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S u m m a r y .  - -  Various problems are discussed that relate to oseiilations 
in high-energy scattering. I t  is shown 1) that oscillations as s-> co of 
a scattering amplitude /~(s, t) arc not restricted by a polynomial bound 
and analyticity in s, 2) that for sufficiently large s, the number N(s, r) 
of zeros of E(s, t) within ]tl < r < t o (where t o is the nearest singularity) 
satisfies 3T(s, r ) <  C log s, where C is a constant. 

The nature  of the singulari ty of a scattering ampli tude at  infinite energy 

is an impor tan t  unsolved problem in the s tudy of strong interactions of ele- 

men ta ry  particles. For  some theorems and applications it is sufficient to have 

bounds on the modulus of the amplitude,  but  in general the justification of 

approximations and  of simple models requires information about  oscillations 

as the energy tends to infinity. One would like to know whether  or when 

they occur, for what  problems and approxim~tions they  can be neglected, 

and what  limits can be set on their relative magni tude and their frequency 
per unit  energy. 

The purpose of this note is to discuss the present state of progress in the 

s tudy  of oscillations of scattering amplitudes at  high energy. This is closely 

related to the distribution of zeros. 

1. - I f  simplifying assumptions are made they  lead immediate ly  to severe 

restrictions on oscillations. For  example, if the branch cut in the energy z is 
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neglected, then  the  ampl i tude  F(z) is regular  in the ent i re  plane and  bounded  

b y  a polynomial ;  in this ease it  is a po lynomia l  and  hence i t  has only a finite 

n u m b e r  of zeros and  is smooth  (not oscillatory) a t  infinity. More general ly  

i t  migh t  be assumed t h a t  F(z) is an  exponent ia l  funct ion of w (where w = logz) 

in the entire w-plane. This gives a logar i thmic b ranch  cut on the real  axis 
and  the number  of zeros N(r), where r = [z], satisfies 

(1) 2V(r) < 0 ( l o g r ) .  

This means  t ha t  the num ber  of oscillations per  uni t  energy range decreases 

like 1/r. An example  of such a funct ion is 

(2)- F(z) = iz( sin logz + cons t ) .  

I f  we t ake  F(z) to be po lynomia l -bounded  only in the  z-plane, i.e. a str ip in 

the w-plane, bu t  entire for all  w, the following example  is al lowed: 

(3) F(z) = iz[C + sin (log ~ z)] . 

I f  F(z) represents  a forward  scat ter ing ampl i tude  this example  corresponds 

to an  oscillating to t a l  cross-section. 

2. - I f  no s implifying assumpt ions  are made  exe'.~pt those t ha t  have  been 

deduced f rom the axioms of q u a n t u m  field theory  there  are three  observat ions  

we wish to make :  

a) The ltpp~r bounds  (for example  the  Fro issar t  bound),  t h a t  have  been  

establ ished b y  ~r (I), do Hot depend on a n y  assumpt ions  abou t  oscil- 
lat ions of the  scat ter ing ampl i tude .  I f  sufficiently s t rong lower bounds  could 

be established, then  the  converse of theorems b y  KEuRI  ~nd KrNOSH~TA (~) 

would lead to restr ic t ions on the  phase  and  hence on the  al lowed oscillations. 

However ,  lower bounds have  been  es tabl ished only for an  <~ average  ~) ampli-  

tude (3) and  even these are too weak  for conclusions via  the  Khur i -K inosh i t a  

theorems.  

b) The axioms of q u a n t u m  field theo ry  lead to the  resul t  t h a t  F(z) is 

regular  and  po lynomia l -bounded  in the  upper  half  z-plane (for a cer ta in  range  

of m o m e n t u m  transfer) .  Unless fu r ther  restr ict ions are obtained,  for  example  

on I m F  when z is real, this  resul t  allows F(z) to have  zeros on the  real  axis 
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for any  set ~V of measure zero. We can see this from the converse to the 

following theorem due to ttILLE (a). 

