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Abstract--Intraluminal resistance to gas transport between the 
microcirculation and tissue was neglected for a half-century fol- 
lowing the early work of Krogh. In recent years it has come to be 
understood that this neglect is seriously in error. This paper 
reviews the background for the long period of misdirection, and 
progress in placing the simulation of gas transport processes on 
a more accurate, quantitative basis. 
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INTRODUCTION 

The literature on mathematical analysis of mass trans- 
fer-related processes in the microcirculation has grown 
greatly in recent years. A relatively complete simulation 
of 0 2 and CO2 transport would encompass a very com- 
plicated series of chemical reaction and transport pro- 
cesses taking place in numerous media arranged in geo- 
metrically complex and heterogeneous ways. Therefore, 
of necessity, all treatments invoke numerous simplifying 
assumptions to reduce the very complex situation to one 
that is mathematically tractable. One of the pervasive 
problems in this sphere of activity is the difficulty of ob- 
taining experimental data of sufficient detail and accuracy 
to permit critical testing and validation (or invalidation) of 
the different sets of simplifying assumptions used by the 
various workers. Nevertheless, significant progress has 
been made on a number of fronts, and one of the purposes 
of this review is to outline some of this progress for a 
small subset of the general simulation problem. 

In this review, attention is directed entirely to intralu- 
minal processes--and to those associated with oxygen re- 
lease and carbon dioxide uptake within the vessels of the 
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microcirculation. Understanding of and ability to predict 
the intraluminal resistance to transport can be regarded as 
building blocks needed to simulate the transport to tissue 
in any configuration. The intraluminal resistance was en- 
tirely neglected in Krogh's classic work (55,56), and 
this approach was followed by almost all investigators for 
the next half-century. In recent years, our understanding 
of the distribution of resistances has changed dramatically, 
and now it is clear that the intraluminal resistance is of at 
least equal importance as that in the surrounding tissue. 
Therefore, it is appropriate that the progress in this re- 
stricted intraluminal focus be reviewed. The reader is re- 
ferred to other reviews (67,69) for overviews of several 
other aspects of oxygen transport. 

This review has three principal parts: a brief review of 
fundamentals and of recent important progress in mathe- 
matical simulation methods; results of calculations on ox- 
ygen release in arteriolar-size and larger vessels and in 
capillary-size vessels; and a review of a recent study on 
simulation of simultaneous oxygen and carbon dioxide 
transport. The results of calculations on oxygen release are 
presented in terms of mass transfer coefficients, which can 
be used to predict oxygen transport rates. The mass trans- 
fer coefficients can readily be incorporated into the (nec- 
essarily much more complicated) models for simulation of 
the microcirculatory networks in tissue. It will be shown 
that the resistance to oxygen transport in the arteriolar-size 
vessels is substantial and must be taken into account in an 
accurate simulation. Almost without exception previous 
workers have neglected this important resistance. In addi- 
tion, the important interactions between oxygen and car- 
bon dioxide transport have been neglected in many previ- 
ous studies. 

REVIEW OF PREVIOUS THEORETICAL WORK ON 
OXYGEN RELEASE IN THE MICROCIRCULATION 

Oxygen Transport in Hemoglobin Solutions 

Equilibrium and Kinetic Expressions. The great majority 
of the oxygen in oxygen-saturated hemoglobin solutions is 



2 J.D. HELLUMS et al. 

carried in chemically bound form. The oxyhemoglobin 
dissociation process often is represented by the simple 
one-step reversible reaction 

HbO 2 ~ H b  + 02 (1) 

Here Hb represents one of the four heme group in each 
hemoglobin molecule, and the net rate of liberation of 
oxygen from oxyhemoglobin, Ro2, per unit volume could 
be given by 

Ro~ = k[HbO2] - k'[Hb][O2] (2) 

where brackets denote concentration, and k and k' are the 
dissociation and association reaction velocity coefficients, 
respectively. These reaction velocity coefficients some- 
times are assumed to be constants. A correspondingly sim- 
plified equation for the rate of oxygen release in which 
these coefficients are not necessarily constants will be dis- 
cussed below. At equilibrium, the net rate of reaction, 
R02, is zero. Because of the large size of the hemoglobin 
molecule, it is safe to assume that the diffusion coeffi- 
cients of Hb and HbO2 are essentially identical. With this 
knowledge, it is easy to show that the total hemoglobin 
concentration remains constant. [Hb r] denotes the total 
(oxy plus deoxy) heme concentration (the heme concen- 
tration is four times the hemoglobin concentration because 
there are four heme groups on each hemoglobin mole- 
cule). Substitution of [Hb] = [Hbr] - [HbO2] and rear- 
rangement of Eq. 2 with R02 = 0, yields an expression 
for equilibrium in terms of S, the hemoglobin oxygen 
saturation, defined to be [HbO2]/[Hbv]: 

(k' /k)[02] 

S = 1 + (k' /k)[02] (3) 

If k and k' are treated as constants, Eq. 3 constitutes a 
hyperbolic curve that deviates sharply from the measured 
equilibrium curve (Fig. 1). The problem was recognized 
early and treated by Adair (1), who noted that each mol- 
ecule of oxygen added to the hemoglobin molecule yields 
a chemically different species with a different binding af- 
finity and different reaction velocity coefficients. Accord- 
ingly, in the Adair model, Eq. 1 is replaced with a set of 
four equations, and there are eight reaction velocity coef- 
ficients. When the Adair model is reduced to the equilib- 
rium condition, it represents the measured equilibrium 
curve well. 

To avoid using the mathematically complex Adair 
model, Moll (61) proposed that Eqs. 1 and 2 be used, but 
that one of the two coefficients be varied to ensure com- 
patibility with the experimentally determined equilibrium 
curve. 

Many curve fits have been made to the observed equi- 
librium curve (see, for example, 66). The oldest and most 
widely known curve fit is the Hill (41) equation (Fig. 1), 

which gives a satisfactory fit over the range of saturations 
of most physiological interest. 

It is common practice to express the dissolved oxygen 
concentration in terms of oxygen tension (oxygen tension 
is a synonym for oxygen partial pressure). The relation- 
ship between oxygen tension, Po2, and dissolved oxygen 
concentration, [O2], is through the Bunsen solubility co- 
efficient, a ,  

[ 0 2 ]  = o~Po~ (4) 

where typical values of a are 1.50 x 10 -6 M/torr in red 
blood cells, arbc (36), and 1.34 x 10 - 6  M/torr in plasma, 
O~pl (69), and M is molar concentration g moles/1. 

In terms of Po2 and S, the Hill equation can be written 
as follows: 

(Po/Pso)  n 
S - (5) 

1 + (Po/Pso)  n 

or in inverse form as 

S I 1In 
Po/Pso  = ~ -~ - -S I  (6) 

where P5o is the oxygen tension that yields S = 0.50, and 
n is an empirical constant. 

The Moll approach replaced the constant dissociation 
coefficient k of Eqs. 2 and 3 with the variable k given by 
Eq. 7. 

1 

=  k'Ps0 [1 - s ]  (7) 

This substitution assures compatibility with the Hill equa- 
tion. In other words, setting Ro2 = 0 in Eq. 2 gives the 
Hill equation when Moll's choices of k and k'  are used. 

Instead of the Moll approach of using the constant as- 
sociation coefficient k', Clark et al. (14) used a constant 
dissociation coefficient, k = 44 s -1, and varied the as- 
sociation constant to obtain compatibility with the equi- 
librium curve. The approach of Clark et al. (14) has been 
adopted by others (e .g. ,  63,87). It seems to have an ad- 
vantage over the Moll approach in that it is better behaved 
at low oxygen tensions. 

Some workers have noted that the Hill equation is not 
very accurate at high (S > 0.90) and low (S < 0.10) sat- 
urations and, as a result, use fixed values of k and k' in the 
end regions (57,86,87). 

The importance of using a kinetic expression compat- 
ible with the observed equilibrium curve is illustrated in 
Fig. 1. Calculations that use a simple model that invokes 
fluxes of the order of those in the microcirculation were 
conducted using constant values of k and k' (5). This 
choice makes the kinetic expression compatible with the 
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FIGURE 1. Comparison of the oxygen-oxyhemoglobin equilib- 
rium curves by the hyperbolic equation, Eq. 3 and the Hill 
equation, Eq. 5. The numbers along the curve denote resi- 
dence time in seconds for an erythrocyte as it traverses the 
capillary. The concentrations are calculated by use of a simple 
model for oxygen delivery to tissue involving mass action 
kinetics of the single-step type, Eq. 2, with constant reaction 
velocity coefficients. (Adapted from Reference 5.) 

hyperbolic equilibrium curve, Eq. 3, as shown in Fig. 1. 
The points shown were averaged through the hemoglobin 
layer as calculated for various times of retention of an 
erythrocyte as it traverses the microcirculation (times are 
indicated along the curve). It can be seen that, after a short 
initial transient period, the calculated points fall very close 
to the hyperbolic equilibrium curve and, hence, are erro- 
neous. In contrast, when the calculations were repeated 
with the Moll approach, the calculated points (data not 
shown) were almost indistinguishable from the Hill equa- 
tion, which is a more accurate depiction of the observed 
equilibrium curve. These and other results show that the 
local oxygen and hemoglobin concentrations are in a con- 
dition of near equilibrium in the microcirculation. There- 
fore, having accurate values of the reaction velocity coef- 
ficients k and k' is much less important than having their 
ratio ensure compatibility with the equilibrium curve. This 
point was demonstrated by Yap and Hellums (94). In this 
work, calculations of fluxes under conditions typical of 
the microcirculation were made using the Adair four-step 
model in comparison with the Moll model. In a compar- 
ison of this type, one must keep in mind the question being 
asked. If the Adair model describes a different equilibrium 
curve than the Moll model, we know a priori that the 
oxygen concentrations and fluxes calculated will be dif- 
ferent. Therefore, the question is the following: Does a 

reaction kinetic model on a sound basis (Adair) have im- 
portant practical advantages over a model (Moll) in which 
a reaction velocity coefficient is varied with no experi- 
mental basis or constraint other than compatibility with 
equilibrium? To address this question, the calculations 
were made with coefficients that describe the same equi- 
librium curve. The resultant oxygen tension distributions 
and oxygen fluxes were almost indistinguishable, thereby 
confirming that use of the Adair model is not essential. 
The much simpler variable-coefficient models are entirely 
adequate in practical calculations of oxygen fluxes in the 
physiologic range. 

