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The  p r o b l e m  of u n d e r s t a n d i n g  t h e  w ay  in w h i c h  t u r b u l e n c e  (or chaos,  or s tochas-  
t ic i ty)  b lows u p  in  d y n a m i c a l  s y s t em s  cons t i t u t e s  one of t h e  m a i n  p re sen t  t h e m e s  of 
research  in  t h e  field of p u r e  dynamics .  Qu i t e  n a t u r a l l y  one is t h e n  led to t a k e  in to  
cons ide ra t ion  t h e  poss ib i l i ty  t h a t  t h e  key  concep t s  d o m i n a t i n g  t h e  d y n a m i c a l  aspec ts  
of t he  p r o b l e m  should  h a v e  t h e i r  c o u n t e r p a r t  in  s t a t i s t i ca l  mechan ics ,  in  as m u c h  as 
t he  l a t t e r  ha s  i n d e e d  to be  founded ,  a t  leas t  pa r t i a l ly ,  on  dynamics .  

Thus ,  for  example ,  j u s t  in  th i s  sp i r i t  RUELLE a n d  TAKENS (I) p roposed  to u n d e r s t a n d  
t u r b u l e n c e  in  f luids in  t e r m s  of s t r ange  a t t r a c t o r s ,  wh ich  i n d e e d  d o m i n a t e  t he  d y n a m i c s  
of d i s s ipa t ive  sys tems ,  a n d  could  n o t  be  i m a g i n e d  before  t h e  m a t h e m a t i c a l  work  of 
Smate  (s) a n d  t he  n u m e r i c a l  work  of L o r e n z  (a). 

S o m e t h i n g  ana logous  is p roposed  he re  for  conse rva t i ve  sys tems ,  on  the bas i s  of ~he 
p r e s e n t  genera l  u n d e r s t a n d i n g  sugges ted  b y  t h e  m a t h e m a t i c a l  work  of Siegel, Kolmo-  
gorov,  Moser  a n d  A r n o l ' d  (4), who  were  able  to  m a s t e r  t h e  p rob l em of sma l l  denomi-  
na to r s ,  a n d  t he  n u m e r i c a l  work  of t h e  d i s t i ngu i shed  a s t ronomer s  CONTOPOVLOS, H~NO~" 
a n d  FRO]~SCHLg (s). I ndeed ,  t a k i n g  in to  account ,  for  defini teness,  H a m i l t o n i a n  sys t ems  
of weak ly  coupled  osci l la tors  (such as t yp i ca l l y  t h e  v i b r a t i o n  modes  of a solid or of 
a b l a c k  body) ,  t h e  p r e s e n t  knowledge  on  d y n a m i c s  m a y  be  cons idered  to sugges t  t h a t ,  
i n s t e a d  of t h e  fo rmer ly  usua l  h y p o t h e s i s  of me t r i ca l  e rgod ic i ty  (or of mix ing) ,  one 

(1) D. RUELLE and F. TAKENS: Con~mun. M a t h .  P h y s . ,  20, 167 (1971); 23, 343 (1971); 64, 35 (1978). 
(~) S. SMALE: Bul l .  A m .  M a t h .  See . ,  73, 747 (1967). 
(~) E. N. LORENTZ, J . . A l i n e s .  Se i . ,  20, 130 (1963). 
(~) C.L.  SIEGEL: Nachr .  A k a d .  IViss .  Golt. Ma th .  P h y s .  K l . ,  21 (1952); A. N. KO~0GOROV: Dokl .  
.Akad. N a u k  S S S R ,  98 (4), 527 (1954) ; J. MOSER: A k a d .  W i s s .  Golf. Ma th .  P h y s .  K I . ,  IIa. No. 1, 1 (1962) ; 
V. I. ARNOL'D: RUSS. M a t h .  Sur~. ,  18 (5), 9 (1963); 18 (6), 91 (1963). See also C. L. SIEGEL and 
J. MOSER: Lectures  or~ Celestial Mechanics  (Berlin, 1971); J. MOSER: Stable and  R a n d o m  Mot ions  
in  D y n a m i c a l  ,gystems (Princeton, N. J., 1973); V. I. AR~CGLrD and A. AVEZ: Ergodic Problems o1 
Classical  Mechar~ics (New York, N.Y.,  an4 Amsterdam, 1968). 
(~) G. CO~r As t rom J. ,  68, 1 (1963); M. ]~]~NON and G. HEILES: Astron .  J . ,  69, 73 (1964); 
C. FROESaHL2: Aslrophys .  Space  Se t . ,  14, llO (1971). 
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should put  forward the hypothesis that  a transition to stoehasticity occurs through 
sharp energy thresholds. The latter hypothesis is shown here to lead in classical statis- 
tical mechanics to a possible removal of the so-called ultraviolet catastrophe, by following 
a line of thought which can quite natural ly be attr ibuted to BOLTZMA~N himself (e). 

