the
number of possible choices in (2) and (3). By induction the number of poly-&
groups H realizing the socle type (My, ..., M,) is at most (n/m)>!'o8log(n/m),

Now suppose that such a group H is fixed; it remains to estimate the number
of possible homomorphisms y: H — Out{M) as in (3). In Section 2 we saw
that Out(M) = T x B, where T = [[;_, Sym(k;) and B & [T;_, Out(S;)*. So
every homomorphism y: H — Out(M) induces a permutation representation
X: H— T 2[[;_, Sym(k;). Clearly, it suffices to bound
(3a) the number of actions X: H — [[;_, Sym(k;), up to equivalence in each

factor,
(3b) for every permutation representation Y as in (3a), the number of liftings
x: H — Out(M).

If m = 7o and consequently H = 1, all estimates become trivial. So assume
that m < 7. Since .., k; < logm, Proposition 1.2 together with (6.1) shows
that the number of representations as in (3a) is bounded above by

224(log m)(log log(f/m)+loglogm) < m24(log log(n/m)+loglog m)

The number of liftings as in (3b) is at most |B|%H#). By CFSG every finite
simple group S is two-generated, so | Aut(S)| < |S|? and | Out(S)| < |S|. Thus
|IB| < |M| = m, and (6.1) shows that d(H) < 3loglog(iz/m). So the number of
liftings as in (3b) is at most m31°808(n/m),

Combining our estimates, we find that the number of poly-¥ groups realizing
M is at most

(n/m)Slloglog(n/m) . m24(loglog(n/m)+loglogm) . m310glog(n/m) < ,n5110g10gn‘

This finishes Step 2 and the overall proof.

7. Enumerating poly-S groups: a lower bound

Throughout this section let S € ¥. In the following context, it is convenient
to regard an action of a group G on some set  as a map &: 2 x G — Q
corresponding to a homomorphism ¢: G — Sym(2). Two actions ®;: 2y x G; —
; and ®5: Q9 x Go — Q5 are said to be isomorphic if there exist a bijection
o: Q1 — Q9 and a group isomorphism ¢: G; — G2 such that the diagram

Ql XGlﬁ‘)Ql

(a,t)l la

QQ X G2 ——>QQ
L2
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commutes.
For any permutation action ®: Q@ x H — € of a poly-S group H on some finite
set ) we define the permutational wreath product

Go =S H=Hx [] S..
wEN

where S, 22 S for all w € 2 and H permutes the various factors according to ®.
The next lemma is easily checked.

LEMMA 7.1: (1) If ®: Q x H — Q describes a faithful permutation action of a
poly-S group H on some set ), then Gg is a poly-S group of composition length
com(Gg) = com(H) + Q] and soc(Gs) =[], cq Su-

(2) If &y ) x Hy — Q4 and ®y: Q3 x Hy — 2 are faithful permutation
actions of poly-S groups H, and Hj, then G, is isomorphic to Gy, if and only
if @, is isomorphic to ®,.

The problem of constructing a sufficient number of poly-S groups with pre-
scribed composition length thus reduces to the problem of constructing faithful
permutation actions. We show

LEMMA 7.2: There exists d € N (depending on S) such that for every k € N the
group H = S*t! has at least k* pairwise non-isomorphic faithful permutation
actions on dk points.

Proof: Since S € Y, we can fix faithful transitive permutation actions of S
on 21, Q2 and Qg, say, such that |Q;] < || < |Q3]. We put d; := || for
1€ {1,2,3}, and d := (d; + d2)ds.

Write H = Hgx- - - X H as a product of its minimal normal subgroups H,, & S,
0 <n < k. For every n € {0,1,...,k} fix transitive permutation actions of H,
on 91, 9 and Q3 respectively.

For every j € {1,2,...,k} define

2‘ (]-s,j’wlwa)lwl tevw3€Q3}a
Ff) = {(2,j, w2, w3)| wy € Qg,ws € Q3},
and put I := U{F;U U FJ(.Q)] 1 < j <k}. Note that " has cardinality dk.

For every k-tuple w € {1,2,...,k}* we are going to define a faithful permuta-
tion action @, of H on I'; then we will show that these permutation actions are
pairwise non-isomorphic.
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Let 7 € {1,2,...,k}*, and define 7 € {0,1,...,k}* as follows:

_on o frG) ifw() #7,
”(J)"{OJ lf:() j

Clearly, if p € {1,2,...,k}* with p = 7, then p = .

For every n € {0,1,...,k} we now define a non-trivial action of H, on I'; it is
easily checked that these actions mutually commute and thus induce a faithful
action ® :I'x H —» T

Let n € {0,1,...,k}, and let h € H,. For every j € {1,2,...,k} and all
w; € Q;, ¢ € {1,2,3}, define

1,j,wi,ws) ifj #nand 7(j) #n
1 J’wlvw?)) ifﬁ'(]):nv

(
(17j7w1*w3)h = (
(1 J7w17w3) lfj =n,
(
(

23,w2,w3) ifj#nand j#n+1,
2, j,whw3) ifj=n+1,
(2, ,wq,wh) ifj=n.

(21.1» w2, w3)h =

For later use we remark that ®, has 2k orbits on I': there are k orbits of size
d1ds, namely I‘;l), 1 < j <k, and k orbits of size d2ds, namely I‘(.z), 1<j<k
Moreover, we make the following

OBSERVATION: For alln € {0,1,...,k} and j € {1,2,...,k} we have
#{(j)=n & j#n and H, acts non-tivially on I‘;l) under ®,.

It remains to show that the actions defined are pairwise non-isomorphic. So
let m,p € {1,2,...,k}*, and suppose that (o,:) € Sym(T') x Aut(H) is an iso-
morphism from @, to ®,.

Then ¢ induces a permutation ¢* of {Hy, Hy, ..., Hy}, and ¢ induces permuta-
tions of of {T{"| 1 < j < k} and o3 of {1 <j <k},

CrAIM: All three permutations t*, ‘01‘, o} are in fact trivial.

Subproof: In both actions, ®, and ®,, the only minimal normal subgroup of H
which has no orbits of length d3 is Hy; hence Hyt* = Hy.

Now suppose that j € {1,2,...,k} with H;_y¢* = H;_;. In both actions
H;_, has orbits of length ds, and their union is Ff); thus Fj(-z)cr; = 1";-2). In
both actions, the only minimal normal subgroup of H which acts on I‘(2) with
orbits of length d3 is H;; so H;u* = H;. Finally, in both actions H; has orbits
of length dj outside T'; (%) and their union is F( ); ; thus Fm = I‘(l) The claim

now follows by 1nduct10n
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The Claim and the Observation show that # = g, and hence 7 = p, as required.
]

Proof of the lower bound in Theorem B: We want to find B € Ry such that
forall k e N,
gs(k) > k°k.

Lemmata 7.1 and 7.2 yield d € N such that for every £ € N we have
gs(dk +k 4+ 1) > k*. This and the fact that g is a non-decreasing function
are enough to verify our claim.

Indeed, choose By € Ry such that for all k € {1,2,...,2(d + 1)} we have
gs(k) > kPi*. Next put By := log(d + 1)/2(log(2(d + 1)). Then for every k € N
with k > 2(d 4+ 1) we get

k—d—1 log(k—d—1)
k log k

> By,

and so
’g\s(k) > (k —d— l)k*d—l —_ 2(k—d—1)log(k—d—l) > QngIng — szk‘
Thus B := min{ By, By} does the trick. |
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