Facilitation of Oxygen Transport by Diffusion of Oxyhe- 
moglobin. The facilitation of oxygen transport by diffu- 
sion of oxyhemoglobin is known to be an important mech- 
anism for oxygen transport under some circumstances. 
The basic idea of this facilitation is illustrated in Fig. 2, in 
which we imagine a layer of hemoglobin solution between 
two membranes that are permeable to oxygen but not to 
hemoglobin (as in a red blood cell). One side has a high 
oxygen tension, and the other side has a low oxygen ten- 
sion. As a result, we have a diffusive flux of oxygen down 
the concentration gradient. Superimposed on the diffusion 
of dissolved oxygen, we have oxygen carried in a chem- 
ically bound form by the hemoglobin. The increase in 
oxygen transport caused by the diffusion of oxyhemoglo- 
bin is designated facilitation. On the high oxygen tension 
side, hemoglobin tends to load with oxygen and then dif- 
fuse down the concentration gradient to the lower oxygen 
tension side, where the hemoglobin unloads oxygen and 
diffuses back in the deoxygenated state. Keller and Fried- 
lander (51) showed experimentally that, in dilute hemo- 
globin solutions, the facilitation can increase 02 transport 
as much as eightfold over ordinary 0 2 diffusion. Sheth 
and Hellums (80) performed calculations that showed that, 
under conditions typical of the normal microcirculation 
(concentrated hemoglobin solutions), facilitation may in- 
crease transport by as much as a factor of two. 

The enhancement, E, is defined as the actual oxygen 
flux divided by what the flux would be if there were no 
facilitation (if there were only diffusion of dissolved ox- 
ygen). The enhancement of oxygen transport can be cal- 
culated easily for a simple case such as that illustrated in 
Fig. 2 (51,56) as follows: 

DHbO2 
E = 1 + - - ~ - %  M (8) 

where DHbO2 is the diffusivity of oxyhemoglobin, Do2 is 
the diffusivity of dissolved oxygen, and M is the slope of 
the oxyhemoglobin-oxygen equilibrium curve given by 
Eq. 9: 

a[HbO2] 
M - - -  (9) 

0[O2] 
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In a more general approach the total oxygen flux can 
be determined by use of an effective diffusivity, D e f  t de- 
fined by 

Jo2 = - D e f f V [ O 2 ]  (10)  1 

where Jo2 is the total flux of oxygen by diffusion, and 
7[02] is the gradient of the oxygen concentration. Be- 
cause the total flux is a result of diffusion of both oxygen 
and oxyhemoglobin, we have 

Jo: = -Do2V[O2] - DHbO2V[HbO2] ( l l )  

and for equilibrium, 

3[HbO2] 
V[HbO2] - - -  7 [ 0 2 ]  = MV[O2] (12) 

~q[O21 

we have 

Def f = Doz + MDHbo2 (13) 

the boundary also is zero. Therefore, we have the unac- 
ceptable imposition of a zero oxygen flux through the 
boundary. 

The conclusion is that, although the oxygen and hemo- 
globin are in a condition of near equilibrium throughout 
most of the layer illustrated in Fig. 2, there must always be 
a thin region near the boundary, the boundary layer, in 
which the deviation from chemical equilibrium is signifi- 
cant. As a result, many workers in mathematical simula- 
tion use the more complete set of differential equations, 
such as Eqs. 15 and 16 (below), which contain the chem- 
ical reaction rate expressions. These equations are highly 
nonlinear and usually require numerical solution. 

A different approach was used by Clark et al. (14). 
They assumed chemical equilibrium except in the bound- 
ary layer and used the method of matched asymptotic ex- 
pansions to treat the deviation from chemical equilibrium 
in the boundary layer. Through this analysis, they ob- 
tained an analytical solution for the rate of deoxygenation 
of erythrocytes. 

It should be noted that these expressions assume that the 
oxygen and oxyhemoglobin are in local chemical equilib- 
rium. In view of the earlier statements about the near- 
equilibrium condition, it appears that the assumption of 
chemical equilibrium would be adequate in mathematical 
models of oxygen transport in hemoglobin solutions. As 
will be discussed below, it is somewhat paradoxical that 
often it is not so. One cannot invoke the simplifying as- 
sumption of chemical equilibrium without neglecting the 
phenomenon of facilitated diffusion. Therefore, one must 
use caution in using the simple expression of effective 
diffusivity. 

The Problem with the Equilibrium Assumption. The diffi- 
culty with the equilibrium assumption is easily visualized 
for a simple case such as that illustrated in Fig. 2. The 
equilibrium assumption means that the values of [02] and 
[HbO2] are directly related through the equilibrium curve. 
At the boundaries of the layer of Fig. 2, we see that there 
is no hemoglobin flux. Therefore, by Fick's law, we have 
a zero normal gradient of [HbO2] at the boundary, as 
shown in Eq. 14: 

Equations for Oxygen Transport in Hemoglobin Solutions. 
Under the assumption of uniform total hemoglobin con- 
centration, we require balance equations for only two spe- 
cies, oxygen and oxyhemoglobin, as follows: 

0[02] 

ot 
- -  ~- V " V[O2] = DO272[O2] - RO2 (15) 

and 

3[HbO2] 
- - 3 t  + ~ " V[HbO2] = DHbO2~72[HbO2] -- Ro2 

(16) 

where ~ denotes the fluid velocity vector. 
These equations are simplified for various situa- 

tions; for example, Lemon et al. (57) treated the case of 
steady-state flow and oxygen transport in a cylindrical 
conduit. They neglected diffusion in the axial (z), or flow, 

3[HbO2] 
- -  - 0 ( 1 4 )  

On 

However, through the equilibrium relationship, Eq. 14 
implies that the oxygen concentration normal gradient at 

1Throughout this paper and the literature on oxygen transport, a 
simplified form of Fick's law, which tacitly--and correctly--assumes 
low concentrations of the diffusing species, is used. Therefore, Fick's 
law has been written as if it were for a binary system with constant total 
concentration. 

FIGURE 2. Schematic representation of the mechanism for 
facilitated diffusion of oxygen in hemoglobin solutions. 
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direction and assumed no flow in the radial direction. 
These simplifications yield Eqs. 17 and 18: 

I a2[O2] 1 0[02] 1 
a[O2] = Do2 ] - - - ~ r  2 + - - k'[Hb][O2] v %-;- . r - - f f - r  1 

+ k[Hb021 (17) 

a[HbO2] O2[HbO2] 1 O[HbO2] 1 
v 0 7  - DHbO2 ar ---------7~ + r ~rr j 

+ k'[Hb][O2] - k[HbO2] (18) 

where v is the axial fluid velocity, z is the axial space 
coordinate (distance from the capillary entrance), and r is 
the radial space coordinate. They used the parabolic ex- 
pression for the velocity distribution characteristic of lam- 
inar flow of a Newtonian flow (7): 

2Q 
v = ----7 [1 - (r/rc) z] (19) 

'IT F c 

where Q is the volumetric flow rate, and r c is the radius of 
the conduit. 

The equations were solved by Lemon et al. (57) to 
simulate oxygen uptake and release experiments in the 
artificial capillary system of Boland et al. (8-10). The 
very good agreement between calculated and experimen- 
tally determined oxygen transport parameters was re- 
garded as a validation of the relatively difficult experi- 
mental measurements, because the theory of diffusion and 
reaction in homogeneous hemoglobin solutions is on a 
firm theoretical basis. 

assumption that the resistance to mass transfer within the 
tissue was dominant. 

In other studies, the tissue that contains capillaries, but 
not larger blood vessels, was treated as a continuum 
(71,74,75,92). In other words, the oxygen tension distri- 
bution was regarded as smoothed by a volume-averaging 
procedure, and the scale of the averaging procedure was 
assumed to be large relative to the capillary spacing. Un- 
der these assumptions, the mean oxygen concentration can 
be represented as a single concentration that can be deter- 
mined by solving a single partial differential equation. The 
objective of this approach is to gain information on the 
overall oxygen concentration distribution pertinent to the 
whole organ level, without treating the small scale varia- 
tions. This approach (92) and an earlier approach used by 
Popel and Gross (70) have been applied to describe the 
oxygen tension distribution and oxygen fluxes in the vi- 
cinity of precapillary, arteriolar blood vessels. In these 
approaches, the radial oxygen tension gradient in the ar- 
terioles was neglected similar to the way in which the 
Krogh approach neglected the capillaries. The results of 
this work presumably give insight into the gradients and 
fluxes for such cases, but it is outside the scope of this 
paper's focus on intraluminal processes. In addition, it 
would appear that the accuracy of these methods could be 
improved by the incorporation of the radial oxygen tension 
gradient within the arterioles. Below, in "Comparison of 
Calculated Results with In Vivo Results," we show that 
such gradients constitute a significant fraction of the over- 
all gradient in the tissue and, therefore, are far from neg- 
ligible. 

Simulations in Which Intraluminal Resistance to Oxygen 
Transport is Neglected 

Early Treatment of the lntraluminal Resistance to 
Oxygen Transport 

Krogh's early work (54,55) has served as a basis for 
much of the subsequent work. His approach included use 
of a typical capillary, assumed to be cylindrical, sur- 
rounded by a annular ring of tissue, the Krogh tissue cyl- 
inder, which exchanges mass with and only with the one 
typical capillary. The radius of the tissue cylinder was 
assumed to be one half the estimated typical capillary 
spacing in the tissue. This approach yielded the important 
mathematical simplification of axial symmetry. There- 
fore, only two space dimensions are considered. In most 
analyses, axial diffusion in both the tissue and the blood is 
neglected, but axial convection in the blood is taken into 
account. The rate of oxygen consumption or disappear- 
ance per unit of volume of tissue often is assumed to be a 
constant, although more complicated expressions some- 
times are used in conditions of anoxia. In most studies, 
steady state is assumed. A key point is that the diffusion 
problem within the capillary was ignored by Krogh and by 
most subsequent workers for many years under the tacit 

Following Krogh's approach, the intraluminal resis- 
tance to oxygen transport was entirely neglected for about 
forty years. In 1960, Thews (85) observed that the 
Kroghian flat oxygen tension profile in the capillary was 
not possible, since diffusion of oxygen requires a partial 
pressure gradient, and since the oxygen is released by a 
reversible chemical reaction with hemoglobin. Thews 
treated the diffusion-reaction problem in a simplified, lin- 
ear form and gave an estimate of the intraluminal oxygen 
tension gradient. 

Subsequently, Reneau et al. (72,73) gave the first de- 
tailed treatment of the intraluminal oxygen transport pro- 
cesses. They treated the blood as a continuum--as if it 
were a homogeneous hemoglobin solution--and assumed 
local chemical equilibrium. They incorporated convection 
in the axial or flow direction, and radial diffusion. They 
solved the convection-diffusion problem in the capillary 
and the diffusion problem in the tissue simultaneously and 
matched the two solutions as they evolved by using the 
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appropriate boundary conditions of continuity in both ox- 
ygen tension and oxygen flux. They treated a number of 
transient and steady-state problems and investigated the 
importance of axial diffusion in both the blood and in the 
tissue (it was found to be of negligible importance in the 
blood and of significant but slight importance in the tis- 
sue). Because this model is highly nonlinear, Reneau et 

al. (72,73) and most subsequent workers have used nu- 
merical methods to solve the system of partial differential 
equations. 

The equations used by these workers can be obtained 
from Eqs. 17 and 18 by using the following procedure: 1) 
neglect the term involving DHb02 in Eq. 16 (the facilitation 
effect); 2) add Eqs. 17 and 18, thereby eliminating Ro2, 
which is positive in one equation and negative in the other; 
and 3) note that under the equilibrium assumption, deriv- 
atives of [Hb02] can be expressed in terms of derivatives 
of [02], as given earlier by Eq. 12. 