Let us consider a system of a large number N of harmonic oscillators of the same 
frequency v, and take Lebesgue measure as defining the a priori probability in the phase 
space of the system. If total energy is the only known quantity,  standard considera- 
tions (i.e. the law of large numbers) then show that  in the so-called thermodynamic 
limit the initial data are distributed in phase space according to Gibb's law; thus, in 
particular, the energy E of any single oscillators is a positive random variable distributed 
according to the Maxwell-Boltzmann law, namely with probability density p(E) given by 

1 
(1) p(E) = ~ exp [ - -E/kT] ,  

/~ and T being positive parameters interpreted as Boltzmann's constant and absolute 
temperature, respectively. One has then 

(2) f p (E)  dE = I ,  
o 

o 

so that  for the initial  data one has equipartition of energy (i.e. the average energy 
E(v, T) is independent of frequency). 

Equiparti t ion of energy was considered in a first approximation as a good result 
because it explained the observed specific heats for some material bodies at large enough 
temperatures (law of Dulong and Petit  for solids, and the analogous one for some gases). 
On the other hand, difficulties oecured for low temperatures and for high frequencies, 
as the average energy was then found not to be proportional to temperature. In  par- 
ticular, BOLTZ~ANN was particularly acute in pointing out a difficulty of principle, 
remarking (6) that  the molecules of a gas should be conceived not as rigid bodies, but  
rather as systems with internal motions of high frequencies (as is well known today); 
the problem was then that  of understanding why the high-frequency motions did not 
contribute to the specific heat, behaving as if they had no internal  energy at all and 
were, so to say, frozen. This difficulty was enhanced in the case of a continuous system 
such as a black body (~.8), where oscillators of arbitrary high frequencies are involved, 

(e) L.  BOLTZMANN: N a t u r e  (London) ,  51, 813 (1895);  q u o t e d  in  A.  BARACCA: ManuaIe  eritico di 
meccareiea s tat is l lca ( C a t a n i a ,  1981).  
(7) J . W .  RAYLEI(~H: Phi los .  Mag . ,  V, 49,  539 (1900);  J . - H .  JEXNS: Phi los .  Mag . ,  VI ,  10,  91 (1905) ;  
H .  A.  LORENTZ IVnOVO Cimento 5, 16 (1908).  
(s) P .  LANGEVIN a n d  NI. DE BROGLIE (Ed i to r s )  : L a  th~orie du rayonnement  et les quanta,  r e p o r t s  a n d  
d i scuss ions  of t h e  1911 Solway Gonferenee (Par i s ,  1912).  
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and one would  have  in principle  an infinite contrribution to the  specific hea t  (ul t raviolet  
catastrophe) .  

In  the  same ve ry  v iv id  paper  BOLTZMANN envisaged the  possibi l i ty  of a solution by  
exploi t ing a dynamica l  hypothesis ,  name ly  t h a t  the  h igh-f requency oscillators per form 
motions  of a ve ry  stable character ,  wi th  respect  to the  very  unstable  mot ions  of the  low- 
f requency oscillators, thus  dis t inguishing be tween  an (~ ideal in te rna l  energy ~), to wi th  all  
oscillators equa l ly  contr ibute ,  and wha t  can be called an effective t h e r m o d y n a m i c  en- 
ergy, to which only the  low-frequency oscillators should contr ibute .  I n  his words  (s): 
~( ... the  vis viva of the  in terna l  (i.e. high frequency) v ibra t ions  is t ransformed into  
progressive and ro t a to ry  (i.e. low frequency)  mot ion  so slowly, t h a t  when a gas is b rought  
to a lower t empera tu re  the  molecules m a y  re ta in  for days, or even for years,  the  h igher  
vis ~,iva of thei r  in terna l  v ibra t ions  corresponding to the  original  t empera tu re .  This  
t ransference of energy,  in fact ,  takes  place so slowly tha t  i t  cannot  be perceived amid  
the  f luctuat ions of t empe ra tu r e  of the  surrounding bodies ~). 

