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Recently considerable progress has been achieved in understanding the structure 
of supergravi ty  (~,~) due to the  construction of the  so-called tensor calculus (a,a). This 
calculus, in i ts turn,  is based on the minimal  set of auxi l iary  fields (s-~). 

Note, tha t  the very interest ing approach to supergravi ty  by  building the geometry 
in the r ight  and left superspaees (8) gives probably  a more adequate  way to obta in  
these results. 

However, the  minimal  set of auxi l iary  fields and, correspondingly, the  tensor cal- 
culus was obtained only for the simplest  model of supergravi ty  namely  the SOl-model (~'~). 
For  the models of extended supergravity,  in par t icu lar  a l ready for the  SO~ model (9.~) 
no se~ of auxi l iary  fields was known up to now tha t  would provide the closure of the  
algebra. This circumstance is an obstacle against the  generalization of the tensor cal- 
culus to the  models of extended supergravity.  

In  the  present  paper  the minimal  set of auxi l iary  fields is obtained for the global 
S02-supermultiplet  (2, ~, ~, 1) which corresponds to the l inearized l imit  of the  SO 2- 
model of the extended supergravity.  This set of auxi l iary fields contains two spinorial 
fields (*) ~a), r and a number  of boson fields which may be derived for convenience 
into three groups 

1) Scalars under the SO 2 group. These arc a vector %, an axial  vector ae and 
a scalar s. 
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2) Symmet r i ca l  t raceless  tensors  w i t h  respect  to the  in te rna l  indices  i, ]. These  
are an axia l  vec tor  a~ ~ and a pseudosea  a r / ,  ". 

3) A n t i s y m m e t r i c a l  tensors  w i t h  respect  to the  indices  i, ~. These  are  an  an t i sym-  
i] i~ f,t metr ica l  tensor  w ~  = - -  to m, a vec to r  v~,  a scalar  u ~ and a pseudoscalar  t ~. 

Au essent ial  qua l i t a t ive  fea ture  of t he  m i n i m a l  set of aux i l i a ry  fields in t he  SO 2 
model  is the  fact  t ha t  i t  does no t  m a t c h  the  min ima l  set of aux i l i a ry  fields when  one 
passes over  to the  SO~ model.  In  o ther  words,  in the  (( SO~ l imi t  ~) one comes to t he  set 
of aux i l i a ry  fields tha t  does no t  conta in  t he  three  fields s, p,  a~, bu t  a la rger  a m o u n t  of 

be, re,  %r ~(~). (Here  a~ and  b e are  combina t ions  of t he  fields a~ and  ~ fields s, p,  ao, 
This  c i rcumstance  is due to the  fact  t h a t  the  w a y  to in t roduce  the  aux i l i a ry  fields s, 

p,  a ; ,  be, vq, gr ~0(a) which  p rov ide  the  closure of the  algebra in the  SO~-model is n o t  

unique  bu t  conta ins  one-paramete r  arb i t rar iness  and there  exists  such a va lue  of t he  
free p a r a m e t e r  (~ = O) for which  the  fields v o, b e, 9(~), gcz) fal l  out  of the  considerat ion.  
I t  is th is  ease t h a t  corresponds to t he  min ima l  set of auxi l i a ry  fields s, p ,  a~ in t he  SO~ 
supe rg rav i ty  (sa). On the  cont ra ry ,  t he  min ima l  set of aux i l i a ry  fields in t he  SO~ mode l  
m a y  be bui l t  only if  the  va lue  of the  free p a r a m e t e r  ~ corresponding to i t  in t he  SO~ 
model  is ~ = 1 (and no t  a = 0 which min imized  the  set of aux i l i a ry  fields in t he  SO~ 
model).  

Below we present  the  final resul ts  for t he  min ima l  set of aux i l i a ry  fields in t he  SO 2 
model  and also for the  above-po in ted  one-pa ramete r  ex tens ion  of t he  m i n i m a l  set of 
aux i l i a ry  fields in the  SO1 model .  W e  present ,  besides,  t h e  final express ion for the  gene- 
r a t ing  func t iona l  in the SO~ supergravi ty .  F ina l l y  we discuss the  basic  po in t s  of t he  
m e t h o d  used by  us to ob ta in  the  min ima l  set of aux i l i a ry  fields in t he  l inear ized S02 
supergravi ty .  