The effect of the velocity profile was investigated by 
solving for cases of plug flow (v constant) and for cases of 
parabolic flow (Eq. 19). Extensive calculations were made 
over a wide range of values of the parameters. Represen- 
tative results are given in Figs. 3 and 4, which show the 
effects of reduced hematocrit on oxygen tension profiles 
and on anoxic regions of tissue. 

This early work should be regarded as a turning point in 
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FIGURE 3. Calculated axial oxygen partial pressure profiles in 
the capillaw showing the effect of reduced e ~ h r o c ~ e  con- 
centration in blood entering a capillary. All other conditions 
are normal, Numbers along the abscissa are fractions of the 
total capillary length. (From Reference 73, with permission.) 
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FIGURE 4. Calculated anoxic areas (volumes) of tissue be- 
tween parallel capillaries with concurrent flow resulting from 
reduced erythrocyte concentration. All other conditions are 
normal. Tissue radius is measured in microns. (From Refer- 
ence 52, with permission.) 

simulation of oxygen transport to tissue. The work stim- 
ulated a number of other workers to study intraluminal 
processes and to extend and improve the models. In ad- 
dition, several workers used the calculated results of Re- 
neau et al. (72,73) as the basis or test case to evaluate 
simpler models (48,58,83). Lightfoot (58) showed that, 
for the steady-state case, the oxygen tension profile ap- 
proached its asymptotic shape within a few microns of the 
capillary entrance, and that it was possible to get a simple 
analytical solution which gave a good approximation to 
the numerical solutions. 

Continuum Versus Discrete Cell Models 

As indicated above, most early workers neglected com- 
pletely the resistance to oxygen transfer in the blood. 
Those few workers who did consider the blood diffusional 
resistance treated blood as a continuum. This treatment of 
blood as a continuum was examined in 1977 (39) by use of 
a simple model suggested by the geometrical configura- 
tion of erythrocytes in capillaries. The sketch given in Fig. 
5 was based on the cell lengths and clearances measured 
by Hochmuth et al. (42) and by Seshadri et al. (79). In a 
4-txm-diameter capillary, the red blood cells (RBCs) de- 
form to an almost cylindrical shape, which nearly fills 
the lumen of the capillary, and the space between the 
cells is approximately equal to the deformed cell length 
(for a 45% hematocrit) (42,82). Several workers (2,12,22) 
have shown that radial convection currents are of only 
secondary importance. Therefore, it seems clear that, in 
the small capillaries, the transport of oxygen primarily is 
radial through the erythrocyte and through the narrow 
plasma gap between it and the capillary wall. Further- 
more, bearing in mind the fact that nearly all of the oxygen 
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is transported in the erythrocytes, it is clear that the effec- 
tive capillary surface area for oxygen transfer to the tissue 
is only approximately 50% of the total capillary area--and 
less for lower hematocrits. 

A second source of error in the earlier work on the 
continuum approach lies in the diffusivity along the dif- 
fusion path. As seen in Fig. 5, for small capillaries, dif- 
fusion occurs for the most part in the concentrated he- 
moglobin solution in the erythrocyte. The effective diffu- 
sivity in the concentrated solution is only approximately 
50% of that used in the continuum approach (based on the 
overall average hemoglobin concentration). 

There are erythrocyte-associated transients in the oxy- 
gen tension and oxygen flux--from the standpoint of an 
observer fixed in space on the capillary wall. (These tran- 
sients are discussed below.) An order of magnitude argu- 
ment was used to indicate that these transients were of 
only secondary importance, and the problem was treated 
as a steady-state case in which, for a 45% hematocrit, the 
oxygen flux at the erythrocyte boundary was twice that at 
the capillary wall (taken to be uniform). This concept of 
the fluxes is illustrated in Fig. 9, adopted from the work of 
Groebe (36). 

These factors were taken into account in a simple ex- 
tension of Lightfoot's solution and matched with a Krogh- 
type diffusion solution for the tissue. The result was an 
analytical expression for the relative resistance to oxygen 
transport in the capillary and the tissue. Values of the 
relative resistance compared with that in the correspond- 
ing continuum case were found to be insensitive to the 
values of the single parameter, the ratio of the Krogh 
tissue cylinder radius to the capillary radius. The frac- 
tional resistance in the capillary was found to be approx- 
imately 50% in the discrete cell approach and approxi- 
mately 20% in the continuum approach. This finding is in 
contrast with the assumption of most early workers who 
followed Krogh and neglected the resistance in the blood 
entirely. Even the few early workers who did consider the 
resistance underestimated its importance. 

FIGURE 5. Sketch illustrating the important influence of cap- 
illary diameter on the geometrical parameters associated with 
the oxygen transfer process: (a) 4-1xm capillary; (b) 6-1~m cap- 
illary. In both cases, the geometrical parameters correspond 
to a 45% hematocrit (Reproduced with permission from [40]). 
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FIGURE 6. Schematic of model geometry. Geometry is either 
two-dimensional or axisymmetric three-dimensional; in the 
latter case, particle eccentricity, ~, is zero. (From Reference 27, 
with permission.) 

Improved Discrete Cell Models 

The analysis outlined above had a number of simplifi- 
cations and limitations that required examination. 

Baxley and Hellums (5) extended the analysis to in- 
clude facilitated transport and chemical reaction kinetics 
by using the same simple geometry, and obtained results 
consistent with the main finding: approximately 50% of 
the resistance to oxygen delivery is within the capillary. 
They also obtained the findings on the variable rate kinetic 
expression and of the importance of compatibility with 
equilibrium discussed earlier. 

Federspiel and Sarelius (28) and Federspiel and Popel 
(27) advanced the discrete cell model by exploring the 
influence of the key parameter of erythrocyte spacing (re- 
lated to hematocrit), as well as the influence of a number 
of other parameters, and by taking diffusion in the plasma 
gaps between ceils into account. Their most interesting 
calculations (27) used the idealized geometric configura- 
tion of spherical RBCs suspended in a cylindrical conduit 
as shown in Fig. 6. 

The authors expressed their results in terms of a dimen- 
sionless mass transfer coefficient, k*, which is a mass 
transfer Nusselt number, Nu (a notation used by some 
other workers and to be used in this paper later) 

jwFc 
k* = (20) 

(p* - -  P w D p l a r b c  

where Jw is the mass flux of oxygen from the capillary to 
the tissue, 2 Dpl is the diffusivity of oxygen in the plasma, 
P* is the oxygen tension in equilibrium with the mixed 
mean 3 hemoglobin saturation in the RBC, and Pw is the 
oxygen tension at the capillary wall. 

Results expressed in terms of k* were found to be al- 
most independent of both oxygen saturation in the RBCs 
and the flow velocity, but they were found to depeJ~d 

ZMass flux is used as the rate per unit area for mass transfer per unit 
time (e.g., g mol/(cm~-sec). Several workers in the microcirculation use 
flux to be per unit length of capillary instead of per unit area. Still others 
use the term flux to denote total mass transfer rate (e.g., g mol/sec). 

3Mixed mean values are defined in "A Model for the Pre- and Post- 
Capillary Microcirculation," following. 
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strongly on RBC spacing in the capillary as shown in Fig. 
7. Also shown in Fig. 7 is the significant but weaker effect 
of cell clearance, expressed as h = rJa,  where a is parti- 
cle radius. In Fig. 7, L is the edge-to-edge space between 
particles expressed as multiples of particle length, 2a. 
This work forms a very useful basis from which to exam- 
ine the prime determinants of the resistance to oxygen 
release from RBCs, although, as we noted, it is not ex- 
pected that the values calculated would describe precisely 
the oxygen release in vivo---in large part because of the 
simplified geometry used. The key finding was the ex- 
treme importance of the cell spacing parameter�9 

Groebe and Thews (38) extended the treatment of the 
effects of cell spacing in a study on oxygen delivery to 
canine skeletal muscle. The RBC geometry was approxi- 
mated by solid cylindrical slugs analogous to the schemes 
of Figs. 5, 8, and 9. They noted that the previous work by 
Federspiel and Popel (27), Federspiel and Sarelius (28), 
and Homer et al. (43) had, in a sense, treated the RBCs as 
motionless. Therefore, there was neglect of the interaction 
between moving RBCs and the stationary tissue. This in- 
teraction may be characterized as "charging" and "dis- 
charging" of the stationary structure with oxygen as an 
RBC or a plasma gap, respectively, passes by. The results 
obtained by Groebe and Thews (38) show that the RBC 
motion tends to equalize the variations in boundary Po2 
and 02 flux of the static models. There were significant 
calculated variations in flux or Po2, but these variations 
were shown to dampen rapidly with depth in the surround- 
ing tissue. The net effect of the RBC motion on the aver- 
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FIGURE 7. Effect of particle spacing, L, and particle clearance, 
~, on the capillary mass transfer coefficient for the axisym- 
metric three-dimensional case. Shown is the average capillary 
mass transfer coefficient from ~ = 80% to ~ = 20%, k*, as dis- 
cussed in the text. L is in units of particle lengths. (From Ref- 
erence 27, with permission. Legend was modified slightly.) 

age oxygen delivery to the muscle tissue of their model 
was an increase of approximately 10%. It was concluded 
that nonuniformity of 02 flux out of capillaries as a result 
large RBC gaps did not play an important role for tissue 
02 supply as long as average RBC spacing was suffi- 
ciently small to guarantee an appropriate overall capillary 
flux. Some results of this study by Groebe and Thews (38) 
are presented below. 

In related work, Secomb et al. (78) studied the effects 
of sinusoidal oscillations in tissue Po2 imposed at the cap- 
illary wall. The amplitude of the fluctuation decayed with 
depth in the tissue in a frequency-dependent manner. Rel- 
atively low frequency fluctuations (0.2 Hz), characteristic 
of vasomotion, persist throughout radial distances in the 
tissue typical of capillary spacing. Higher frequency fluc- 
tuations (20 Hz), characteristic of the erythrocyte-induced 
transients discussed in above, penetrate only a few ix into 
the tissue and do not reach the regions in which anoxia is 
most likely to occur�9 Therefore, their conclusions were 
consistent with those of Groebe and Thews (38). 