However ,  this  d is t inct ion be tween  stable h igh-f requency mot ions  and uns table  
low-frequency mot ions  had  no clear dynamica l  basis and could be considered as ra ther  
artificial. These ideas were somehow pushed  forward by  JEANS (9), w i thou t  success. 

The  Bo l t zmann  idea of ident i fy ing  wi th  the  t h e r m o d y n a m i c  in te rna l  energy  only 
a f ract ion of the  <( ideal  in terna l  e n e r g y ,  2VkT, on the  basis of sui table  s tabi l i ty  proper-  
t ies of the  corresponding motions,  can ins tead  be implemen ted  in a qui te  clear way  
if one makes  use of a hypothesis  of dynamica l  charac ter  which can be expl ic i t ly  
found in a paper  of Nernst  (10). This  was p robab ly  suggested to h im by a combina t ion  
of P lanck ' s  concept ion of zero-point  energy (ix), of his personal  unders tand ing  of it  
as ordered energy in v i r t ue  of his ~ new hea t  theorem ~ (~o), and of a r emembrance  of 
Bo l t zmann ' s  idea  (x2). 

Hypothesis (by NERNST) : There  exists  a cr i t ical  energy e(v) such t h a t  oscillators of 
f requency v perform ordered (i.e. h ighly  stable) motions,  if  t h e y  have  energy E < e(v) 
and disordered (i.e. chaot ic  or  h ighly  unstable) motions,  if t hey  have  energy E > e(v). 

In  o ther  words, if  one looks a t  a single oscil lator of f requency  v in its phase space, i t  
would  ro ta te  uni formly  on a circle if  i t  were isolated;  the  in te rac t ion  wi th  the  o ther  
ones can then  be described (possibly in the  t he rmodynamic  l imit)  as hav ing  on the  single 
oscil lator t he  effect of pe r tu rb ing  its mot ion  in a qui te  different  way  according as to 
whe ther  i t  is inside or outside the  circle corresponding to the  energy e(v). I n  the  first 
case the  oscil lator should be conceived as still  per forming essential ly uniform rota t ions  
wi th  v e r y  small  ampl i tude  f luctuat ions,  while in the  la t te r  case enormous ampl i tude  
f luctuations should occur, any  t race  of a regular  ro ta t ion  being lost. 

Such a k ind  of behav iour  is indeed observed in dynamica l  systems. F o r  mappings  
this was first c learly seen by  FROESC~L~ (s), who ex tended  to systems of more than  
two degrees of f reedom the  observat ions  of a sharp t ransi t ion to s tochas t ic i ty  first made  
by H~NON (5) for two oscillators. F o r  oscillators,  some observat ions  a lmost  exac t ly  

( ')  J . - H ,  JEANS: Philos .  Mag . ,  VI ,  17,  229, 773 (1909) ;  VI ,  18, 209 (1909);  a n d  re f .  ( ') ,  p .  53. 
(~o) ~V. NER~ST: Verh.  Dtsch. P h y s .  (~es., 18, 83 (1916),  e spec ia l ly  p a g e s  87 a n d  91. See a l so  
W. NERNST: Die  theorstischen und  experime~telle Grundlager~ des neuen lVdrmesalz  (Hal le ,  1924) 
( E n g l i s h  t r a n s l a t i o n :  The N e w  Heat  Theorem (New Y o r k ,  N . Y . ,  1969)) .  
(11) 1~. PLANCK: A n n .  P h y s .  (Leipz ig) ,  37, 642 (1912).  
(12) See re f .  (*), p.  51. 
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as described above were made by CAROTTA, F~]~RARIO and Lo VECCHIO (lS) several 
years ago; some indications can also be found in ref. (14). 

Remarks that  the stochasticity threshold e(v) should not be conceived as a barrier; 
as a consequence of the fluctuations described above, any oseiUator could indeed go 
everywhere in its phase space, and at any temperature a statistical equilibrium should 
be reached for a distribution of the s oscillators below and above threshold. 

Leaving aside any attempts at understanding why N]~RNST deviated from the line 
of thought pursued here, we can now implement Boltzmann's idea through the dynam- 
ical assumption of Nernst. Indeed, through it we have a well-defined criterion to 
introduce a partition of the oscillators of any frequency v into two disjoint ensembles, 
the stable one (with the oscillators below threshold) and the unstable one (with the 
oscillators above threshold), only the second one contributing to the thermodynamic 
internal energy. The analogy with the familiar two-fluid theory of superfluidity should 
be noted. 