We  proceed now wi th  t he  descr ipt ion of the  min ima l  set of aux i l i a ry  fields in t he  
l inear ized S02 supergravi ty .  The  act ion and the  super t ransformat ions  in th is  ease 
h a v e  the  form (*) 

(1) 
1 1 i ~p~a -t  t 

$2 = -~ [o~,,,~ o~,,vo - -  (~%~)2] _ (~)~"  + ~ ~ (~o,r~r, ~ o ~ )  , 

(2) ~h m --  -~ -~ ~ [(~,r~ 8 ) + ( ~ ) ] ,  

(3) ~Av = - -  ~ ( ~  e~) ,  

(4) 

Here  

(5) 

(6) 

c%,~ = ~ h ~  e -  ~ h  m , / ~  = O~A~-- ~ A ~ ,  

C~ 12 : 1 , 

(o) The metrics used is (+ - - - - - ) ;  [7~, 7,]§ = 2 ~ ;  71 =7o717W,; ~01, = 1. The complex nota- 
tions used in  ref. (11) are connected with  those used below in  the following way:  ~ ,  = ~,~ + i ~ ,  
s = ~1 + is'. Note that in  the l inearized l imit  the ant i symmetr ic  part  of the tensor e~ falls out of the 
eqimttons and the gravitational  field is described by the symmetr ic  tensor h~v. 
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Apar t  from the invariance under the global  supertransformations (2)-(4) the action (1) 
is invar iant  with respect  to the  globa~ translations,  global  Lorentz and global SO~ trans- 
formations. The action (1) is invar iant  besides, under the three kinds of local transfor- 
mations 

(7) 8hvu = Ov~g + Ov~ ,  ~A~ = 0 ,  8 ~  = 0 ,  

(8) 8hvg = 0 ,  ~Av = ~v9 ,  3~v = 0 ,  

(9) 8h~u = 0 ,  SAy = 0 ,  8 ~  = Ov~. 

As i t  was shown in (~) in the a rb i t ra ry  theory fixed by  the set of variables q~ and 
the action S(q ~) which is invar iant  under the transformations with the parameters  e~ 

(10) ~q~ ~ a 

the commutat ion relat ion between two transformations has the form 

(11) 

Here 

(12) a c3 ~ a  S a -  , / ~ , n -  ~q~ ' , ~qa 

A B ~ 0  A B 

and ~ = 0 if a corresponds to a Bose quanti ty,  whereas otherwise ~7 ~ = 1. 
For  the  SO, supergravi ty  the structure coefficients B ~  were obtained in ref. (1~). 

They are different from zero only when the indices A, B indicate the field y~(~) and the 
indices a, fl correspond to the supertransformations (2)-(4). After  going to the present 
notat ions and fulfilling some Fierz transposit ions the  corresponding quanti t ies ~(vnt~t~n 
can be reduced to the form 

(13) a"infY)l[m((~)llo[vi(~)] [gi(fl)] 1 (Q)(~) (a)(y) ~.2- t.* t.~ L t-'v/*C~)(O) ~(6)(~) -]- 

+ 8 ( ~ . - -  �88 + 875(~.n-- �88 + 

"+" 2 y ~ ( ~ ' u  (77/0 y~. - -  V ~  (Tr/q)(~x)(q)(~ 0"~0)(c9(0) - -  8~'5(~x)(0)(~5 (7~'/*)(aRO)]} �9 

The main result  of the present  paper  is tha t  one can achieve the  closure of the algebra 
in the l inearized gO2 supergravi ty  (i.e. the nullification of the  coefficients B ~  in (11) 

" ~J ~ o u~J, t~, Z~), q~) whose struc- by  introducing the auxi l iary fields as, re, s, ~)'~, % , %~,, % ,  
ture was described above and by  modifying the action and the global supertransformations 
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as follows : 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