THE01~E~. -- I f  F(z) is bounded and holom~rphic in I m z > 0 ,  if F(z) is not  

identically zero, and if 

(4) l imF(x  q- iy) = 0 ,  for x in the set N ,  

then N is of measure zero. Conversely if 5 r is a closed set of measure zero, 

then there exists an F(z) bounded and holomorphie in I m z ~  0, such tha t  F(z) 
is continuous in I m z ~  0, and (4) holds but  F{z) ~ 0 for other  values of z 

in I m z ~ 0 .  

c) When the set of zeros extends to infinity along the real axis there 

will in g3neral be a manifold of limit points. A ra ther  weak restriction on 

them has been noted  by  M~EI]~[Ah-N (5) from a theorem due to NEVANLIS~A: 

TgEORE~. -- Let  F(z) be regular in I m z ) 0 ,  and let C~ be the manifold 

of limit p~ints of F(x) ~s x - ~  q-oo along the real ~xis and C2 the manifold 

9~s x - ~ - - c o .  I f  F(x)  oscillates for grbi trar i ly l~rge x then either C~ or C2 

or both will be a continuum, otherwise it would b~ a single point.  The theorem 

states tha t  if C~ and Q hgve no points in common and if one does not sur- 

round the othcr~ then F(z) cannot  be polynomial-bounded in I m z ~ 0 .  

3. - I t  is evident f rom these theorems tha t  one must  seek additional re- 

strictions on the scattering ampli tude in order to obtain a significant sim- 

plification at  high energy. The obvious sources of such restrictions are uni- 

rar i ty  and m~ny-variable analytiei ty.  They have direct consequences on the 
nature of singularities at  thresholds along the real branch cut in energy. There 

is some indication tha t  these singularities are combinations of square root  

and logari thmic (8) so it  may  be tha t  the exponential  funct ion of logz con- 

sidered above is not  far from the physical situation (7). 

I t  is possible to obtain a bound on the number  of zeros of the amplitude 

F(s, t), for fixed s and ]tl<to , from the known bounds on the ampli tude for 

large s. The upper  bound (~) is s 2 for to<din  2 and the lower bound for F(s, O) 
is s -~ provided we are not  too near to a zero (in general complex) of IS(s, 0). 
Because F(,~, t) is analytic, for fixed s, as a funct ion of t in It] < to, with F(s, O) ~0 ,  

(4) A. I-IILLE: Analytic Function Theory, eel. 2 (Theorem 19.2.4). 
(5) N. N. ~V[EI~ANN: Soy. Phys. JETP,  16, 1609 (1963). 
(6) R. J. EDEN, P. V. LA~DSItOFF, D. I. OLIVE and J. C. POLKINGttORNE: The 

Analytic S-Matrix (Cambridge, 1966). 
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we can write Jensen~s theorem in the fo rm 

1 1 ~, ;g(s, re ~~ 
(5) 7N(s ,  ~) d~ = ~ j ~ o g  ~(,,,, o) d 0 < 4 1 o g s ,  

o 0 

where r<to and  N(s,~) is the num ber  of zeros in ] t l<T  of F(s, t). 
We can obta in  a bound  on the  n u m b e r  of zeros inside a circle of radius  

b<r, b y  t a k i n g  a lower bound  in the  above  in tegra l  to give 

(6) 

r 
N(s, b) l o g ~ <  4 logs ,  

4 log s 
N(s, b) ~.. log(r/b)" 

The m a x i m u m  possible n u m b e r  of zeros for a n y  finite rib > ],  is therefore  

increasing a t  mos t  like logs.  (The same applies  to  zeros of ]m/~(s,  t).) 

I t  has been  shown b y  B~SSlS (s) t h a t  the  first zero cannot  occur nearer  

to t = 0 than  [ t l~( logs)  -2. Our resul t  shows t h a t  even in this case the  dis tance 

between zeros mus t  increase (on the average)  so t h a t  no more  t han  N~--log s zeros 

occur within ]t]<r<to (with r/to independen t  of s). I n  general~ a n y  zeros 

will occur for complex  values of t, when s is real~ so they  would lead to 

min ima  in the differential  cross-section da/dt for ]t i <to.  I n  principle the  zeros 

t ---- tk(s), k = 1~ 2, ..., of T(s, t) will de te rmine  the zeros of P(s,  0) bu t  in prac t ice  

this re lat ion m a y  be useful  only for s imple models .  

