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ABSTRACT

The aim of the present paper is to estimate in a precise manner the integer k =
k(p,m,n,e) so that an arbitrary m-dimensional subspace X of the space /};
p > 2, contains an (1 + €)-isomorph of I,’,‘. The main argument of the proof con-
sists of a probabilistic selection which uses a lemma of Slepian. The same method
also shows that any system of normalized functions in L,; p = 2, which is equiv-
alent to the unit vector basis of /7, contains, for any e > 0, a subsystem of size &
proportional to #, which is (1 + ¢)-equivalent to the unit vector basis of I,ﬁ'.

0. Introduction

The geometry of finite dimensional subspaces of the space L, has been studied
intensively and quite precise numerical estimates have been proved in many cases.
For instance, it was shown that any m-dimensional subspace X of I of dimension
m = n®, for some 6 > 0, contains a well isomorphic copy of /X, with k =
C(8)m'/2, where C(8) is a constant depending on 6 only (cf. [9] in the case when
m is proportional to n and [4] for a general 6). It was also noticed in [9] that, for
a random subspace X of /, the above estimates are best possible.

The aim of this paper is to consider the similar problem in /; with p > 2, i.e.,
to estimate the maximal & so that a well isomorphic copy of 11’,‘ can be found in
any subspace X of [}; p > 2, of a fixed dimension m. The dual case was consid-
ered in [6]. There it has been proved that if X is an m-dimensional subspace
of I;, p > 2, then its dual X* contains a well isomorphic copy of l,’,", with p’ =
p/(p — 1) and k of order of magnitude (m/n??)?(P=2_ This estimate is best pos-
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sible. We shall see in the sequel that one cannot expect to prove such a strong as-
sertion for X itself.

Fix p>2and 1 <m<n, and let G, ,, denote the Grassman manifold of all
m-dimensional subspaces of Lj. It follows from [13] that any X € G, ,, contains
a 2-Hilbertian subspace of dimension about m/d%, where d stands for the euclid-
ean distance of X. Since, by [1], this number cannot exceed a multiple of n%” we
conclude that dy = cm?/n"?, for some constant ¢ > 0. By using the isoperimet-
ric inequality in the usual way, one can show that, for random elements X of
Gnm» the euclidean distance is minimal (i.e. dy is of order of magnitude
m'2/n'?) and even that

m1/2
Ixlg < € 25 Ixls,

for all x € X and some constant C = C, < o (see, €.g8., [15]).

For a sequence x = (a,,4>, . . . ,a,) in R", the reader should distinguish between
the norm | x|, = (27 |;|?)7 in [y and | x|z = (X}, |@;|7/n)? in L],

Suppose now that X is a random element of G, ,, and let X = k,(X,K) be the
maximal dimension of a subspace of X which is K-isomorphic to 1,’,‘. The case
m < n*? is trivial since, under this assumption, X is Hilbertian. If m > n??
choose 2 < r < p such that m = n*" and note that the above considerations show
that on X the L} and L? norms are equivalent and, therefore, also that

max | x| 2/ x|z = C < oo,
xeX
x+£0

for some constant C = C, < =, depending on r only.

Let E be a subspace of X for which there exists an invertible operator T: I} > E
such that |T|| |77'| < K and let E, stand for E when E is considered as a sub-
space of L}; 1 < g < oo. Denote by I, ; the formal identity map from Lg into L§
and, by i, ;, that from /] into /{'. Consider the following diagram:

i, p T Ipo Io )y L, Ip 71 ipo
1§ =1k~ E, > Ey > E\>E,~E, > I} > I§

and note that the 1-summing norm =, (/X) of the identity operator on X satisfies
the inequalities

k< m (L) < Niwpl ITH M p ol T U, ) 1 i D L N IT
< KCkl/pnl/pn Lr-1/p KCkl/pn 1/r.
It follows that

k,(X,K) < (KC)” m*"?
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i.e., k cannot exceed a multiple of m”/2, Besides the example of random elements
of G, ., one can consider the following type of subspaces of L}. Fix again n*? <
m < n, take j = (m/n*?)?”(?=? and N = n/j (under the assumption that all these
numbers are integers which can be made without any loss of generality). Since Lj,)’
contains a K-isomorph of #¥*”, for some K < o, it follows that L contains a
subspace X which is K-isomorphic to the direct sum in the sense of l,{ of j copies
of ¥*”. 1t is easily checked that k,(X,K) = j = (m/n¥?)? (=2 while dim X =
jNZ/p =j1——2/pn2/p =m.