]E, S .  F R A D K I N  a I l ~  1~I. A .  V A S I L I E V  

* 2 S~ = S ~ - - � 8 9 1 8 9 1 8 9  _ 

t1 2 t t  2 - - � 89  --~(~%,) + �89 + �89 + ( ~ x q  , 

8*hvu = 8h~u + ~vu(~ig ~) , 

8* Av = 8A. + iE~J(i~?~ XJ) , 

* t --I i i t  8 ~, 8 ~ - - � 8 9  + + + �89 ~j + ---- [{75avo *- (aq �89 �89 

. --1 J I1 "" + ?v?ee~ve + ~cg o ~ v o + ?~du  ii + ?a?~  jt~i --�89 + 3o'.uo?~,) d co~Jo] , 

1 
8" Z ~ = ~ [757o d(~"ao --  a~ t) + 70 e~v~ + ~ d p  ~J-  

�9 " d otJ d u *j -- ~ s + ?o e~v'o ~ + a, uo ~1' + ~ ?a d ti~] ' 

8Sa . 8 S ~  . .. 

1 
+-~ Ot,[y~?o?ud(6~ ~) + (6r/uo--?uVo)eiv@ + 

�9 �9 " f ~1 q 

1 [3 /r~ ,  i , \  ] 
8%o = -~ [2[~-~W n4-~ ~] + 2~(r + 3 0 . ( 2 ' n r o v . ~ O  , 

l r / r ~  ) ] = -- ~ __ 2i(~ ie ~) + 3~v(2~?~ ~) 

1 3 ~ ei)] 

1 (~,.x,~ + ,~,,,,~,-- ,~- e,-,) L - . ~ \ ~ -  ( r~ 4-d e,, - ~(4.ro~,~ ~ m) + ~*a~' = 

+ ~ Ou(2"7~ro~" ~'~) , 

4 ~.p,~ = ~ r + ~ , ~ , ~  o,,~.~),[U s~ 
L~,~v~ n~,~ + 

" 1  

+ 2i(~" 7s e") + 30 o(2" 7~ 70 e")J , 

~. ,, 1 [ [ 8 " 8 ~  ,.) 

# ,  

- -  21(~" aou e '~) + 30~( 2"(y~aou - -  2aouY,) g~)/ ,  
J 
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(26) 
6 

(27) 

(28) 
1 ) ] . ~ $ 2  3 
6 [\ ~ r~ r, ~ ~e(2 ~ r~ re ~ )  �9 

Here the action S 2 and the t ransformation laws ~h~, SA~ and ~ are defined by  rela- 
t ions (1)-(4). The use is also made of the notat ion 

(29) a~-~ : - -  ~(7~7~ ~- ~ , ) ,  ~ % ~  : %e" 

The action S* (14) is invar iant  under the  global supertransformations (15)-(28). 
The commutator  between two supertransformations [~*(e~), ~*(t~)]_ with the para-  
meters e{ and e~ leads to the global translat ions with the parameters  ~ = i(~-~7,e~), 
~ local t ranslat ions ~> (7) wi th  the parameters  ~ = - -  �89 ~, local SO~ ~ransformations ~> 
(8) with the  parameter  ~ = -  ~gA~ and, finally, docal  supertransformation ~ with 
the parameters  ~ )  

+ 1- ~(~re~'~)% 4 - 4 ( ~  ~') 

(Note, tha t  the first te rm in the curly bracket  appears owing to the fact tha t  the antisym- 
metr ic  par t  of the vierbein e~  was taken ident ical ly  equal to zero.) 

Now consider the (~ SO~ l imit  ~ for the relations (14)-(28). In  order to obtain the S01 
model put  e 2 = 0 in relations (14)-(28). In  this  ease the fields 

12 21 p12 ~21  i1 ii ~ t ]  tii (31)  ~ ,  A~,  Z 2, ~2, a e -~ a e ,  = e%~, r e ,  

t ransform only amidst  themselves. Analogously the  fields 

(32) ~ ,  hvg, Z 1, 91, ae, %, s, pll = _p22, aell =_ae22  

also transform through themselves. If  one puts  now all  the fields (31) equal to zero, 
one comes to the  S01 model (with the  closed algebra), given in terms of the  fields (32). 

The action and the supertransformations tha t  result  from the above-described pro- 
eedure tu rn  out to correspond only to one par t icular  possibi l i ty  out of the one-parameter  
class of ways to close the  S01 algebra within the  set of fields (32). 