4. - Fo r  potent in l  sca t te r ing  i t  is well  known (9) t h a t  a singular po ten t i a l  

like l/r" can lead to oscillations in the to t a l  cross-section a(s) as s-->co. I t  
appears  t ha t  the  ampl i tude  of these oscillations becomes small  compared  with  

the cross-section as s--> c~. These singular potent ia ls  give complex singular- 
ities in the a n g u l a r - m o m e n t u m  plane and  imp ly  a n u m b e r  of subt rac t ions  in 

a dispersion re la t ion in s t h a t  t e n d s  to inf ini ty  wi th  t so there  is no 5fan- 

dels tam represen ta t ion  (~o). However  even in the  case of a regular  po ten t i a l  

hav ing  a Mande l s t am represen ta t ion  and  only Regge poles in I~el>--�89 i t  

i t  possible t ha t  the background  in tegra l  a long Re/-- - - - - �89 could lead to oscil- 

lations in the  ampl i tude  /V(s~ 0) as s --> c~. I n  general  these oscillations would 

be small  compared  wi th  the cont r ibut ion  to F f rom a Regge pole in Re 1 > - -  �89 

For  ~'(s, t) when t >  4m 2, the Regge poles themselves  lead to oscillations in 

(s) j .  D. BESSIS: CERN proprint No. TH. 653 (1966). 
(9) E. VooT and G. H. WA~NIE~: Phys. Rev., 95, 1190 (1954). 
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the  spec t ra l  f unc t i ons .  I t  has ye t  to be d i scovered  w h e n  osci l la t ions  of iv(s, 0) 

are e i the r  a b s e n t  or u n i m p o r t a n t  as s--> co. 

* * *  

We are  i n d e b t e d  to  Dr .  P .  V. LA~DSHO~F for v a l u a b l e  discussions.  One 

of us (L.L.) wou ld  l ike  to  t h a n k  the  G o v e r n i n g  B o d y  of Clare I~all  for a 

Vis i t ing  Fe l lowship .  

R I A S S U N T O  (*) 

Si studiano vari problemi relativi alle oseillazioni nello scattering di alta energia. 
Si dimostra 1) ehe le oseillazioni, per s -+ c<~, di un'ampiezza di scattering 2~(s, t) non 
sono limitate da un legame polimoniale e dall 'analiticit~ in s, 2) ehe per s sufficiente- 
mento grande, il numero 2~(s, r) degli zeri di _F(s, t) entre  Itl < r < t o (dove t o ~ la pifl 
vieina singolarit~) soddisfa -~(s, r ) <  C logs, dove C ~ una eostante. 

(*) T raduz ione  a cura  della Redaz ione .  

OcuH.~.~InHml aMH~HTy~ paccef lnn~ npu  BblC01gHX 3HepFHliX. 

Pe3IoMe (*). - -  OScymjIaIOTCn pa3mi~iHbie npo6neMbI, rOTOpt,le cB~3anI, r c octttta- 
nntmmviri B pacce~mraH npri BI~ICOI(I4X 3Heprrmx. IIora3~,maeTc~: 1) atTO IIpI,'I 8"-~c,o OC~I,IJI- 

J1flt~nn aMnJIHTy~t,I pacceflnrm ];(s, t) He orpannnem,~ MHOrOqneHRo~ rparmue~ ri aHani, i- 
THnrlOCTbm no s, 2) qTO ~nn ~OCTaTO~trIO 6onbmnx s, N(s, 0-,tncno nyJie~ .F(s, t) enyTprI 
It] ~ r ~ t 0  (r~e t o 6J~tma~man cnnrynnpnocrI,) y~oaneTaopner nepaaerlCTay 2V(s,r)< 

C log s, r~e C roricTauca. 

(') Ilepeeec)eno pec)ar, queft. 


