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Recently considerable progress has been achieved in understanding the structure
of supergravity (»2) due to the construction of the so-called tensor calculus (3-4). This
caleulus, in its turn, is based on the minimal set of auxiliary fields (5-7).

Note, that the very interesting approach to supergravity by building the geometry
in the right and left superspaces (8) gives probably a more adequate way to obtain
these results.

However, the minimal set of auxiliary fields and, correspondingly, the tensor cal-
culus was obtained only for the simplest model of supergravity namely the SO,-model (*-2).
For the models of extended supergravity, in particular already for the SO, model (*-1!)
no set of auxiliary fields was known up to now that would provide the closure of the
algebra. This circumstance is an obstacle against the generalization of the tensor cal-
culus to the models of extended supergravity.

In the present paper the minimal set of auxiliary fields is obtained for the global
80,-supermultiplet (2, §, 4, 1) which corresponds to the linearized limit of the 80,-
model of the extended supergravity. This set of auxiliary fields contains two spinorial
fields (*) xf,, ¢f, and a number of boson fields which may be derived for convenience
into three groups

1) Scalars under the SO, group. These are a vector v,, an axial vector ¢, and
a scalar s.
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2) Symmetrical traceless tensors with respect to the internal indices ¢, j. These
are an axial vector a}’ and a pseudoscalar p#.

3} Antisymmetrical tensors with respect to the indices 4, j. These are an antigym-

metrical tensor wi} = — w,},, a vector »}?, a scalar u' and a pseudoscalar #¥.

An essential qualitative feature of the minimal set of auxiliary fields in the SO,
model is the fact that it does not match the minimal set of auxiliary fields when one
passes over to the SO, model. In other words,in the « §O, limit » one comes to the set
of auxiliary fields that does not contain the three fields s, p, a,, but a larger amount of
fields s, P, ap, by, Vg» Xims Pi- (Here ag and b, are combinations of the fields a, and ay).

This circumstance is due to the fact that the way to introduce the auxiliary fields s,
P, ag, bes Yo» X(a)» Prey Which provide the closure of the algebra in the S0,-model is not
unique but contains one-parameter arbitrariness and there exists such a value of the
free parameter («x = 0) for which the fields vo, by, Py, Y(ay fall out of the consideration.
1t is this case that corresponds to the minimal set of auxiliary fields s, p, ay in the SO,
gupergravity (57). On the contrary, the minimal set of auxiliary fields in the SO, model
may be built only if the value of the free parameter « corresponding to it in the 80,
model is « = 1 (and not « = 0 which minimized the set of auxiliary fields in the 80,
model).

Below we present the final results for the minimal set of auxiliary fields in the SO,
model and also for the above-pointed one-parameter extension of the minimal set of
auxiliary fields in the SO, model. We present, besides, the final expression for the gene-
rating functional in the SO, supergravity. Finally we discuss the basic points of the
method used by us to obtain the minimal set of auxiliary fields in the linearized SO,
supergravity.

We proceed now with the description of the minimal set of auxiliary fields in the
linearized S0, supergravity. The action and the supertransformations in this case
have the form (*)

1 1 "
(1) 8, = 1 (o9, 10 W pe — (@rpu)*] ~1 (Fyu)? + 3 &M (B, ysvudo¥3) »
B (AR TR

(2) Shou = S UBvue) + (Fury 6]
3) 84, = — &(3,¢)

i1 i i
(4) 3y, = 3 Wy,00000 €' + 3 & F o5 0g0pre! -
Here
(5) Wopp = Ophyo— Byhyo, Fyou= 0 4y— 0pdy,
(6) &= - &1, fr=1.
(*) The metrics used is (+ — ~ —); [V, Polt = 20pus Vs =PoV1¥2Vsi &1 =1. The complex nota-

tions used in ref, (*!) are connected with those used below in the following way: w, = w}+izp§,
& = g! +1i¢?. Note that in the linearized limit the antisymmetric part of the tensor ej falls out of the
equations and the gravitational fleld is described by the symmetric tensor h,,.
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Apart from the invariance under the global supertransformations (2)-(4) the action (1)
is invariant with respect to the global translations, global Lorentz and global SO, trans-
formations. The action (1) is invariant besides, under the three kinds of loeal transfor-
mations

(7) Shoy = by -+ 0p&y, 84,=0, Bdpp=0,
(8) Skppz =90, 34, = o9, =10,
(9) Shvu =0 ) SA-II =0 ’ SWV = avl .

