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ABSTRACT

We provide conditions on the complex dilatation of a homeomorphism f
of the upper half plane H into C, which guarantee that f(H) is a proper
subset of C and, in case where f(H) is a Jordan domain, that f has a
homeomorphic extension onto H.

1. Introduction and preliminaries

Let f be a sense-preserving homeomorphism of the upper half plane H =
{z € C:Imz > 0} into C and p: H — C a measurable function with |g| < 1 a.e.
in H. We say that f is a y-homeomorphism or y-conformal, if f is ACL in
H, i.e. absolutely continuous on lines, see [A] or [LV], and the complex partial
derivatives

fo=5(emify) and fo=g(fatify)

satisfy a.e. the Beltrami equation

(B) fr=mz)fe.

The function p is the complex dilatation of f, and it is denoted by p = py.
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Note that a p-homeomorphism in H, if it exists, can be viewed as a confor-
mal embedding of H endowed with the measurable conformal structure ds =
|dz + pu(z)dz| into C. It is well known that if f is conformal in H (endowed with
the euclidian metric), then f(H) is a proper subset of C, and if, in addition,
f(H) is a Jordan domain, f has a homeomorphic extension on H, the closure
of Hin C = CU {cc}. The same is true for a y-homeomorphism in H with
[|tlloo < 1. If ||p|loo < 1 we say that p is bounded.

If 4 is measurable and locally bounded in H, i.e. ||u|4||c < 1 for every
relatively compact subset A in H, a y-homeomorphism of H exists, and its image
may be either C, see 4.2 below, or a proper subset of C. One may ask under
what conditions on u, with or without the assumption that u is locally bounded,
every p-homeomorphism f satisfies:

(i) f(H) # C, and

(i) if, in addition, f(H) is a Jordan domain, then f has a homeomorphic
extension on H = the closure of H in C.

A sufficient condition, namely,

1+ u2)D/ (1 - |u(2)]) < Q(2) ae.

for some function @ of bounded mean oscillation in H can be derived from
David’s existence and uniqueness theorem [D]. For an explicit proof see [RSY].
An extension of this result to higher dimensions can be found in [MRSY], where
the methods are quite different.

The main results in this note are the following Theorem 1.3 and Theorem 1.4.
Some of the ingredients in the proofs of these theorems were developed in [SY].
In Theorem 1.3, the assertion (i) above is obtained for an embedding f of H
into C under an assumption on the complex dilatation f near a single boundary
point. In the latter theorem we assume that u is locally bounded in H and that
|u(2)| = 1 as z = E for some open set E in R = 9H, possibly E = R.

Let r > 0 and p be measurable a.e. positive in (0,r). We say that p is locally
bounded away from 0, if p|A > po(A) > 0 a.e. for all relatively compact subset
Aof (0,7). We say that p(t) = O0a.e.ast =0, ifp > 0ast— 0F,t € (0,r)\A
for some set A of linear measure zero.

Let E be an open set in R and U a neighborhood of F in C. We say that
|u(z,y)| = 1 a.e. uniformly in U as y — 0%,z € E, if U has a subset A with
ms(A) = 0 such that for all z € E,

(L.1) lim |p(z,y)| =1, (z,9) €U\ A4,
y—0+t



Vol. 141, 2004 BOUNDARY BEHAVIOR OF p-HOMEOMORPHISMS 251
and there exists C > 1 such that for all (x1,y) and (z2,y) in U \ 4,

1 _1—|p(z,y)

12 G S Tl <€
1.3. THEOREM: Let f be an embedding of H into C and a € R. Suppose that
a has a neighborhood U in C such that f is ACL in Ut = U NH with a locally
bounded complex dilatation p = s in Ut. If

(a) |u(z,y)| = 1 a.e. uniformly in Ut asy - 0tz e UNK,

(b) argp is continuously differentiable with bounded partial derivatives in
U+,

(c) |argp| <200 < win U,
then

(i) fH) #C,

(ii) if, in addition, f(H) is a Jordan domain, then f has a homeomorphic
extension on HU (U N R).

1.4. THEOREM: Let E be an open set in R, possibly E = R, u: H = C a locally
bounded measurable function, and f: H — C a u-homeomorphism. Suppose
that every point a € E has a neighborhood U,U C C such that conditions
(a)—(c) of Theorem 1.3 hold with 6y depending on U.

If f(H) is a Jordan domain, and if f is quasiconformal in every domain D, D C
H whose closure in C is contained in H\ E, then f has a homeomorphic extension
on H.