By combining the two estimates obtained above, we conclude that, for each
value of n?? < m < nand p > 2,

kmax (n,m,p,K) = max{k,(X,K); X € G, m}
satisfies the inequality
Kmax (n,m, p,K) < Mmin(m?”/2,(m/n*P)P/(P=2))

for some constant M = M(p,K) < oo,
It turns out that this is, up to a constant, the right order of magnitude.

THEOREM 0.1. For every p > 2 and € > 0, there exists a constant ¢ = c(p,e) >
0 such that, whenever m < n and X is an m-dimensional subspace of L}, then X
contains a subspace E of dimension

k = cmin(m?/2,(m/n¥?)P/(P=2)
which is (1 + €)-isomorphic to I%.

ReEMARK. By using [S5] Theorem 4.3, one can strengthen Theorem 0.1 so as to
assert that E is also ¢ ~!-complemented in Ly.

The above result can be used to provide a negative solution to the following
question raised by V. Milman in [14].

ProBLEM 0.2. Does there exist, for every K > 1 and ¢ > 0, a constant
¢(K,e) > 0 such that, whenever X and Y are finite dimensional spaces with
dimX =dim Y = and d(X, Y) < K, then one can find subspaces X, of X and Y,
of Y for which d(X,,Y,) <1+ eand dimX, =dim Y, = c(K,¢)n?

Indeed, fix e > 0 and K > (1 + €)?, and suppose that the problem above has a
solution ¢ = ¢(K,e) > 0. Fix p, > 2, let n be an integer satisfying n'/2~1%0 > K,
and select 2 < p < pq so that n'7~"70 = K. Then the spaces X = /% and Y = "
clearly satisfy the condition d(X, Y) = K. Let now X, be a subspace of X of di-
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mension = cn. By using Theorem 0.1, we conclude the existence of a subspace X,
of X, such that

d=dimX, 2 an?? and d(X,,l8)<1+e,
for some a = a(K,e,py) > 0. It follows that, for any subspace Y, of Y with
dim Y, = d, we have that
(1 +e)d(X,,Y,)=2d(e

—_ L r
. Yl) > dl/p 1/pg > al/p VPDKPO/Z > a(logK/logn)Kl/Z’

which shows that d( X, Y;) remains bounded away from 1, as n — . [ |

Before presenting the proof of Theorem 0.1 in detail, we describe briefly its
components.

Given an m-dimensional subspace X of L}, for some p > 2, one constructs first
a system of about m normalized vectors {¢;}/Z; in X whose upper p-estimate is
m"/?7VP and, after a change of density, is orthogonal and has a square function
which is pointwise bounded by 7. Each of these functions is then truncated at
the level X = k7, where k = min(m?"?,(m/n?*?)?(P=2) is basically the dimen-
sion of the space l,’,‘ that we want to embed in X.

The main ingredient of the proof consists of a probabilistic selection result which
can be used to lower the upper p-estimate of a system of uniformly bounded func-
tions in L,; p > 2, by passing to a suitable subsystem, provided one has a good
estimate on the square function and the pointwise bound of these functions. This
selection theorem allows us to show that each random subset ¢ C {1,2,...,m} of
cardinality about k contains a subset o’ of size |o’| = 9] ¢|/10 so that the flat parts
{@ix)ics Of {@i}ic, have a bounded upper p-estimate.

The peak parts ¢* = ¢; — @i 1 < i< m are then considered separately and, by
an argument using multilinear interpolation, one shows again that a generic sub-
set g of {1,2,...,m]} of cardinality k contains a subset ¢” with |o” | = 9| 0| /10 such
that {¢?},e,~, also has a bounded upper p-estimate. A standard argument of re-
stricted invertibility (cf. [5]) proves then the existence of a subset » of {1,2,...,m}
of cardinality proportional to k such that {¢;};c, is equivalent to the unit vector
basis of /J!.

