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Remarks on a Possible Relation Between Gravitational Instantons 

and the Spin Thermodynamics of  a Kerr Black Hole. 

A. C u m ~  

Osserratorio As tronomico  - 10025 P i n o  Tori~ese (Torino) ,  I t a l ia  

(r icevuto il 28 Apr i le  1981) 

Recent ly  the  theory  of ins tan tons  has been appl ied to some solutions of E ins te in  
equat ions.  I t  was real ized tha t  i t  p rovides  results  agreeing wi th  the  t he rmodynamica l  
t heo ry  of black holes (1). In  th is  f ramework ,  the  class of a sympto t i ca l ly  flat ins tan tons  
corresponds to the rmal -equ i l ib r ium states  of the  g rav i t a t iona l  field at  some finite tem-  
perature .  The  Eucl idean  and quas i -Eucl idean sections of Schwarzschild,  Reissner-  
Nords t rom,  Ker r  and K e r r - N e w m a n  solutions belong to th is  class and t h e y  p rov ide  
black-hole t empera tu res  which coincide wi th  those obta ined  in o ther  ways  (2). 

The  idea of a g rav i t a t iona l  ins tan ton  comes out  f rom the  pa th  in tegra l  approach 
to quan tum gravi ty .  This  approach consists in considering the act ion of the  g rav i ta t iona l  
field 

(1) I(g) = ( 1670-1fR[--  g] ~ d4x, 
J 

where g is the  met r ic  and R is i ts scalar curvature ,  and in tegra t ing  i t  (with an appro- 
pr ia te  (~ measure  ~)) on the  whole set of pa ths  in the  re levan t  configurat ion space. 

The  act ion is eva lua ted  on a nonsingular  section of a complexif ied space- t ime and 
can be re la ted  to the  par t i t ion  funct ion  for a canonical  ensemble.  Th is  opera t ion  is 
pe r fo rmed  by  using the  classical formula  

(2) Z = Tr  exp [--  flH] = fd[r  exp [I(r 

where Z is the  pa r t i t ion  func t ion  for the  canonical  system of the  field r at  temper-  
a ture  T = fi-1, H is t he  Hami l t on i an  and the  pa th  in tegra l  on the  r igh t -hand  side is 
t aken  over  all fields which  are per iodic  in imag ina ry  t ime.  

This  last  p roper ty  comes f rom ~he fact  t h a t  on the  Euc l idean  section where  the  
act ion I is evaluated ,  the  complexif ied t ime  v = i t  is periodic and assumes the meaning  
of angular  to .o rd ina te  a round an axis.  

(i) G. \V. GIBBONS and S. ~V. EAWKI~r Phys. Rev. D, 15, 2752 (1977). 
(2) S. \V. ]:fAWKING: Commun. Math. Phys., 25, 152 (1972). 
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In  the  Schwarzschild,  Kerr ,  K e r r - N e w m a n  and Re i ssner -Nords t rom solutions this  
axis corresponds to the  subset  of M where  co-ordinate  s ingular i t ies  are removed.  
Thcrefore  i t  corresponds to the  Ki l l ing  horizons of the  solutions (3). 

In  a recent  paper  (4) MAGNO~ ASHTEKAR proposed the  fol lowing definit ion for a 
g rav i t a t ion  ins tan ton  (M, 9): 

a) 9 is a C ~ met r ic  wi th  el l ipt ic  s ignature  on a different iable mani fo ld  M, 

b) the  geodesics of 9 are complete .  

According to these  requ i rements  i t  follows tha t  in the  case of the  Schwarzschi ld  
solution the  Ki l l ing field ~/~v in the  ex tended  (Kruskal)  met r ic  p lays  the  role of a Kil- 
l ing ro ta t ion  cent red  in r = 2m, wi th  a per iod fls = 8~m (where m is the  mass of the  
black hole). Therefore ,  i t  tu rns  out  t h a t  t he  t empe ra tu r e  Tz is associated to the  per iod 
fis of ~/~v on the  even t  horizon which is a Ki l l ing horizon. W h e n  we have  a solution 
possessing a Ki l l ing vec tor  field wi th  two (or more) horizons (for example ,  the  Ker r  
solution) one expects  t h a t  in pr inciple  two t empera tu re s  should exist .  