Suppose that u satisfies the assumptions of Theorem 1.4 with E = R, and that
f is a p-homeomorphism of H onto a Jordan domain. Then, by Theorem 1.4
and in view of the fact that f(H) is a Jordan domain in C, it follows that f has
a homeomorphic extension on HUR; however, f need not have a homeomorphic
extension on H = HU R U {co} as illustrated in 4.1.

Throughout the paper, for a point a € R and r > 0, I = I(a,r) denotes the
interval (a — r,a + 1), S = S(a,r) = {(z,y) : |z — a| < 7,]y| < r} denotes the
square centered at a with side of the length 2r, and S* = S*(a,r) = SNH

2. Preliminaries

2.1. DEFORMATION OF THE COMPLEX DILATATION. Let g be a locally
bounded complex-valued measurable function in H, and let g be an embedding
of H into C, and suppose that ¢ is locally quasiconformal. The deformation
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g * p of p which is induced by g is defined in g(H) by

Ap—-B
(2.2) gxp(w) = T 0 g7 (w), we (B,

A— By
where A = 0g and B = Og are the complex partial derivatives of g.

2.3. LEMMA: Let u and g be as in 2.1. Then

(i) g * u is measurable and locally bounded in ¢(H).

(ii) If h is a locally quasiconformal embedding of g(H) into C with complex
dilatation u, = g * p a.e. in g(H), then f = ho g is locally quasiconformal with
complex dilatation py = u a.e. in HL

Proof: (i) The functions A, A, B, B and p are measurable in H and hence so
is (Ap — B)/(A — Bu). Now, g is locally quasiconformal, and thus preserves
measurable sets. Consequently, g * y4 is measurable in g(H). Furthermore, since
g is locally quasiconformal, and p is locally bounded, so is g = B/A and hence,
by a simple estimate, it follows that g * u is locally bounded in g(H]).

(ii) Since g and h are locally quasiconformal embeddings, so is f. Therefore,
for almost all z in H, g is differentiable at z and h at g(2), and at these points
an application of the chain rule yields

_ A(pnog)—B
24) K= Blunog) + A

If we now set up = g * 1 and apply (2.4), we get py = p a.e. in H, as asserted.

2.5. LEMMA: Let a be a point in R, r > 0 and p(x,y) a locally bounded
measurable function in the rectangle St = S*(a,r). If |u(z,y)| = 1 a.e. uni-
formly in St asy — 0%,z € (a —r,a + ), then there are measurable functions
p(y): (0,r) = Ry and M: St — R, such that p(y) is a.e. positive and locally
bounded away from 0 in (0,7), and p(y) = 0 a.e. in Ry asy — 0%, and M
satisfies

(2.6) % <M(z,y) <C ae inS*

for some C' > 1, and such that for a.e. (z,y) € ST,

2.7 1= |u(z,y)l = p(y) M (z,y).

Proof: Recall that by (1.1), there is a set A in ST with ms(A4) = 0 such
that |pu(z,y)] > 1asy = 0, (z,y) € ST\ A. Forz € E, let A(x) = Anli(z),
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where I(z) is the vertical line, which contains the point (z,0). Then, by Fubini’s
theorem, m; (A(z)) =0 for a.e. ¢ € (a —r,a +71).

Let x; be a point in (a—7, a+r) such that |u(z1,y)| < 1 for a.e. (z1,y) € I(21),
|p(z1,y)] = 1asy — 07 and such that m; (A(zy)) = 0. Set p(y) = 1—|u(z1,y)|-
Then p is a measurable function in an interval (0,7). Clearly, p(y) — 0 a.e. in
(0,r) as y — 0%, and p is a.e. positive in (0,7). Then, p has a measurable
extension on R, denoted again by p, which is positive a.e. in Ry . Furthermore,
p is locally bounded in (0,7), since u is locally bounded in H

For (z,y) € ST, set

1 - |p(=,y)]
M) = T e )]
Then the assertion of the Lemma follows by (1.2).

2.8. LEMMA: Let a be a point in R, U a neighborhood of a in C, and 6
be a continuously differentiable function with bounded partial derivatives in
U+ = UNH such that |8(z)| <0y < 7/2 for all Z € Ut. Then

(i) there is a square S = S{a,r), r >0, S C U such that the equation

o . o€ _
(2.9) a—wsme %cosﬁ =0

has a unique solution £(x,y) in S*, which has a continuous extension on STUI,
I =I(a—r,a+r), satisfying the initial condition

(2.10) &x,0)=2, el
(ii) the mapping

S R S e

is an embedding of St U I into C, which is a C'-diffeomorphism of ST into H
and identity on I.