In order to pass to an almost isometric copy of {f,‘, we prove the general fact
that any sequence { f;}, of functions in L,; 2 < p < o, which is equivalent to the
unit vector basis of /J contains, for any e > 0, a subsequence {f;};e,, with |7}
proportional to &, which is (1 + €)-equivalent to the natural basis of /}"!. This is
done by basically applying the previous part of the proof to the functions { f;}%,
instead of {¢;}/~, except that this case is handled easier.
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1. Random selections

We start by proving the main part of the argument needed in the proof of The-
orem 0.1.

ProrposITION 1.1.  For every q > 2, there exists a constant C = C(q) < o such
that, whenever 2 < p < q and {{;}7Z, is a set of functions in the space L,(p), for
some probability measure p, so that

®

m
E a;y;
i=1

5 <T)a|,,

Joralla = (ay,a,,...,a,) €LY,

m 172
(; w)

< B,
Lqg

(i)

for some B < =, and
(iii) il e =N

for some \ < oo, then, for any choice of 0 < 6 < 1, a random subset o of
{1,2,...,m]} of cardinality |o| = [6m] contains in turn a subset ¢’ such that
|o’| = 9]o| /10 and

< C(3"P'T + 8'2-V2Bm~=""° 4+ (3m)~""\)|a|,»,
Ly

(iv) Z a;y;

i€a’

Jor any a = (a))ie, € 1171,

Proor. Fix p,q,T’, B,\ and consider a system of functions {y;}/~, that satisfies
(i), (i), and (iii), as above. Put r = ¢/, 7 = m"?'/T and consider

Sr={x= (L1, 7{fi¥2)s e s i ¥m));s FE L (1))

as a subspace of the direct sum L,(u) @ L”. Then, for an arbitrary subset 5 of
{1,2,...,m}, define the operator 1,:G6, - 11'"' by setting

Lx=({fi¥idiess; XEG,.

Fix 0 < <1, let (£}, be a sequence of {0,1}-valued independent random vari-
ables of mean & over some probability space (2,L, ») and put

NHw) ={l<sism;é(w) =1} weE .
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Then

fli?;(w)lld":"f sup [%Ei(w)f(ﬂ%)]]dv
] o x€G, Li=1

Ix) =t

<78 sup [Zl(f,x//,>|}+1\/__f L sup [

xE€G, , = er,
lxl=

i=1

(@)gi(w ) KL ¥ I] dvdy',

where {g;}7, is a sequence of mean zero independent Gaussian random variables
over a probability space (',L’,»") which are normalized in L,(»"). By using Sle-
pian’s inequality (see, e.g., [7] Lemma 1.5 or [8]), we conclude that

f||T(w)||du<6m+D1‘rff sup [
Q XGQ,

172
(25;’(&)‘%‘2)
i=1

< % fi(w)gi(w')¢i,f> H dvdy’

i=1

S6m+Dle

Q

dv,

Lq

for some constant D, < oo, The integral can be easily estimated by repeating the
argument above (cf. [6]) and we obtain that

dv

Lq

+0,
L Q

q

m 1/2
( zz[(w>i¢i12)

i=1

(&)

561/2B+DZ‘}1/2u max l‘;’ll u};ZSGI/ZB_i_DZJl/Z)\l/Z’
I<i=m

< 51/2

dv

Lq

m 1/4
(gsi(w)l‘//ild)

for some D, < «. Hence,

f “ TTI(‘-") “ dv < D3(6m + TBI/ZB + T}\),
Q

for some numerical constant D, < oo, which yields that, for a random subset o C
{1,2,...,m]} of cardinality |o| = [6m], we have that

1/r
r S K] < 2Ds(6m + 76V2B + T0) (ufuL, . rm-w(z Ko ) )

i€a
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for all f € L,(u). Therefore, by using a standard argument involving p’-stable
variables (see, €.g., [5] Proposition 3.7), we get that the adjoint T of T, is
p-summing when considered as acting from L3/ into L,(u) @ L and

T (Tr LI > L(p) ® L7) < D(Q|T,: L (p) ® L7 > LI
< 2D;D(q)(6m)~"(6m + 78'2B + 1)),

where D(q) is a constant depending on ¢ only. Then, by the factorization theorem
of Pietsch (cf. [16]), one concludes that, for some ¢’ C ¢ of cardinality |o’| =
9|¢| /10 and some constant C(g), depending on ¢ only, we have that