Precisely, making use of the Maxwell-Boltzmann probability density (I) for a given 
co 

temperature T, in virtue of ~he relation ~ p ( E ) d E  = exp [--~/kT], we find (15) that,  
8 

among the N oscillators of the considered frequency, exactly N n  o and N n x  are below 
and above threshold respectively, where 

(4) n o ~ l - -  exp [-- e(v)/l~T] , n x = exp [-- e(v)/l~T], no + n 1 = 1 . 

Moreover, while N k T  is, in the sense of Boltzmann, the <( ideal internal energy ,>, only 
the quanti ty N U1, with 

(5) U 1 = f E p ( E )  d E  

e(v) 

e(v) § kT 

exp [e(~)lkT] ' 

constitutes the thermodynamic internal energy, which, in vir tue of the instability of 
the corresponding motions, is the one which is (( perceived amid the fluctuations of tem- 
perature of the surrounding bodies ,). To such thermodynamic internal energy, each 
of the N oscillators is thus seen to contribute with an , effective energy per oscillator ,> 
given by U 1. 

For  the sake of completeness, some further useful formulae are added here (ls). 
The energy of the whole stable ensemble (the whole (~ frozen energy >>, of oscillators 
belowe threshold) is evidently given by N U  o, where 

(6) Uo = k T - -  U1. 

(1s) 9r C. CAROTTA, C. FERRARIO, G. Lo  VE~OHIO a n d  L. GALGANI: unpub l i shed ;  see h o w e v e r  Phys .  
Roy. A ,  17, 786 (1978). 
(1~) L.  GAL(~ANI a n d  G. LO VECCHIO: NUOVO Gimento B, 52, 1 (1979); B. CALLEGARI, M. O. CAROTTA, 
C. FERRARIO, G. LO VECCIilO a n d  L.  G/kLGANI: NnOVO Cimento B, $4, 463 (1979); P. BUTERA, L.  GAL- 
GANI, A. GIORGILLI, A. TAOLIANI a n d  H.  SABATA: NuOVO Cimento B, 59, 81 (1980). Cloaxer effects 
are  exh i b i t ed  in G. BENETTIN, G. LO VECCHIO a n d  A. TENENBAUM, Phys .  Roy. 2i, 22, 1709 (19S0); 
and  in G. BENETTIN a nd  L. GALGANI" Transi t ion to stochaslicity in  a one-dimensional model o] a radiant 
cavity, prep r in t .  
(an) L.  GALGANI: Nuovo Cimento B,  62, 306 (1981). 
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One can  also i n t r o d u c e  cond i t i ona l  expec t a t i ons  of ene rgy  E o a n d  Et ,  defined b y  

(7) U o = n o E  o, U t =  ~ t E  t ,  

w i t h  n0E 0 + n l E  x = k T ,  a n d  one f inds 

e(v) 
(8) E o = k T  exp  [ e ( v ) / k T ] -  1 " E 1 = e(v) + k T  . 

L e t  us  now come  in  p a r t i c u l a r  to  t h e  cons ide ra t ion  of a b l a c k  body .  I n  such  a ease 
t h e  n u m b e r  of osci l la tors  pe r  u n i t  v o l u m e  w i t h  f r equency  b e t w e e n  v a n d  v-7  dv is wel l  
k n o w n  (le) to  be  g iven  b y  _N(v)dr, whe re  

8~y  2 
(9) ~(v)  = - -  

C3 

c be ing  t he  l i gh t  ve loc i ty .  Moreover ,  as a consequence  of t h e  second law of t h e r m o -  
d y n a m i c s  one  h a s  t h e  genera l  W i e n ' s  l aw (le), accord ing  to  w h i c h  t h e  t h e r m o d y n a m i c  
i n t e r n a l  ene rgy  pe r  u n i t  v o l u m e  b e t w e e n  v a n d  v + dv is g i v e n  b y  u(v, T) dr, where  

8~tv ~ k T 
(lO) ~(~, T)  - -  I~(vtT) 

C s 

a n d  F is a n  u n k n o w n  un ive r sa l  func t ion .  I n  v i r t u e  of t h e  B o l t z m a n n - l i k e  iden t i f i ca t ion  
u(v, T) = N(v) Ul(V, T),  one  t h e n  deduces  f rom (5), (9) a n d  (10) t h a t  for  a b lack  b o d y  
t he  ene rgy  t h r e s h o l d  e(v) is a h o m o g e n e o u s  l inear  f u n c t i o n  of v; t h u s  

(11) e ( v ) = h v ,  

where  h is a un ive r sa l  c o n s t a n t ,  w i t h  t he  d imens ions  of an  ac t ion ,  w h i c h  can  be  poss ib ly  
ident i f ied  w i t h  P l a n e k ' s  c o n s t a n t .  