Indeed let us write the action for the l inearized SOz supergravi ty  in the form 

(33)  
1 i 

6~  ~ 3 
+ ~ + -~- b, --g (,~)'-- ~(~' + ~) + ~(~Z), 



~ E . S .  FRADKIN and ~.  A. VASILIEV 

where w~,~ is defined in (5) and the fields s, p,  a'o, bo, %,  g(a), q~(~) are auxil iary (s, p ,  v o 
are scalar, pseudoscalar and vector fields, respectively, a~ and b e are axial vectors, 
and g(a) and ~v(~ are spinors), a is a free parameter and fl = a - -  }. Then one can see 
that  S~ (33) is invariant  under the following transformations that  form closed algebra: 

(34) 

(35) 
1 1 9 1 t 

a* v,~ = -~ o,~,~, ,*e~ ~ - ~ [~'~r~ ~v~ + g r~ ~;-a % - 5{~,~ ~s + r w ,  ~ ) 1 ,  

(36) ~ * Z = - -  7oeve § Y a s P - - s s  § , 

(37) 

(38) 

~s* 
8"~0 = - - - -  ~, ,e  § fl~i,r~,[7oe% § 758P - -  ss] § 

~h~, 

_ ) 

(39) 

(40) 

(4U 

(42) 

Consider now two particular cases for different choices of the free parameter a. If 
(and only if) :r = 0 the fields ~Pv, hv~, s, p, a~ transform only through themselves and one 
may set Z(~) = ~0~) = 0, vq = b e = 0 without breaking the invariance of the action 
and the closedness of the algebra. We have come exactly to the minimal  set of auxiliary 
fields in the SO 1 supergravity (s.7). 

I t  is essential that  the minimal  set of auxiliary fields in the  SO s supergravity corre- 
sponds in the l imit  of SO 1 model to a different value of the free parameter namely a = 1. 
One may easily verify this by comparing relations (14)-(28) with (33)-(42) if one sets 

(43) 1 /-11 p l l  a q ' = ~ ( % +  23~1), b q = ~ %  - - % ) ,  p = . 

Therefore, the minimal set of auxiliary fields for the SO 2 supergravity is not a direct 
extension of that  for the SO 1 supergravity and essentially differs from the lat ter  in its 
structure. 
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The results of the  present  work refer only to the  global supertransformations corre- 
sponding to the l inearized actions for the SOz and 80~ models. The problem of generaliz- 
ing these results to the  locally supersymmetric  models SO~ and SO 2 supergravi ty  is 
now being studied. We do not  doubt however tha t  the corresponding generalization is 
possible, indeed. This is confirmed, in part icular ,  also by  the fact tha t  (as one may  
see without using the auxi l iary  fields, as well) the generating functional  in the SO~ 
extended supergravi ty  has the s tandard  form characterist ic  of the theory of the  rank 2 

(44) Z = ~ ~e~ ~ba ~eag-ll/4~(Zot ) exp i S~ + ~ 8 ~ -  ~ R~ c p -  

1 _ 8rZ a ~ 8"Z t~ o '~ c m B(Vaa)lrm.@l]] 
- - " ~ b a  ~...-ET-- g ~  (y) ((~) [n(V)l[m((~)] / !  

where g = - -  det ]g~ul, c~ and ~ are ghost fields, f f  are gauge conditions and ~"~(~)]W~'r ~[n('),)][m(6)] 
are structure coefficients (13). For  the par t icular  gauge ~,)= iy,,~,~ the four-ghost 
term in (44) becomes 

(45) _ _ _  [(~iy~bJ)(~J?a#) + 4(biy,,b~)(~iya#)- 
16~/~ 

- -  6 [ (6i b j ) (~j # )  + (6~ y~ b~) (~ y~ #)] - -  (6~ 75 Y~ b~) (~J y~ ;,a c/) ] �9 

In  conclusion we dwell upon the main points of the method used for finding the 
structure of the minimal  set in the  l inearized S02 model. 

In  ref. (7) i t  was shown tha t  if one confines oneself only to the auxi l iary fields needed 
to compensate the structure coefficients (*) B ~  (11), the  action S* and the transforma- 
tion laws of the dynamical  ~/a and the auxi l iary  w~ fields in the general case become 

(46) 

(47) ~* QA A ~ BA = R~,~ - -  � 8 9  d'o~,  

(48) ~* to~ = (-- l)'d(~"+" 8"S e~ + terms ~ ~o 

and the matr ix  /}A~ must  obey the relations 

(49) 1 ~,rlA~Js ~ B A  AB ~ B -  ( -  1)~,~ ~ = ~ - ( -  ~, ~, ~ = 2B~ . 