T2 L)' > L(p) @ LE| < C(g)(1 + 7672 m™'B + (8m)~!7)\),

i.e., that

1/p’
T(am)—'/"’< % l<f,¢,~>|”') ’

i€a’
m 1/p’
=C(q)(1+767V2m™'B+ (dm)~'7N) (||f||Lp, +m VP ( > K, ¢i)|”') ) ,
i=1

forallfe L, (u).
However, it is easily verified that

m 1/p’
(B )" <l et .
i=1
which yields, in view of the choice of 7, that

1/p’
< 2 |<f,¢,~>|"’) < C(q)(8'P'T +§27Pm~=1PB + (5m)~""M)| f |,

i€g’

for all f€ L, (pn). This, of course, implies our assertion. [ ]

2. Proof of Theorem 0.1

The object of this section is to present the proof of Theorem 0.1 in detail. To
this end, we study systems of vectors {¢;}/Z; in an L,(u)-space, for p > 2 and
some probability measure u, which satisfy the following conditions:

(1°)

< mV2 2|},
LP

m
Z a;;
i=1
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for any sequence a = (ay,4,...,a,) €1,
m 172

(2°) “(Z |¢i|2)
i=1

(3°) leil, =1

foralll <i<m.

< n'p,

oo

The “flat” parts of the functions {¢;}7., are considered first in the next result.

ProrosiTiON 2.1, For every p > 2, there exists a constant C; = C,(p) < o
such that, whenever {¢;}L, is a sequence of functions in an L,(p)-space which
satisfies the conditions 1°, 2° and 3° above, then a random subset 6 C (1,2, ...,m)
of cardinality

k = min(m?2,(m/n*>P)P/(P=2))

contains in turn a subset o' of cardinality |¢’| = 9| a|/10 such that the truncations
Vi = @iX(¢;|<kP13 | € 0', Of {@;}ic, satisfy the inequality

Z a;y;

i€g’

= Cu(p)lal,
Ly

for any a = (a))ic, €17

Proor. Put A = k7 and ¢ = ¢; — {;; 1 < i < m. Then notice that

m 1/2 m , 1/2 y
M2 xgeisna| < (ZlM) » =n'?,
i=1 o i=1 o
which yields
< 2,2/
HZX[IWI>M =N n“”.
i=1 o

Hence, by Holder’s inequality, we get that

m

m , m /p
aiﬂo?‘ = 2 |ai¢1)'\' = ()\_2"2/’7)1/1’ (E |ai‘Pt)'\’p)
1 i=1 i=1

i=

m i/p
< (n/k)*?” <Z lamil”)
i=1

and, further, that
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for all @ € /. It follows that

< (m"*7VP & (n/k)*?"')| a|,,
Lp

i:.ai%

for all a € I, again. Thus, by Proposition 1.1 applied to the functions {y;}Z,
withT' = m2=\2 4 (n/k)¥?", B=n"?, \ = k"7 and & = k/m, we get that a ran-
dom subset o C {1,2,...,m} of cardinality k contains a subset o’ such that |¢’|=
9|¢|/10 and

Z a;y;

i€a’

< i [(K/m)' (mV>~V2 4 (n/k)P?')

Lp
+ (k/m)V*VP(n/m)'? + 1] < 4C,,
for some constant C;, depending on p, and all a € /! of norm =< 1. [

We like to prove a similar estimate for the “peak” parts {o}}7, of {¢;}7,. To
this end, we present first the following lemma.

LEMMA 2.2.  For every integer h, there exists a constant C, = C,{h) < oo such
that, whenever { ;)] is a sequence of functions in an L,(up)-space; p > 2, that
satisfies conditions 1°, 2° and 3° above, k = min(m?/2,(m/n*?)?(P=2) \ =
kP, ok = PiXllei|>n1> 1 = i< m, then a random subset ¢ C {1,2,...,m} of car-
dinality k contains a subset 6" of cardinality |¢”| > 9|0|/10 such that, for all
l1<j=<h,

PR flﬁ":)“ﬁ’?z‘ o) |PMdu < Cy(h); [ E o

i12482,. 00 ir€o”

where Zflf’)iz _____ o~ denotes summation over all indices i,,1y,. . . ,i, € 0", except
ij, which remains fixed.

