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ABSTRACT

We prove implicit function theorems for mappings on topological vector
spaces over valued fields. In the real and complex cases, we obtain implicit
function theorems for mappings from arbitrary (not necessarily locally
convex) topological vector spaces to Banach spaces.

Introduction

In this article, we prove implicit function theorems (and generalizations) for
mappings from topological vector spaces over valued fields to Banach spaces.
Our main results can be summarized as follows. Let (K, |.|) be a (non-trivial,
not necessarily complete) valued field, E and F be topological K-vector spaces,
U C FEand V C F be open subsets, and f: U x V — F be a Cl-map. Let
(z0,90) € U x V such that daf(xg,y0,+) € GL(F). Then, given the respective
hypotheses stated in the first four columns of the following table, there exists
an open neighbourhood ¢ C U of zy and an open neighbourhood B C V
of yo such that, for every z € @, there is a unique element 5(z) € B such that
f(z,B(z)) = f(zo,y0), and the mapping 8: Q — B so obtained has the property
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shown in the last column:
K | B | F | B
R arbitrary | dim F < oo CcF cF
R arb. Banach CH+1 CF
R arb. Banach R-analytic | R-analytic
C arb. Banach C-analytic | C-analytic
local arb. dim F < oo ct CcY
local metrizable | dim F < oo CF CF
complete ultram. | metrizable | Banach CFk+HI CF
KCR metrizable Banach c? ct
arb. arb. Banach c? co
arb. Banach Banach SCt SCt
complete Banach Banach SCF SC*

Here k € N U {0}, and C*-maps are understood in the sense of [2], where a
differential calculus over arbitrary non-discrete topological fields is developed.
A map between open subsets of real locally convex spaces is C* in the former
sense if and only if it is C* in the sense of Michal-Bastiani (i.e., a Keller C*-
map [29]). Keller’s C°-maps are a popular class of maps, which have been used
as the basis of infinite-dimensional Lie theory by many authors (see, e.g., [13],
[21], [38], [39], [41], [53]). The symbol SC* refers to k times strictly differentiable
mappings, as defined below.

Our results were inspired by Hiltunen’s implicit function theorems, which he
formulated in the setting of CX-maps on locally convex spaces (see [24] for the
real case, [25] for the complex case). In contrast to that paper, we are working
throughout in the realm of topology; no recourse to convergence structures is
necessary. Furthermore, we are able to work over valued fields other than R
or C, and need not assume that the domains be locally convex. Cf. also [47,
La.1 and Rem.1] for related results in the convenient setting of analysis. While
we strive to allow non-Banach domains for Banach space-valued functions of
interest, other generalizations of the implicit function theorem aim to replace
Banach space-valued functions by functions into more general spaces. A clas-
sical example is the Nash-Moser theorem (for maps into tame Fréchet spaces)
(see [22] and the references given there). For further generalizations in this
direction see [37] (complex analytic case) and [26], where also applications of
generalized implicit function theorems to well-posedness of partial differential
equations are described.

THE BASIC IDEA. Our approach is based on the classical idea that every im-

plicit function theorem has an underlying “inverse function theorem with param-
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eters” (cf. [45] and [47]). For example, in the case of a C*-map f: U x V — F,
where U is a subset of a real topological vector space and FF = R", given
(zo,40) € U x V with dyf(zo,y0,s) invertible, after shrinking U we inter-
pret f as a family (f;)zev of mappings f, := f(z,.): V — F between open
subsets of the finite-dimensional space F, to which the classical inverse func-
tion theorem applies, and then show that v¢: (z,y) — £, }(y) makes sense on
some open neighbourhood of (29, f(g, ¥o)) and defines a C*-map there. Then
y(z) = ¥(z, f(zo,y0)) gives a C*-solution to the equation f(z,y) = f(xo,vo)-

Local convexity does not play a role here, and we are also able to tackle the
ultrametric case. This is much more difficult, since the absence of a fundamental
theorem of calculus and mean value theorem in this setting makes it necessary
to discuss continuous extensions to iterated difference quotient maps, rather
than the mere existence and continuity of higher differentials. To get from
the Banach case to implicit functions on open subsets of metrizable topological
vector spaces over a complete ultrametric field K, we exploit the fact that a
map on a metrizable space is C* if and only if all of its compositions with
smooth maps from K¥*! to the space are C* [2]. This result can be seen as an
adaptation of ideas from the convenient differential calculus of Frolicher, Kriegl
and Michor ([10], [31]) to non-archimedian analysis. A similar argument has also
been used in [47, proof of La. 1] to establish smoothness of implicit functions in
the convenient sense.

APPLICATIONS. It is clear that a generalization of such a central and basic
result as the implicit function theorem has immediate applications.

e In [16], our ultrametric inverse function theorem with parameters in a
Fréchet space is used to prove that the inversion map Diff (M) — Diff (M),
v — v~ of the diffeomorphism group of a paracompact, finite-dimensional
smooth manifold over a local field is smooth. Also, composition being
smooth, Diff (M) is a Lie group.!

o Let A be a commutative, unital, associative, locally convex and complete
complex topological algebra whose group of units is open and whose inver-
sion map is continuous. In [3], our implicit function theorem for analytic
mappings from complex locally convex spaces to Banach spaces is used
to prove a sufficient condition for the existence of a solution b € A™ to
an equation f[a,b] = 0 given by multi-variable holomorphic functional
calculus, where f: @ — C™ is a holomorphic function on an open subset

1 Cf. also [35], {36] for certain diffeomorphism groups for charK = 0 (mainly
considred as topological groups).



208 H. GLOCKNER Isr. J. Math.

QCC*xC™and agc A™.

o Our inverse function theorem for SC*-maps between ultrametric Banach
spaces is used in [18] to construct stable manifolds for dynamical systems
over ultrametric fields, using Irwin’s method (see [27] for the real case).
Also, pseudo-stable manifolds can be tackled (see (28], resp., [19]). This
facilitates the calculation of the scale sg(a) (as introduced in [51}, [52])
of suitable automorphisms « of finite-dimensional Lie groups G over a
local field K of positive characteristic, and a diffeomorphic decomposition
UaMoUgy-1 of an open subset of G into contraction groups and a Levi
factor (see [20]).2 These results, in turn, can be used to construct finite-
dimensional smooth K-Lie groups not admitting a K-analytic Lie group
structure compatible with the given topological group structure [14].

e The quantitative information provided by our inverse function theorem
(with and without parameters) is also used essentially in [15], to establish
a C*-compatible K-analytic Lie group structure on each finite-dimensional
C*k-Lie group over a local field K of characteristic 0.

STRUCTURE OF THE ARTICLE. The article is structured as follows. Having
described the precise setting of differential calculus (Section 1), we present our
results in the real and complex case. We do not try to be self-contained here, but
rather re-use the standard Inverse Mapping Theorem for real Banach spaces and
its corollaries (as proved in [32]), which should be well-known to most readers,
to get to the point as quickly as possible.

In Section 3, we recall the notion of a strictly differentiable mapping from an
open subset of a normed vector space over a valued field K to a polynormed K-
vector space (cf. [6]). We show that any strictly differentiable map is C?, and we
show that every C2-map from an open subset of a normed K-vector space to a
polynormed K-vector space is strictly differentiable. In Section 4, we specialize
to locally compact K. In this case, a map from an open subset of a finite-
dimensional K-vector space to a polynormed K-vector space is C! if and only if
it is strictly differentiable, if and only if it is “locally uniformly differentiable”
(an a priori even stronger differentiability property). In Section 5, we introduce
k times strictly differentiable mappings (SC*-maps). Any such map is C¥, and,
conversely, we show that every C**'-map from an open subset of a normed
vector space over a valued field K to a polynormed K-vector space is SC*.

Recall from [43, Ex. 26.6] that there is a map f: Z, — Q, from the p-adic
integers to the p-adic numbers which is totally differentiable at each z € Z,,

2 Compare [11] and [48] for the case of characteristic 0, which is much easier.
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with f'(z) = 1 (whence f'(z) is invertible and f’: Z, — @, continuous), but
such that f is not injective on any 0-neighbourhood. Thus, in the ultramet-
ric case, an inverse function theorem cannot be based on the mere existence
and continuity of differentials. In contrast, the SC*-property is well-adapted to
inverse and implicit function theorems. An inverse function theorem for once
strictly differentiable maps between open subsets of Banach spaces over com-
plete valued fields is well-known (see [6, 1.5.1], where no proofs are given and
where all Banach spaces over ultrametric fields are assumed ultrametric). In the
real case, strict differentiability facilitates refined implicit function theorems for
maps between Banach spaces ([33], [34], [30, Thm. 6.3.6]). Higher order differ-
entiability in the finite-dimensional ultrametric case has been discussed in [1]
for implicit functions, in [46] (with merely partial proofs) for inverse functions.
Getting beyond these known facts, using an inductive argument which goes
back and forth between inverse functions and implicit functions, we establish
the Inverse and Implicit Function Theorems for SC*-maps between open sub-
sets of Banach spaces over complete valued fields (Section 7). Combining these
results with parameter-dependent Newton approximation (from Section 6) and
the tools of differential calculus on metrizable spaces outlined above, we ob-
tain an Implicit Function Theorem for maps from metrizable topological vector
spaces to (not necessarily ultrametric) Banach spaces over complete ultramet-
ric fields (see Section 8). To illustrate the use of our results, two applications
are sketched in Section 9 (smoothness of inversion in diffeomorphism groups;
existence of stable manifolds).

In an appendix, we show that, in the real case, every k times continuously
Fréchet differentiable map is an SC*-map. For k = 1, the converse also holds 6,
2.3.3].

All results are formulated in a way which transports as much useful infor-
mation as possible. For example, instead of formulating mere implicit function
theorems, we explicitly spell out “inverse function theorems with parameters.”
We also provide information concerning the size of images of balls. In this sense,
the results include “quantitative inverse function theorems.”

Note added in proofs: In the meantime, the results could be strengthened
further (see arXiv.math.FA/0511218).

1. Differential calculus over topological fields

In this article, we are working in the setting of differential calculus over non-
discrete topological fields developed in [2]. In this section, we briefly recall basic
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definitions and facts.

Unless stated otherwise, in this section K denotes a non-discrete topological
field. All topological vector spaces are assumed Hausdorff. Before we define
C*-maps, we need an efficient notation for the domains of certain mappings
associated with C*-maps.

Definition 1.1: If E is a topological K-vector space and U C E an open subset,
we define Ul := U and

UM = {(z,y,t) e UXx ExK: z +ty € U},

which is an open subset of the topological K-vector space F x E x K. Having
defined UV! inductively for a natural number j > 1, we set UU+1 .= (Ul)[,

In particular, El = Ex Ex K, EFl = Ex ExK x E x E x K x K, etc.

Definition 1.2: Let E and F be topological K-vector spaces, and f: U — F
be a mapping, defined on an open subset U C E. We say that f is of class
CY if f is continuous, we set f1% := f and call f% the 0-th extended difference
quotient map of f. If f is continuous and there exists a continuous mapping
f: Uy — F such that

(1) %( flz+ty) — f(z) = fM(z,y,¢) forall (z,y,t) € UM such that t £ 0,

we say that f is of class Ck, and call fIU the (first) extended difference
quotient map of f. Here flUl is uniquely determined, as K is non-discrete.
Recursively, having defined C]{(—maps and j-th extended difference quotient maps
for j = 0,...,k — 1 for some natural number k£ > 2, we call f a mapping of
class CE if f is of class CE~! and fI*=1 is of class C}. In this case, we define
the k-th extended difference quotient map of f via

fIel = (f[k—ll)[H; Ukl L p

The mapping f is of class C (or K-smooth) if it is of class C¥ for all k € Ny.
If K is understood, we simply write C* instead of CE, and we call f smooth or
of class C° if it is K-smooth.

1.3. For example, every continuous linear mapping A\: E — F' is smooth, with
M(z,y,t) = A(y) for all (z,y,t) € Ex ExK. If V;W and F are topological
K-vector spaces and 3: V x W — F' is a continuous bilinear map, then 3 is
smooth, with

B (v, w), (v, w'),t) = Blv,w') + B, w) + tB(, w')
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for all v,v' € V, w,w' € W, and t € K (cf. [2]).

1.4. If k> 2, then a map f is of class Cf if and only if f is of class C and
fWis of class CE™1; in this case, fI¥ = (f(1)*=1] 2, Rem. 4.2].

1.5. Given a Ci-map f: U — F as before, we define

df(w,0) = lim ~(f(z +tv) - f(z)) = f(z,v,0)

0#t—0 t

for (z,v) € U x E. Then df: U x E — F is continuous, being a partial map
of f1, and it can be shown that the “differential” df (, ) E—>Fof fatzis
a continuous K-linear map, for each z € U [2, Prop. 2.2]. If f is of class C?, we
define a continuous mapping d?f: U x E? — F via

dzf(xvvllvU?) = tlg% %(df(.f + t’Ug,’Ul) - df(l',’l)])) = f[2](($,’l)1,0), (v2a070)70)'

Similarly, if f is of class Cf, we obtain continuous maps d’f: U x B/ — F
for all j € Ny such that j < k (where d°f := f). It can be shown that
&’ f(z,.): E? — F is a symmetric j-linear map (2, La. 4.8].