As it was shown in (') in the arbitrary theory fixed by the set of variables ¢4 and
the action S(g4) which is invariant under the transformations with the parameters &*

(10) 3¢ = Rie”

the commutation relation between two transformations has the form

(11) Rt R} — (— 1" RA,RE = RAUY, 4 S, B3,
Here

or R4 o's
(12) Ri,= 8(1; , 8= e Bif = —(— 1)n‘n"B§§

and 5* = 0 if o corresponds to a Bose quantity, whereas otherwise n* = 1.

For the 80, supergravity the structure coefficients Byf were obtained in ref. (1).
They are different from zero only when the indices 4, B indicate the field v, and the
indices «, § correspond to the supertransformations (2)-(4). After going to the present
notations and fulfilling some Fierz transpositions the corresponding quantities Bl il

can be reduced to the form
(13) BRI = § Oup O 3 & E 120000 o0y +
+ 3vs(vuvy + Mudne)Ysond — Vs(VuPa vy + Muynkaxe) (Vs yn)ona]
+ 898 (yy ynyu — 2VuPn V)@ Prexe +
+ 8(nun — vnvudiane) Ormeone) + 875(Mun— tynyudaneromys)onal +
+ F(8m 0™ 4 6% 0™) [(yuynyy + TouYadene)Yuero +
+ 295{7u One v» — Mvune)e)¥s Snedoxsr — 8Vsner(Vs Sradaral} -

The main result of the present paper is that one can achieve the closure of the algebra

in the linearized SO, supergravity (i.e. the nullification of the coefficients B2f in (11)
by introdueing the auxiliary fields a,, v, 8, %, ag/, 0, v, u¥, 1%, 4f,, ¢f,) Whose struc-

ture was described above and by modifying the action and the global supertransformations
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as follows:

(14)

(15)
(16)

(17

(18)

(20)

(21)

(22)

(23)

(24)

(25)

S =8, —hap +vp + §s* + HpH —H(af) —
— 0 — H(on)® + F@ + 1 + (i) s
8* hl'u = Shvu + np'u(éixi) s

8* A, = 54, + ia”(éiﬁ’v Xi) ’
3y, = Svi — 2375050 #°(aY + 30%9a0) + kwets + ysmeeip +

+ Pryosivg + §033 8 0 4 ppetuii 4 pyyy et — 3 (yaoug + Boue) & wip s

o1 o , "
8 1 = 3 rsvee!(0"ap—ay) + yostve + yselp —

— &8 + yoeivl + opusl off, + & ut — y 1]

. 88, 38,
s*q’t — ahyu 7}1’/431 ___@gyyga 8“ +

1 . i .
+ 3 Oul¥svevue (07 ag— aff) -+ (6mu0 — vuve) e've +

+ Yuets + Y5 Yuel P — pusiul — yyyuelt9 + (200070 — yuove) & Wi — v vue g1,

3(578, _ y 4
8 ap = ~—[ (&p V50,0 1) + 2i(@ ysves’) + 36#(217’5797/451)];
v

11/3"8S. ) o S
3*s = -é[( 31#"2 y,,s‘) — 2i(¢*e®) + 36,,(;?7),,5‘)] ,
v

3*v, *l _§’S 1 (7 5+ 90,(%° ')~§a( &f)
e =35 81/1‘ Y¥Vot Pyee ol & B W( T Vv Ve

S,
8* a’;: _ (6175 dim 4 dim §in __ §ii 6wm) [__ _(%_n Vs O 79 6m) —_ ’l;((p" Vo Vs sm) +

3
=+ 3 (T Vs Ve vu 5"‘)] ,

1 5"8
Stpij — _g (6m §im + oim §in __ aijénm) 4[( 81’): Vs Py B"”) +

14

, i
4 24(@gmpse™) 4 30(X"V5vee™ |

ol ; 378,
3 = 8” Grm 31}7 (P9Oen + 300pyy) 6™
k4

.
— 2i(¢" Ooue™) + 30 I*(0on— 200uMr) &™) |
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©6) 5% oY = ~girgm | 38 1t n)  on em £ 35 (5 em
¢ 6 2\ 3y s Ye 5 OulZuVe¥u )

12

. 1. 378, i 3 _
(27) *uii = 3 & Erm [( M.Z Py s"‘) + (g ™) -3 (7o 8’”)] ,

88,
Sy

1, . 3. ..
(28) * i = 6—8”8””" [( 7’571’8"') — i(g"pse™) -3 B 2" V5 Ve sm)] .