Proor. In order to simplify our notation, put

M],iz ,,,,, ih:f"p')"l‘p?\z"'golz;.lp/hdﬂ,
for any 1 =< i,,i,,...,i, < m. Next, observe that, with 6 = k/m,

f'.’i.\.,.. r(—’a. [ R e T A
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Also, if s > max(p/2,k) then we have that
[(Z1etryans [(S 11100
i=1 i=1

m s
< )\p—2sf<2 ‘@i‘z) d“ < kl—2s/pn2$/p = (n/k)Zs/pk < 5_sk,
i=1

in view of the fact that k < (m/n*?)?/(?=2_ Hence, by Hélder’s inequality, we
conclude that, foreach 1 <7 < s,

m ¢
f ( |<p,%|p/f> dp < 5~k
i=l1

Then, with {§;}72, being again a sequence of {0,1}-valued independent random
variables of mean & over some probability space (2,X,») and I(i,i,,...,i)
denoting the exact number of distinct indices in the tuple (i}, #,. . .,i,), it follows
that

Z Eil(w)giz(w) t S;k(&?) dVMi,,iz ..... in

I<iy, b, ...,ip=m

h
!
= 26 Z Mil.iz »»»»» in*

I=1  1=igiz,...,ip<m

(i, .., iny={

Now, for a fixed [ and fixed decompositionof hasasumh=h; + by +---+ f
of integers {4; }}21, consider all the tuples (i;,/,...,#,) which contain exactly /
distinct integers jy,/a, . . .,J; having Ay, h,, . . ., h; as their respective multiplicities.
Then the sum £’ over these tuples only can be estimated by

! m
UM i 5= fﬂ <Z “D?\lphj/h> du
J=1 \i=1

i m n/h; hj/h l
< H [f(z ‘q&x'ph/h) d“':l < H (B—Ikhj/k) — 6—Ik
Jj=1 i=1 Jj=1

(use Holder’s inequality with the indices {h/h;} j:, which clearly satisfy
I/Ch/h)) + 1/ (h/hy) + - -+ 1/ (h/R) = 1).

Therefore, we conclude that

> Si(w)éi(w) & (@)dv M, 4, 4 = Cok,

i<i], iy, ..,ipg<m
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for some constant Cy = Cy(h) < o0. Hence, for a random subset ¢ C {1,2,...,m]
of cardinality |¢| = 6m = k, we get that
> M, L, <2Ck.
iy,d2,.. ., iR€s

This, of course, yields that any such ¢ contains in turn a subset ¢” of cardinality
|e”| > 9|¢|/10 such that

29 M i< Ca(h),

i1,02,. .. ipEa”

forall 1 <j<h, i; € ¢” and some constant C, (%), depending on / only. |

PROPOSITION 2.3. For every p > 2, there exists a constant C; = C3(p) < ®
such that, whenever {¢;}™, is a sequence of functions in an L,(u)-space which
satisfies the conditions 1°, 2° and 3° above, k = min(m”?"/ 2 (m/n¥PyPr—y \ =
kY7 and o} = ¢;X{jps>r1; 1 < i< m, then a random subset ¢ C {1,2,...,m} of
cardinality k contains a subset " of cardinality |¢” | > 9|0|/10 such that

+

Z a; 901‘)\

icg”

< Gl a|,,
Lp

SJoralla=(ay,ay,...,a,) €.

Proor. Fix an integer ¢ > p, choose 0 < 6 < 1 so that 1/p =0/g + (1 — 6)/2
and notice that, by Hélder’s inequality,

m

m m 8/ m 1—6
Z |ai¢’i)\| = Z |ai¢?‘|9plq|ai¢?\|(l—e)p/2 = (Z |ai¢?|p/q) <Z |ai¢?\lp/2> s
i=1 i=1 i=1

i=1

from which it follows that

0 1-9

Lq

=<
Lp

m
2 |a; o} |72
i=1

m m
Zaﬂpi)‘ Z lainp/q
i=1 i=1

L2

forallael].
In order to evaluate the expressions appearing on the right-hand side, let /1 be
an integer standing for either 2 or g and observe that

h
= |a,’ a,--a; |p/h1ui1,i2 ..... in»
Z 1702 h

Ly 1<iy, iz, .., ip<m

m
Z “L“PN'M
i=1
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where
Mi iy, iy = f]<p}l¢}2 . .“,g’lp/k du,

forl < il,iz,. .. :ih =m.
Let now o be a random subset of {1,2,...,m] having cardinality k and ¢” C ¢
the subset of cardinality |o”| > 9|¢|/10 given by Lemma 2.2 such that