Groebe and Thews (35-39) have undertaken a number 
of other studies in which they simulated the oxygen supply 
to muscle. The focus of much of their work is on the 
oxygen tension and myoglobin saturation distributions in 
and around the muscle fibers. However, they have used 
complete models, including intraluminal capillary resis- 
tance. One difference between their approach and those of 
other workers is that they do not treat the intraluminal 
resistance as a separate entity. Instead, they consider three 
regions, usually annular in shape, as illustrated in Fig. 8. 
In order of increasing radius they treat: 1) the RBC, ap- 
proximated as cylinders; 2) an annular carrier-free region 
(CFR) surrounding the RBCs; and 3) the muscle tissue�9 
The carrier-free region is lumped together in the calcula- 
tions, but it is thought of as representing three entities: 1) 
the plasma layers between the RBCs and the capillary 
wall; 2) the endothelial cells of the capillary wall; and 3) 
the interstitial space outside and immediately adjacent to 
the capillary. Typical dimensions in the work of Groebe 
and Thews are of a 4-ixm-diameter red cell in the capillary 
surrounded by a 1.55-ixm-thick annular ring of CFR. The 
CFR typically is taken to contain a 0.75-ixm layer of 
plasma (giving a 5.5-ixm diameter capillary) plus a 0.8- 
ixm layer of endothelium and interstitial space. The mus- 
cle tissue containing the carrier myoglobin, surrounds the 
CFR. In contrast, other workers typically treated the cap- 
illaries as 3.6--5 ixm in diameter, in which the RBCs are 
surrounded by an annular plasma layer of 0.2-1.0 ixm 
thickness and the endothelium and interstitial space are 
treated as part of the surrounding tissue. Groebe and 
Thews (38) have treated the intra-RBC part of the oxygen 
transport problem by solving Eqs. 15 and 16, or, in some 
cases, by using the solution of Clark et al. (14). 

Groebe (35,36) has evaluated the procedure used by 
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A sample of the results obtained by Groebe and Thews 
(38) is given in Fig. 10, in which we see the oxygen 
tension distribution in a muscle fiber and three surround- 
ing capillaries. The dramatically large drop in oxygen ten- 
sion seen in and in the near vicinity of the capillaries was 
in marked contrast to the relatively small gradients in the 
muscle fiber tissue. These distributions have been shown 
to be in good qualitative agreement with the experimental 
measurements of Gayeski and Honig (33,34) and are in 
remarkable disagreement with the Krogh approach. 

The Need for Different Models for Different Vessel Diameters 

There are at least five regimes in which very different 
approaches were needed to model oxygen transport pro- 
cesses in blood. Three of these regimes are of most direct 
interest in vivo and are discussed first. 

1.) For true capillaries in the diameter range of 4 or 5 
~m, the solid cylinder shape approximation seems to 
be sound. The major dimension of a human RBC 

FIGURE 8. Schematic drawing of capillary domain geometry 
in muscle. A capillary domain (large circular or triangular cyl- 
inder) of length L and cross-sectional area A is supplied out of 
a central capillary, which is perfused by a given blood flow 
Oc,p. Adjacent RBCs (radius RRB c) within the capillary are sep- 
arated by plasma-filled gaps (spacing). Most of the capillary 
domain is occupied by the muscle fibers in which myoglobin 
(Mb) serves as a oxygen carrier. Erythrocytes and muscle fiber 
are separated by a carrier-free region (CFR, radius RCFR), which 
is made up of a perierythrocytic plasma sleeve, the capillary 
endothelium, and interstitial space. (From Reference 36, with 
permission.)" 

Baxley and Hellums (5) and by Hellums (39) in which the 
radial oxygen flux is assumed to be non-zero in the cap- 
illary only at locations adjacent to the RBCs and is as- 
sumed to be uniform in the surrounding tissue at the cap- 
illary-tissue interface. This approach is illustrated in Fig. 
9. It can be regarded as the limiting case in which the 
charging and discharging phenomena discussed above 
are entirely smoothed out because of the high frequency 
of the passing RBCs. The approach was found to give 
results that were almost identical to those given by more 
detailed calculations over a range of conditions. Of 
course, the idealization should be questioned in severe 
anemia, in which large intererythrocyte gaps occur. 

FIGURE 9. The present model assumes radial 02 flux in the 
CFR adjacent to RBCs only, and uniform radial 02 flux in the 
muscle fiber. (From Reference 36, with permission. The legend 
is from the original figure and, therefore, refers to that work.) 

FIGURE 10. Po2 distribution inside muscle fiber and carrier- 
free layer, which are surrounded by three blood-perfused cap- 
illaries. The bold line outlines the boundary of the muscle 
fiber. The position of a RBC in the capillary next to the ob- 
server is symbolized by a black area. (From Reference 97, with 
permission.) 
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is approximately 8 ~m. It is known that, in the capillaries, 
the RBCs deform about an axis parallel to the cylinder axis 
into a shape that has been described as resembling a "slip- 
per" with a length approximately that of the RBC major 
dimension, 8 txm (32). A question in the cylinder ap- 
proach might be how to deal with the asymmetrical aspect 
of the deformed cell, the "inside" of the slipper. As 
shown previously (43), from examination of the micro- 
graphs of Gaehtgens et al. (32), there cannot be much 
space unoccupied by the RBC inside the "slipper" in 
small capillaries. Consider a solid cylinder of 2 p,m in 
radius and 8 Ixm in length, which is typical of the cylinder 
model. Such a cylinder's volume is 100 (~m) 3, which is in 
approximate agreement with the actual RBC volume. 
Therefore, the solid cylinder idealization for small capil- 
laries seems to have a good geometrical basis, and it has 
the important property of simplicity. Results from this 
approach are given in "Numerical Values of the Mass 
Transfer Coefficients for Oxygen Delivery to the Wall of 
Microvessels." 

2.) For arteriolar-sized and larger microvessels, 20- 
100 Ixm in diameter, Nair et al. (62-64) have developed a 
model that treats the particulate nature of blood in a 
pseudo-continuum way that takes into account the nonuni- 
form hematocrit distribution in the vessel. This model has 
been validated by comparison with experiment and is dis- 
cussed below. 

3.) For vessels of intermediate size, 8-15 I~m, little 
work has been done. In these vessels the assumption of a 
continuous hematocrit distribution used by Nair et al. is 
almost certainly inadequate, and the cell motion is much 
more complicated than is the single file motion of the 
small capillaries. One study in this regime was performed 
by Wang and Popel (91) based on the cell shapes calcu- 
lated for an 8.24-1xm-diameter vessel by Zarda et al. (95). 
Zarda et al. (95) used a model that assumed a single file 
flow, in which the starting, undeformed shape of the RBC 
was oriented with its major axis normal to the axis of the 
capillary. Then, the RBC deformed in an axially symmet- 
ric, "parachute" shape under the influence of the stresses 
associated with flow. Wang and Popel (91) found that this 
shape change significantly altered oxygen delivery--this 
in itself is an interesting finding. However, there is no 
experimental evidence for the specific cell orientation and 
shapes used by Zarda et al. (95). Therefore, although the 
results are of interest in indicating the effects of shape 
change, they cannot be expected to give highly accurate 
predictions of in vivo oxygen delivery. 

Two other regimes, which are not directly used in in 

vivo simulations and, thus, are outside the scope of this 
paper, are described below in brief. 

4.) For relatively large vessels, 200 ixm and larger, 
several workers have observed that RBCs rotate and make 
excursions from the streamlines of the time-averaged 

flow. This RBC motion enhances solute transport. This 
enhancement has been taken into account in a continuum 
approach to simulations by use of effective diffusivities 
that depend on shear rate (11,16--21,25,88-90,96). 

5.) Many basic studies of RBC reactions, especially 
reaction kinetics, have used the "stopped-flow" reactor. 
In these experiments, for example, oxygenated RBC can 
be mixed directly and immediately with a deoxygenated 
fluid or a fluid containing an oxygen scavenger (86,87). In 
this way, extremely high RBC oxygen fluxes can be ob- 
tained, and studies can be made of both reaction kinetics 
and transport processes. Therefore, useful basic informa- 
tion is obtained, although the RBC oxygen fluxes are out- 
side the physiologic range. 

A Model for the Precapillary and 
Postcapillary Microcirculation 

It has been observed that a significant fraction of the 
microcirculatory oxygen transport occurs in arterioles and 
venules (23,24,71). Thus, it is important that we be able 
to predict oxygen transport processes in larger vessels (20 
Ixm diameter and larger), as well as in capillaries. This 
section focuses on the transport in these larger vessels, 
where the hydrodynamics and mass transfer characteristics 
are known to differ from those of the capillaries. 

Boland et al. (8-10) have developed an experimental in 
vitro system to study oxygen transport processes in small 
cylindrical conduits. In this in vitro system, the intracap- 
illary and extracapillary resistances to oxygen transport 
can be determined separately and accurately. This section, 
from the work of Nair et al. (62-64), concerns the devel- 
opment of a mathematical model for arteriolar-sized ves- 
sels and the use of results from the experimental system of 
Boland et al. (8-10) and from other previous studies to 
validate the model for microcirculatory oxygen supply or 
uptake. 

Physical Problem and Outline o f  Approach. The flow of 
RBCs through large microvessels is more complex that is 
the single file flow in the small capillaries of the micro- 
circulation. The RBCs more or less retain their disc shape 
in the large microvessels. The overall flow profile has 
been observed to be parabolic with a light blunting at the 
center. Because of the shear field, the RBCs tend to move 
away from the wall, resulting in a relatively cell-free layer 
close to the wall. This movement leads to a radial distri- 
bution of hematocrit with a higher hematocrit at the center 
and lower hematocrit near the walls. 

Because the RBCs are semisolid entities suspended in 
the plasma, the velocities of the cells and the plasma as 
well as various properties such as hematocrit vary with 
position in a discontinuous way. However, as a simplifi- 
cation these quantities are treated as varying continuously. 
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Therefore, for example, the RBC velocity at a given radial 
position is an average over time, even though at any given 
instant of time the particular position may or may not be 
occupied by an RBC. 

Hematocr i t  and Velocity Profiles.  From observations of 
hematocrit profiles it has been found that the radial he- 
matocrit distribution can be expressed as 

h(r) = hm[1 -- (r/rr) m] 0 <~ r <~ r r 

h(r) = 0 r r <~ r <~ r c (21) 

where r is the radial coordinate, h(r) is the hematocrit, the 
volume fraction RBCs at any radius r; rr is the radius of 
the cell-rich region; and h m and m are constants. The 
distribution is of the form suggested by Lih (59), with a 
modification to exclude the cell-free region. 

Different velocity profiles were used for the plasma and 
the RBCs (Fig. 11). The profiles are parabolic with a 
slight blunting and differ by a constant--the slip, slp 

Vpl = A[1 - (r/G) 2] r r <~ r <~ r C (22a) 

vr = G[1 - B ( r / r J ]  0 <~ r <~ r r (22b) 

Vrb c = G(1 - slp)[1 - B(r/rc) 2] 0<-  r <- r~ 
(22c) 

where B is the blunting factor [taken to be 0.9, based on 
the work of Pittman and Ellsworth (68)], representing de- 
viation from the Poiseuille flow parabolic profile, V'pl(r ) is 
the plasma velocity at radius r in the cell-free region, Vpl(r ) 
is the plasma velocity at radius r in the cell-rich region, slp 

is a slip constant taken to be 0.10 based on work by Sinha 
(81), and Vrb r (r) is the rbc velocity at radius r in the 
cell-rich region. 

The velocity variables have the property that hVrbc(r ) 

gives the local volumetric flux of RBCs (volume of RBCs 
per unit time per unit area). Similarly (1 - h)vN(r) is the 
local volumetric flux of plasma. A sketch of the profiles is 
given in Fig. 11. 

Oxygen Transport  Relationships and a Simpler Model .  