Our discussion of implicit function theorems in the real case will be made
easy by the following fact (2, Prop. 7.4]):

PROPOSITION 1.6: Let E be a real topological vector space, F' a locally convex
real topological vector space, U C E an open subset, f: U — F a map, and
k € Ng U {oo}. Then f is of class Cf if and only if it is a C*-map in the sense
of Michal-Bastiani, i.e., f is continuous, the differentials &’ f: U x E3 — F

described in 1.5 exist for all j € N such that j < k,® and are continuous.

In more general situations, it is necessary to work with the functions fU]
since the differentials alone do not encode enough information. For example,
&’ f = 0for all j > 2if K is a non-discrete topological field of characteristic 2 and
f any smooth function on K (cf. [2, Thm. 5.4]). Even worse, injective smooth
functions f: Z, — Q, are known to exist whose derivative vanishes identically
(43, Exercise 29.G].

1.7 (CHAIN RULE). If E, F, and H are topological K-vector spaces, U C E
and V C F are open subsets, and f: U - V C F, g: V — H are mappings of
class C*, then also the composition g o f: U — H is of class C*. If k > 1, we
have (f(z), f(z,y,t),t) € VI for all (z,y,t) € U, and

(2) (90 NB(z,y,8) = g (f(2), SN (,9,1), ).

3 That is to say, all limits occurring in the recursive definition of the differentials
&’ f exist.
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In particular, d(go f)(z,y) = dg(f(x),df (z,y)) for all (z,y) € UXE (2, Prop. 3.1
and 4.5].

We recall from [2, La. 4.9] that being of class C is a local property.

LEMMA 1.8: Let E and F be topological K-vector spaces, and f: U — F be a
mapping, defined on an open subset U of E. Let k € No U {oo}. If there is an
open cover (U;)ier of U such that f|y,: U; — F is of class C* for eachi € I,
then f is of class C*.

Definition 1.9: A valued field is a field K, together with an absolute value
Ll: K — [0,00] (see [50]); we require furthermore that the absolute value be
non-trivial (meaning that it gives rise to a non-discrete topology on K). An
ultrametric field is a valued field (K, |.|) whose absolute value satisfies the
ultrametric inequality

|z +y| < max{|z|,|y|} forallz,y e K.

Locally compact, totally disconnected, non-discrete topological fields will be
referred to as local fields.

Remark 1.10: It is well-known that every local field K admits an ultrametric
absolute value defining its topology [49]. Fixing such an absolute value on K,
we can consider K as an ultrametric field.

Remark 1.11: Note that we do not require that valued fields (nor ultrametric
fields) be complete (with respect to the metric induced by the absolute value).
Whenever our results depend on completeness properties of the ground field, we
will state these explicitly.

1.12. Recall that a topological vector space E over an ultrametric field K
is called locally convex if every zero-neighbourhood of E contains an open
O-submodule of E, where O := {t € K: |t| < 1} is the valuation ring of K.
Equivalently, F is locally convex if and only if its vector topology is defined
by a family of ultrametric continuous seminorms : E — [0,00{ on E (cf. [40]
for more information). Let K be a valued field. We call a topological K-vector
space polynormed if its vector topology is defined by a family of continuous
seminorms {which need not be ultrametric when K is an ultrametric field). This
terminology deviates from the one in Bourbaki [6], where only polynormed vec-
tor spaces over ultrametric fields are considered whose topology arises from a
family of continuous ultrametric seminorms, and which therefore are precisely
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the locally convex spaces over such fields in our terminology. Ultrametric semi-
norms are called “ultra-semi-norms” in [6] and [7]. Occasionally, we shall write
.||y for a continuous seminorm 7.

1.13. A Banach space over a valued field K is a normed K-vector
space (E,|.|) (see [7, Ch. I, §1, no. 2|) which is complete in the metric

associated with |.||. Given a normed K-vector space (E,|.||), a point z € E
and r > 0, we let BE(z) := {y € E: ||y — || < r} be the open ball of ra-
dius r around z. We write B.(z) := BZ(z) when no confusion is possible.

B,(z):={y € E: |y — z|| < 7} denotes the corresponding closed ball.

1.14. We shall not presume that normed spaces (nor Banach spaces) over
ultrametric fields be ultrametric, unless saying so explicitly. For example, £1(Q,)
is a non-ultrametric (and non-locally convex) Banach space over Q.

The following fact (2, Thm. 12.4]) is essential for our discussion of implicit
function theorems over ultrametric fields:

ProprosITION 1.15: Let (K, |.|) be either R, equipped with the usual absolute
value, or an ultrametric field. Let E and F be topological K-vector spaces
(which need not be locally convex when K = R), f: U — F be a mapping,
defined on a non-empty open subset U C E, and k € Ny. If E is metrizable,
then the following conditions are equivalent:

(a) f is a mapping of class Cg.

(b) The composition foc: K¥+1 — F is of class CE, for every smooth mapping

c K1 S UL

In particular, f is smooth if and only if f o ¢ is smooth, for every k € N and
every smooth map c: K¥ — U.

Finally, let us recall the basics of real and complex analytic mappings.

Definition 1.16 ([4, Defn. 5.6]): Let E be a complex topological vector space,
F be a locally convex complex topological vector space, U C E be an open
subset, and f: U — F be a map. Then f is called complex analytic if it is
continuous and, for every « € U, there exists a zero-neighbourhood V C F such
that £ 4+ V C U and continuous homogeneous polynomials 8,: E — F of degree
n € Ny such that

flx+h)= iﬁn(h) forallheV

n=0

as a pointwise limit.
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Real analytic mappings are defined as follows:

Definition 1.17: Let E be a real topological vector space, F be a locally convex
real topalogical vector space, U C E be open, and f: U — F be a map. Then
f is called real analytic if it extends to a complex analytic mapping V — Fg,
defined on some open neighbourhood V of U in Eg.

Remark 1.18: Real analyticity of a mapping f: U — F is a local property
in the sense that real analyticity of f|y, for an open cover (U;)jes of U en-
tails real analyticity of f. In fact, if f is real analytic locally, then for ev-
ery £ € U we find an open, balanced zero-neighbourhood W, C FE such that
t+ W, C U and flg4w, = 9zle+w, for some complex analytic mapping
9o Vo = (z + W) +iW, — Fc. Given 2,y € U, we have V, , :=V, NV, =
((x + We) N (y + Wy)) + i(Wy N W,), where W, N W, is a balanced open
0-neighbourhood and thus connected. Hence, the connected components of
Ve,y are of the form C + (W, N W,), where C is a connected component
of (zx + W) N (y + Wy). Since g, and g, coincide on C, they coincide on
C +1i(W,NW,) by the Identity Theorem [4, Prop. 6.61I]. Thus g:|v, , = gylv, ,
for all z,y € U, whence g := U,y 92: U ey Vo — Fr is a well-defined complex
analytic mapping extending f.

As a consequence of [2, Prop. 7.7 and La. 10.1], we have:

LEMMA 1.19: Every real or complex analytic map f: U — F as before is of
class Cg°.

For the next observation, see [2, Prop. 7.7]:

LEMMA 1.20: Let E be a complex topological vector space, F be a locally
convex complex topological vector space, U C E be open, and f: U — F be a
map. Then f is complex analytic if and only if f is of class Cg°, if and only if
f is of class CR° and df(xz,.): E — F is complex linear for each x € U.

The Chain Rule for CZ°-functions readily entails that compositions of com-
posable complex analytic (resp., real analytic) mappings are complex analytic
(resp., real analytic).

2. Generalized implicit function theorem in the real and complex case

We begin with a preparatory result, providing continuous implicit functions in
very general situations. A mapping from an open subset of a normed real vector
space to a real locally convex space will be called an FC*-map if it is k times
continuously differentiable in the Fréchet sense (cf. [6, 2.3.1]).
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PROPOSITION 2.1: Let k € NU{oo}, P be a topological space, E a real Banach
space, and U C E an open subset. Suppose that f: P x U — E is a continuous
function such that

(i) fp = f(p,+): U — E is of class FC*, for all p € P, and

(ii) the map P x U — L(E), (p,x) = fy(x) := d(fp)(z,+) = dof(p,x,) is
continuous, where L(E) is equipped with the operator norm.

Let (p,x) € P x U, and suppose that A := fi(x) € GL(E) := L(E)*. Let

0 < a <1<bbe given. Then there exists an open neighbourhood Q) C P of p
and r > 0 such that B := BE(z) C U and the following holds:

(a) fq(B) is open in E, for each g € Q, and ¢q: B — fo(B), ¢q(y) := fo(y) =
f(g,y) is an invertible FC*-map, with inverse (¢q)~!: f,(B) — B of
class FC*.

(b) For allq€ Q,y € B, and s €]0,7 — ||y — z||], we have

3) fa(y) + A-Bas(0) € fo(Bs(y)) € fo(y) + A.Bys(0).

(c) W = U,eq{a} x fo(B)) is an open subset of P x E and the mapping
v: W — B, ¥(q,v) := ¢q'1(v) is continuous. Furthermore, the map
8: Q@ x B — W, 0(q,y) := (¢, f(¢,y)) is & homeomorphism, with inverse
given by 071(q,v) = (¢,%(g,))-
(d) @ x (fp(x) + A.B5(0)) C W for some § > 0.
In particular, for each ¢ € @, there is a unique element 3(q) € B such that
f(q,B(q)) = f(p,z), and the mapping B: @ — B so obtained is continuous.

Proof: In view of hypotheses (i) and (ii), we find an open neighbourhood
@1 C P of p and R > 0 such that Br{z) C U and the following holds:

L. fy(y) € GL(E) for all ¢ € @, and y € Bg(z);

2. |1 fq, (91) 7 fo, (y2) — 1| < § for all g1,¢2 € Q1 and y1,y2 € Br(z);

3. 1) (F2{un) - £5(u2))]| < 1— v for all g € Qs and y,y1, 32 € Br(a);

4 A7 f(y)] < b and [|£}(5) ANl < 1/ for all g € Qs and y € Br().
Choose r €]0, R/2[. There is an open neighbourhood @ C Q; of p such that

(4) IA™"(fo(2) = fp(@)ll <ar/2 forallge Q.

Define § := ar/2. We claim that all assertions of the proposition are satisfied
with @, 7, and 4 as just defined.

(a) Given ¢ € Q, we consider the map h: B — E, h(y) := A™!f,(y). Then
A (y) = 1| = [[A~"fi(y) — 1|l < 3 by 2., whence h is injective. In fact, if
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Y1 # y2 € B, then
lA(y2) = Ryl > lly2 — v1ll = |R(y2) — yo ~ (A{y1) — y1)ll
1
b=l | [0+t ) = 0. - e
1
2 5”3/2 —ull > 0.

Hence also fo|p = Aoh is injective, and since f,(y) € GL(E) forally € B (by 1.)

and f, is FC¥, the standard Inverse Function Theorem [32, Thm. 1.5.2] shows

that fo(B) is open in E and ¢, ': fo(B) — B an FC*-map, where ¢, := f, g’(B).
(b) Let y € B, s €]0,7 — |ly — z]|}, and ¢ € Q. Given z € B,(y), we have

max{|A™" fo(y +t(z —y)l: t € 0,1]} <b

by 4., entailing that

< bs.

1
AL (al2) = fu@))] = H [ a7ttt - e -

Thus fo(2) € fo(y) + A.Bes(0), verifying the second inclusion in (3).
To tackle the first inclusion in (3), let y, s, g be as before; we want to apply
(32, La. 1.5.4] (with p, s’ as below playing the role of , s) to the FC!-map

9: B,(0) > E,  g(v) = fi(y) ™" (foly +v) — fo(¥)).

Let z € Bas(0). Then 2’ := fi(y)™'.A.z € B,/ /5(0) = B, /5(0), by 4. If we
can find w € B,(0) such that g(w) = 2/, then y + w € B,(y) and

foly+w) = f,;(y)g(w) + fo(y) = foly) + Az,

showing that f,(y) + A.z € f,(Bs(y)), as desired. Now, since ||| < sv/a, we
find p €]||2’||/v/a,s[. Then ||| < pv/a = (1 —&')p with 8’ := 1 - \/a. As
p < s, we have B,(0) C B,(0). Also

Ig'(v2) = g' (o)l = 1) " (foly +v2) - fly + ol <1 - Va=+

for all v1,v; € B,(0), by 3. Hence [32, La. 1.5.4] provides w € B,(0) C B4(0)
such that g(w) = 2/, as required. Thus, the first inclusion in (3) holds.

