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ABSTRACT
We present a simpler proof of a result of J. Bourgain on almost extensions
of functions satisfying a Lipschitz condition on é-nets.

Theorem 1 of the article [B] is:

Let S = {||z|| = 1} be the unit sphere of the n-dimensional normed space E,
and let £5 be a §-net in S. Assume that Y is a Banach space and that f: £ —» Y
is a Lipschitz map with constant L. Let 7 > C§. Then thereis amap f: E =Y
satisfying

If(z) - fz)| <7L  forz € &,
I Fllip < C(1+ 677 'n)L.

(C is a universal numerical constant.)

The proof in [B} uses ingenious and delicate arguments. The purpose of this
note is to give a transparent and natural proof of the crucial step of the theorem.
To make this article self-contained, we include a complete proof of Bourgain’s
theorem.

We begin with some notation.

Let E be a normed space of dimension n, let K be a convex subset of E, and
fix 7 > 0. Denote by B(z,7) the open ball of radius 7 in E centered at z, and
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put K. = {,cx B(z,7), the T-neighborhood of K. Denote by n the Lebesgue
measure on E normalized by Vol(B(0,7)) = 1. We denote by x the indicator
function of B(0,7). Let Y be a normed space. For a mapping f: K — Y its
Lipschitz constant on K is

o s (1) = f(e2)l]
!lfllhpm—mml;,{ loy — 22l

The result we prove is the following

ProPOSITION: Fix 0 < §,L < oco. Let K be a convex subset of E, and assume
that the map f: K, — Y satisfies

(*) 1f(@1) = flz2)ll € Llljzr — 22|l +8)  for all 23,27 € K.

Then the map g = f * x, which is well defined from K into Y, satisfies

(%%) Nglhip(r) < L<1 + gg)

Proof: Consider two points in K. By translating K we may assume that one
of them is the origin and denote the other one by z. Put B = B(0,7) and B, =
B(z,7). Then g(0) —g(z) = [pf — [p, f = Im f — [m f, where M = B B,
M’ = B,~B.

Consider the family {L; =t + R z}:ep of straight lines parallel to z. Each L;
intersects M and M’ in intervals of the same length (which does not exceed ||z|l,
and is exactly ||z|| in case L, intesects BN By).

Let ¢¢ M — M’ be the transformation which translates each interval L N M
onto the interval L, N M’ along L; (Cavalieri transformation).

Fix a hyperplane Z C E such that z ¢ Z, and let P be the projection from E
to Z along z, and w(t) (t € E) be the length of L;N B. The Lebesgue measure on
E is the product of any two appropriately normalized measures on Z and on the
line R - z. We normalize the measure on R - z by setting the measure of [0, z] to
be equal to ||z)|. This and the choice p(B) = 1 determine the Lebesgue measure,
v, on Z, and we have

/ w(z)dv(z) = Vol B = 1.
P(B)

Consider B as the disjoint union of two sets (“wide” and “narrow”):

W ={te B|L,NBNB; #0},
N={te B|L,nBNB, =0} (clearly, N C M).
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Thus the length of the intersection L; N M is ||z|| for ¢ € W and w(t) for t € N.

Also o WM
w(t), teWnM,
Je-con={ 1 e

Now, we can estimate ||gllips):

19(0) = 9@l = | / fu - / faul =1 [ = £ o )dui
M

< | If—focdldp

J

< L/(][t —c(t)|| + 6)du(t) = L(6- Vol M + / It — c(t)||du(t))-
M M

(The second equality holds because ¢ is measure preserving from M onto M’,
and the last inequality follows from the condition (*) of the proposition.)
The last integral will be estimated separately on W N M and on N:

[ = caunty = [ wauto)

WnM wnM
= [ lall-w(vavte

P(WNM)

lal [ wan
P(WNM)
= {jz|| - Vol W.

(The second equality follows from the normalization of the measures and from
the fact that for each £, W N M intersects L, in an interval of length ||z||.)

/ It — c(®)lidu(t) / lzl|d(t) = |lz|| - VOLN.

Hence

/||t—c Vdg(t) = lla] - (VoL W + Vol N) = |lz]| Vol B = ||z].

We also observe that for ||z| < 27

VoLt = Lval(BaB,) < o [(r+ )" (r- BV < a0 ),
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where 8- ({lz]]) = o(llz]).
(Indeed, BAB, C B(z/2,7 + ||z||/2) ~ B(z/2,7 — ||z||/2).)
Combining all the estimates, we obtain

lo(e) = 9O < LGVoLM + [ 1= c)lu(®) < (1 + ) ol + el
M

and the result follows from the convexity of x (indeed, for h: [0,1] = Y, if

lim sup
s—0

I Cr +si —h(ol <C forany 0<7r<1,

then clearly ||h(1) — h(0)|| < C). This proves the proposition.
Remark: The formula for Vol M actually yields estimates for g even when K is
not convex.

We now reproduce Bourgain’s argument for the final part of the proof of his
theorem.

Denote the points of £ by {z,}). Using a translation in Y we may assume
that

Il = s 11£@)1| < 2 Flhp = 2L

Consider a partition of unity {¢,} on S subordinated to the covering
{B(z,,28) N S}VY. Define f1: S —» Y by

N
fi(@) = f(ap)ep(e).

Then || filloo < [Ifllco < 2L, and || fy(z) — f(z)|| <26 - L for any z € &.

For arbitrary 2,22 € S,
lf1(21) — filz2)|| < max{||f(z1) — f(@2)|l | z;i € B(2;,28) N Es,3 = 1,2}
< L — ]| + 16).

Direct computation shows that if we extend f; to all of E by putting

f@)=alial) - £(m) GO =0,

where a(t) = max(1 — |t — 1],0) (t € Ry), then f satisfies

1£(z) = F@)l < 4L(llz — 2l + )
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for any z,z € E.

Finally, we use the Proposition. Normalize the Lebesgue measure in E by
Vol(B(0,7/8)) = 1, let x be the indicator function of B(0,7/8), and set f = fx*y.
Fix any z € &, then f(z) = fi(z), hence

17(2) = f@) < If @) = F@) + I 1(=z) - fl=)]
<AL(r/8+8)+ L 256 =L{r/2+668) < 7L,

if we choose 7 > 124.
By the Proposition (with 7 replaced by 7/8, L by 4L, and with K = E — the
whole space),

[l Fllip < 4L(1 T 2(i78)) < 16L(1 N <_5;n)’

as demanded.

Remark: In Bourgain’s argument f is taken to be f = f * K, for K, with special
properties, rather than f = f * x. Our proposition shows that one can use the
simplest convolution (averaging).
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