Here the action §, and the transformation laws 8h,,, 84, and 3y, are defined by rela-
tions (1)-(4). The use is also made of the notation

(29) U;;} =—3(vur + mu), o';to'pg = Ty -

The action S (14) is invariant under the global supertransformations (15)-(28).
The commutator between two supertransformations [8*(e}), 6*(e})]- with the para-
meters & and & leads to the global translations with the parameters 7, — i(égy,cl),
« local translations » (7) with the parameters & = — % nuhyy, « local SO, transformations »
(8) with the parameter ¢ = — n, 4, and, finally, docal supertransformation » with
the parameters &,

(30) g = —n,‘(wf, -3 m*) +-2-{@(eéygwf,)o@ ei—el@ ) + vs xiEysel) — 1 (E eh) +
1 itad i 1 Fr=f i
+ ‘2"}’57#%’(527’57731) + ‘2"}’1’)6 (GL — {1 2},

(Note, that the first term in the curly bracket appears owing to the fact that the antisym-
metric part of the vierbein e,, was taken identically equal to zero.)

Now consider the « SO, limit » for the relations (14)-(28). In order to obtain the SO,
model put &2 = 0 in relations (14)-(28). In this case the fields
12 21 i 7]

(31) wjz;’ A;a XZ: ‘st a’Q = a/e y PT=Pp, wwu vzj, w, t“

transform only amidst themselves. Analogously the fields

(32) ’P:, Bow, 2% @L  ag, Vo, 8 pu — __pzz, a;1 — “22
algo transform through themselves. If one puts now all the fields (31) equal to zero,
one comes to the SO, model (with the closed algebra), given in terms of the fields (32).
The action and the supertransformations that result from the above-described pro-
cedure turn out to correspond only to one particular possibility out of the one-parameter
class of ways to close the SO, algebra within the set of fields (32).
Indeed let us write the action for the linearized SO, supergravity in the form

1 1
(33) 8y = 1 (9,10 W 0 — (wy 90)?) + 3 &V (P Y5 vu 0o ¥o) +

6o

2 3 2 2 2 5
; 59—5(%) — B(s? + p%) + «(Px)»

-+ owg +
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where w, yy, is defined in (5) and the fields s, p, a,é, be, V9, X0y, P are auxiliary (s, p, v,
are scalar, pseudoscalar and vector fields, respectively, aé and b, are axial vectors,

and y, and @4 are spinors), «is a free parameter and g = « — §. Then one can see
that 8} (33) is invariant under the following transformations that form closed algebra:

34 5hy =-;—[(¢me) + (Fumre)] + wmralge)

1 1 9
(35) 3y, = 3 Wy,00 Ggo € -3 layyyeeve + res 0'1791 '30'; — Blyves + ysmwep)ls

1 3
(36) 8y 2“5[793%"" 7531’—83’*‘;55?’5?’951’9],

*

(37) o = shp Twue + BOuyulyeeve + ysep —es] +
(2]
~+ 30ulevp + Vs Vuyreby— 2y5ebul,
3"s
(38) 8*“é=_"(8w1?’6"va 8)’

(39) 8*8—1[(8'5: s)+i—oc-(')+3oc6(' s)]
=% " ' B pe AV s

s, 1 S'S*
(40) p = VY5 + (‘PVs &) + 3 Y5 8)
6 8 Yy B

11/8"8;
(41) 8*’”9 = E[( YvVe "3) + U@voe) + 99,(%e) + 3B Ayrve 8)] s

14 3
(42) & bo = E [‘2' (Pysve &) —“2' Bov(Zve vv¥s 3)] .

Consider now two particular cases for different choices of the free parameter «. If
(and only if) « = 0 the fields y,, hyy, s, D, aé transform only through themselves and one
may set ywm = @y = 0, vo = b, = 0 without breaking the invariance of the action
and the closedness of the algebra. We have come exactly to the minimal set of auxiliary
fields in the SO, supergravity (7).

It is essential that the minimal set of auxiliary fields in the SO, supergravity corre-
sponds in the limit of 80, model to a different value of the free parameter namely o = 1.
One may easily verify this by comparing relations (14)-(28) with (33)-(42) if one sets

(43) o=}, + 20, b=%@—a), p=p.