(c)Let ¢ € Q,y € B, and € €]0,r— ||y — z||]. There is an open neighbourhood
V C Q of g such that f(q,y) — f(¢',y) € A.By/2(0) for all ¢ € V. Given
¢ € Vand z € fo(y) + A.Bae/2(0) C for(y) + A.Bac(0), by (b) there exists
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w € Bc(y) € B such that ¢y (w) = fg(w) = 2, whence (¢',z) € W and w =
¢>;,l(z) € Be(y) (which will be useful later). Thus Y := V x (f4(y) + A.Bqe/2(0))
is an open neighbourhood of (g, f,(y)), contained in W. We conclude that W is
open. Furthermore, for all (¢', z) in the open neighbourhood Y of (g, f,(y)), we
have (¢, 2) = qbq_,l(z) € B.(y) = B:(¥(q, f¢(v))). The continuity of ¢ follows.
Now, apparently § is continuous and is a bijection whose inverse has the asserted
form. Hence, the map 1 being continuous, also ! is continuous.

(d) Let ¢ € Q. Using (b) with y := =z, s := r gives fy(z) + A.B4(0) C
£4(B). Hence fy(z)+ A.Bs(0) = fy(z) + A Bayya(0) = (fy(z) - £o(2)) + fola) +
A.Bgr/2(0) C A.Burj2(0) + fo(z) + A-Bayr/2(0) = fo(z) + A-Bar(0) C fo(B),
exploiting (4) for the first inclusion. Therefore {q} x (fp(x) + A.Bs(0)) C W.
The final conclusion is clear; we have 8(q) = ¥(q, f(p, z)) = ¢;*(f(p, z)). 1

LEMMA 2.2: Let P be an open subset of a real topological vector space Z,
E be a real Banach space, U C E be open, f: P x U — E be a map, and
k € NU{oo}. If f is of class C¥*! or if E is finite-dimensional and f is of class C*,
then hypotheses (i) and (ii) of Proposition 2.1 are satisfied. Furthermore, the

mapping
h: Px U — L(E), h(p,z):= fy(z) = df ((p,),(0,+))

is of class C*~1.

Proof: IfE is finite-dimensional and f is of class C¥, then f, := f(p,+): U = E
is a C*-map between open subsets of a finite-dimensional space, hence & times
continuously partially differentiable in the traditional sense, and thus an FC*-
map, as is well-known. Let ey, ..., e, be a basis of E. The mappings PxU — F,
(p,z) — fo(z).e; = d(fp)(z,e;) = df((p,),(0,€;)) being of class C*~1 for
Jj=1,...,n, wereadily deduce that P x U — L(E) & M,(R), (p,z) — fi(z) is
C*-1 and hence continuous.

If E is infinite-dimensional and f is of class C**!, then, for each p € P,
fo == f(p,s): U — E is a C¥*1-map (in the Michal-Bastiani sense) between
open subsets of Banach spaces and therefore an FC*-map (see [29, Cor. 2.7.2
and p. 110], or, for a direct proof, {17, appendix|). The continuous linear map
X E — Z x E, AMy) := (0,y) gives rise to a continuous linear (and hence
smooth) map

L(\ME): L(Z x E,E) - L(E), A~ Ao,
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where L(Z x E, E) is equipped with the topology of uniform convergence on
bounded sets. The mapping h can be written as the composition h = L(A, E)of’,
where

fPxU—=L(ZxE,E), f(pz):=df((pz),

is of class C*¥~1 by [17, Prop. 2.1] (which remains valid for non-locally convex
domains, with identical proof). Hence k is C*~! {and thus continuous). |

THEOREM 2.3 (Generalized Implicit Function Theorem): Let k € N U {oo},
K € {R,C}, Z be a topological K-vector space, P C Z an open subset, E a
Banach space over K, U C E an open subset, and f: P x U — E a map.

We consider two situations:

(i) K=R and f is of class CE™; or K = R, E is finite-dimensional, and f is
of class Cf; respectively:

(ii) f is K-analytic.

Let (p,z) € P x U, and suppose that A = fy(z) € GL(E), where f, :=
f(p,«). Furthermore, let 0 < a < 1 < b be given. Then there exists an open
neighbourhood @ C P of p and r > 0 such that B := B.(z) C U and the
following holds:

(a) fq(B) is open in E, for each ¢ € Q, and ¢: B — fo(B), ¢q(y) := fo(y) =
f(g,y) is an invertible FC*-map (resp., K-analytic map), whose inverse
(¢q)™*: fo(B) — B is of class FC* (resp., K-analytic).

(b) Forallg€ Q, y € B, and s €]0,7 — ||y — z||], we have

foly) + A.Bos(0) C fo(Bs(y)) € fo(y) + A.Bys(0).

(c) W = Ugeo({g} x fo(B)) is open in Z x E, and the map ¢: W — B,
¥(g,v) := ¢7 ' (v) is of class C§ (resp., K-analytic). Furthermore, the map
9: @ x B - W, 0(q,y) = (g, f(g,y)) is a Ck-diffeomorphism (resp., a
K-analytic diffeomorphism), with inverse given by 0~ 1(q,v) = (q,%(q,)).
(d) Q x (fp(z)+ A.Bs(0)) C W for some § > 0.
In particular, for each ¢ € Q there is a unique element 3(q) € B such that
f(g,8(q)) = f(p,z), and the mapping B: @ — B so obtained is of class Ck
(resp., K-analytic).

Proof: Let f, p, x, a, and b be given as described in the theorem. Then
hypotheses (i) and (ii) of Proposition 2.1 are satisfied, by Lemma 2.2. We let
Q,r, B,W, 4,8, and § be as described in Proposition 2.1. Then (b) and (d) of
the theorem hold by Proposition 2.1 (b) and (d), and in view of Part(a) of the
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proposition, apparently Part(a) of the theorem will hold if we can establish(c).
We already know that W is open, and we know that v is continuous.

Let us assume first that we are in the situation of (i), and prove by induction
onj € N, j < kthat ¢ is of class C&. Ifj=1,let (¢,v) € Wand (q,v;) € ZXE.
Set y := ¢7 ' (v). There exists 7 > 0 such that (g, v)+]—7,7[(g1,v1) C W. Define
g: |-7,7[xU — R x E via g(t,u) := (t, f(g + tq1,u)). Then g is a mapping
between open subsets of the Banach space R x E which is of class CE if E (and
thus R x E) is finite-dimensional, otherwise of class C[ﬁ“. In any case, ¢ is an
FC*-map and thus an FC'-map, and apparently ¢’(0,y) is invertible, as it can
be considered as a lower triangular 2 x 2 block matrix with invertible diagonal
entries idg and f (y). By the classical Inverse Function Theorem for Banach
spaces ([32], Theorem 1.5.2), we find 0 < ¢ < min{7,r — ||y — z||} such that g
restricts to an FC!-diffeomorphism h from -0, [x B, (y) onto an open subset
S CRxE. Thereis0 < k < ¢ and an open neighbourhood V' C E of v such that
]—&,k[xV C S. Then apparently h~1(¢t,w) = (t,d),;lcql(w)) = (t,¥(q + tq1, w))
for all (t,w) €]—k, k[xV, entailing that |—k,&[xV — E, (t,w) — (g + tq1,w)
is an FCl-map. After shrinking x, we may assume that v+]—k,&[v; C V.
Then, by the preceding, c: |-k, k[— E, t — ¥(q + tq1,v + tvy) is of class Cj,
and thus dy((q,v), (q1,v1)) = ’(0) exists. Since f(q + tq1,c(t)) = v + tvy, the
Chain Rule and the Rule on Partial Derivatives give

v= t:(]f(q+ tq1, c(t))

= d1 f(g,¥(q,v); q1) + d2f (g, ¥(q, v); d¥((g, v), (g1, v1)))-
Now daf(q,¥(q,v);») = fo(¥(g,v)) is invertible by Proposition 2.1(a). Thus
dw((qvv)’ (Q1,U1)) = fé(l/)(q,’l)))_l.('l.ll - dlf(‘]vd)(q’q}); ql))
= E(fé(l,[}(q,v))_l,lh - dlf(%d)(%v); QI))

for all (q,v) € W and (q;,v1) € Z x E, where ¢: L(E) x E — E is the bilincar
evaluation map, which is continuous since E is normed. Now ¢, ¥, d f, inversion
t: GL(E) — GL(E) and the mapping

(5)

(6) PxU— L(E), h(s,u):= fl(u)

being continuous, we deduce from (5) that dy: W x Z x E — E is continuous,
whence ¥ is of class Cg. Similarly, if 1 < j < k and % is of class C’é by induction
hypothesis, using that ¢ (being continuous bilinear), ¢ (cf. [16]) and the map in
(6) (by Lemma 2.2) are of class C[é, we deduce from (5) and the Chain Rule



220 H. GLOCKNER Isr. J. Math.

that dy is of class C}ft- Thus 9 is Cg with dy of class C]ﬂ, and hence ¥ is of
class C3™* (cf. [12]). Thus, the assertions of the theorem hold in situation (i).

We may pass to the complex analytic and real analytic cases using standard
ideas from the finite-dimensional case (cf. [9, (10.2.4)]). Indeed, if K = C and f
is complex analytic, then f is of class Cg° in particular, and thus % is of class Cg°,
by what has already been shown. Equation(5) shows that dy(w,«): Z x E —
Z x E is complex linear, for all w € W. With Lemma 1.20, we deduce that
¥ is complex analytic. Finally, assume that K = R and assume that f is real
analytic. Equip E¢ = F x E with the maximum norm. Given (gq,2) € W,
set y := ¥(q,z). There is a complex analytic function F: Y — Eg¢, defined
on an open neighbourhood Y of P x U in Z¢ x Eg, such that F|pxy = f.
Then daF(gq,;+) = fy(y)c being invertible, by the complex analytic case of the
theorem just established, there exist open neighbourhoods Py C Z¢ of ¢ and
r1 > 0 such that P; x By C Y with B; := BF¢(y), and such that F(p1,.)|s,
is a complex analytic diffeomorphism onto an open set, for each p; € P, and
also W; := UplePl{pl} x F({p1} x B1) is open in Z¢ x E¢, and ¢,: Wy — Eg,
P1(p1,v1) == (F(p1,+)|B,) " (v1) is complex analytic. Then QN P; and BN By
are open neighbourhoods of ¢ and y in Z and E, respectively. The map 6 being
a homeomorphism onto the open set W, we deduce that

W= |J ({s} x fo(BNB1) =6((QN P) x (BN By))
SEQNP;
is open in Z x E. Then ¢;: Wy — E¢ is a complex analytic map on an
open neighbourhood of W, in Z¢ x E¢ which extends ¥|w,, and thus ¢|w, is
real analytic. Being real analytic locally by the preceding, v is real analytic
(Remark 1.18). |

3. Strict differentiability

We now leave the framework of real and complex analysis and turn to differen-
tial calculus over arbitrary valued fields. In order to be able to prove implicit
function theorems, we require a differentiability property which is stronger than
being C!, namely “strict differentiability.” In this section, we recall the defini-
tion of strictly differentiable mappings from open subsets of normed K-vector
spaces to polynormed K-vector spaces, where K is a valued field. We show
that every strictly differentiable mapping is of class C', and we show that, con-
versely, every mapping of class C? from an open subset of a normed space to a
polynormed K-vector space is strictly differentiable.
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Definition 3.1: Let K be a valued field, E be a normed K-vector space, F' a
polynormed K-vector space, U C E be open, and f: U — F be a map. Given
z € U, we say that f is strictly differentiable at z if there exists a continuous
linear map f'(z) € L(E, F) such that, for every € > 0 and continuous seminorm
v on F'| there exists § > 0 such that

1£(2) = f(y) = f'(2)-(z = Y)lly <ellz -yl

for all y,z € U such that ||z — z|| < § and [ly — z|| < 6. The map f is called
strictly differentiable if it is strictly differentiable at each z € U.

It is clear that f'(z) is uniquely determined in the preceding situation.

If £ is a normed vector space over a valued field K, and F a polynormed
K-vector space, we equip the space L(F, F) of continuous K-linear mappings
E — F with the topology of uniform convergence on bounded subsets of E. This
topology makes L(E, F') a polynormed K-vector space, whose vector topology
arises from the family of continuous seminorms

IAll;y := sup{||A-v]l, - [vl|7*: 0 # v € E} € [0, 00]

(cf. [42], p. 59), where 7 ranges through the continuous seminorms on F. If also
F is normed, with norm v, then L(E, F') is normable; its vector topology arises
from the operator norm ||| := ||.4.

LEMMA 3.2: Let K be a valued field, F be a normed K-vector space, F a
polynormed K-vector space, U C E be open, and f: U — F be a strictly
differentiable map. Then f is of class C!, we have f'(z) = df (x,.) forallz € U,
and the mapping

f"U— L(EF), z~ f'(x)

is continuous.

Proof:  Directional derivatives. Given x € U and y € E, let us show that
the directional derivative df (z,y) exists, and is given by f/'(z).y. For y = 0
this is trivial. If 0 # y € E, there exists r > 0 such that z + ty € U for all
0 # t € B.(0) C K. By strict differentiability of f in z, for every continuous
seminorm v on F' we have

iz +ty) - f(z) = fi@)tylly
Iyl el 0

as t — 0, showing that df(z,y) = limoxs—o 1(f(z + ty) — f(z)) = f'(2)y
indeed.