I n  such  a way,  i n s t e a d  of t h e  f a m i l i a r  P l a n c k ' s  fo rm for  t h e  r a d i a t i o n  l aw 

(12) ] (v ,T )=8~tva  hv 8 z ( ? )  s x a 
c s exp [ h v / k T ] -  1 h 2 exp [ x ] -  1 

where  

h y  
(13) x ~ k T  

t h e  t h e o r y  env i saged  he re  gives  t h e . p o s s i b l e  fo rm 

(14) y (v ,T )  8~zva h v + k T  8 ~ z ( k T ~ a x a T x  a. 
c a exp  [hv/kT] h a \ c ]  exp Ix] 

(, 6) M. PLX~CK: Vorlesungen ~tber die Theorie der Wdirmestrahlung (Leipzig, 1923) (English translation : 
The Theory o] Heat Radiation (New York, N.Y. ,  1959)). 
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By this  law, which provides,  so to say, a classical analog of P lanck ' s  law, the  ul t ra-  
v io le t  ca tas t rophe  is thus  removed.  As a m a t t e r  of fact ,  to qui te  a surprise i t  also turns  
out  t h a t  i t  is not  easy to d iscr iminate  be tween  these  two formulae  on this basis of the  
avai lable  exper imenta l  data.  Some comment s  in this connect ion are deferred to a 
for thcoming note  (17). 

Some remarks  follow. 

a) I n  a first approximat ion ,  the  subdivis ion of the  oscillators of f requency v into  
two ensembles m a y  be described by  saying tha t  any oscillator can lay only on two 
energy levels, namely  E 0 <  hv and E 1 > h~, where  E o =  k T - - h ~ / ( e x p  [ x ] - -  1) and 
E~ = h~, ~- k T  (where x = h v / k T ) ,  with  popula t ions  n o = 1 - -  exp [--  x] and n 1 = exp [--  x], 
respect ively.  I t  is f rom the  present  po in t  of v iew a ra ther  curious fact  t ha t  k T -  E o 
jus t  equals the  average energy of one oscil lator according to PLANCK. Moreover,  the  
~ gap ~ be tween  the  two energy levels is g iven  by 

hv 
(15) E l - - E 0  = h~ = , 

exp [ ~ ] -  1 

so tha t  P lanek ' s  formula  appears  f rom this  po in t  of v iew as defining the  addi t ion of 
a t he rma l  noise to t he  unper tu rbed  gap h,.  F inal ly ,  as was known to NE~NST (lO), 
in v i r tue  of t he  fact  t h a t  h~/(exp I x ] - - 1 ) ~ k T - - � 8 9  for x =  h ~ / k T  << 1, one has  in 
tha t  l imi t  also E o _~ ~ h~; this fact  could be  of in teres t  in connect ion wi th  the  problem 
of the va lue  of the  zero-point  energy,  which is typ ica l ly  observed in the  Casimir effect (is). 

b) Coming back  to the  p rob lem of the  freezing of the  h igh- f requency  oscillators 
as foreseen by  BOLTZMANN, this  is well  unders tood for t he  b lack body  on the  basis of 
the  re la t ion e (v)=  hr. Indeed  this  freezing is described by  the  fac t  tha t ,  a t  a f ixed 
t empera tu re  T, the  f ract ion of frozen oscillators as a funct ion of v is jus t  g iven by  
n o = 1 - - e x p  [ - -hv/kT] ,  which t ends  to one wi th  increasing v. The  freezing, however ,  
c lear ly  also occurs for any f requency  wi th  decreasing t empera tu re .  