The system of equations used in the more complete of the 
two models discussed is described below. 

The dissolved oxygen balance within the RBCs takes 

18-- . . . . .  ~-::Yt~, 
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FIGURE 11. Schematic of the flow of RBCs in large capillaries. 
(A) RBC and plasma velocity profiles and the hematocrit pro- 
file. (B) Basis for calculation of the cell-free layer thickness, 8. 
(From Reference 63, with permission.) 

into account convection in the axial direction, chemical 
kinetics of release or uptake of oxygen from oxyhemoglo- 
bin, and the local flux of oxygen between the RBC and 
plasma phases. The oxyhemoglobin balance within the 
RBCs also takes into account both convection and chem- 
ical kinetics but, of course, with no flux between phases. 
The oxygen balance in the plasma takes into account axial 
convection, the local flux of oxygen between phases, and 
radial diffusion in the plasma. Equations that relate the 
interphase flux to the local RBC and plasma oxygen ten- 
sions are based on solutions of equations analogous to 
Eqs. 17 and 18 for the intracellular region and on a solu- 
tion for the boundary layer resistance in the plasma im- 
mediately adjacent to the RBC. 

Detailed calculations of oxygen release and uptake in a 
27-1xm-diameter microvessel yielded results that were 
found to be in excellent agreement with measurements 
performed in the artificial capillary system of Boland et al. 

(8-10). Excellent agreement also was found with the mea- 
surements of oxygen transport in 100-1xm-diameter con- 
duits by Schmukler and Chien (76). 

The calculated oxygen tension distributions by Nair et 

al. (62-64) revealed that, in the 27-1xm microvessel, only 
approximately 4% of the resistance to oxygen transport 
was associated with processes within and in the near vi- 
cinity of the RBCs. This finding suggested that the model 
could be dramatically simplified without compromising 
accuracy by invoking two simplifying assumptions: 1) 
within the RBCs we have chemical equilibrium between 
oxygen and oxyhemoglobin and negligible concentration 
gradients; and 2) locally, the plasma and hemoglobin in 
the RBCs are in equilibrium. The second assumption 
means that the oxygen tension is continuous across the 
RBC membrane, but, of course, this depends on both 
radial and axial positions. Under these assumptions the 
model was simplified to a single partial differential equa- 
tion, Eq. 23. 

+ (eqbc~ 
(1 -- h)Vpl \ ~ p l J  

0102]pl 
Oz 

hVrb c 1 + [Hbr] ~ • 

Opl3 3 [ O[02lpl] 
- r Or [ r ~ ]  (23 )  

where [O2]rb c and [02]pl represent the dissolved oxygen 
concentrations in the RBCs and plasma, respectively. 
With our assumptions, they are related at each position in 
space by continuity of oxygen tension, Eq. 24. 

O~P._.~ 1 
[O2]pl = [02]rb c (24) 

OLrbc 

Reviewing Eq. 23 term-by-term we see that the first 
term on the left represents convection of dissolved oxygen 
in the plasma; the second term, (Otrbc/OLpl)hVrbc, represents 
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convection of dissolved oxygen in the RBCs; and the third 
term, which involves the slope of the equilibrium curve, 
represents convection of chemically bound oxygen. Fi- 
nally, the right side represents radial diffusion of oxygen. 

In Eq. 23, Dpl is taken to be the molecular diffusivity of 
dissolved oxygen in the plasma. It is known of course that 
the RBC rotation and other motion in the shear field tends 
to promote radial transport. Therefore, an effective Dpl 
could be used to account for this augmented transport. 
Estimates of this augmentation from the work of Keller 
(50), Diller et al. (16-18), and Zydney and Colton (96) 
suggest that the augmentation is of the same order of mag- 
nitude as is the molecular diffusivity for the highest shear 
rates found in arterioles. However, these estimates of aug- 
mentation are based on measurements in vessels of 300 
Ixm in diameter and larger--an order of magnitude larger 
than those of main interest in this work. it is known that 
RBC rotation and excursions from straight streamlines are 
highly suppressed in small vessels (32). Therefore, the 
augmentation of oxygen transport is much less than is that 
in larger vessels. In the absence of reliable methods to 
determine this suppressed augmentation, the molecular 
diffusivity was used. 

The simple model represented by Eq. 23 was found to 
give excellent agreement with the more comprehensive 
model described above. 

Comparison with Experiment and with Previous Work. 
Extensive calculations have been made with the models. 
An example of results giving a comparison with previous 
work is given in Fig. 12. Figure 12 compares experimental 
data (the points) from the artificial capillary system of 
Boland et al. (8-10) to calculated results (the four curves) 
by using different models. Each model was used in cal- 
culations intended to simulate the conditions of the exper- 
iments. 

The Krogh approach (the lowest curve), which assumes 
that the resistance to radial oxygen transport in the blood 
is negligible, gave highly erroneous results. As discussed 
earlier, a number of workers have treated the transport 
problem in the blood by treating the blood as if it were a 
homogeneous hemoglobin solution. Two slightly different 
curves for this case are shown in Fig. 12. The calculated 
hemoglobin solution curves of Fig. 12 have been shown 
(57) to agree closely with experimental results on hemo- 
globin solutions. The difference in the two calculated he- 
moglobin solution curves of Fig. 12 is a result of the fact 
that Reneau et al. (72) neglected the augmentation of ox- 
ygen transport by diffusion of oxyhemoglobin. This aug- 
mentation is taken into account in the hemoglobin solution 
curve. It can be seen that the treatment of blood as a 
hemoglobin solution gives greatly improved results over 
the Krogh approach, but it is still substantially in error. 

Artigue and Bruley (3) developed a model that treated 
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FIGURE 12. Comparison of models for oxygen release for RBC 
cell suspensions flowing at 12 izl/hr in a 27-1xm-diameter arti- 
ficial capillary. Data points, mean - SD for experiments at 37 ~ 
with a 0.21 hematocrit suspension having a ,~ of 20 mm/Hg 
used in perfusion. Curves: (--), this work; ( - - - - - ) ,  Artigue 
and Bruley (3); ( - - - - ) ,  Reneau et al. (72); ( . . . .  ), hemoglobin 
solution; ( - - ' - - ) ,  Krogh-type model. (From Reference 63, with 
permission.) 

the discrete nature of the RBCs. They lumped the resis- 
tance into two mass transfer coefficients that corresponded 
to the RBC-plasma interface and the plasma-capillary wall 
interface. The mass transfer coefficients were determined 
empirically. It can be seen that this model represents an 
improvement over the earlier work, but the results are 
significantly different than are those of the experimental 
measurements. The solid curves in Fig. 12 are simulations 
from the model discussed above; they give good agree- 
ment with the experimental measurements. 

Uncoupling of the lntraluminal and Extraluminal 
Problems--the Mass Transfer Nusselt Number 

In principle, the intraluminal and extraluminal trans- 
port equations are solved simultaneously and matched as 
solved, by conditions at the capillary wall of continuity of 
oxygen tension and of oxygen flux. This approach has 
been used by a number of workers, starting with Reneau et 

al. (72,73). However, there is a considerable incentive for 
uncoupling the problems (i.e., for solving the intraluminal 
and extraluminal problems separately). Many of the most 
interesting and challenging current problems concern 
rather complex microvascular networks with heteroge- 
neous geometrical, hemodynamic, and metabolic param- 
eters. The complexity of these problems argues in favor of 
a simpler treatment of the intraluminal problem, if such 
treatment is possible without major sacrifice of accuracy. 

Fortunately, when the intraluminal results are ex- 
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pressed in terms of mass transfer coefficients, the results 
are rather insensitive to several of the parameters so that 
the results of intraluminal calculations can be expressed in 
a concise way. For this expression, often the dimension- 
less mass transfer coefficient, the Nusselt number, 4 de- 
fined by Eq. 25 is used: 

jwdc 
Nu = (25) 

DplOtpl( P* - Pw) 

where d c is the capillary diameter. 
All quantities in the equation must be averaged over an 

axial length encompassing both an RBC and a plasma gap. 
However, all of the quantities are local in the sense that 
they are evaluated at one particular axial position along the 
capillary, rather than being averaged over the length of the 
capillary. The Nusselt number of Eq. 25 is designated as 
a local Nusselt number. Fortunately, for the low Reynolds 
and Peclet numbers that are of most interest in the micro- 
circulation, the Nusselt number changes only slowly with 
oxygen saturation, as shown by Federspiel and Popel (27) 
and by Wang and Popel (91), so that the difference be- 
tween local and average Nusselt numbers is small. 

In using Nusselt numbers from various sources it is 
important to note that other definitions have been used. In 
place of de, in Eq. 25, some workers use r,., capillary 
radius (e.g., Eq. 20). In that case, the Nusselt number 
would be one half as large for the same oxygen flux. 
Similarly, some workers use Drb c, the oxygen diffusivity 
in the intracellular hemoglobin solution, instead of Dpl. 

That change would yield a Nusselt number approximately 
2.8 times larger for the same oxygen flux. In some work, 
the mixed mean Po2 is used instead of P*. This change has 
been shown by Wang and Popel (91) to make only very 
small differences in the Nusselt number. P* is a useful 
choice, because the mixed mean oxygen saturation, Smm, 
is the saturation that can be obtained from a material bal- 
ance. A mixed mean value of a quantity is simply defined 
to be the value one would obtain if the blood at a given 
axial position were discharged into a reservoir and mixed. 

The utility of Smm is illustrated by the simple material 
balance 

0 
Qrbc ~zz {[O2]mm + Smm[HbT]} = 27rrdw (26) 

where Qrbc is the axial volumetric flow rate of RBCs, in, 
for example, cm3/s and the quantity in { } represents the 
total of the dissolved and chemically bound oxygen con- 
centrations. Formally, the mixed mean saturation is de- 

4What we call the Nusselt number for mass transfer here is called the 
Sherwood number by some workers. These workers prefer to reserve the 
Nusselt number for its original use in the analogous heat transfer prob- 
lerrl. 

fined by Eq. 27, for the special case of the cylindrical slug 
of hemoglobin: 

1 
fo a 2~rrSdr (27) Smm - ~a 2 

where a is the radius of the cylindrical RBC, and S is the 
oxygen saturation which varies with radial and axial po- 
sition. 

For larger conduits in which there is a hematocrit dis- 
tribution given by the function, h(r), we have the defini- 
tion: 

1 
Smm - ~rr2fflo (Vrbc) f Ore 2~rrhSvrbcdr (28) 

where H o is the overall hematocrit, a mixed mean or 
discharge hematocrit (see the discussion after Eq. 31) and 
(Vrbc) is the mean RBC velocity defined by 

arbc 
(Vrbc)-  "rrr 2 (29) 

The mixed mean concentration of a solute distributed in 
both the plasma and RBCs is given (using oxygen for 
example) by 

[02]mm = a{forC2~rhVrbc[O2]rbcdr + forC2~r(l 

- h)Vpl[O2]pldr} (30) 

where the RBCs and plasma are treated separately because 
they may have different solute concentrations and differ- 
ent velocities. 