H% (fl@+1ty) - f(z)) - f’(x)y“w =
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f' is continuous. In fact, given € > 0 and a continuous seminorm v on F, we
find § > 0 such that ||f(2) — f(y) — f'(2)-(z = Y)lly < ellz—y| for all y,2 € U
such that |ly — z|| < § and ||z — z|] < é. Let y € U such that ||y — z|| < 4.
Then, given 0 #u € Ewehave y +tu € U and |y +tu—z|| < 6 for all t € K*
sufficiently close to 0, entailing that

1 w) - £@)-ally = lim |ty + ) = £0) = 7@

Iy + tu) - f(y) - f'(@)-(tully _ llul| - €
leul B

= [lu/ - lim
t—0

As a consequence, | f'(y) — f'(z)|ly < e for all y € U such that ||y — z|| < 4,

showing that f’: U — L(E, F') is continuous.

f is of class Cy. Note first that f is continuous. In fact, given z € U, £ > 0,
and a continuous seminorm v on F, we find § > 0 as in Definition 3.1. Pick
0 < p < & such that p- (e + | f'(x)|ly) < . Then, for all y € B,(z) NU, we
estimate

1£() = f@y < IHf @) = £@) = f(2) -y = D)y + 1/ (2)-(y - 2l
Se-lly—zl+1f @y vy -zl <e

We deduce that f is continuous.

Next, let W := {(z,y,t) € Ull: t £ 0}. Define g: Ul — F via g(z,y,t) :=
Hf(z + ty) — f(x)) for (z,y,t) € W, g(z,y,0) := f'(z).y for (z,y) € U x E.
Then glw is continuous since f is continuous, and glyxgxo}: U x Ex {0} = F
is continuous since f’ and the evaluation map L(E, F) x E — F are continuous
(the space E being normed). Hence g will be continuous if we can show that
9(Ta, Yarta) — 9(z,y,0), for every net ((o,Ya,ta))aer in W which converges
to some (z,y,0) € UM, Since ||lya|]| < |ly]l + 1 eventually, we may assume
without loss of generality that |jyafl < |lyl| + 1 for all a. If y¥ # 0, then y, # 0
eventually, whence we may furthermore assume in this case that y, # 0 for
all a. Then, for a given «, we either have y, = 0 (in which case y = 0 by the
preceding): then

9(Za: Yar ta) — gz, ¥, 0)l| = 1|0 — Off = 0;
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or we have y,, # 0, in which case

”g(maaya,ta) - g($7y7 0)”7
= (/{20 +tat) = f(@2)) = F @]
| f(Za + taya) = f(2a) = f'(%)-taYa

< ol - el b @) v - )l
e A B AL et

where the first term tends to 0 as « increases since f is strictly differentiable
at z, and the second term tends to 0 for trivial reasons. ]

We want to show that every C?-map is strictly differentiable. The proof
hinges on symmetry properties of fI!! and f[2, as described in the following
lemma:

LeEMMA 3.3: Let E and F be topological vector spaces over a non-discrete
topological field K, and f: U — F be a map, defined on an open subset of E.
(a) If f is C', t € K*, and (x,y,5) € E x E x K such that (z,y,ts) € Ul
then also (z,ty,s) € UM, and

(7) tfW(z, y,ts) = fll(z, ty, s).
(b) If f is C?, te KX, z,r1,y,y1 € E and s, s1, sy € K such that
((ZE,y, tS), (J;laylatsl),t'32) (S U[2],

then also ((z,t%y, s/t), (tz1,t3y1, 1), 52) € U, and
(8)
t3f[2]((l', Y, tS), (1"1, Y1, tsl)at52) = f[zl((xa t2y, S/t)’ (txlatsyla Sl)a 32)-

Proof: (a) Since z + (ts)y = x + s(ty), it is obvious that (z,ty, s) € UM if and
only if (x,y,ts) € U, In this case, we have

1
tfU(z, 5, t5) = ~(f(z + tsy) — f(2)) = fU(z, ty, s)
provided s # 0; if s = 0, then fl(z,ty,s) = fl(z,ty,0) = df(x,ty) =
tdf (z,y) = tf(z,y,0) = tfll(x,y,ts). Thus (7) is established.

(b) Let t € K*, z,y,21,y1 € E, and s, 51, 82 € K such that

(('777 Y, tS), (xla W, tSl), t32) € U[2]
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Then (z,y,ts) € UM and hence also (z,t%y,s/t) € U, by Part (a). If s, = 0,
this entails that ((z,t2y, s/t), (tz1,t3y1, 51), 82) € U If 55 # 0, we calculate:

f[2](((lj,y, t8)7 (xlaylatsl)ats2)
= (fll])[ll((x7ya tS), (zhylvtsl)’ts?)

1

= t—s—z(f[ll(x + tSo1, Y + tSoyr, t5 + 25159 )— fm(x,y, ts )
=t2(s/t+s182) =t2.g/t

. 1

N t382

1
= t_3f[2](($» tzy, S/t), (txlvtsylv 31)7 52)a

(fm (x + tsqx, t2y + t3sqy1, s/t + s152) — f[l](ac, t2y, s/t))

showing that ((z,12y, s/t), (tz1,t%y1,51),52) € U and (8) holds, when s5 # 0.
Here, we used {a} to pass to the third line. Letting so # 0 tend to 0, by the
continuity of the functions involved (8) remains valid for so = 0. |

Cf. also (16, La. 6.8] for a (less explicit) result concerning f(*! for arbitrary k.
We are now in the position to prove:

PROPOSITION 3.4: Let K be a valued field, E be a normed K-vector space, F'
a polynormed K-vector space, U C E be open, and f: U — F be a mapping of
class C2%. Then f is strictly differentiable.

Proof: Given z € U, let us show that f is strictly differentiable at z. For all
y,z € U, we have

(9)
f2)=fy) = f'(2).(z - y)

=f)~fW) - @)=+ F@)-(z—y) - f(z).(z - y)
= My, z —y,1) — My, 2 - 5,0)+ fy, 2 - 4,0) - (7,2~ y,0)
= f[2]((y7 =Y, O)’ (07 0: 1)a 1) + f[Z](('T7 z = yvo)a (y - T, 0’ 0)7 1)

Let us have a closer look at the individual terms. For each t € K*, we have

(10)

f[2]((y3z - yao)? (050, 1)3 1) = f[Z]((yyt2 ’ tiz(z - y)7 % ) O)’ (t . 07t3 ) 07 l)’ 1)

= 819y, (2~ 1),0,(0,0,0).),

by Lemma 3.3(b). The map f@((z,.,0), (y—2,0,0),1) = f'(y) - f'(z): E— F
is linear. Furthermore, we have

(11) 2@z~ 9,0, - ,0,0,1) = s/P (2,5~ 3,0), (v - 2),0,0),5)
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for all s € K*, by Lemma 3.3(a). Let € > 0 and + be a continuous seminorm
on F. Since f((z,0,0),(0,0,0),0) = d%f(z,0,0) = 0, in view of the continuity
of f2 and openness of U, there is § > 0 such that ((u,v,0),(w,0,a),b) €
U and

12 (w0, 0), (w,0,a), )1, <€

12
(12) for u € BE(z), wv,we BF(0), a,be BX(0).

We may assume that § < 1. Pick p € K* such that |p| < 1, and s € K* such
that |s| < &|p|?/2. Define r := min{|s|d, §6*|p|°®}. Let y,z € BEF(x) C U such
that y # 2. Then there is a unique integer k£ € Z such that

k1o, /12—l
lp]"™ < —

Set t := p*. Then ||t~2(z — y)|| = |o| =[]z — y|| < 4,

SRR L _ ot
=1l < oy —|p| \/‘“Ipl 3 <?

and
|t — |l lp*+2 _ |ol*? /Hz— /
2 =yl llz = yH -0 T 5|P|3 - 5|P|3
1 / 1
< 2 6 — —
= 6|p|3 'pl 9

Hence, using (10) and (12) (with u :=y),
(13)
/P (9,2 = ,0),(0,0,1), Dlly _ _ [t
2=yl IRERE]
<e/2.

<|pl*.

|||f[2 (v, 5 ( ¥),0),(0,0,1), )]l

Using (11) with s as just chosen, we obtain
llf[Q]((.’L', Y, O)’ (y — -T707 0)7 I)II’Y
Iz =yl
ls|

) = e =00, (G- 2).0.0,9)],

lﬁl Vf"y” 172w, o7 (2 = 1),0), (5 (3 = 2),0,0), 5}y < /2.

Indeed, |s| < & by choice of s, |s| ™|y —z|| < |s|~!r < &, and |p|~2*||z —y|| < 4,
whence || f3((z,p~%*(z - y),0), ((y — 2),0,0), 5)|ly < € holds, by (12). Also
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Is|lp)®* )|z — ylI=* < |s|/8]p|* < 1. By (9), (13) and (14), we have
I1f(z) = f(y) — f'(=)-(z — y)lly

llz —yll
for all z # y € B(z) CU. Thus f is strictly differentiable at . |

<eg

A variant of Proposition 3.4 involving parameters will be needed later:

LEMMA 3.5: Let (K, |.|) be a valued field, E be a normed K-vector space, U C E
an open subset, F' be a polynormed K-vector space, Z a topological K-vector
space, and P C Z be open. Let f: P x U — F be a C§-map. Then the map

(15) h: PxU — L(E,F), (p,z)r fi(z)

is continuous, where f, := f(p,.) and f (z) := d(f,)(z,).
For allp € P,z € U, € > 0 and continuous seminorm  on F, there exists a
neighbourhood @ of p in P and r > 0 such that

(16)
1 fa(2) — fo(y) — fo(z).(z = y)ll4
2= yll
Proof: Let pe P,z €U, e >0, and ¥ be a continuous seminorm on F'. Since

<e forallge Q andy+# z € B.(x)NU.

g PxUB S F (q2)— (f)P(2)

is continuous as a partial map of f2! and g(p, (z,0,0), (0,0,0),0)=d?(f,)(z,0,0)
= 0, there exists § > 0 and an open neighbourhood @ of p in P such that
((’LL,’U,O), (wvoaa)7b) € U[2] and

1(f2)P((w, v, 0), (w,0,a), b)]l, = llgg, (u,,0), (w,0,a),b)]l5 <e,

for all ¢ € Q, u € BE(z), v,w € BF(0), and a,b € B¥(0). For each fixed
q € Q, replacing f with f, in the preceding proof, we find r (independent of g)
as described there and can repeat the estimates verbatim, to obtain (16).

To see that h is continuous, let p € P, x € U, € > 0 and a continuous
seminorm v on F be given. Since f1(((p,z), (0,0),0),((0,0),(0,0),0),0) =
df((p,z),(0,0),(0,0)) = 0 and f¥?! is continuous, there is § > 0 and a balanced
zero-neighbourhood V' C Z such that

172 (((p, ), (0,1),0), (v, 2),(0,0),0),t) |y < &

for all u,z € BE(0), v € V, and t € B¥(0). Pick p € KX such that |p| < 1, and
pick ¢ € K* such that |t| < §|p|. Define r := §|t|. We claim that

(7) Ife@) = fp(@)lly <&
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forallg e PN (p+tV) and y € B.(z) NU. To see this, let 0 # u € E. There
is a unique k € Z such that |p|**! < |lu||/6 < |p|*. Then, using Lemma 3.3(a)
and linearity in wu,

I(fa(v) — fp(2))-ully
llul

— Hf[2](((p’ .’L‘), (O’U)»O)’ ((q -pYy-—- .Z'), (0’ O)’O), 1)”7
[[ul

k
_ MLy pei(((p,2), (0, u),0), (g = ), 2w — 2)), (0,0, 0), )
lu t !

<eg

)

whence (17) holds. Hence A is continuous, which completes the proof. 1

4. Uniform differentiability

For mappings on open subsets of finite-dimensional topological vector spaces
over locally compact topological fields with values in polynormed spaces, the
results of the preceding section can be strengthened substantially: such a map-
ping is of class C! if and only if it is strictly differentiable, if and only if it is
“locally uniformly differentiable.”

Definition 4.1: Suppose that (K,|.|) is a valued field, (E,||.||) a normed K-
vector space, F' a polynormed K-vector space, U C E an open subset, and
f: U — F amap. Then f is called uniformly differentiable if there exists a
function f’: U — L(E, F) such that, for every £ > 0 and continuous seminorm
v on F, there exists § > 0 with the following property: for all z,y,2 € U such
that ||y — z|| <4, ||z — z|| < & and y # 2, we have

1f(z) = fw) = f'(@)-(z = W)y
Iz —yll

< E.

We call f locally uniformly differentiable if every x € U has an open neigh-
bourhood V' C U such that f|y is uniformly differentiable.

Remark 4.2: 1t is apparent from the definitions that every locally uniformly
differentiable mapping is strictly differentiable.

Remark 4.3: Strengthening Lemma 3.2, it is easy to see that f': U — L(E, F)
is uniformly continuous, for every uniformly differentiable map f: ED U — F.
As we shall not need this fact, the simple proof is omitted.
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LEMMA 4.4: Let K be a locally compact, non-discrete topological field, and |.|
be an absolute value on K defining its topology. Let E be a finite-dimensional
normed K-vector space, F' be a polynormed K-vector space, U C E be open, and
f: U — F be a mapping of class C'. Then f is locally uniformly differentiable.
If, furthermore, U is compact, then f is uniformly differentiable.