Therefore, the minimal set of auxiliary fields for the SO, supergravity is not a direct
extension of that for the SO, supergravity and essentially differs from the latter in its
structure.
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The results of the present work refer only to the global supertransformations corre-
sponding to the linearized actions for the SO, and SO; models. The problem of generaliz-
ing these results to the locally supersymmetric models SO, and SO, supergravity is
now being studied. We do not doubt however that the corresponding generalization is
possible, indeed. This is confirmed, in particular, also by the fact that (as one may
see without using the auxiliary fields, as well) the generating functional in the SO,
extended supergravity has the standard form characteristic of the theory of the rank 2

SracA
P —
ﬂ

(44) Z =J‘9w Dl Dby Derg-11113(y )exp[ [S + E,x

& .
4 82”:(&)

1. § xat ST xﬁ . )
ba B2 o oy B
Pui)
where g = — det |gyu|, ¢” and b, are ghost fields, y* are gauge conditions and Bji®
are structure coefficients (13). For the particular gauge zi, = iy,%’ the four- -ghost
term in (44) becomes

(45) [(679ab7)(@ y2e?) + 4(biy,b) (@ ¢) —

— B[(0b7)(¢7 ¢") + (B ys b)) (& y5¢')] — (Biys p b) (@ y5 97 c?)] .

1
6\/"

In conclusion we dwell upon the main points of the method used for finding the
structure of the minimal get in the linearized SO, model.

In ref. (*) it was shown that if one confines oneself only to the auxiliary fields needed
to compensate the structure coeflicients (*) BAZ s ( 11), the action §* and the transforma-
tion laws of the dynamical ¢4 and the auxﬂlary of fields in the general case become

(46) §* = 8 + }(— 1o BEA o wf
(a7 O*q* = RAe*— } Bit e of)

r

8
(48) 3* b = (— 1)+ g? & -+ terms ~

and the matrix :g must obey the relations
(49) AZ  (— 1y BAE — BAZ _ (—1)""1" B34 — 2B

The fulfillment of the relations (46)-(49) provides the invariance of the action 8*
with the accuracy to the terms of order w? and the closedness of the algebra of transfor-
mations acting on the physical fields ¢* up to the terms of order w. Note that the matrix

45 may be degenerate in which case not all of the fields wf appear in the theory as a
matter of fact.

(*) I.e. if one comsiders only auxiliary fields that are involved in the transformation laws of the
dynamical variables §*¢* and whose transformation laws §*w contain the equations of motion for the
dynamical variables 67S/8g”. All thesc fields may be treated as components of the fleld %. Not
all of the components of the field w5 may, however, really appear in the theory.
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When considering the SO, model we shall show first of all that as distinet from the
80, model, it is impossible in this case to achieve the closure of the algebra without
introducing at least two auxiliary Fermi-fields. Indeed, without fermionic auxiliary
fields the transformation laws of the dynamical Bose-fields 3h,, and 34, remain unchanged
after the bosonic auxiliary fields are introduced (linearized model). The requirement
that the algebra for the fields hy, and A4, should be closed imposes a number of restric-
tions on the structure of the matrix ng. To demonstrate how these restrictions arise
consgider an example. Let

(50) BEGHER" = w8 5 8508 + ..
Then the transformation laws (47) have the form
(61) 3* vyl =yl —tufon + ...,

where w, = ofi®}. On the other hand

(52) (97, 831 = 5 LE s el @ + (Elvued) 0] + o 0.

Therefore the condition for the closedness of the algebra for the field k,, (52) requires
that, in particular, x = 0 in (50).

All the restrictions of this nature combined together allow us to determine the matrix

g‘;’ﬁ in the 80, model in a unique way. It turns out nevertheless that, with the fields

wZ corresponding to this form of the matrix Bj% the complete algebra with the auxiliary
fields included cannot be closed. This follows from the fact that in the « 80, limit »
B2 — BiJ we obtain an expression for Bj;; that does not admit the closure of the alge-
bra of the SO,-model (*) (until fermionic auxiliary fields are not used).

Thus, any set of auxiliary fields in the SO, model must contain Fermi-fields. Consider
the simplest case when the modified transformation laws of the Bose-fields h,, and A,
involve only one spinorial auxiliary field xf,

(53) 8 hyy = Ohyy + Mymup(Eiyt), 6% A, = 04, 4 i,(Eppyf) 6t .