Numerical Values of the Mass Transfer Coefficients for 
Oxygen Delivery to the Wall of Microvessels 

In this section mass transfer coefficients are presented 
based on the work that is judged to give the most accurate 
prediction of oxygen fluxes at the present time. There are 
two regimes in which literature seems to be on a solid 
basis: 

1) The model outlined previously which is intended for 
use in microvessels in the arteriolar size range (20 txm in 
diameter and larger); and 2) Several workers have made 
calculations for capillary-sized vessels using the model in 
which the solid cylindrical geometrical simplification was 
invoked. Of the several studies that yielded similar results, 
the findings of Groebe and Thews (38) were selected for 
presentation here, because they used the most complete 
model, which included the influence of RBC motion. 
Groebe and Thews (38) reported mass transfer coefficients 
for a configuration consisting of the lumen of the capillary 
plus the endothelium and interstitial space adjacent to the 
exterior of the capillary. The data points to be presented in 
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this section were calculated from the reported results by 
subtraction of the extraluminal resistance. This calculation 
puts all points on the same basis: all represent the luminal 
resistance to oxygen transport only. 

For practical purposes the results are expressed in terms 
of the Nusselt number, Nu, as defined by Eq. 25. Results 
are shown in Fig. 13 for a hematocrit of 25%. As shown 
previously (27), the Nusselt numbers for the capillary- 
sized vessels are almost independent of hemoglobin oxy- 
gen saturation, and the lowest curve of Fig. 13 assumes 
that is the case. Even for the arteriolar-sized vessels the 
Nusselt number changes rather slowly with oxygen satu- 
ration (e.g., a decrease in oxygen saturation from 80 to 
40% decreases the Nusselt number only by approximately 
10%). Therefore, the use of average Nusselt numbers 
throughout a vessel of a given diameter gives an accurate 
approximation of the oxygen delivery. In addition, in flow 
there is a distinction between space-averaged oxygen sat- 
uration (the saturation measured with a spectrophotome- 
ter; the abscissa of Fig. 13), and the mixed-mean satura- 
tion. The difference is not large in practical problems, and 
the Nusselt number is sufficiently insensitive to changes in 
oxygen saturation to permit us to ignore the distinction for 
the purpose of prediction of Nusselt numbers. 
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FIGURE 13. Nusselt numbers for oxygen release in microves- 
sels of a range of diameters calculated by the solid cylinder 
rbc model (the 5.5-1xm-diameter curve) or by the large mi- 
crovessel model (all other curves). In all cases the tube he- 
matocrit is 25%. Parameters on the curves are microvessel 
diameter in i~m. (The large microvessel results are modified 
from References 62 and 63. The results for the 5.5 vm diam- 
eters calculated from the work of Groebe and Thews (37) are 
as explained in the text.) 
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FIGURE 14. Nusselt numbers for oxygen release derived from 
the calculations of several workers for a range of microvessel 
diameters. All values are for a tube hematocrit of approxi- 
mately 25% and for a hemoglobin oxygen saturation of 70%. 
No curve is drawn in the lower, central range of microvessel 
diameters because this is the region of greatest uncertainty. 
The points derived from various work are: Nair (62) and Nair, 
et al. (63), (x); Wang and Popel (91), (o l ;  Groebe and Thews 
(37), (4); and Secomb and Hsu (78), ( ). 

Figure 14 gives results in a form that emphasizes the 
importance of the vessel diameter in estimation of Nusselt 
numbers. The upper part of the curve, microvessel diam- 
eters of 20 ~m and larger, is on a solid basis, having been 
calculated by a model validated by in vitro experiments, 
the large microvessel model discussed above. The point 
for a 5.5-p~m-diameter capillary was derived from the 
work of Groebe and Thews (38) as discussed above. The 
lowest point, for a diameter of 3.6 p~m, also was calcu- 
lated by use of a solid cylinder model by Secomb and Hsu 
(77). In the central region of Fig. 14, no curve is shown. 
The curve was omitted to emphasize that this is range of 
diameters of the most uncertainty. There are no satisfac- 
tory models in this size range of microvessels. The one 
point in this region, for an 8.24-mm diameter vessel, is 
from the work of Wang and Popel (91). The point for a 
15-p,m-diameter vessel is almost certainly outside the 
range of validity of the assumptions of the large microves- 
sel model. Therefore, it was not connected by the curve. 
Between the 5.5-txm point and the 20-p~m point there is no 
way presently to estimate oxygen fluxes other than by 
interpolation between the two points. The capability of 
mathematical (or experimental) simulation does not ex- 
tend to this range of diameters. 

The Nusselt numbers for the larger microvessels are 
only weakly dependent on hematocrit. Nair (62) made 
calculations for a wide range of hematocrits and found an 
approximately linear increase of Nu with hematocrit over 
a range from 17 to 42%. Based on these results, a good 
estimate of the Nusselt number for a hematocrit in this 
range can be obtained from Eq. 31 
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Nu = Nu25 + (H - 25)(8.4 x 10 -3) (31) 

where Nu25 is the Nusselt number for a hematocrit of 25%. 
For example, by Eq. 31, the Nu for a 35% hematocrit 
would be higher than that for a 25% hematocrit by 0.08 
dimensionless units, assuming conditions other than he- 
matocrit were the same. It should be emphasized that Eq. 
31 applies to vessels of 20 ixm in diameter and larger. The 
dependence on hematocrit is very different for capillaries, 
as discussed below. The term hematocrit and the unem- 
bellished symbol H are used herein to denote the " tube"  
hematocrit--the hematocrit that would be measured if all 
of the cells in the tube could be enumerated instanta- 
neously. The "discharge" hematocrit, H D, is the hemat- 
ocrit that would be measured if the flow were to be dis- 
charged into a large container and mixed. It is the same as 
the mixed-mean hematocrit. The discharge hematocrits 
are higher than are tube hematocrits because the RBCs 
move at a higher than average blood velocity. Gaehtgens 
et al. (31) have presented correlations for relating tube 
hematocrits to discharge hematocrits as a function of the 
microvessel diameter and flow rate. For example, the 25% 
hematocrit in a 30-txm vessel of Figs. 13 and 14 is equiv- 
alent to a discharge hematocrit of 30%. 

In contrast to the larger vessels, for small capillaries, 
Nu depends markedly on hematocrit, as clearly demon- 
strated by Federspiel and Sarelius (28) and Federspiel and 
Popel (27) and as discussed above. These workers also 
pointed out that the Nu-cell spacing relationship should 
approximate a hyperbolic form at large cell spacing. The 
average mass flux per RBC diminishes approximately 
with the reciprocal of the spacing at large spacing. 

Figure 15 gives the calculated dependence of Nu on 
LR/L P where L R is the "length" of the RBC (8 txm for 
human cells; 5.25 ixm for canine cells). L e is the edge- 
to-edge cell spacing. Use of this inverse variable causes 
the curve to pass through the origin and tends to linearize 
the relationship near the origin. Because the length and 
volume of the solid cylinder model cell agree approxi- 
mately with that of an actual RBC, it is reasonable to 
interpret the spacing variable in terms of hematocrit. The 
calculated hematocrits are given along the top of the Fig. 
15. The extreme importance of hematocrit as a determi- 
nant of Nu is illustrated by the observation that increasing 
the hematocrit from 20 to 30% would increase the Nu by 
approximately 50%. 

The Nu is used in practical calculations to relate the 
intraluminal oxygen tension to the capillary wall oxygen 
tension and capillary wall oxygen flux. Rearrangement of 
Eq. 25 gives an expression for the intraluminal oxygen 
tension difference 

jwdc 
P* - P w -  - -  (32) 

Dple~prNu 

Nu 

3.0 

2.5 

2.0 

1.5 

1.0 

0.50 

0.0 

hematocrit, % 

10 20 30 35 
i I I i 

, , , , I i i i i I , , i i I i i , i I 

0.5 1 1.5 2 

Cell Spacing Parameter, LR/L P 

FIGURE 15. Nusselt numbers calculated for a 5.5-1Lm-di- 
ameter capillary at various hematocrits or RBC spacings. Re- 
sults are based on RBCs idealized as solid cylinders of 4 pm in 
diameter. L R denotes the RBC length, and Lp denotes the 
edge-to-edge axial length of the plasma gaps between the 
RBCs. Derived from the work of Groebe and Thews (37) as 
explained in the text. 

Substitution of the numerical values given below yields a 
working formula, Eq. 33 

Dp~ = 2.18 x 105 cm2sec 
apl = 1.34 • 10 - 9  g moles/(cm 3 �9 tort) 

P * -  Pw = 3 . 4 2 •  109N~/uC (33) 

where d c is in txm, Jw is in g moles/(sec �9 cmZ), and both 
P* and Pw are in torr. 

Comparisons of Calculated Results with In Vivo Results 

Experimental Oxygen Fluxes. A number of comparisons 
have been made of calculated and measured distributions 
of oxygen tension and myoglobin saturation in tissue, in- 
cluding capillary networks of various configurations and 
degrees of complexity. The great majority of these studies 
used a Kroghian treatment, which neglects intraluminal 
resistance to oxygen transport. Notable exceptions are the 
work of Groebe and Thews (38), discussed above and the 
recent work of Secomb and Hsu (77). Secomb and Hsu 
(77) treated a tissue region containing both arterioles and 
capillaries, taking the intraluminal resistance to oxygen 
transfer into account in all the vessels by use of mass 
transfer coefficients in the way discussed in the previous 
sections. They treated the diffusion problem by a Green's 
function method and obtained results for the capillary ox- 
ygen saturations that were shown to be in reasonably good 
agreement with the measurements of Pittman and Ells- 
worth (68). 
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It should be emphasized that these overall comparisons 
of oxygen concentrations distributions in a complex sys- 
tem do not constitute a critical test of the accuracy of any 
subset of the calculation procedures. A critical test of an 
intraluminal transport model would require detailed mea- 
surements on a smaller space scale. Ideally, we would 
have experimental determinations of capillary wall oxygen 
fluxes and oxygen tensions in addition to capillary mean 
oxygen saturations or tensions. Such detailed measure- 
ments have been made in vitro on microvessels in the 
arteriolar size range. However, there are no in vitro data 
on microvessels smaller than 27 ixm in diameter. In vivo, 

there are substantial difficulties in obtaining the accurate, 
detailed data needed for a critical test of a mathematical 
model. Therefore, in vivo data that can serve to critically 
test models of intraluminal transport processes do not 
seem to exist. All that we do at present is determine 
whether there are any obvious inconsistencies between the 
intraluminal models and the in vivo data. 

Tateishi et al. (84) have reported oxygen flux data for 
individual microvessels in a rat mesentery as shown in 
Fig. 16. For an arteriolar vessel with a diameter of 20 p~m, 
the measured oxygen flux was approximately 6 x l0 -6  g 
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FIGURE 16. (a) Hematocrit in various microvessels relative to 
that in aorta (estimated spectrophotometrically). (b) Flow ve- 
locity of erythrocytes in various microvessels (arterioles, cap- 
illaries, and venules) in rat mesentery. (r Rate of oxygen re- 
lease from flowing erythrocyte measured at pH 7.4 at 3O~ 
(From Reference 84, with permission.) 