Proof: (cf. [43], Exercise 28E(ii) when E = F = K). Pick 0 # p € K such that
lp| < 1. Let V C U be an open subset with compact closure V C U. Define
f':U — L(E, F), f'(z) := df (z,.) = fll(z,.,0). Given ¢ > 0 and a continuous
seminorm v on F, consider the continuous function

Then V x BF/I [(0) x {0} CU x E x {0} C Ul is a compact subset on which
g vanishes identically. Using a compactness argument, we find o > 0 such that

VX BF/I 1(0) % BX(0) C UM and such that ||g(z,y,t)|l, < €/2 for all (z,y,t) €
VXBﬁmﬂanKm)L%eh .,e, be a basis of E, and e},...,e’, € E’ be its
dual basis.

Given A € L(E, F), for each 0 # v € E we have

Ay e A617 L e (v
a7 -1 T <2 ol 'AQHWZH@@H 4.l

Thus

n
(18) IAlly <Y llesll- | Aeilly for all A€ L(E, F).

i=1

Let i € {1,...,n}. The mapping V — F, z — df(z, e;) being continuous and
thus uniformly continuous, we find §; > 0 such that

l1df (y, €:) — df (z, €3)lly < &/(2nlef[])

for all 2,y € V such that ||z — y|| < 6;. Define ¢ := £ min{0,d1,...,0n}. By
(18) and the choice of §;, we have ||df (y,+) — df (z,+)|ly < g/2 for all z,y € V
such that ||z — y|| < 24.

Let z,y,z € V be given such that y # z, |ly — x|l < §, and |}z — =}| < 0.
There exists k € Z such that |p|**! < ||z — y|| < |p|¥. We set s := p**1. Then
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Iz =9l <1/lpl, Is| = p/*** < ||z — y| < 26 < 7, and ||z — y|| < 26. Thus

1£(2) = fy) = f'(2)-(z = w)lly

== ol

@) = 10) - F@)-E= 0, 1) - £ @)=Yl

B Iz =yl Iz —yll
sl o L

=y @ = s - ) -+

<[l 5= 08) - (w5 - w,0)]| +
om0 5 <

Hence f|v is uniformly differentiable. The first assertion readily follows. For
the second assertion, choose V := U in the first part of the proof. ]

We also need a variant of Lemma, 4.4 involving parameters.

LEMMA 4.5: Let K be a locally compact, non-discrete topological field, and |.|
be an absolute value on K defining its topology. Let E be a finite-dimensional
normed K-vector space, U C E be open, F be a polynormed K-vector space,
and P be a topological space. Let f: P x U — F be a continuous mapping
such that f, :== f(p,+): U — F is of class Cg for all p € P, and such that the
mapping

PxUM S F  (py)~ (f)"()

is continuous. Let p € P and u € U be given. Then, for every ¢ > 0 and
continuous seminorm y on F, there is a neighbourhood Q) of pin P and § > 0

such that
1fa(2) = fo() — fo(w)-(z = 9)lly _
€
Iz -yl
for all ¢ € Q and y, 2 € Bs(u) NU such that y # z, where fi(u) := d(fg)(u,.).

Proof: Let € > 0 and v be given. Pick 0 # p € K such that |p| < 1. Let
V C U be an open neighbourhood of u with compact closure V C U. Consider
the continuous mapping

g: P x U[I] - Fa g(anay’t) = fzgll(mvyvt) - fzgll(xayvo)

Then {p} x V x B}, ,(0) x {0} C P x U x E x {0} C P x UM is a compact

subset on which g vanishes identically. Using a compactness argument, we find
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o > 0 and a neighbourhood Py of p in P such that V x BF/IPI(O) x BX(0) c vl
and such that

llg(q,z,y,t)|ly <e/2 for all (q,z,y,t) € Pyx V x B{E/IPI(O) x BX(0).
Let ey,...,e, be a basis of E, and e},...,e! be its dual basis. Using the
compactness of V, we find a neighbourhood Q C Py of p and x > 0 such that
|dfy (2, €:)—dfy(y, €:)lly < €/2n|e}|| forallg € Q,i € {1,...,n},andally,z € V
such that ||z — y|| < k. Define 6 := min{o/2, s/2}. Re-using the estimates from
the proof of Lemma 4.4, we see that the assertion of the lemma is satisfied for Q)
and 4. |

5. Strict differentiability of higher order

Generalizing the standard notion of (once) strictly differentiable mappings, in
this section we define and discuss k times strictly differentiable mappings on
open subsets of normed vector spaces over valued fields.

Definition 5.1: Let K be a valued field, £ be a normed K-vector space, F'
be a polynormed K-vector space, and U C E be an open subset. A function
f: U — F is called an SC°-map if it is continuous; it is called an SC*-map
if it is strictly differentiable (and hence C! in particular). Inductively, having
defined SC*-maps for some k € N (which are C* in particular), we call f an
SC*t1l.map if it is an SC*-map and the map f*I: Ul — Fis SC!, where E¥]
is equipped with the maximum norm. The map f is SC™ if it is an SC*-map
for all k£ € Np.

Remark 5.2: In other words, f is SC* if and only if f is C* and fV): UVl - F
is strictly differentiable for all j € Ny such that j < k. It follows from this and
1.4 that f is SC* if and only if f is SC* and flUl is SC*-1.

Remark 5.3: If f: E D U — F is of class C**! in the preceding situation,
then f is an SC*-map. In fact, for every j € Ny such that j < k, the map
fUl is of class C*¥*+1=7, where k + 1 — j > 2, and hence strictly differentiable by
Proposition 3.4.

Remark 5.4: A mapping from an open subset of a finite-dimensional K-vector
space to a polynormed K-vector space over a locally compact, non-discrete topo-
logical field K is of class C* if and only if it is an SC*-map, by a simple induction
based on Lemma 3.2, Lemma 4.4, and Remark 5.2.

Compositions of composable SC*-maps are SC*.
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PRrOPOSITION 5.5: Let K be a valued field, E and F be normed K-vector spaces,
G be a polynormed K-vector space, and U C E, V C F be open subsets. Let
k € NoU {oo} and suppose that f: U -V C F and g: V — G are SC*-maps.
Then go f: U — G is an SC*-map.

Proof: We may assume that & < oo; the proof is by induction. The case
k =0 is trivial. The case k = 1 is known (cf. [6, 1.3.1], where however no proof
is given), and can be shown as follows: Given z € U, let v be a continuous
seminorm on G, and £ > 0. Set

¢ = rnin{ 1 ! } <1
o 2l @)+ 1) 2(lg'(f(@)lly + 1) '

By strict differentiability of ¢ at f(z), there exists » > 0 such that

lg(z) — gy) — ¢'(f(x))-(z = W)y < €'llz—yll forally,z € Bf (f(z))NV.

By strict differentiability of f at x and continuity of f at x, there exists § > 0
such that

1£(2) = f(y) = f'@).(z =l <l =yl for all 2,y € Bf () NV,

and f(y) € BF(f(z)) for all y € BE(z) NU. Then

lg(£(2)) = g(fW)) — ¢'(f(@))-F'(2).(z = )l
<llg(£()) —9(f (W) — ¢'(f(2)-(£(2) = FW)l4
+lg'(f(=)).(f(2) = f() = F'(2).(z = 9l
<e' |f)—fW)l +lg' (F@lly - Nz - vl
AR

<UF @) l1+e) =yl
<ellz ~yll

for all y,z € BF(z) N U, whence g o f is strictly differentiable at z, with
differential (g o f)'(z) = ¢'(f(z)) o f'(z).

Induction step. Assume that 2 < k € N, and suppose that the assertion is
correct when k is replaced with k — 1. Let f and g be SC*-maps, as above. By
the preceding, g o f is an SC'-map. We also know that

19) (g0 HM(z,y,t) = g™ (f(z), FM(z,y,2),8) for all (z,y,t) € UM,

where f{1l and gl!l are SC*~1-maps (cf. (2)). Now f being an SC*-map and thus
an SC*~!.map, and the continuous linear map E x E x K — E, (z,y,t) — x
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being an SC*~1-map, by induction the composition UlY — F, (z,y,t) — f(x)
is an SC*~1-map. Also UMY — K, (z,y,t) — t is an SC* -map, being the
restriction of a continuous linear map. As a consequence,

T(f): VW S VO (2,y,1) = (f(2), fD(z,,8),8)

is an SC*~1-map, its components being SC*¥~1 (cf. [2], proof of La. 4.4). But
thus (go f)ll = glt} of( f) is an SC*~1-map, by the induction hypothesis. Now
go f being SC! with (go f)IM being SC*~!, we deduce that go f is an SC*-map
(see Remark 5.2). |

6. Newton approximation with parameters

In this section, we discuss Newton approximation and Newton approximation
with parameters, as the basis for our inverse function theorems (resp., implicit
function theorems) for valued fields. Our first lemma can also be considered as
a Lipschitz Inverse Function Theorem.

LEMMA 6.1 (Newton approximation): Let (E,|.||) be a Banach space over a
valued field (K, |.|). Let r > 0, ¢ € E, and f: B.(z) — E be a mapping. We
suppose that there exists A € GL(E) := L{E)* such that

D =) = A0 g s o ]
Iz~ 3 02 € B,(@)y # 2} <

(20) o:= sup{

Then the following holds:
(a) Leta:=1-o0||A7!| €]0,1] and b:= 1+ a||A™"|| € [1,2[. Then

(21) allz—yl < |IA7"f(2) ~ AT f W) S bllz—yll for all y, z € Br(z).
For every y € B.(z) and s €]0,r — ||y — z||], we have

(22) f(y) + A.Bas(0) S f(Bs(y)) € f(y) + A.Brs(0).

In particular, f has open image and is a homeomorphism onto its image.

(b) If (K,|.|) is an ultrametric field in particular and (E, ||.|) an ultrametric
Banach space, then A~! o f: B.(z) — E is isometric. For each y € B,.(z)
and s €]0, 7|, we have Bs(y) C B.(z) and

(23) f(Bs(y)) = fy) + A.Bs(0).

Proof (cf. [43, Lemma 27.4] when E = K is a complete ultrametric field.
Compare also [30, Theorem 6.3.6] for a related result in the real case):
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(a) Given y, 2z € B,(z), we have

[A™Lf(2) = ATV f @) = AT (f(2) = f(y) = ALz =) + 2 — y|
<SHATH- () = £) — Az = )l + N1z — g
< (@AM + Dz -yl = bllz -y

and

lz =yl = IA™".(f(2) = f(y) = A(z =) = (A7".f(2) = AL F @)
<NATH I (2) = £(y) = Az =l + A7 f(2) = A7Lf ()
<ollATH Nz =yl + 147 f(2) = A £ (W),
whence (21) holds. As a consequence of (21), A™! o f and hence also f is
injective and a homeomorphism onto its image. Now suppose that y € B,.(z)
and s €]0,r — |y — z||]. By the preceding, we have f(B,(y)) C f(y)+ A.Bus(0).

To see that f(y) + A.Bas(0) C f(Bs(y)), let ¢ € f(y) + A.B,,(0). There exists
t €]0, 1] such that c € f(y) + A.Btas(0). Given z € Bg(y), we define

9(z) == 2= AT (f(2) — ©).
Then g(z) € By (y), since

lg(z) =yl < 2 =y~ A7 f(2) + AT f ()| + A e~ AT F )]
<l A=t follz—yli <l A= lost <ats

< (| A o + a)st = st.

Thus g(Bs:(y)) € Bsi(y). The map g: Byt(y) — Bat(y) is a contraction, since

lgw) = g(@)I| = u — v — A™".(f(w) ~ FW))
(24) AT I (u) = f(v) = A(u =)

<o AT [lu = o]

for all u,v € Bg(y), where |[A~!|jc < 1. By Banach’s Contraction Theorem
([43], p. 269), there exists a unique element zy € By (y) with g(29) = 2o and
hence f(zp) = 2. This completes the proof of (a).

(b) Let (K,|.|) be an ultrametric field now and (E,|.]]) be an ultrametric
Banach space. For all y,z € B,(z) such that y # 2, we have the inequalities
JA1(2) = A1) - (2 = )l < A7 1£(2) ~ F0) - ALz =)l < 12—l
using (20) to obtain the final inequality. Hence, the norm .|| being ultrametric,
we must have [A7Y. f(2)- AL f ()| = |z—y||. Thus A~1of is in fact isometric.
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If y € B.(z) and s €]0, 7], then B,(y) C B,(y) = Br(x), as ||.| is ultrametric.
The map A~! o f being isometric, we have f(B;s(y)) = A.(A71 o f)(Bs(y)) C
A.Bs(A7L.f(y)) = f(y) + A.B;(0). If c € f(y) + A.B,(0) is given, define

g(z) := 2~ A" (f(2) —¢c) for z € By(y).