Proof: Consider the differential equation
(2.12) — = —m{z,y):=—tanh, z+iyeUT.
In view of the assumptions on 8, m(z,y) is continuously differentiable with

bounded derivatives in U™, and hence has a continuous extension on U+, and
the coefficient function m(z,y) is Lipschitz in Ut with respect to y. Therefore,
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there exists &g > 0 such that for every £ € (a — g, a + o), (2.12) has a unique
solution z = p(£,y), 0 < y < &, which satisfies the initial condition

(2.13) 0(§,0) =&

Since m(z,y) is bounded in U™, there exists & € (0,dq) such that the mapping
z=G((),z =z + iy, = £ + in which is given by
(2.14) {$=<P(§,77)

Yy=n

is well defined in the closed rectangle

Q={(&n):16-a] <5,0<n< 6}

Clearly G|la — 6,a + 6] = id, and by the classical existence and uniqueness
theorem for first order ordinary differential equations, G is an embedding of Q
into C. Since m € C1, it follows that ¢(£,71) and hence also G is continuously
differentiable in Q = int @, see [H, Theorem 3.1.2). Furthermore, see [H, 3.1.16],

% = [ Grtelem.ois) >0,

and thus the Jacobian Jg of G satisfies
o= day) _or
omn) 0¢"
in Q. Therefore, G is a sense preserving homeomorphism in @, and G(Q) C H.

Then, there exists r > 0 such that S*(a,r) C G(Q).
Let g1 = G™'|S*(a,r). Then g; is a sense preserving homeomorphism which

(2.15)

is a diffeomorphism, and hence locally quasiconformal in S*(a,r), and g; maps
S*(a,r) into Q. Furthermore, by (2.13),

(2.16) gil{a—r,a+r)=id

Now, (2.14) and the fact that z = ¢(£,y) is a solution of (2.12) imply

o ¢ _
(2.17) e sin 6 3 cosf = 0.

Indeed,

(fz ﬁy):(a:g xn>_l:(:v5 ~~m)_1=(1/ac¢ m/x5>
Nz My Ye  Yn 0 1 0 I

Hence, &,/&; = m = tan 6, which yields (2.17).
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2.18. LEMMA: Let ry > 0, I; = (a —r,a+7) and S; = S(a,r1) and let
p be an a.e. positive measurable function in (0,r,), such that p is a.e. locally
bounded away from 0 in (0,r,) and such that p(t) — 0 a.e. in (0,r,) ast — 0*.
Then the mapping go: S; UL, — HU I, which is defined by

(2.19) g2(&,m) = (£, R(n)),
where
(2.20) R = [ " oty

is an embedding, is locally quasiconformal in Sl+ and identity on I .

Proof: Since p is measurable and a.e. positive in (0,7y), g2 is injective, and
hence an embedding in S;. Clearly, go is an ACL and hence g is a.e. dif-
ferentiable in S;” U J. Since p is locally bounded away from 0 in (0,r), and
g, = (1= p)/(1 + p) ae. in S, it follows that go is locally quasiconformal in
SiF. Obviously, go|I; = id.

3. Proof of the main results

3.1. Proof of Theorem 1.3: Let a, f and U be as in the theorem. Set 8(z) =
arg 11(2)/2. Then @ satisfies the assumptions of Lemma 2.8. Let r > 0, § =
S(a,r}, I = I(a,r), and g; be as in Lemma 2.8. Then g; is identity on I
and maps ST homeomorphically into H. By Lemma, 2.5, there are measurable
functions p: (0,7) = R, and M: St — R such that for a.e. (z,y) € ST,

(3.2) w(z,y) = 2 BHEVL - p(y) - M(z,y)]

and such that (2.6) and (2.7) hold. Next, choose #' > 0 such that §'+ C g;(S™),
where S' = S(a,7’) and let I' = S’ N R Choose r; € (0,7") such that for
S1 = S(a,m1), T Ca1(S).