M/(sec �9 m2), or 6 x 10-lo g M/(sec �9 cm2). From Fig. 
12 we estimate the Nusselt number to be 3.2. Application 
of Eq. 33 gives a calculated luminal oxygen tension gra- 
dient of 13 torr--a  value not inconsistent with observa- 
tions. 

In the 10-1xm-diameter arteriole the measured flux was 
approximately 25 x 10 - 6  g mole/(sec �9 mE). This diam- 
eter is in the range of uncertainty of the Nusselt numbers, 
as discussed earlier, but an estimate of the value would be 
2.3 (based on interpolation between the points at diame- 
ters of 5.5 and 20 p,m, points believed to be more reliable 
than other points at intermediate diameters). By using 
Nu -- 2.3, Eq. 33 can be used to calculate an intraluminal 
oxygen tension gradient of 36 torr. The intraluminal ox- 
ygen tension (data not shown) in these experiments can be 
estimated from the reported oxygen saturation to be in the 
range of 40--45 torr. The mesentery was suffused with 
hydrosulfite solution to maximize the oxygen flux and 
oxygen tension gradient. Therefore, the calculated luminal 
gradient is not inconsistent with the measured fluxes. 

Popel et al. (71) and Pittman (67) have noted a puzzling 
discrepancy that arose when theory and experimental mea- 
surements were compared for arteriolar oxygen fluxes in 
hamster muscle. The measured oxygen fluxes from both 
62- and 23-~m-diameter arterioles in muscle tissue were 
approximately 60 x 10 -6  ml O2/(cm 2 �9 sec), which con- 
verts to 2.7 X 10 - 9  g mole/(cm 2 �9 sec). Popel et al. (71) 
showed that, with use of either a very simple or a more 
complex tissue diffusion model, this flux yielded a calcu- 
lated oxygen tension drop in the tissue approximately 1 
order of magnitude higher than is possible (it exceeds the 
measured luminal oxygen tension). Hsu and Secomb (45) 
used a different approach in treating the tissue diffusion 
problem, but they came to an equivalent conclusion: The 
flux computed in their model was 1 order of magnitude 
smaller than the experimentally observed rate of oxygen 
release in the capillary. Recent studies reviewed by Pitt- 
man (67) show that the discrepancy is caused in part by 
use of an unrealistically low tissue permeability value in 
the tissue diffusion calculations. 

The discussion given in the previous paragraph of the 
puzzling large calculated oxygen tension gradient (or puz- 
zling large measured capillary oxygen release) concerned 
the oxygen tension gradient in the tissue. It has not been 
noted previously that this measured flux also yields an 
unrealistically high gradient in the lumen of the arteriole. 
From Fig. 12 for the 23 Ixm capillary, we should expect 
the Nusselt number to be about 3.2. Using this value and 
the value of the flux in Eq. 23, we find: 

(2.7 x 10-9)(23)(3.42 • 10 9) 
P* - Pw = 3.2 = 66 torr 

(34) 

This gradient is impossibly high because it is greater than 
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the measured luminal Po2 of 32 torr. Application of the 
formula to the 62-~m arteriole yields a still larger luminal 
gradient. 

Two conclusions can be drawn from these compari- 
sons. 1) The luminal resistance to oxygen transport in 
arterioles is significant. It should be taken into account in 
any accurate simulation. However, it has been neglected 
by nearly all previous workers; and 2) the paradoxically 
high indicated gradient discussed above exists on both the 
luminal and abluminal sides of the microvessel wall. More 
accurate values of tissue permeability may lessen the ab- 
luminal paradox, but not the luminal one. Pittman (67) has 
discussed the experimental difficulties, and suggested that 
part of the discrepancy could be due to nonuniformities in 
the velocity and RBC distributions at the measurement 
sites. He pointed out that the flux calculations require the 
difference between values measured at two sites. There- 
fore, any experimental variability is amplified in the flux 
calculation. It is clear that more research is needed to 
resolve the discrepancies between theory and in vivo ex- 
periment. 

Carbon Dioxide Transport and Acid/Base Balance 

The binding of 02 at one hemoglobin site is coupled 
with the binding of other substances at other sites confor- 
mational change of the hemoglobin molecule. In particu- 
lar, 02 binding to hemoglobin is affected by Pco2 pH, 
[DPG] among other factors. In turn, 02 binding affects 
binding and transport of other substances, including CO 2 
and H +. Therefore, a more complete description of gas 
transport required considering simultaneous interactions 
among hemoglobin, 02, CO 2, H § and other intermediate 
compounds. CO2 and 02 exchange involve multiple inter- 
related physical and chemical events as depicted in Fig. 
17. Because of its physiological importance, many studies 
have dealt with the kinetics of individual events in CO2 
exchange. However, there have been few attempts to 
study the integrated system by incorporating the complete 
set of chemical and physical events into a computational 
model. 

The influence of carbon dioxide on oxygen transport, 
the Bohr effect, has been taken into account by some 
workers in oxygen transport simulation. Some of the ap- 
proaches used have been simple and empirical. For exam- 
ple, Groebe (36) used measured values of the oxygen- 
hemoglobin equilibrium curve at arterial and venous con- 
ditions and, in the calculation procedure, used an 
interpolated curve that changed linearly with drop in 02 
saturation through the capillary. The few more complete 
treatments have used a semiempirical, lumped-parameter 
approach that treats blood as a homogeneous fluid and 
assumes local chemical equilibrium. In addition, the in- 
terdependence of all species has been represented by O 2 

and CO 2 dissociation curves (3,6,11,19-21,88,89,93). 
Most of these previous models were developed for blood 
oxygenators with blood channels much greater than the 
dimensions of the RBC or the microvessels that are the 
subject of this work. There is reason to question the va- 
lidity of the continuum assumption for CO 2 transport for 
microvessels on at least three bases. First, by analogy to 
the oxygen transport studies, the continuum approach 
tends to be inadequate when the flow channel dimension 
and the RBC diameter are of the same order of magnitude. 
Second, the local chemical equilibrium assumption is ex- 
pected to be inadequate for describing extracellular CO 2 
hydration/dehydration reactions, although equilibrium 
closely describes the chemical behavior of intracellular 
CO 2 in the presence of carbonic anhydrase. Third, the 
equilibrium approach does not incorporate the limitation 
to transport associated with the C1-/HCO 3 RBC mem- 
brane anion exchanger. 

The following section outlines a recent study (46) that 
has addressed the questions raised above in a model that 
can be considered an extension of the oxygen transport 
model of Nair et al. (64) to the much more complex case 
involving simultaneous 02 and CO 2 transport. 

Physical Situation 

Whereas 02 is carried by the blood mainly through a 
reversible chemical reaction with hemoglobin, the trans- 
port of CO 2 involves a complex interaction of many phe- 
nomena. The principal chemical and transport events that 
occur in blood during gas exchange in a lung capillary are 
shown schematically in Fig. 17. Reactions 1, 2, and 3 
represent O2 diffusion across the alveolar capillary mem- 
brane, diffusion into the RBC, and chemical reaction with 
intracellular hemoglobin. Under normal conditions in the 
human circulation, greater than 95% of the 02 is revers- 
ibly bound to hemoglobin. The remaining 02 is dissolved 

~ (6) ~ CO 2 (7) 
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FIGURE 17. Exchange of oxygen and carbon dioxide in a pul- 
monary capillary (modified from References 53 and 65), (From 
Reference 46, with permission.) 
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in blood plasma and in the hemoglobin solution inside the 
RBCs. The remaining reactions in the respiration diagram 
deal with CO 2 transport and pH regulation. Under normal 
physiological conditions, roughly 0.7 H § (Bohr protons) 
are released from intracellular hemoglobin for each 02, 
molecule that is bound (reaction 4). These acid equiva- 
lents rapidly equilibrate with HCO 3 to produce H20 and 
CO 2 because of the presence of carbonic anhydrase (rep- 
resented as CA in Fig. 17). Free CO2 then diffuses out of 
the cell rapidly because the plasma membrane is highly 
permeable to apolar gases (reaction 6). CO 2 persists in the 
plasma phase and then is exchanged into the alveolus (re- 
action 7). Therefore, reactions 5-7 allow intracellular 
HCO 3 to be expelled as CO2 in the lung. However, the 
bulk of venous HCO 3 ,  approximately 81%, is present 
initially in the plasma. Because there is no extracellular 
carbonic anhydrase, the CO 2 dehydration reaction (reac- 
tion 8) occurs much too slowly to be of importance. 
Therefore, for the extracellular HCO 3 to be evolved as 
CO 2 from lung capillaries, it must be transported across 
the RBC membrane (reaction 9). Ionized species do not 
cross the membrane in appreciable amounts unaided. The 
aid involves a one-for-one exchange of CI-  for HCO 3 
mediated by the anion transporter (AT). Another mecha- 
nism by which CO 2 is carried by the blood is through 
direct reversible chemical combination with the N-termi- 
nal valines of the ct- and 13-chains of hemoglobin (reaction 
10). In this form, 11% of the CO 2 is transported by the 
blood to the lung. Finally, dissolved C Q  accounts for 8% 
of the CO 2 being transported to the lung. In the case of 02 
and CO 2 exchange between the blood and the respiring 
muscle tissues, the same processes occur in the reverse 
direction. 

Chloride~Bicarbonate lon Exchange Across the 
RBC Membrane 

The experimental evidence on the exchange kinetics 
point toward the single-site "ping-pong" mechanism with 
obligatory exchange (13,26,30,49,60). The general fea- 
tures of the ping-pong mechanism are illustrated in Fig. 
18. In the ping-pong mechanism, the anions take turns 
crossing the membrane rather than switching place simul- 
taneously; and the anion exchange protein has two struc- 
turally distinct states, an inward-facing state and an out- 
ward-facing state. Therefore, it is an alternating site trans- 
porter possessing a single transport site that is alternatively 
exposed to the opposite sides of the membrane. This site 
can only cross the membrane when it is occupied by a 
substrate anion; it then undergoes a conformational change 
to face the opposite side of the membrane and releases the 
transported ion. The transported site can now bind another 
(or the same) anion and return to the original membrane 
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FIGURE 18. Diagram of a ping pong mechanism for anion 
transport. Shown here is the exchange of an intracellular CI-  
for an extracellular HCO~-. (From Reference 47, with permis- 
sion.) 

face and release the anion to complete a cycle of anion 
exchange. Frolich and Gunn (30) decomposed the ex- 
change process into six steps: 1) binding of the anion to 
the transport molecule at one surface of the membrane, 2) 
translocation of the anion across the membrane, and 3) 
dissociation of the anion from the transport molecule at the 
opposite surface; followed by the opposite three steps to 
transport an anion back to the original surface of the mem- 
brane. Because each reaction is reversible, the mathemat- 
ical description of the anion transporter involves 12 reac- 
tion velocity coefficients. 