Z(J) M],iz ,,,,, ip = CZ’

i1yi2, ..y in€a”
for some C, = C,(h) < o, all 1 <j < h and i; € o”. Define next an A-linear form
T:R!"I* 5 R by setting

12 ny 1,2 A
T(a',a?,...,a" = 2 ajal---alM; i i
i, ... ip€S”

for a/ = (a/);c,»; 1 <j < h. Notice that, for each 1 <j < &,

|T(a',d?,...,a"))

=22 2V lalela el e e " oMy,

ij€0” iy,iy,.. ., ipEa”
=Gla'fe - ja M ula/ i ]a" o - [a"]w,

for any @/ € R!?’l; 1 < j < h. Therefore, by multilinear interpolation (cf., e.g., [2]
p. 20), we conclude that

IT(a",a?,...,a")| = Gs|a' sl @*|n-- - la"|n,

for some constant C;, depending only on p (since # depends on p only), and all
a’ €1)°"; 1 < j < h. Hence, for any sequence a = (a;);c,- With | 2], < 1, we have
that

h

= T(|a|?",|a|?P",...,|a|”") < Cs|a?* |} < C;,
Lp

2 laeh””
i€o”

which further yields that

Z ai‘/’i)\

ico”

= GC;. u

Ly

COROLLARY 2.4. For every p > 2, there exists a constant D = D(p) < o such
that, whenever {¢;}7L, is a sequence of elements in an L,(u)-space, for some
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probability measure p, which satisfies the conditions 1°, 2° and 3° above, then a
random subset o C {1,2,...,m} of cardinality

k = min(m?"?,(m/n¥?)yP/(P-2)

contains in turn a subset o, of cardinality |oy| > |a|/2 such that

D) aip;

i€og

< D|al,,
Ly

for any choice of a = (a;)ic,, € I}™.

The next major step in the proof of Theorem 0.1 is to construct a suitable sys-
tem of vectors in an arbitrary m-dimensional subspace X of an Lj-space for
which Corollary 2.4 can be applied.

ProrositioN 2.5. For every p > 2, there exists a constant ¢ = c(p) > 0 such
that any m-dimensional subspace X of L}, contains a sequence {¢;}7, of elements
that satisfies conditions 1°, 2° and 3° above and, in addition, m’ > m/10 and

leily = e,

foralll<i<m'

Proor. Fix p>2, 1 <m<n, and let X be an m-dimensional subspace of L.
By a result of D. Lewis [12], one may assume that, after a change of density,
X, (i.e. X considered as a subspace of the corresponding £3(u)-space) admits an
L3(p)-normalized orthogonal system {{;}7, such that

uMs

!s“zl

Since any other orthonormal system in X is obtained from {{;}7, by applying a
unitary transformation it follows that any L3(u)-normalized orthogonal system
{¢7 Y, satisfies the condition

m
2P =m.
fy

Next, we use a well-known result of F. John [10] in order to conclude the exis-
tence of an invertible operator u from /4" onto X, (i.e. X considered as a subspace
of Ly(u)) such that [u]| =1 and m(u~") = mV2

In order to avoid confusion, we shall denote the norm in the space I§" by | - |,
to distinguish it from that in L3(p), which is denoted by | - | 2y
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The operator « is then used to construct, by induction, a sequence of vectors
{w;}/=y in /" such that J = m/3 and

@ Wil =1,

(i) w; L w; in ",
(iii) Ju(wllz > 172, and
(iv) u(w;) L u(w;) in L5,

foralll<j#j =<J

Indeed, suppose that {w;}}_, have already been constructed for some / < m/3
so that conditions (i)-(iv) are fulfilled and notice that the subspace H of /J", de-
fined by

H={w,wy...,w]* N uY([u(w),u(wy),...,u(w)]*),
is of dimension = m — 2/ > m/3 and the identity map iy on H can be written as
iy = Ui ° | H-
Hence,
(m/3)V? < mylig) < m(u ) uu| = m"uy
which further yields that
ujul = 1/43.