Now, let A = 0¢,/0z,B = 0¢1/0Z and

(3.3) C = Ae?? — Be™®.
Then
1 i 1 )
A= 5[500 +1- zEyL B = ‘2'[61 -1 +z§y]7

(3.4) ImC = &;sinf — &, cosb,
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and thus, in view of (2.9), C is real.
By (3.3), |C] > |A| — |B] > 0, and since |A|? — |B|* = J,, > 0, it follows that
C # 0, and thus, by straightforward computations,

A B

‘ T, ~
(3.5) ew(—c—, + 5) = S = J, |01 >0,

Let p1 = ¢1 * 4 be the deformation of the dilatation u, which is induced by
g1 By setting in (2.2) the expression for p which is given in 3.2, one obtains
that a.e. in Sy
e*¥(1 - pM)A - B C—-epMA

_OG:

(3.6) =g e~29(1 - pM)B C +€%pMB °

Since C # 0 and real and p(n) — 0 a.e. asn — 0,
_[c w/A B
(3.7 = [g1-e*(5+7)Mp+p-0(p)] oG

holds a.e. for a smaller rectangle, which we denote again by S;,S1 = S(a,r1).
Thus

(3.8) p(¢) =1-pnMi(¢) ae. inSy,

where, in view of (3.5),

My = MUy, [CI72 + olp)
is a real-valued measurable function, which satisfies
(3.9) Ril SIMi < Ry

for some R; > 0.

Next, let g» be as in Lemma 2.18 and let us = g2 * p; be the deformation
of j1;, which is induced by g2|S;. Since y; is locally bounded in Sj" and g»
is locally quasiconformal, it follows, by Lemma 2.3, that us is measurable and
locally bounded in go(S").

We now compute and estimate u;. Let A = (g2)¢ and B = (g2)z. Then

_ 1 pn) _ 1 pm)
A= 5 + 5 and B= 5 5
a.e. in S;. To obtain s we plug u; = 1 — p(n)M;(¢) of (3.8), in (2.2), and get

(1+p)Q=-pMi)-14+p 2-M

= +o(p), ae. inS}
[Fp=(=p)(—pM) ~ 2525 T oW, @einS;

M2 © g2 =
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as p — 0. In view of (3.9) and the fact that p(n) — 0 a.e. as n — 0T, there is
ry € (0,71) such that for S; = S(a,r2), S5 C g2(S;), and such that | p2| o < 1
in S. Then a quasiconformal mapping ¢ : S — C with fo = pig a.e.in Sf
exists.

Let V=g 0g;'(S5) and let J =V NR Then J = I, where I, = I(a,ry).
Also, by Lemma 2.3, for a.e. z€ V,

[J,f(z) = ;U‘(Z) = Hypogaog: -

Hence, there exists a conformal mapping h of pogs0g: (V) = (S5 ) onto f(V).

The cluster set of f on J is the same as the cluster set of h o ¢ on I;. The
latter meets C since h o ¢ is quasiconformal. It thus follows that the cluster set
of f on R meets C, and therefore f(H) # C, and (i) follows.

Suppose now that f(H) is a Jordan domain. Then f(V) is a Jordan domain,
and since h o ¢ is quasiconformal, it has a homeomorphic extension on S U J.
Now ¢1|[; = go|lz = id, hence f = (h o ) o (g2 © g1) has a homeomorphic
extension on U N J.

The same argument can be applied to any other point in U N R, from which
we can conclude that if f(H) is a Jordan domain, then f has a homeomorphic
extension on HU (U NR), and thus (ii) follows.

3.2. Proof of Theorem 1.4: Let E, u and f be as in the theorem. If E = @, then
f is quasiconformal in H, and the assertion follows by the classical qc theory.

Suppose that E # . Then E is a countable union of disjoint open intervals
I. Fix one of these intervals, say I. Then, by Theorem 1.3, every point in [
has an interval, which is contained in I where f extends homeomorphically, and
since f(H) is a Jordan domain, f has a homeomorphic extension on HU I, and
consequently on HU E.

We now show that f has a continuous extension on H \ E. Let b be a point
in (RU{oc0})\ E. Since C, and hence f(H), is compact, the cluster set of f at b
is not non-empty. It suffices to show that it is non-degenerate. Suppose that it
is not non-degenerate. Then there are sequences z, and z; in H which tend to
b such that f(z,) and f(z) tend to different limits, say w and w', respectively.
Let K and K’ be disjoint arcs in f(H), the first one containing all points f(z,)
and the other one all f(z,) and such that each of these two arcs lies in f(H)
except for its end point, which is w and w’ respectively. Now choose a domain
D with D ¢ HU {b}, which contains f~*(K) U f~1(K’), and such that the
family T of all paths in D which join f~}(K) and f~!(K’) has infinite modulus,
M(T) = 0o. The path family f(I'} is a subfamily of all paths joining K and K’
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in C, and the latter has finite modulus, since K and K’ are disjoint continua.
Therefore the modulus M (f(T')) of f(I') is finite, which is impossible since f is
quasiconformal in D and M(T) = co.