The fulfilhnent of the relations (46)-(49) provides the invariance of the action S* 
with the accuracy to the  terms of order ~o 2 and the closedness of the algebra of transfor- 
mations acting on the physical  fields ~/a up to the terms of order ~o. Note tha t  the matr ix  
/ } ~  may  be degenerate in which case not all of the fields o~ appear  in the theory as a 
mat te r  of fact. 

(*) I . e .  i f  one  c o n s i d e r s  o n l y  a u x i l i a r y  fields t h a t  a r e  i n v o l v e d  i n  t h e  t r a n s f o r m a t i o n  l a w s  of t h e  
d y n a m i c a l  v a r i a b l e s  $ ,qa  a n d  whose  t r a n s f o r m a t i o n  l a w s  ~*oJ c o n t a i n  t h e  e q u a t i o n s  of  m o t i o n  fo r  t h e  
d y n a m i c a l  v a r i a b l e s  ~rSleSq~. All  t hese  f ields m a y  be  t r e a t e d  a s  c o m p o n e n t s  o f  t h e  f ield eo~. N o t  
a l l  of  t h e  c o m p o n e n t s  of t h e  field o)~ m a y ,  h o w e v e r ,  r e a l l y  a p p e a r  i n  t h e  t h e o r y .  
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When considering the SO~ model we shall show first of all tha t  as distinct from the 
SO~ model, it is impossible in this case to achieve the closure of the algebra without 
introducing at least two auxiliary Fermi-fields. Indeed, without fermionic auxiliary 
fields the transformation laws of the dynamical Bose-fields 8hva and SA~ remain unchanged 
after the bosonie auxiliary fields are introduced (linearized model). The requirement 
that  the algebra for the fields h~  and A~ should be closed imposes a number  of restric- 
tions on the structure of the m a t r i x / } ~ .  To demonstrate how these restrictions arise 
consider an example. Let 

(50) .~Ca) A(,~) 
~ ' [ a t ~ ) l [ m ( ( ~ ) ]  ' " "  

Then the transformation laws (47) have the form 

(51) s* ~; = sv '~ -  �89 ~ '  ~ ,  + . . . .  

- [i(=)] On the other hand where w, = w[u(a}]. 

(52) 
, in ~ 

[~ ,  ~s]h,,  = ~ [(~|y,e~') % + (~r~e~) o~] + ... # 0 .  

Therefore the condition for the closedness of the algebra for the field h~ (52) requires 
that,  in particular, n = 0 in (50). 

All the restrictions of this nature combined together allow us to determine the matrix 
/ } ~  in the SO~ model in a unique way. I t  turns out nevertheless that,  with the fields 
o~ corresponding to this form of the m a t r i x / ~  the complete algebra with the auxiliary 
fields included cannot be closed. This follows from the fact that  in the (~ SO~ limit ,) 
B~a~ __~ B~aa we obtain an expression for B ~  that  does not admit the closure of the alge- 
bra of the SO~-model (*) (until  fermionie auxiliary fields are not used). 

Thus, any set of auxiliary fields in the SO., model must contain Fermi-fields. Consider 
the simplest case when the modified transformation laws of the Bose-fields h m and Av 
involve only one spinorial auxiliary field Z~) 

(53) 

The dimensionality of the field g~l evidently is [Z i] = em-~. Since there arc no dimen- 
sional parameters in the theory (linearized limit) one must introduce another spinorial 
auxiliary field ~ )  with the dimensionality [~i] = cm- t  in order to be able to build the 
action, containing the field zi:AS = 5(~X ~) ddx. (Note that  in the theories without 
dimensional parameters the auxiliary Fermi fields involved into the law of transfor- 
mations of the dynamical Bose-fields should always have partners of different dimen- 
sionalities.) 