c) The  fact  t ha t  k T - - E  o equals  the  average  energy of one oscil lator  according 
to Planck,  po in ted  out  in a), was well  known since the  yea r  1916 to  NER~ST (10), who 
t r ied  to unders tand  P l anck ' s  law on such a basis (is), thus  devia t ing  f rom Bo l t zmann ' s  
l ine of thought .  Moreover,  while Nerns t ' s  deduct ion of formula  (8) for E 0 was real ly 
ununders tandable  to everybody,  i t  is a fur ther  curious fact  t ha t  a deduct ion  of it, exact ly  
equal  to t h a t  g iven  here, was also known to PLAI~CK himself  (19) in the  year  1921, as I came 
to know qui te  recent ly .  Apparen t ly ,  however ,  PLA~CK did  not  share Nerns t ' s  concep- 
t ion of hv as a s tochas t ic i ty  threshold,  nor  did he  ment ion  Ner-nst's work. F ina l ly ,  i t  
is difficult to unders tand  how N~RNST himself  d id  not  fol low the  line of though t  of 
Bo l t zmann  pursued here, i f  one takes  into considerat ion the  theore t ica l  object ions 
he  raised (20) in the  yea r  1919 to the  1917 Eins te in  deduct ion  of P lanek ' s  law (21), and 

(i7) L.  GALGANI: in  p r e p a r a t i o n .  
C ~) H .  B. G. CASIMm: K o n i n .  N e d . . A k a d .  Wet . ,  51, 793 (1949);  J .  Chem. P h y s . ,  46,  407 (1949):  
C. P .  E s z :  I s  the zero-point energy real?, i n  Phys i ca l  Real i t y  and Mathemat ica l  Descript ion,  e d i t e d  b y  
ENZ ~VJ:EHRA (DordI ' eeh t ,  1974).  
(10) M. PLANCK: Ac ta  Math . ,  38,  387 (1921).  
(20) W .  NERNST a n d  T. WULF:  Verb.  Dtsch.  P h y s .  Ges., 21,  294 (1919).  
('~) A. EINSVEIN: P h y s .  Z . ,  18, 121 (1917).  
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the fact that  he was the first to raise serious doubts on the experimental validity of 
Plauck's law (~0). 

d) The first consideration of the problem of tho partit ion of energy for oscillators on 
the basis of dynamics was given by F~I~M1, PAS~A and ULAM (~2), in the same year (1954) 
in which KOLI~IOC~OROV (4) announced his theorem on small denominators. These authors 
found, by numerical computations, no trend towards equipartition. A correct qualita- 
tive interpretation of such startling result in terms of energy thresholds of stochasticity 
for the oscillators (in the sense that  only initial data below thresholds had been con- 
sidered) was first given by IZRAIL]r~V and CHmlXOV (2a). These authors gave some 
interesting contributions and, together with FORD (~4), made this subject popular in 
the scientific community. The possible relevance of this kind of problems for a removal 
of the ultraviolet catastrophe was first envisaged among researchers in the theoretiea I 
group around CALDmOLA. In  this framework, the conception of an energy threshold e(v) 
characteristic for each frequency and proportional to it  was introduced by CrRCm~AXl 
on the basis of an analogy of Nernst 's  type between zero-point energy and ordered mo- 
tions, independently rediscovered by him under the suggestion of some numerical results 
I had previously obtained with SCOTT1 (25). The basic idea underlying the present note 
was thus completely clear to the three of us almost ten years ago (~), and we even knew 
the formula for Et, to which only the population factor n~ had to be added here  in order 
to obtain the formula for the effective energy per oscillator U~. In  fact I was lead to 
such formula after my interpretation (~5) of Nernst 's deduction of Planek's law, just  
because of a dissatisfaction for his lack of consideration of the populations. However, 
it is possible that  in the meantime a deeper appreciation of Froexchl~'s results at a 
dynamical level, together with a greater familiarity with several technical aspects of 
the problem, acquired through many works with Benottin, Casartelli, Giorgilli, Lo 
Veechio and Strelcyn (~D, turned out to he essential for this step. Finally, a relevant 
role towards the present statistical interpretation was played by a recognition of the 
circumstance, particularly emphasized by CASARTELLI ,  that  the invariant  Kolmogorov 
tori appeared to have vanishing measure in the termodynamie limit. 

I have thus accomplished the task of describing how the existence of stochasticity 
thresholds in the dynamics of weakly coupled oscillators leads in classical statistical 
mechanics to a possible removal of the ultraviolet catastrophe. Being well aware of 
the completely heuristic character of the considerations reported here, I like to close 
then with a further quotation from the already mentioned paper of Boltzmann (6): 
(~ I t  may be objected that  the above is nothing more than a series of imperfectly proved 
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hypotheses. But  granting its improbability, it suffices here that  this explanation is 
not impossible. For then I have shown that  the problem is not insolvable and nature 
will have found a better solution than mine ~>. 
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