Suppose now that J is a non-degenerate component of RU {oo} \ E. Choose
a domain D,D C H such that J C 0D NR. Since f is quasiconformal in D,
and f(J) is a free boundary arc in f(D), it follows that f has a homeomorphic
extension on the union of H and the interior (in the R topology) of J, and thus
(in view of the existence of a continuous extension at each boundary point) on
HUJ.

Recalling that f(D) is a Jordan domain, we obtain that f has a homeomorphic
extension on H.

4. Examples

4.1. In the following example, f and u satisfy the conditions of Theorem
1.3 with £ = R. Here f maps H homeomorphically onto itself, and it has a
homeomorphic extension onto H U R, as asserted in the theorem, but not onto
H. More precisely, here f(HUR) = HU R, U {occ}, and the cluster set of f at
oo is the closed ray [—o0,0].

The mapping f in this example is defined by

f(I,y) — ez+2iarctany2’ y> 0.

Then the complex dilatation of f is given by

2
oyt -dy+1
u(w,y)—y2+4y+1
and
4y
1-lyl=1-p= ——"—.

Therefore 1 — |u(z,y)| = p(y) - M(z,y), where

1

=4 d M =
ply) =4y an (2,9) R

Then condition (a) holds at every point £ € R with C = 1 in (1.2). Also
arg u = 0, and thus conditions (b) and (c) hold too.

4.2. In the following example f is a y-homeomorphism in H with u satisfying
conditions (a) and (b) in Theorem 1.3, but not condition (c). In this example
f maps H onto C.
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The mapping f in this example is defined by

flz,y) =2 +ilogy, y>0.

Then the complex dilatation of f is given by

y—1

z, =

w(z,y) o
and 0
Y

1—lul= "= -M
|} | p(y) - M(z,y)
where

1
p(y) =2y, M(z,y) = ) and argu(z,y) = 7 as y — 0T,

+1
Thus (a) and (b) hold, and (c) fails.
4.3. In the following example f is a p-homeomorphism in H with a complex
dilatation u satisfying conditions (a) and (b) in Theorem 1.3, but not condition
(c). Here f maps H onto itself, but f has no injective, and hence no homeomor-

phic extension on HU R
The mapping f in this example is defined by

flz,y) =zy+iy, y>0.

Then
p(z,y) = H
1,12
L= Ty = G T = A M
where 4y 1

=4 d M(z,y)= : .
p(y) =4y an (z,9) Wr Dz a? 110

Note that u satisfies conditions (a) and (b) in Theorem 1.3, and p(z,y) — —1
as y — 01, and thus condition (c) fails. Here for every z € R, f(z,y) — 0 as
y — 07,

4.4, In the following example f is a py-homeomorphism in H with y satisfying
conditions (b) and (c) in Theorem 1.3, but not condition (a). Here f maps
H onto itself, but f has no limit at x = 0, and hence has no homeomorphic
extension on HU R
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The mapping f in this example is defined as follows. For y > 0, let f(z,y) =
u(z,y) + iy?, where for z > 0

z/y if z <y/2,
u(z,y) = ¢ 2/y+ Gi(z/y —1/2)* ify/2 <z <3y/2,
1+z—-y if z > 3y/2,

and for y >0 and z <0
u(z,y) = —u(-z,y).

By checking the values of u{x,y) and its partial derivatives at each of the five
sectors which are defined by [z| < y/2, y/2 < |z| < 3y/2 and |z| > 3y/2 and
their limits at points on the lines |z| = y/2 and |z| = 3y/2, y > 0, it is not hard
to verify that f is a C'-homeomorphism in H.

One can compute arg u(z) and darg u(z)/0y in H (say with the aid of a tool
like MAPLE) and verify that there is » > 0 such that conditions (b) and (c)
hold in each of the rectangles S*(z,r),z € R.

Obviously, for z € R, |u(x,y)] = 1 as y — 07. Simple computations show
that near every point z > 0 in R, and therefore near every point < 0 in R,

8y
— 2 = —
1 — |u(z,y)| 027+ 1

Hence, near each of these points
1-|u(z,y)| =O0(y), asy— 0"

By similar computations one obtains that for points (z,y) in the middle sector
|z <y/2, )
2 _ 8y
z2 + y2(1 +2y2)%’

1= |p(z,y)|

and thus
1—|p(z,y)| =oly) asy—0F

in the middle sector. Therefore, condition (a) fails at the point 0. Note that
condition (a) holds near every other point in R.

As noted above, f maps H onto itself. Clearly, the cluster set of f at 0 is the
line segment |z| < 1,y = 0. Hence f has no homeomorphic extension on HUR.
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