However ,  in (4) t he  Ker r  solution was excluded because the  region be tween  the  
two horizons is not  t imel ike ,  as  far  as  the  Ki l l ing  vec tor  field is concerned. Therefore ,  
i t  is impossible  to ob ta in  a Euc l idean  section f rom the  complexif icat ion of such an 
ex tended  solution. Consequently,  MAO~ON AS~T~XA~ consider  the  case of the  C-metr ic  
which is a solution endowed wi th  two horizons wi th  t imel ike  Ki l l ing  vector  field 
be tween the  horizons themselves .  I t  is shown in (4) t ha t  such a solution can be su i tab ly  
considered as a t rans i t ion  be tween  two tempera tu res ,  i.e. between  two ins tan ton  states.  

We  shall  make  here  t he  fol lowing remarks.  I n  our opinion,  the  defini t ion of gravi-  
t a t iona l  ins tan ton  g iven  in (4) is too res t r ic t ive ,  since i t  excludes solutions l ike the  
Ker r  and the  K e r r - N e w m a n  ones. I n  fact  we claim tha t  i t  is possible to use the  approach 
of Hawking  and Gibbons also for the  inner  Ki l l ing  horizon of the  Ker r  solution. I n  
th is  way  i t  is possible to define a t empera tu re  by  considering the  asympto t ic  region 
exter ior  to th is  horizon,  t he  associated in s t an ton  and the  Ki l l ing ro ta t ion  t ak ing  place 
on the  inner  horizon itself.  

To see this ,  in the  Ker r  solution descr ibing a black hole hav ing  mass m and angu- 
lar  m o m e n t u m  Lo = ma it  is necessary to dis t inguish be tween  a (( s ta t ic  >> Kil l ing vector  
(defining the  s t a t ionar i ty  wi th  respect  to t he  infinity) and a s ta t ional  T Ki l l ing  <~ b ivee tor  ~) 
defining the  local s t a t iona r i ty  (5). The  first one changes its t imel ike  na tu re  on the  

l imi t  surface of s t a t iona r i ty  r = r o = (m + %/m 2 -  a 2 cos20), name ly  at the  boundary  
of t he  ergosphere.  The  second one changes its sign on the  Ki l l ing  horizons,  name ly  on 

the  evenl~ horizon r = r + = m  + % / ~ - - a  2 and on the  inner  hor izon r = r _  ~ m - -  

__ m2%/-m2~a ~. 
I n  Boycr -L indqu i s t  co-ordinates  r, 0, % t the  magni tude  of the  s ta t ic  Kil l ing vec tor  

8/c~t corresponds to the  ft .  component  of the  met r ic  tensor.  Therefore ,  in the  Ker r  ease 
the  asympto t i ca l ly  f lat  complexif ied section exter ior  to the  even t  horizon is no t  Eucl idean.  

HAWKING and GIBBONS, in fact ,  in (1) recognized the  nonexis tence  of a Euc l idean  
section and t h e y  eva lua ted  the  act ion of the  g rav i t a t iona l  field on a sui table section 
tha t  t hey  called <( quas i -Eucl idean >). 

(3) S. ~V. ~IA~VKIN(I: in Les  astres occlus (New York,  N . Y . ,  1973). 
(~) A. ~IAGNON ASHTEKAR: Contribut ion ~ l'dlude des ins lanlons  gravitationncls,  in Co~t]erence donn~c 
aux  Journ~es Relal ivls tes ,  1980, Univers i t6  de Caen.  
(a) S. ~V. ItAWKING a n d  G. R. F. ELLIS: The Large Scale Structure  of S p a c e - T i m e  (Cambr idge ,  1973), 
p. I67.  
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Actual ly ,  t he  pa th  in tegra l  approach can be appl ied also on such a kind of space- 
t ime  as descr ibed in (~). 

In  th is  way  when eva lua t ing  the  action, a ro ta t ion  (in imag ina ry  t ime) appears  
again. This  ro ta t ion  is recognized a p o s t e r i o r i  to be closely re la ted to the  presence of 
a Ki l l ing horizon. 

In  the  ex tended  Ker r  geometry ,  we have  two Ki l l ing  horizons (~). Therefore ,  even 
though the  region between such two horizons is spaeelike, the  Hawking-Gibbons  t reat -  
ment  works up to the  inner  hor izon r = r_. I n  fact  the  asympto t i ca l ly  flat Euc l idean  
section can be ex tended  by  means  of a Kruska l  ex tens ion  up to the  inner  horizon.  