Then

lg(z) =yl = l(z ~9) = (A1 f(z) = A7LF (@) + A7 (e — fF)I
< max{|lz —yll, 147" f(2) = AT W NAT (e~ fF)I < s

for z € B,(y), whence g(z) € B,(y). The map g: Bs(y) — B;(y) is a contraction,
by the calculation from (24). Recall that, the norm on E being ultrametric, the
open ball By(y) is also closed and therefore complete in the induced metric.
By Banach’s Contraction Theorem ([43], p. 269), there is a unique element
zp € Bs(y) such that g(z9) =2y and thus f(z9)=c. The proof is complete. |

More generally, we shall need Newton approximation with parameters.

LEMMA 6.2 (Newton approximation with parameters): Let (E,|.]]) be a
Banach space over a valued field (K, |.|}), and P be a topological space. Let
r>0,z € E, and f: Px B — E be a continuous mapping, where B := BE(z).
Given p € P, we abbreviate f, := f(p,.): B — E. We suppose that there exists
A € GL(E) := L{E)* such that
(25)

7 oo s ) = o) = Az )

(ER|

1
:pEP,y,zEB,y#z}<m.

Then f,(B) is open in E and f,|p is a homeomorphism onto its image, for each
p € P. The set W = J,cp{p} X fp(B) is open in P X E, and ¥: W — E,
¥(p, 2) == (fp lfg”(s))‘l(z) is continuous. Furthermore, the map : P x B —» W,
8(p,y) := (p, f(p,y)) is a homeomorphism, with inverse given by 6~(p,2) =
(2, ¥(p, 2))-

Proof: By Lemma 6.1, applied to fp, the set f,(B) is open in E and f,|p a
homeomorphism onto its image. Define a := 1 —o||A~}||. Let us show openness
of W and continuity of h. If (p, z) € W, there exists y € B such that fp(y} = z.
Let € €]0,r — ||y — z||] be given. There is an open neighbourhood @ of p in P
such that f(q,y) € f(p,y) + A.B,c/2(0) for all ¢ € Q, by continuity of f. Then,
as a consequence of Lemma 6.1(a), Eqn. (22),

fo(Be(¥)) 2 f(g,y) + A-Bae(0) 2 fp,y) + A-Bas/2(0) =z+ A-Bae/2(0)~
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By the preceding, @ x (z + A.B,;/2(0)) € W, whence W is a neighbour-
hood of (p, z). Furthermore, ¥(q,2") = (f4)7*(2') € Be(y) = B:((fp)"1(2)) =
B.(¢(p,z)) for all (g,2') in the neighbourhood @ x (z + A.Bq/2(0)) of (p,z2).
Thus W is open and ¢ is continuous. The assertions concerning 6 follow
immediately. |

7. Inverse and implicit function theorems for SC*-maps between
Banach spaces

In this section, we prove an inverse function theorem and an implicit func-
tion theorem for SC*-maps between Banach spaces over complete valued fields,
which parallel the classical theorems for continuously Fréchet differentiable map-
pings in the real case.

We begin with an Inverse Function Theorem for mappings strictly differen-
tiable at a point (cf. also {6, 1.5.1]), strictly differentiable maps, and locally
uniformly differentiable maps.

PROPOSITION 7.1: Let (E,|.|) be a Banach space over a valued field (K, |.|),
U C E be an open subset, ¢ € U, and f: U — E be a mapping which is
strictly differentiable at x (resp., strictly differentiable, resp., locally uniformly
differentiable), with A := f'(z) € GL(E). Let a,b € R be given such that
0 < a <1 < b. Then there exists r > 0 such that B := B.(z) C U and
(a) allz —y|l < ||A7L.f(z) — A~ f ()|l < bllz — y|| for all y,z € B, whence
f|B is injective in particular;
(b) f(y) + A.Bas(0) C f(Bs(y)) € f(y) + A.Bps(0) for all y € B and s €
10,7 — |lyll], whence, in particular, f(B) is an open subset of E;
(c) the mapping g := (fIE(B))'lz f(B) — B is strictly differentiable at f(z)
(resp., strictly differentiable, resp., uniformly differentiable).
If (K,|.|) is an ultrametric field and (E, |.||) an ultrametric Banach space, then
r can be chosen such that (c) holds but (a) and (b) may be replaced with:
(a)’ The mapping A~ o f|p is isometric.
(b)Y For all y € B and s €]0,7], we have f(Bs(y)) = f(y) + A.B(0). Thus, if
A is an isometry, then in fact f(B;s(y)) = Bs(f(y))-

Proof: Let A:= f'(z) and
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Then 1 —cl|A7Y| > a, 1 +¢||A7!|| £ b, and ¢ < 1/[|A||. The map f being
strictly differentiable at z, there exists r > 0 such that B,(z) C U and

If(z) — fly) — Az = v)l
lz -yl

Thus hypothesis (20) of Lemma 6.1 is satisfied; parts (a), (b), (a)’ and (b)’
directly follow from that lemma.

<c¢ forall z,y € B(z) such that z # y.

(c) Assume that f is locally uniformly differentiable, or strictly differentiable.
Since GL(E) is open in L(E), f'(z) € GL(E), and f’|p is continuous, after
shrinking r we may assume that f'(B,.(z)) C GL(E). Inversion in GL(F) being
continuous, after shrinking r further we may also assume that ||f'(y)~!| <
|A=1|| + 1 for all y € B,(x).

Assume that f is locally uniformly differentiable. After shrinking r further
if necessary, we may assume that f is uniformly differentiable on B := B,.(z).
Abbreviate g := (f|fB(B))_1 and define ¢": f(B) — L(E) via ¢'(y) := f'(g(y)) "%
Given € > 0, due to uniform differentiability of f|pg there exists § €]0, 7] such
that
I£(0) ~ §0) = fwhw-v) _____ae

lw — o (A= + DA
for all u,v,w € B such that ||[v —u| < §, |lw—ul| < 4, and v # w. Set
& = ad/||A7Y|. Let v/,v',w' € f(B) such that v/ # v/, ||v' — v'|| < &, and
lw' — /|| < §'. Then u := g(u), v := g(v'), and w := g(w') are elements of B
such that v # w,

lo~ull < @A™ f(v) = ATV f(u)]| = a7 AT — o))
<a AT o =l <aTHATH =4

(26)

(using part(a)), and similarly ||w —u|| < § and ||jw —v|| < a7 Y|A7Y|- [|w’ — ']
Using (26) and part(a), we obtain the following estimates:

lg(w’) = g(v') — g'(w')-(w' = W)

o]
ol w—o = ) () - f)
o= ool
iy vl ) = £) = £1w).(w — )]
I o]
-1 .a"‘l. -1y, ac = .
< QA e WA A ~

Thus g is uniformly differentiable.
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If f is strictly differentiable at x, we see along the preceding lines (holding
however u := z and v := f(z) fixed now) that ¢ := (f|{3(B))~1 is strictly
differentiable at f(z), where B := B.(z).

If f is strictly differentiable on all of B, because f'(y) € GL(FE) for ally € B,
we may apply the preceding proof just as well when z is replaced with y; thus
g is strictly differentiable at each z = f(y) € f(B). ]

Isometries are encountered frequently in the ultrametric case. If K is a valued
field and (E, |.||) a normed K-vector space, we let Iso(E, ||.||) denote the group
of all bijective linear isometries of E. If the norm on F is understood, we simply
write Iso(E). We have:

LEMMA 7.2: If (E,||.||) is an ultrametric Banach space over an ultrametric
field K, then Iso(E) is open in GL(E) = L(E)*.

Proof: If A€ L(E)and ||A| <1, then ||Az|| < ||z|| and hence |[(1+A4)z| = ||z|
for all 0 #£ x € E, whence 1 + A is an isometry. Furthermore, using Neumann'’s
series we see that 1 + A is invertible, with inverse (1 + A)~! = 377 (—~1)kA*.
Thus 1+ A € Iso(E) for all A € L(F) such that ||A|| < 1, entailing that Iso(E)
is open in GL(E}. |

Let K be a valued field. An SC*-diffeomorphism is an invertible SC*-map
f: U — V between open subsets of normed K-vector spaces, such that f~! is
an SC*-map.

THEOREM 7.3 (Inverse Function Theorem for SC*-maps): Let E be a Banach
space over a valued field (K, |.|), k € NU {oo}, U C E be an open subset, and
f: U — E be an SC*-map. Ifk > 1, we assume that K is complete.

Suppose that f'(z) := df (z,+) € GL(E) for some x € U. Then there exists
r > 0 such that B := B,.(z) C U, the set f(B) is open in E, and f[fB(B) is an
SC*-diffeomorphism.

For our inductive proof of the Inverse Function Theorem, we need the Implicit
Function Theorem, which we formulate as an “Inverse Function Theorem with
Parameters.”

THEOREM 7.4 (Implicit Function Theorem for SC*-maps): Let (K, |.|) be a
valued field, ¥k € NU {00}, Z and F be Banach spaces over K, P C Z and
U C F be open subsets, f: P x U — F be an SC*-map, and (p,z) € P x U
be a point such that A := f, = da2f (p,,+) = df((p,z),(0,+)) € GL(F); here
fp = f(p,s): U — F, and E := Z x F is equipped with the maximum norm,
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(g, )| := max{||q||, lyll} for all g € Z, y € F. If k > 1, we assume that K is
complete. Let a,b € R be given such that 0 < a < 1 < b. Then there exists an
open neighbourhood @ C P of p and r > 0 such that B := BF (z) C U and the
following holds:
(a) fq(B) is open in F, for each q € Q, and ¢4: B — fo(B), ¢4(y) := foly) =
f(q,y) is an SC*-diffeomorphism.
(b) Forallq € Q, y € B, and s €]0,7 — ||y — zl|], we have

fay) + A.Bas(0) € fo(Bs(y)) € fo(y) + A.Bys(0).

(€) W= Useq{a} x f4(B)) is open in Z x F, and : W — B, (q,v) =
¢7'(v) an SC*-map. Furthermore, the map 6: Q x B — W, 6(q,y) :=
(g, f{q,y)) is an SC*-diffeomorphism, with inverse given by 6~1(q,v) =
(g,%(g,v)).
(d) Q@ x (f(p,x) + A.Bs(0)) C W for some ¢ > 0.
In particular, for each q € @ there is a unique element 3{q) € B such that
f(q,8(q)) = f(p,z), and the mapping 3: Q — B so obtained is of class SC*.
If (K, |.]) is ultrametric here and (F,||.||) an ultrametric Banach space, then
r can be chosen such that (a)~(d) can be replaced with the following stronger
assertions:
(@) fo(B) = f(p,z) + A.B.(0) =: V, for each ¢ € Q, and ¢ B — V,
dq(y) := f(g,y) is an SC*-diffeomorphism.
(b)" ¢q(Bs(y)) = ¢q(y) + A.Bs(0) for all ¢ € Q, y € B and s €]0,7].
() ¥: W :=QxV — B, ¥(¢g,v) = ¢;1(U) is an SC*-map, and the map
0:QxB—QxV =W,68q,y) = (g, f(q,y)) is an SC*-diffeomorphism,
with inverse given by 671(q,v) = (q,%(q,v)).

Proof of Theorems 7.3 and 7.4: We proceed in various steps.

7.5. If the Inverse Function Theorem for SC*-mappings is correct for some
k € NU {0}, then also the Implicit Function Theorem holds for SC*-maps.

In fact, suppose that Z, F, P, U, (p,z), E, 0 < @ < 1 < b, an SC*-map
f:PxU — F, and A are given as described in Theorem 7.4. Define

c::min{ b-1 1—a}<| 1

A= A S A=
Then 1 —cl|A7!|| > a and 1+ ¢||A™!]| < b. Since f is strictly differentiable at
(p, ), there exists r > 0 such that BZ(p,z) = BZ(p) x BF (z) C P x U,

I f(q2,92) — flqr, 1) ~ f'(p,7)-(q2 — q1, 92 — 1)
(g2 — q1,92 — w)l

<e
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for all (q1,y1) # (g2,y2) € BE(p, z), and I fo(y)—All < cfor all (¢,y) € Bf(p,z),
since fy(y) = f'(¢,)(0,+) depends continuously on (g,y) (cf. Lemma 3.2 and
proof of Lemma 2.2). Set Q := BZ(p) and B := BF(z). Then f}(y) € GL(F) for
allg € Qandy € B. Infact, [A~" fo(y) 1] < A7 [[IIf5(v) - Al < [A7Hle < 1,
whence A~ f/(y) is invertible and hence so is f;(y). Then
27
( I)Ifq(Z) —fay) — Az -yl _ 1f(g,2) ~ fa,9) = F'(p,2)-(0,2 = y)l| _

[z =yl 100,z = )l -

for all ¢ € Q and y # z € B, where ¢ < 1/[|A™!|. Thus Lemma 6.2 applies to
flox B, showing that f,(B) is open in E and ¢, = f4 ];’ B) 5 homeomorphism
onto its image, for each g € Q; the set W := | co{q} x fo(B) is open in P x F
and hence in Z x F, and ¥: W — B, ¥(q,2) := q&;l(z) is continuous; the map
6: @ x B— W, 0(q,y) := (¢, f(¢,y)) is a homeomorphism, with inverse given
by 671(q, z) = (g,%(q, 2)). Furthermore, in view of (27), Lemma 6.1 applies to
fqlB for all ¢ € Q, whence (b) holds. By the SC¥-case of the Inverse Function
Theorem, ¢,: B — f,(B) is an SC*-diffeomorphism, for all ¢ € Q. Thus (a)
holds. To complete the proof of (¢), note that the homeomorphism 6: Q x B —
W is an SC*-map, whose differential 6'(g,y) at any given point (g,y) € @ x B
can be interpreted as an upper triangular 2 x 2-block matrix with idz and

fq(y) on the diagonal, entailing that (¢, y) is invertible. Hence, by the Inverse
Function Theorem for SC*-maps,  restricts to an SC*-diffeomorphism (onto
the image) on some open neighbourhood of (g, y), entailing that ! is an SC*-
map on some open neighbourhood of 8(g, y). Thus § is an SC*-diffeomorphism.
Since 87 1(q,2) = (g,%(q, 2)) for all (g,2) € W, we readily deduce that ¢ is an
SC*-map, thus completing the proof of (c).