It follows that there exists a vector wy,; in H so that |w;y |, =1and |u(w;)| 2>
172, thus completing the induction argument.
Define

Y =uw)/Juwplegs 1=j<J,

and notice that

Up

J 172 J
=2(Z|“j|2) szm‘”‘””(ZlaJ-I”) ,
j=1 j=1

J
21 4;Y;
Jj=1

<2

J
2 aW;
L; j=1

2

for any choice of (a))/_; € ;.
Assume now that {y; }f=1 have been reordered so as to have

il < el =---=< | Vil
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and that J is an even integer. By the inequality above and the orthogonality of the
vectors {y;}7_; in L3, we have that

J 1/2 J J J 172
2(2|a,-|2) 2| S aul 2|5 oy z(z la,-|2) Wl
j=J/2 j=J2 Lz Jj=J/2 Lg j=J/2

for all (arj)f= 2. Thus, as we have explained in the introduction,
2¥unl g = )= 1) 2 am'/n'2,
for some constant 1 > a > 0, depending on p only. Consequently,
1¥illp < 2n"P/am'?; 1< j=<J/2,

from which one deduces that

G oot ot
A a*m 5 |\l — @

Therefore, the system ¢; = ay;/2; 1 < j < J/2, will satisfy the conditions 1°, 2°
and 3° above with m’ > m/10. Moreover, |¢;|;;=a/2,forall l <j<J/2. R

PRoOF OF THEOREM 0.1. Let X be an m-dimensional subspace of L, for
some p > 2. By Proposition 2.5, construct a system {¢; },”’:' , of vectors in X with
m’ > m/10 which satisfies the conditions 1°, 2° and 3° above and, in addition,
l#illz = ¢, for some ¢ = c(p) >0 and all 1 <j < m’". Then, by using Corollary
2.4, conclude the existence of a subset o C {1,2,...,m’} of cardinality = bk, for
some b = b{(p) > 0, such that

2 49

J€Eag

= Dl al,,

Lp

foralla e l,',""' , where D is the constant appearing in the statement of Corollary
2.4. This upper estimate together with the fact that | ¢;| .z = c, for j € gy, imply,
by interpolation, that

| max |@;| |z = ¢1] 0] V7,
JEog

for some constant ¢, = ¢;(p) > 0. Therefore, there exists a subset o, C g, of
cardinality |o,| = ¢f’|0o|/2 and mutually disjoint subsets {n;};c,, of {1,2,...,n)
such that | @;x, | = ¢/ v2; j € g,. Hence, in view of Proposition 4.4 from [5],
it follows that
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IS

Jj€a2

= ¢, allp,

Lp

for some constant ¢, = ¢,{p) > 0, some subset o, C ¢, of cardinality proportional
to that of o, and all @ € l,',”'. This proves the assertion of Theorem 0.1 for some
e > 0. The passage from this particular case to the general one follows from the
result presented in the next section. |

3. Almost isometric copies of /;’; p = 2

The object of this section is to show that, for p = 2, a sequence of vectors in an
L,-space, which is equivalent to the unit vector basis of /7", contains in turn a sub-
sequence of length m’ proportional to m that spans an almost isometric copy of
[, The exact statement is as follows.

THEOREM 3.1. Foreveryp=2,1 < K< o and 0 < e < 1, there exists a con-
stant ¢ = c(p,K,€) > 0 such that, whenever { f;}72, is a sequence of normalized
functions in an L ,-space which satisfies the condition

m
K 'al,= | Xafi] =Kla|,,
i=1 Ly
Jor all a = (a)[*, € I}, then one can find a subset 1 C {1,2,...,m]} such that
7| = cm and
(I-eal,= | 2afi] =d+e)al,
ier L,

Sorany a = (a))ic, € I}

REMARK. The assertion of Theorem 3.1 is false for 1 < p < 2, as simple exam-
ples show. It is also false even, for p = 2, if the underlying space is not an
L,-space.

ProOF OF THEOREM 3.1 FOR p = 2. Consider the matrix ({f;, ;)= as a lin-
.ear operator 7T acting on 4”. The assumptions made on the functions { f;}/2; im-
ply that T is of norm < K? and has 1’s on the diagonal. Therefore, by [5]
Theorem 1.6 (or [7] Corollary 1.2 for a sharper version), one can conclude the ex-
istence of a constant ¢ = ¢(2,K,¢) > 0 and of a subset 7 C {1,2,...,m} such that

|7| = cm and |R,(T — IR, | < €2, where R, denotes the restriction operator de-
fined by
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m
RT(Z aiei> = E aiei’
i=1 i€r
for all a = (a;)%, € I".
However, for any choice of a = (&;);e, € Ii”! with norm equal to 1, we have
that

Za,f, —lal3|=| 2} @alfin )| = ’<(T—1)(Eaie.-),2a,-ei> <é?,
ier i,jer ier ier
ij
which, of course, completes the proof in this case. [ ]

Proor oF THEOREM 3.1 FOR p > 2. This case is considerably more complicated
than the previous one and requires again the use of Proposition 1.1.