F o r  th is  horizon the  regula r i ty  of the  met r ic  requires  t h a t  the  po in t  (t, r ,  O, q~) is 
identif ied wi th  the  poin t  ( t + i 2 z t u L  i ,  r, O, ~v+i2ze[2_ x-_a), where  x_ is the  surface g r av i t y  
on the  inner  horizon and D_ is i ts angular  veloci ty .  

W h e n  such ident if icat ion is per formed using formula  (2) we can obta in  the  expres- 
sion of t he  par t i t ion  funct ion  for a canonical  ensemble at  t empera tu re  fl-~ (where fl 
is the  per iod of the  field). 

Therefore  the  p a t h  in tegra l  approach provides  us wi t l l  a t empera tu re  T_ on the  
inner  horizon g iven  by  

~_ 1 A - - A +  
(3) T_ = 3 -~ = , 

2 z  2~ A _  

where  A is the  area  of the  inner  hor izon and A+ is t he  area of t he  even t  horizon.  
This  t empera tu re  was a l ready in t roduced  in a preceding paper  (') as (, spin tem-  

pera tu re  ,) for  a ro ta t ing  black hole. I n  fact  i t  reveals  an effective d is t r ibut ion  of orbi ta l  
angular  m o m e n t a  which m a y  be in te rp re ted  as an inve r t ed  popula t ion ;  in (s.9) the  tem- 
pe ra tu re  T_ was argued to be  connected  wi th  emission phenomena  depending on the  
spin of the  hole (like superradianee and spontaneous  spin-down). 

In  t he  spin t empera tm 'e  f r amework  the  black holes was ass imi la ted  to a spin 
system endowed wi th  en t ropy  A / 4 .  In  order  to ve r i fy  tha t  the  ins tan ton  formal ism 
may  be also appl ied to these  new s ta te  variables,  i t  is necessary to es tabl ish t h a t  even 
for a .~pin system there  exists  a pa r t i t ion  funct ion Z such tha t  

(4) In Z = - -  W T  - i ,  

where W is the  free energy.  This  fact  follows f rom Bo l t zmann ' s  defini t ion of en t ropy  (~o) : 

(5) ~ = - -  ~ P t  l o g P t ,  

where P~ is the Bo l t zmann  factor :  

(6) Pz 
exp [--  e~/T] 

Z 
st = energy of t he  s ta te  I. 

(G) B. Ch~Tm~: in Les astres occlus (New York ,  N . Y . ,  1973). 
( ' )  A. CC~IR: Nuovo Ci~l~ento B, 51, 262 (1979). 
(s) A. CURIR and  M. FRANr .Abstracts of conlributed ~oaper, in I X  Internat ional  Uon/erence 
o~ General Relativi ty  and Gravitation ( Jena ,  1980). 
(~) A. CURIR: J .  (Sen. Rel .  Gray., in press.  
Qe) C. KITTEL: Terrr~al Phys ics  (New York ,  N . Y . ,  1969). 
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Thc possibility of defining a Boltzmann factor for a spin system has been sug- 
gested by ABRAOHAM and PROCTO~ in (11). RA~ISEY developed a complete spin thermo- 
dynamics (12) in which a parti t ion function was proposed in the form (4). 

Therefore, (4) is applicable also to a Kerr black hole considered as a spin system. 
As a consequence, the instanton formalism shows the existence of a temperature even 
on the inner horizon. Such a temperature is the spin temperature associated to the 
afore-mentioned parti t ion function. 

In conclusion, on the ground of the path  integral approach, both the C-metric-and 
the Kerr solution may be considered as solutions with two temperatures. They both 
correspond to a suitable definition of gravitat ional  instanton. However, owing to the 
fact that  in the case of Kerr metric the ((inner >> and (( outer )> temperatures have dif- 
ferent thermodynamical  interpretations, the Kerr metric cannot be considered as a 
transition state. 

Nevertheless, the characteristics of the Kerr solution could suggest a two-phase 
thermodynamics of a system, namely an effective presence of two temperatures into 
the samc object (two phases far frmn equilibrium between them). 

Thanks arc duc to M. FRA~CAVIGLIA for his interest in this work and helpful criticism. 

(1:) _A.. ABRAGAI~I a n d  ~,V. G. PIr Phys.  Rev., 109,  1441 (1958).  
(1~) N.  F .  RAMSEY: Phys. Rev., 103,  20 (1956).  