When building the minimal set of auxiliary fields in the SO~ model we confined our- 
selves to the simplest case when there arc only two auxiliary Fermi fields Z~} and ~ ) .  
As for the structure of the auxiliary Bose fields we consider, as before, only those fields 
that  are needed for compensating the structural coefficients B ~  (13) in relations ( l l ) ,  

(*) Note, that in the SO~-easo the requirement that auxiliary Fermi-fields should be absent leads 
A8 to the matrix B~ a determined up to one free parameter b:BC~a(b). One manages to elose the algebra 

only in b = ~ (7). The matrix B ~  in the SOt limit corresponds to the value b r �89 



~ I N I M A L  S E T  O F  A U X I L I A R Y  FIELDS E T C ,  87 

i.e. the fields ~o~ involved in eqs. (46)-(48). However, now one must add terms propor- 
tional to the fields Z~) and ~) into eqs. (46)-(48). Taking the statistics and dimensio- 
nalities of the fields into account one can easily see that the modified action and transfor- 
mation laws must have the following structure (see also (53)): 

17~[vi(oc)l[Iztq~)] . . , [ n ( ? ) ]  ..,[ra(a)] (54) S* S § ~-E~(r)Jtm(~J ~E,~(~)~'~(p)~ + (~  Z ~) , 

( 5 5 )  ~$  i i 1 ]D[vi(g)][/~t(fl)] ,[re(a)] n 

"S 
(56) ~, .[~(~)] YS , ~- t e r m s ~  ~o~ ~- t e r m s ~  0~(7.) s 

(57) * t 

~S .~ ~S 
(58) ~* @~) = - -  ~1 ~ ~ e(~) - -  i22 ~ (~ 7~)(~)~ji q_ terms ~ ~(co) s .  

The requirement that  the commutation relation of two supertransformations acting 
on the fields h~ and A~ be closed restricts the structure of the matrix/}~g (e.g. the struc- 
ture (50) can be readily checked, to be again forbidden) and allows us to determine its 
form up to seven free parameters. 

The conditions for invariance of the action and closedness of the algebra for the aux- 
iliary Bose-fields ~,[~(~- t~(~)] being imposed the remaining arbitrariness in relations (53)-(58) 
may be completely fixed. Finally, the matrix acquires the form 

( 5 9 )  ~[vi(a)][pn(cri] i f~ i~  ~f~nm~9 -1(~)  ~ - l ( q )  
"'[i(fl)]im(~)] = - - ~ i ~  ~ ~ a ~ q  (fl)u~q ( 0 ) - - ( ~ ' 5 y ~ ) ( a ) ( f l ) ( y s y ~ ) ( a } ( ~ )  - 

__ y (a)(fl)y (a)(~) ~_ �89 (y~aea _~ 3crqay~)(ai(fl)(y~aqa _}_ 3aeay~)(a)(~)] + 

~ii ~nml F9 /~. ~--1~(~) /^. - - l \ (a)  + ( ~  + ~ - -  ~ ~r~o~e~ (~)~r~%~ (~- -  �89 (Y~r~)(=~)(Y~Y~) (~ (~)] + 

i i  nr~ 9 --1 (a0 --1 (a) (a) (a) 1 ^. (a) . (a) ~ 

The matrix r (59) is so arranged tha~ only the following components of ~U(fl)][m((~)] 
�9 ['~(~)] enter into the action (54) and into the transformation laws ~*~f~ (55) : the fields ~[~n(~)~ 

= u , [ ~ ( M ] ~ , s u v ~  ! (fl) V~ = 

= ~[~n(~)]~Y~/ (fl) , 

(60) v~ ~ ~ ~ ~ . . . .  ['~(~ ~-~(~) - -  ~ ~ ~'[~n(~)] ~ (fl) , 

'~ ' [~'a(aO]~'~ (f l )  , 

t t i  1 ~i~ ~nm ,[m(~)] / �9 , /(ae) 

�9 [~(~)] fall out of consideration. To be more exact, the free The rest of the fields ~[~,(=)j 
parameters in the matrix ~['~(=)~[~(~)J have been just  found from the condition that  the ~[n(y)][m)~)] 

fields tha t  hinder the closure of the algebra should be excluded from the theory. 
One may make directly that  the resulting transformation laws (15)-(28) leads to 

closing the algebra completely with respect to all the fields involved (both dynamical 
and auxiliary). 