(d) is easily established: we set § := ar/2. After shrinking @, we may assume
that || f(g,z)— f(p,z)|| < é for all ¢ € Q. Then, using (b) withy := z and s :=r,
we see that {g} X fg(B) 2 {q} x (fo(z) + A.Bar(0)) 2 {q} x (fp(z) + A.B5(0)),
for all ¢ € Q. Thus (d) holds. The assertion concerning 3 is then obvious.

In the special case where K is an ultrametric field and F an ultrametric
Banach space, we establish (a)-(c) as just described, choosing however @ so
small that || f(¢,z)— f(p,z)|| < rfor all ¢ € Q. Then f,(B) = f,(y)+A.B.(0) =
fp(y) + A.B;(0) =: V for all ¢ € @, and hence W = Q x V. In fact, in view
of (27), we can apply Lemma 6.1(b) to the map f;|g, and then use that B is
an additive subgroup of F. Furthermore, again by Lemma 6.1(b), f,(Bs(y)) =
fo(y) + A.B,(0) for all ¢ € Q, y € B, and s €]0,7]. Thus (a)’~(c)’ hold.

7.6. Suppose that the assertion of the Inverse Function Theorem for SC*-maps
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is valid for all k € N. Then it is also valid for k = oo.

In fact, let E, U, z € U, and an SC*°-map f: U — E be given as described
in Theorem 7.3. By the SC!-version of Theorem 7.3, we find r > 0 such that
B := B.(z) C U, f(B) is open in E and such that f|§B) is an invertible SC*-
map, with inverse g := (f|’;(B))"1: f(B) — B of class SC'. Then g is of
class SC®. In fact, let £ € N. Given any 3 € f(B), set y := g(¥') € B.
Then f’(y) is invertible and thus, by the SC*-case of Theorem 7.3, there exists
a neighbourhood V C B of y such that (f|{,(v))‘l = glf) is of class SCk,
where f(V) is a neighbourhood of f(y) = y’. Thus g is locally SC* and thus
an SC*-map. As k € N was arbitrary, g is an SC®-map.

7.7. Inview of 7.5 and 7.6, in order to establish Theorem 7.3 and Theorem 7.4,
it suffices to establish the SC*-case of Theorem 7.3 for all k € N. This we
accomplish by induction. For £ = 1, the assertion of Theorem 7.3 is covered by
Proposition 7.1.

7.8 (INDUCTION STEP). Suppose that 2 < k € N is given, and suppose that
the SC*~1-case of the Inverse Function Theorem holds. Let E, U, x and an
SC*-map f: U — E be as described in Theorem 7.3. Let r > 0 and B := B,.(z)
be as described in the SC*~1-case of the theorem. Thus f(B) is open in E and
f|{3(B) is an invertible SC*-map, whose inverse g := (f|§(B))‘1 is an SCF-1.
map. After replacing f with f|p, we may assume without loss of generality that
U=B. Set V:= f(U). Since g: V — U is an SC* '-map, it is clear that
gW: VI 5 Eis SC*=1 on the open subset {(y, z,t) € VIU: t # 0} of VI, Thus
gl will be an SC*~'-map (and thus g an SC*-map) if we can show that, for
every (yo,20) € V x E, the mapping g[!! is SC*~! on some open neighbourhood
of (3o, 20,0) in VI, To this end, we observe first that fog = idy and the Chain
Rule entail that fM(g(y), g (y, z,1),t) = z for all (y,2,t) € VIU. There are
open neighbourhoods Wy C E of g(yo), W2 C E of gl(yo, 20,0), and W3 C K
of 0 such that W; x Wo x W3 C U (1, Next, we find an open neighbourhood
P= P1 X P2 X P3 - Vm of (yo,ZQ, 0) such that g(Pl) - Wl, g[l](P) - Wg, and
P; C W3. By the preceding, the SC*~2-map 3 := g[1]|;‘/2: P — W, satisfies

(28) h((y,2,t),B(y,2,t)) =0 for all (y,2,t) € P,

where h: P x Wy — E is the SC*~1-map h((y, 2,t),w) := fl(g(y),w,t) — 2.
Since h{(yg, 20,0),w) = f'(g{yo)).w — 2 is affine-linear in w, the differential
of h with respect to the w-variable satisfies A := d2h({yo, 20, 0), 8(y0, 20,0); ) =
f'(g(yo)) € GL(E). Since § is a continuous solution to the equation (28), we
deduce from the SC*~!-case of the Implicit Function Theorem 7.4 (which holds



Vol. 155, 2006 IMPLICIT FUNCTIONS 241

in view of the induction hypothesis and 7.5) that 3 is SC*~! on some open
neighbourhood of (yo, 29, 0), as we set out to show. This completes the proof of
Theorems 7.3 and 7.4. |

Remark 7.9: If k > 1, in the preceding induction step we encounter a map
B defined on P C VIl C EN. In order that Ell = E x E x K be a Banach
space (so that the implicit function theorem can be applied), we need that K
is complete.

8. Ultrametric implicit function theorem

We are now in the position to prove a generalized implicit function theorem
for mappings from open subsets of metrizable topological vector spaces over
complete ultrametric fields to Banach spaces over such fields.

THEOREM 8.1 (Ultrametric Implicit Function Theorem): Let (K, [.|) be a com-
plete ultrametric field, k € NU {00}, Z be a metrizable topological K-vector
space, and E be a Banach space over K. Let P C Z and U C E be open subsets,
and f: P x U — E be a map. We assume that at least one of the following
conditions is satisfied:

(i) K is locally compact, E is finite-dimensional, and f is of class C¥.
Or:

(i) f is of class CET™.
We abbreviate fq := f(q,+): U — E for ¢ € P. Suppose that (p,z) € P x U
is given such that A := f,(z) := d2f(p,z,s) = df((p,7),(0,.)) € GL(E).
Let a,b € R be given such that 0 < @ < 1 < b. Then there exists an open
neighbourhood @ C P of p and r > 0 such that B := B,(x) C U and the
following holds:

(a) fq(B) is open in E, for each q € Q, and ¢4: B — fo(B), ¢q(y) = foly) =

f(q,v) is an SC*-diffeomorphism.
(b) For allq € Q, y € B, and s €]0,r — ||y — z||], we have

fa(y) + A-Bus(0) € fo(Bs(y)) € fo(y) + A-Bes(0)-

(c) W = U,eo{g} x fo(B)) is open in Z x E, and the map y: W — B,
Y(g,v) := ¢q'1('u) is C*. Furthermore, the map 6: Q x B — W, 0(q,y) :=
(g, f(g,)) is a C§-diffeomorphism, with inverse §~1(q,v) = (q,%(q,v)).
(d) @ x (fp(z) + A.B5(0)) C W for some é > 0.
In particular, for each ¢ € Q there is a unique element 3(q) € B such that
f(g,8(q)) = f(p,z), and the mapping B: @ — B so obtained is of class C§.
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If (E,||.||} is an ultrametric Banach space here, then @ and r can be chosen
such that (a)—(d) can be replaced with the following stronger assertions:
(a)' fo(B) = f(p,z) + A.B.(0) =: V, for each ¢ € Q, and ¢ B — V,
0q(v) := f(q,y) is an SC*-diffeomorphism.
(b) fo(B(v)) = fo(y) + A-B(0) for all g € Q, y € B and s €0,
(c)’ The mapping ¥: Q x V — B, ¥(q,v) = ¢;1(v) is CE. Furthermore,
0: Q x B— @ xV,0(q,y) = (q, f(q,y)) is a CE-diffeomorphism, with
inverse given by 6~1(q,v) = (g,%(q,v)).

Proof: Define

b-1 1-a } ! where A := f, ().

¢ := min , < )
{IIA‘lll A= AT

Then 1—c||A~Y|| > a and 1+c|]A~!|| < b. In the situation of (i), let e1, ..., e, be
a basis of E. The mappings P x U — E, (q,y) — d2f(q,9, ;) being continuous
for i =1,...,n, also the map

(29) PxU— L(E), (g,9) fo(y)=d2f(q,y,)

is continuous. In the situation of (ii), the map in (29) is continuous as well, by
Lemma 3.5. In either case, since GL(E) is open in L(E) and f,(z) € GL(E),
after replacing P and U with smaller open neighbourhoods of p and z, re-
spectively, we may assume that f,(y) € GL(E) for all (¢,y) € P x U, and
I fo(¥) — fp(@)ll < c/2. Using Lemma 4.5 (resp., Lemma 3.5), we find an open
neighbourhood @ C P of p and r > 0 such that B := B,(z) C U and

1£a2) = £9) = £4(@).(= = )
Iz~ yll
for all y # z € B. As a consequence,
I1fq(2) = foly) — f(2)-(z — )
Iz - yll
< 1fa(z) — fa(y) = £5(2).(z — )l
- Iz = yll
for all ¢ € Q and z # y € B, entailing that

| fo(2) — fq(‘zllz): :Zjﬁ(m)(z _ y)“: geEQ,z#y¢€ B} <c<

(30) <

[ Ao

+lfp(z) - f@)l < e

1
(31) sup{ m

Thus Lemma 6.2 applies to flox B, whence f4(B) is open in E and ¢4 := f, 1;,(3)
a homeomorphism onto its image, for each ¢ € @Q; the set W :=|J qu{q} X fq(B)
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is open in P x E and thus in Z x E, and ¢: W — B, 9(q,2) := ¢;(2) is
continuous; the map 8: @ x B — W, 8(q,v) := (q, f(g,¥)) is a homeomorphism,
with inverse given by 8~'(q,z) = (g,%(q, 2)).

Furthermore, in view of (31), Lemma 6.1 applies to f4|p, for all ¢ € Q,
showing that (b) holds. By the Inverse Function Theorem for SC*-maps, the
map @,: B — f,{B) is an SC*-diffeomorphism, for all ¢ € Q. Thus (a) holds.

(d) is easily established: we set § := ar/2. After shrinking @), we may assume
A7 (f(q,z) — f(p,z))|| < & for all ¢ € Q. Then, using (b) with y := z and
s =7, we get {q} x fo(B) 2 {g} x (fy(&)+ A.Bar(0)) 2 {g} x (fo(x)+ A B5(0)),
for all ¢ € Q. Thus (d) holds.

To see that the continuous map ¥ is of class C& (which will entail the validity
of (c)), in view of Proposition 1.15, it suffices to show that, for all smooth
maps ¢: K¥t1 — W, the composition 9 o ¢: K**! — F is of class CE. Since
W C Q x E, we have ¢ = (1, cz) with smooth mappings ¢;: Kk+! — Q C Z,
co: K1 — E. Define h: Kt x B — V| h(t,y) := f(c1(t),y). Then h is a
CE-map in the situation of (i) and hence SC* (Remark 5.4). In the situation
of (i), h is of class CE*' and hence SC* (see Remark 5.3). Given t € KF+!,
abbreviate h; := h(t,+): B — E; by the above, h; has open image and is a
homeomorphism onto its image. Since hi(y) = daf(c1(t),y,s) € GL(E) for all
(t,y) € K**1 x B, we deduce from the Implicit Function Theorem for SC*-maps
(Theorem 7.4) that k: W — B, (t,z) := h; }(z) is an SC*-map and hence of
class CE. Now 9(c1(t), c2(t)) = &(t, ca(t)) for all t € KF+1 shows that 3o ¢ is of
class CF, as required. Thus 1 is C§.

If E is an ultrametric Banach space, we establish (a)—(c) as just described,
choosing however Q so small that [|[A=(f(g,z) — f(p,z))|| < r for all ¢ € Q
(we might actually replace ¢/2 with ¢ in (30) now). Then f,(B) = f,(y) +
A.B,(0) = fp(y) + A.B.(0) =: V for all ¢ € @ (by Lemma 6.1(b), applied as at
the end of 7.5), and hence W = @ x V. Furthermore, again by Lemma 6.1(b),
fo(Bs(y)) = foly) + A.B5(0) for all ¢ € Q, y € B, and s €]0,7]. Thus (a)’—(c)’
hold. |

Remark 8.2: Three cases described in the table given in the introduction still
remain to be discussed.