Let {f;}/Z, be a sequence of functions in an L,(u)-space, for some p > 2 and
some probability measure pu, which satisfies the assumptions of Theorem 3.1, for
some K > 1. Then, as is easily verified,

m 172
(g; Ifflz)

< Km'/?.
Lp(w)

Put

Lp(w)

Zlﬁl2 /Ii Zlf,l2

define the measure » by setting dv = F? dp and notice that the map f— f/F from
L,(p) onto L,(») is a linear isometry that takes the functions f; into g; = f;/F;

1 =i < m. Moreover,
m 172
(51er)
i=

Fixnowe>0,2<s<p<gqgand A =8"m"? where 0 < 6 < 1 will be chosen

later, and observe that
m 172
(Z |gi|2)
i=1

< K2/52/S

< Km'”,

oo

172

m
A Eexugnm"
i=

oo [~

Thus,

m
a Z Xiigi|>N
i=1 -]
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which further yields that the functions g} = &iXijg >N 1 < i < m, satisfy the
estimate

< (K2/p’/62/sp')"a"p’
Lp(v)

m
2 aigi)\
i=1

for all @ = (a;)]L, € I;'. It follows that the truncates g; \ = g — glofg;l<is
m, satisfy the upper estimate

< [K + K¥?/6¥% || a|,,

Lp(V)

i8i,\

for a € I]". Therefore, by applying Proposition 1.1, we conclude the existence of
a constant C(g) < o and of a subset ¢ C {1,2,...,m} so that |o| = [ém] and

< C(q) [Kﬁl/p’ + KZ/p’a(l—Z/s)/p’ + K(Sl/Z—l/p + al/s—l/p]"a"p’

E a;8ix

i€a

Lp(»)

for a = (a;)ice € l,',"‘.
Suppose now that we have chosen 0 < § < 1 so as to ensure that

Z a;8in

i€o

<elal,
Lp(w

for a € I}°!, and consider now the peak parts {g}}ic, Of {2:}ic,- Put
B;=[|g| >N =suppg); i€go,

and consider the matrix ([, |g}|?dv); je, as a linear operator V acting on the
space /)°!. Since

2 lg, l"dv—flg, I"(Z‘XB,) dv < | M0

Jj€o

< K2/62/s’

m
ij

oo

for all i € o, the operator ¥ has norm < K2/8%°. Thus, by a result from [11]
or [3], one can find a constant ¢, = ¢;(p,K,¢e) > 0 and a subset 7 C ¢ such that
7] =2 ¢/|o| and

I|R.(V = DR,| < eP(8¥5/K?)P~",

This fact can be reinterpreted as to assert that

1/p
Slalletix, | sus|(Slarigieg ) | <elaly
ier jer ML, i€r Lp(#)
J#i J=i

for all @ € IJ"!. Also notice that
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A
||gi)\XB,-~(jL€J1 ) lepn = 18M o) — 18 Xan(U 8) I,

J#i J#i
=1 - |gnle,m — ‘gi)‘ZXBj =1 -2
JGT Lp(")
JF#
forallie .
By combining these estimates, we obtain that
A
2 a8 > | > a8l XBi~(U B;) —elal,
iEr Lp(») ier ic Lp(»)
J#i

P 1/p
= (Z |ai|p“gi)\xa,-~(u B;) ) —elal, = (1 = 3e)|al,
ser " Lpw)
Jj#i

ier
and

=
Lp(”)

Z aigix

i€r

)N
Z a;8i XB,‘~( U Bj)
JET
i

ier

+elal, = (A +e)fal,
Ly

for any a = (a;);c, € 17!, This yields that

2 a;8;

ier

(1 —4e)|al, <

< (1 —=2¢)|a|p,

Lp(”)

again, for all @ € /}’!, thus completing the proof. ]
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