The dimensionality of the field xi, evidently is [y’] = cm-%. Since there are no dimen-
sional parameters in the theory (linearized limit) one must introduce another spinorial
anxiliary field ¢f,, with the dimensionality [¢'] = em~# in order to be able to build the
action, containing the field x*:48 = J‘(q‘ai x¥)dtz. (Note that in the theories without
dimensional parameters the auxiliary Fermi fields involved into the law of transfor-
mations of the dynamical Bose-fields should always have partners of different dimen-
sionalities.)

When building the minimal set of auxiliary fields in the SO, model we confined our-
selves to the simplest case when there are only two auxiliary Fermi fields xi, and ¢f,.
As for the structure of the auxiliary Bose fields we consider, as before, only those fields
that are needed for compensating the structural coefficients B;f (13) in relations (11),

(*) Note, that in the SO,-case the requirement that auxiliary Fermi-flelds should be absent leads
to the matrix Bffg determined up to one free parameter b:Bffg(b)- One manages to close the algebra
only in b =% (*). The matrix BfZ, in the S0, limit corresponds to the value b #3.
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i.e. the fields % involved in eqs. (46)-(48). However, now one must add terms propor-
tional to the fields y¢,, and ¢}, into eqs. (46)-(48). Taking the statistics and dimensio-
nalities of the fields into account one can easily see that the modified action and transfor-
mation laws must have the following structure (see also (53)):

(54) 8* = 8 + BRI ol ol + (@ 1),
. . A )
(55) 3* Yl = S¥h — 3 BRSO lm@l en)
" *  [n(B)] 88 n
(56) 3 o) = T & T terms ~ e 4+ terms ~ dy(y) e,
vio)
(57) 8 Al ~ ws
- _ 38 » .. 88 .
(58) 3* tpfl,, === MNpln — Ay —— (W) &7 + terms ~ 8,(w) ¢ .
Shyy 34,

The requirement that the commutation relation of two supertransformations acting
on the fields hy, and A, be closed restricts the structure of the matrix Bﬁﬁ (e.g. the struc-
ture (50) can be readily checked, to be again forbidden) and allows us to determine its
form up to seven free parameters.

The conditions for invariance of the action and closedness of the algebra for the aux-
iliary Bose-fields w[[;‘i‘(f")]l being imposed the remaining arbitrariness in relations (53)-(58)

may be completely fixed. Finally, the matrix acquires the form
(59) BT = —5{EY & 7 4y 0Dy — 59 (s ) Vi —
— 2,267 %0 + 3 (100s + 300067) ™ ) (7u0es + 3000vu) @] +
+ ((Sm §im | Sim §in __ §id (smn) [% (75 G;Ql)(“)(ﬁ)(ys 0;;)(0)(6) . %_ ('}’5 ,y’,)(az)(m(,y5 ?M)(U (6)] +
+ 81 6% [8 (y5050)® 5y (75 Ta) Viay — (¥0) ViV ve) ey — 11 P v T B -

The matrix Bfjii%a™ (59) is so arranged that only the following components of
the fields w[™f) enter into the action (54) and into the transformation laws §*y! (55):

[rn(x)l
_ @] (., 1)) _ 1, B @
g = — 1 Oipm(e(Vs000) 18> Vo = & Opman(VrVe) (B »
_. 1  [#8)],, (& i _ i : ; [m{(8)] ~1y{a)
8 = F Oyaian Py agy s Gy = — £ (0O - §imaIn— 549 5mm) o BN y5 05,) i 5

i = (dindim 4 imoin— 84 5vm) o) )
(60) { v =—31E9E™ ol 07

4 =5 &1 & ol (mwoes + 30001) gy »

wl =& E" wb"ﬁ.‘(‘i’%w‘“’w) ’

G 1 g &1 @
19 = § &9 & o rsvn) s -

)]

The rest of the fields w[[,’,';,‘&’,]] fall out of consideration. To be more exact, the free
parameters in the matrix Bii/®! have been just found from the condition that the
ficlds that hinder the closure of the algebra should be excluded from the theory.

One may make directly that the resulting transformation laws (15)-(28) leads to
closing the algebra completely with respect to all the fields involved (both dynamical

and auxiliary).