(a) Suppose we retain the hypotheses of Theorem 8.1, with k = 1, except that
we let Z be an arbitrary topological K-vector space now (which need not
be metrizable). Suppose we are in the situation of (i). Then the proof of
Theorem 8.1 shows that the following weakened conclusions of the theorem
remain valid: (a), (b) and (d) will hold unchanged; 9 in (c) and 3 will be
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continuous; § in (c) will be a homeomorphism (likewise for (a)'~(c)’).

(b) Suppose we retain the hypotheses of Theorem 8.1, with k = 1, except that
we let K be an arbitrary valued field and Z be an arbitrary topological
K-vector space. Suppose we are in the situation of (ii). Then the proof of
Theorem 8.1 shows that the following weakened conclusions remain valid:
(a), (b) and (d) will hold unchanged; 9 in (c) and 8 will be continuous; ¢
in (c) will be a homeomorphism.

(c) Suppose we retain the hypotheses of Theorem 8.1, with k = 1, except
that we let K be a subfield of R now, equipped with the absolute value ob-
tained by restricting the usual absolute value on R. Suppose we are in the
situation of (ii). Then (a)-(d) and their proof remain valid verbatim, and
B is C*. In fact, Proposition 1.15 remains valid when R is replaced with
arbitrary subfields of R (the proof given in [2] applies without changes).

9. Applications

In this section, we sketch how our results can be used to prove the following;:
1. Smoothness of inversion in diffeomorphism groups over local fields.
2. Existence of stable manifolds for dynamical systems over ultrametric fields,
and their smooth dependence on parameters.*
We concentrate entirely on those aspects of the proofs which illustrate our
current results. Full proofs (and more details) can be found in [16] and [18],
respectively.

SMOOTHNESS OF INVERSION IN DIFFEOMORPHISM GROUPS. Let M be a finite-
dimensional, paracompact smooth manifold over a local field K, with valuation
ring ©. Let Diff(M) be the group of all C*°-diffeomorphisms of M. Then M is
a disjoint union M = [[;; B; of balls, i.e., open subsets B; C M diffeomorphic
to 0%, where d is the dimension of the modelling space of M. In [16], the Lie
group structure on Diff(M) is constructed as follows: First, each Diff(B;) is
made a Lie group. Then, the weak direct product

1., Difi(B:) :=
i€l
{(i)ier € H‘el Diff(B;): v; = idp, for all but finitely many i}

is given its natural Lie group structure. Here [];c; Diff(B;) can be identified
with a subgroup of Diff(M) in an apparent way. In a third step, one verifies

4 The construction of pseudo-stable manifolds is much more complicated; it re-
quires specialized implicit function theorems for sequence spaces. The interested
reader is referred to [19)].
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that Diff (M) can be given a Lie group structure making [];.; Diff(B;) an open
subgroup.

The results of the present article enter into the first step. To explain their use,
we may therefore assume now that M = Q¢. Then P := Diff(M) is an open
subset of the metrizable locally convex space C*°(M,K?), equipped with the
initial topology with respect to the maps C®(M,K?) — C(M¥ K?), v s ¥l
for k € Ny, where the spaces on the right hand side are given the topology of
compact convergence (see [16, Prop. 13.2]). The inclusion map

it P — C®(M,K%), ~— 7y
being smooth, the exponential law [16, Prop. 12.2(a)] ensures that also
fiPxM =K' f(y,2):=iNy2) =i(y)() =(2)

is smooth, using that M is finite-dimensional. Note that f, := f(v,.) =7 for
each v € P. Hence f}(z) = v/(z) € GL(K*) for each € M in particular. Thus
Theorem 8.1(c)" entails that the map

g PxM—=M, gvz)=/(f) "= ="

is smooth. Using the other direction of the exponential law ([16, La. 12.1(a)]),
we deduce that the map

Diff(M) — C*(M,K%), 7+ g'(7):=g(v,e) =7
is smooth. But this is the inversion map of the group Diff(M).

EXISTENCE AND PARAMETER-DEPENDENCE OF STABLE MANIFOLDS. We now
describe how Irwin’s method can be used to construct stable manifolds around
hyperbolic fixed points of dynamical systems over ultrametric fields. The
method applies to all of the SC*-, smooth, and analytic cases (see[18]); for
simplicity, we restrict attention to the smooth case here.

Throughout the remainder of this section, F is an ultrametric Banach space
over a complete ultrametric field (K, |.|), and a €]0, 1].

Definition 9.1: A (bicontinuous) linear automorphism a € GL(E) is called a-
hyperbolic if E= E;®F, for certain a-invariant closed vector subspaces F1, Es;

|lz1 + z2|| = max{||z1||, ||z2||} for all z; € Ey and z5 € E»

holds for an ultrametric norm ||.|| on E equivalent to the original norm; and
a=a; ®ay with |lay]| < a and ||jag ||~ > a.
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Remark 9.2: IfKis a local field here and dimg (F) < oo, then « is a-hyperbolic
if and only if @ # |)| for each eigenvalue A € K of a ® idg € GL(E ®k K),
where K is an algebraic closure of K.

Throughout the following, let a € GL(F) be a-hyperbolic, say F = E @ E»
with E; and E3 as in Definition 9.1. Let » > 0 and f: U — E be a smooth
map on U := BE(0) = Uy x Uy, where U; := B?(0), such that £(0) = 0 and
f'(0) = a. We define the a-stable set of f via

W o :={z € U: f*(z) defined for all n € Ng,a™"||f"(2)|| < r&f"(2) = o(a™)}.

To emphasize f, we also write W o(f) 1= Wy 4. Clearly f(W,,) € Ws,o. The
goal is to see that W, , is a submanifold of E. Note that if 2 € W, ,, then the
orbit w := (f™(2))nen, is an element of the Banach sequence space

So(E) = {z = (Zn)nen, € EN: 2, = o(a™)}

with norm ||z||, := max{a™"||zx||: n € No}. Let U := {2 € S,(E): ||2]l < 7}
and f := f —o. Since f is strictly differentiable, after shrinking r we may
assume that f is (globally) Lipschitz continuous, with arbitrarily small Lipschitz
constant Lip(f) := sup{||f(z2) — f(z1)l| - llz2 — 211 7*: 21 # 2 € U}. We require
that

(32) Lip(f) < min{1, loz"]7*}.

THEOREM 9.3 (Ultrametric Stable Manifold Theorem): W, , is the graph of a
smooth map ¢: Uy — U, such that ¢(0) = 0 and ¢/(0) = 0. Thus W, is a
smooth submanifold of E which is tangent to the a-stable subspace E; at 0.

Sketch of proof: Elements of Sq(E) will be written in the form z = (2p)nen, =
(%, Yn)nen, NOW, With z, € Eq, y, € Fy. In terms of components, f = (f1, f2)
and f = (f1, f2). We define a map g: U — S,(E) via

9(2)n = {(0, a3 (1 — fa(20))) ) if = 0;
"\ f1(zre1), 03 Wnar + fa(zn))) Hn > 1

Then g(0) = 0. It can be shown (with considerable effort) that g is smooth.
(32) implies that g is Lipschitz continuous, with Lip(g) < 1, whence ||¢'(2)| < 1
for each z € Y. Thus Lemma 6.1(b) (and the proof of Lemma 7.2) entail that

G idu —g:Z/{——>Z,(
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is an isometry and a C*°-diffeomorphism. Then
w: Uy = U, w(z) =G ((z,0),(0,0),(0,0),...)

is a smooth map such that (idy —g)(w(z)) = G(w(z)) = ((=,0),(0,0),...) for
all z € U; and thus

(33) w(z) = ((z,0), (0,0),...) + g(w(z)).
Comparing the 0-th component of both sides of (33), we see that

w(zo = (2,0) + (0,05 (pra(w()r) ~ fo(u(z)o))),
=:¢(x)

where pry: By @ E; — Ej is the projection. Then ¢: U; — U, is smooth, and
w(z)o = (x, ¢(z)). Comparing also the other components of both sides of (33),
it can be shown that w(z) is the orbit of (z,¢(z)) = w(zx)o, and (z, ¢(z)) €
W;,o. Conversely, given z = (2,)nen € W 4 it is easily checked that (33) holds
with z in place of w(z), whence G(z) = ((z,0),(0,0),...) = G(w(z)) and thus
z = w(z). Hence W, , is the graph of ¢. See [18] for details, and the proof of
#(0) =0.

Smooth dependence of W, ,(f) on the non-linearity f.

9.4. Let Z be a metrizable topological K-vector space, P C Z be open and
f: PxU — E be a smooth map such that f(®,0) = 0 and f,(0) = o (as
above), for each p € P. Set f(p,z) := f(p,z) — a(z). Lemma 3.5 ensures that,
after shrinking r and passing to a neighbourhood of a given point in P, we
can assume that Lip(f,) < min{1, la; ||~} for each p. Repeating the proof
of Theorem 9.3, we obtain functions ¢: P XU — Se(E) and G: P xU — U
depending now also on the parameter p; as shown in [18], g (and hence G) is
smooth. Now our Inverse Function Theorem with Parameters (Theorem 8.1(c))
shows that w: P x Uy — U, w(p,z) := G,((,0),(0,0),...) is smooth, and
hence so is ¢: P x Uy — Uy with w(p, )¢ = (z, ¢(p,z)). Thus

Wi.o(fp) = graph(¢,) for eachp € P,

for a smooth map ¢: P x Uy — Us.
9.5. If Kis a local field and dimg(FE) < oo, then

P :={f € Z: Lip(f) < min{1, oz *|7'}}
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is an open O-neighbourhood in the metrizable locally convex space
Z:={f € C®°(U,E): f(0) =0 and f'(0) = 0}.

The evaluation map C®(U,E) x U — E, (y,z) — 7(z) being smooth [16,
Prop. 11.1], also f: Px U — E, f(f,z) := a(x) + f(x) is smooth. Applying 9.4
to this map f and using the exponential law {16, La. 12.1(a)], we deduce:

PRrOPOSITION 9.6: In the situation of 9.5, the map
C®(U,E) 2 P — C®(Uy,E), fr ¢;

taking f € P to the smooth map ¢7 with graph(¢z) = Wsa(a + f) is smooth.

Appendix: FC*-maps vs. SC*-maps in the real case

THEOREM A.T7: Let E be a normed vector space over R, F' be a real locally
convex space, U C E be open, f: U — F be a map, and k € Ny U {oc0}. If f is
FC¥, then f is SC*.

Proof: 'We may assume that k € Ny. The proof is by induction. The case
k = 0 is trivial, and the case k = 1 is a standard fact (see [6, 2.3.3], cf. also
[8, Thm. 3.8.1}).

Induction step. Suppose that k > 2, and suppose that every FC*~l-map is
SC*=1. Let f: E D U — F be an FC*-map. Then f is SC*~! and hence
SC! in particular. Then, f being SC*~1, so is I on {(x,y,t) € UM: ¢t # 0}.
It therefore only remains to show that, for every z9 € U and yo € E, the
map f[l is SC*~! on some open neighbourhood of (xg,yo,0). There is r > 0
such that Ba,.(zp) C U. Choose § €]0,7[ such that § < r/(2(||yo|| +1)). Then
V := B(zg) x Bi(yo)x]—6,8[C UM, and we have

Wz y,t) = /1 df (z + sty,y)ds
(34) 0

1
= / h{(z,y,t),s)ds for all (z,y,t) €V,
0

where h: V x]—28,26[— F, h((z,y,t),s) := df (z + sty,y) is an FC*~'-map. In
view of (34), we inductively deduce from [9, 8.11.2] that |y is an FC*~!-map,
if F is a Banach space. If, more generally, F is a complete locally convex space,
then F' = lim F; is a projective limit in the category of locally convex spaces
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of some projective system of Banach spaces, and thus L(, F)) = lim L(H, F;)
(which again is a complete locally convex space), for every normed space H.
A simple inductive argument now shows that a map g from an open subset of
a normed space to a projective limit F' = lim F; is an FC*-map if and only if
m; 0 g is FC* for each i, where 7;: F — F; are the limit maps. In the situation
we are interested in, m; o fM|y = (m; o f)ll}y; maps into a Banach space and
hence is an FC*~!-map, by what has already been shown, whence f [1]|V is
an FC*1-map to the projective limit F. In the general case, when F is not
necessarily complete, the preceding shows that f [1]]‘/ is FC*~! as a mapping
into the completion F of F. Since (f!)(z) = d(f!)(z, ) for z € V actually is
a map into F' (not only into F), and likewise for the higher order differentials,
we deduce that fl]y is FC*~! as a map into F also in the fully general case.

Now fl|y being an FC*~'-map, it is an SC*~'-map, by induction. Thus f
is SC* with fUl an SC*~'-map, and hence f is SC¥. [ |

The author does not know whether, conversely, every SC*-map is FC*. For
k = 1, this is well-known [6, 2.3.3], but the generalization to higher k& does not
seem to be clear.
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