Treatment of the anion transporter at the level of detail 
indicated in the previous paragraph would be cumber- 
some. Therefore, Huang et al. (47), greatly simplified the 
kinetic expression based on the data of Falke and Chan 
(26). They assumed that the translocation steps are rate 
limiting, and, thus, the association and dissociation reac- 
tions are at equilibrium. They also assumed that the trans- 
location rate coefficient is independent of direction and 
type of bound anion, and that the equilibrium association 
coefficients were the same on both sides of the membrane. 
These assumptions permit derivation of a simplified flux 
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expression that is mathematically more tractable and con- 
tains only two kinetic parameters, K A, and the product 
Ttotktrans, Eq. 35, below: 

TtotktransKA([C1- ]rbc[HCO3 ]pl -- 

[C1-]pl[HCO3]rbc) 
Flux  = (35) 

[CL-]rbc + [CL-]pl + [HCO3]rbc + 

[HCO3]pl + 2K A ([CL-]rbc[C1-]pl + 

[HCOf ]rbc[HCO3]pl + 

[C1-]rbc[HCO3]pl + 

[C1- ]pl [HCO3 ]rbc) 

Where k, . . . .  is the translation rate coefficient, and Ttot is 
the total number of anion transporters per RBC, K a is the 
equilibrium association constant, and F l u x  denotes the 
HCO 3 flux into the rbc (the negative of the C1- flux). 
Equation 35 reduces to the Donnan equilibrium expression 
for a net flux of zero. 

The simplified ping-pong model is on a more satisfac- 
tory theoretical basis and was shown to consistently pro- 
vide better agreement with the available experimental data 
than did the passive diffusion model used by previous 
workers. 

The Transport Model  

The anion transporter was incorporated into a model for 
predicting 02 and CO 2 transport and acid/base balance in 
blood flowing in microvessels in an extension of the sim- 
plified model for O s transport described above. 

In principle, differential equation mass balances are 
required within the RBCs for eight species (see Fig. 17), 
02, CO2, HbOs, HbCO:, O2HbCO 2, H § HCOf ,  and 
CI- ,  and in the plasma for five species (all eight except 
the ones containing Hb). This yields a system of 13 partial 
differential equations. The system was reduced to seven 
equations by invoking the following simplifying assump- 
tions: the RBC oxygen balance incorporates HbO 2 on the 
basis of assumed chemical equilibrium; the RBC CO 2 bal- 
ance incorporates HbCO2, O2HbCO2, and HCOf  on the 
basis of assumed chemical equilibrium (this balance is 
connected to the plasma balance through the flux expres- 
sion, Eq. 35); the RBC H § balance incorporates the buff- 
eting capacity of the intracellular environment as well as 
those reactions in Fig. 17 that alter [H+], including the 
HCOf flux; and the RBC CI-  balance incorporates the 
C1- flux through the RBC membrane, the negative of the 
HCOf  flux. In the plasma phase we need only three equa- 
tions. No 02 or CO s balances are required in the plasma 
under the assumption than these nonpolar molecules move 
freely through the RBC membrane. Continuity of partial 
pressures across the RBC membrane is assumed. There- 
fore, the plasma and RBC concentrations of both 02 and 

C O  2 are  directly related at each point in space. H + and 
C1- balances in the plasma are required analogous to 
those in the RBC; and a HCO 3 balance is required in the 
plasma. Equation 8 in Fig. 17 is too slow to be of practical 
importance in the absence of carbonic anhydrase. There- 
fore, unlike the inside of the RBC, the plasma HCO 3 and 
CO s concentrations are not related through an equilibrium 
relationship. 

RESULTS 

The system of seven partial differential equations has 
been integrated for a variety of conditions and detailed 
results are presented elsewhere (46). A summary of some 
of the conclusions from the calculations is given below. 

When no CO 2 transfer is incorporated in the calcula- 
tions, the calculated 02 transfer is less than in the case of 
simultaneous 02 and CO s transfer (the Bohr effect). The 
Bohr effect is more significant for the deoxygenation case, 
than for the oxygenation case. In the example calculations 
it altered deoxygenation by approximately 25%, but oxy- 
genation by only 10%. The effect of simultaneous O s 
transport on CO s transport, the Haldane effect, was only 
of secondary importance in the cases calculated. A num- 
ber of commonly used drugs are known to inhibit anion 
exchange across the RBC membrane. Inhibition of the 
anion transport was shown to substantially reduce CO 2 
transfer and pH changes. 

Experimental results by Dorson and Voorhees (19,90) 
were used for comparison with the calculations from the 
models. These data on simultaneous 02 and CO s transport 
seem to be the most complete of any available. The data 
include the relevant blood gas parameters and the bio- 
chemical status of each of the inlet and outlet blood sam- 
ples. Figure 19 (A and B) shows results for O s uptake with 
CO s elimination in the experiments in comparison to the 
predictions generated by both the discrete and continuum 
(previous work) models. For 02 uptake, it can be seen 
from Fig. 19 that the discrete model gives excellent agree- 
ment with the experiments, and that the continuum model 
is also fairly successful. For CO 2 elimination, Fig. 19, the 
discrete model is again shown to agree with the experi- 
ments, whereas the continuum model is inadequate. Fig- 
ure 19 (C and D) for experiments on O s release with CO s 
uptake show a similar finding for the discrete model; it 
gives very good agreement with the experimental data. 
However, the continuum model is inadequate for both O s 
and C O  2 transport: it underpredicts the transport of O 2 and 
overpredicts the transport of CO 2. The relatively minor 
under prediction of the oxygen uptake of the continuum 
model (Fig. 19A) could be remedied by adjusting the ef- 
fective diffusivity of O 2 in the model. However, this ad- 
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FIGURE 19. Comparison of models for oxygenation accompa- 
nied by CO2 elimination (A and BI of RBC suspensions flowing 
in a 1.47-mm-diameter membrane tube at 25 ~ with lid = 0.43, 
Psoi. = 16.8 mm Hg, Po2i. = 22.7 mm Hg, Pco i, in 54.4 mm 
Hg'Po. e~t = 708 mm Hg "and Pco2 o~t = 0 mm ~g. (A) Total 02 
content change as a function of transit t,me and (B) the total 
CO 2 content change. Comparison of models for deoxygen- 
ation accompanied by COz uptake (C and D), Ps0.i, = 17.6 mm 
Hg, Po i. = 22 5 mm Hg Pco2in - -  53 9 mm Hg Poz.xt = 0 mm 

2 " �9 " �9 

Hg, and Pco=.ext = 115 mm Hg. (C) Total O= content change as 
a function of transit time and (DI the total COz content 
change. Data points: means of experiments from Voorhees 
(90). Curves: theoretical simulation curves for the same con- 
ditions; (--)  the discrete model of this work�9 and ( . . . .  ) the 
continuum model. (From Reference 47, with permission.) 

justment would not have much impact on the relatively 
large underprediction of oxygen release (Fig. 19C). 

From Fig. 19 (B and D), it is clear that, for predicting 
CO 2 transport, the discrete model represents an important 
improvement in accuracy over the continuum model. In 
these cases, the continuum model predicts more transport 
than is observed experimentally. A major factor in the 
success of the discrete model for predicting CO2 transfer is 
the incorporation of the slow CO 2 hydration/dehydration 
reactions in the plasma. This conclusion was substantiated 
and demonstrated by considering a nonphysiological situ- 
ation in which carbonic anhydrase activity equivalent to 
that of the RBC interior was made available to the plasma. 
In that case, the amount of CO 2 transfer predicted by the 
discrete model approached that predicted by the contin- 
uum model for both oxygenation and deoxygenation 
cases. 

Therefore, for these relatively very large tubes, 1.47 
mm in diameter, the principal advantage of the discrete 
model is in the incorporation of the anion exchanger and 
separating the bicarbonate into two compartments: intra- 
cellular (with carbonic anhydrase and, thus, a close ap- 
proximation to equilibrium in reaction number 5 of Fig. 
17); and extracellular (in which a zero rate of reaction 8 of 
Fig. 17 is approximated). For microvessels, the discrete 
model would be expected to be even more advantageous. 

Unfortunately, there are no complete data sets available 
for simultaneous transfer of 02 and CO 2 in microvessels. 
Therefore, the model has not been tested in the circum- 
stances in which it would be expected to be most advan- 
tageous. 

DISCUSSION 

Why A Half Century of Misdirection ? 

In reviewing the literature on mathematical simulation 
of oxygen delivery to tissue, one sees that virtually all 
mathematical simulation efforts for 50 or so years after 
Krogh's pioneering work were on a faulty basis, in that the 
important intraluminal resistance to oxygen transport was 
neglected. Therefore, the results of the vast majority of the 
early theoretical papers are, at best, of only qualitative 
interest. In the last two decades, the importance of the 
intraluminal processes in capillaries has been realized, and 
very significant progress has been made as outlined above. 
Yet, even today, with apparently only one exception (77), 
all simulations have continued to neglect the intraluminal 
resistance to oxygen transport in arterioles and venules. 
As we have shown, this resistance to oxygen transport is 
far from negligible. 

So we should inquire as to how the misdirection of the 
many research workers could have persisted over such a 
long period of time. The key factor is that very detailed 
experimental measurements are required to critically test 
the simplifying assumptions that form the basis for the 
various simulations. Consider an example of how overall 
measurements are inadequate: one of the key parameters 
in any simulation is the tissue metabolic consumption rate 
of oxygen. In all simulation schemes, the parameter plays 
an important role in determining the oxygen flux at the 
capillary wall. The parameter usually is estimated from 
experimental measurements of changes in oxygen satura- 
tion in the blood perfusing the tissue. Then, the parameter 
is used to establish the boundary conditions on the differ- 
ential equations used in simulation of oxygen transport. In 
such cases, the solution of the system of differential equa- 
tions is literally bound to produce the same overall change 
in oxygen saturation as that which was used in the esti- 
mation of the metabolic consumption rate. Therefore, a 
comparison of calculated and experimental overall oxygen 
tension and saturation changes in the blood can be circular 
and not a test of the model at all. 

Much more detailed distributions of local oxygen ten- 
sion and hemoglobin saturation are required to critically 
test a model. Ideally, these measurements should include 
not only the oxygen saturation changes and flow rates 
needed to calculate the oxygen delivery from a microves- 
sel, but also information on the boundary condition of the 
microvessel, such as the oxygen tension distribution on or 
in the near vicinity of the microvessel wall. Such mea- 
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surements are of the highest degree of difficulty. There- 
fore, such complete and detailed measurements have been 
made only in an in vitro system, and only for arteriolar- 
sized vessels. Thus, only one model for oxygen transport 
in microvessels has been critically tested. No models for 
transport in capillaries have been subjected to such a rig- 
orous test. 

Conversely, experimental work has made real progress 
in recent years, to the point where comparisons with myo- 
globin saturation profiles and capillary oxygen fluxes are 
possible. Therefore, the gross misdirection of the early 
years is certainly ruled out by careful workers. However, 
even now, there are some major unexplained discrepan- 
cies which arose in efforts to compare theory and in vivo 
experiments. 

It is important to note that many previous workers who 
have studied oxygen transport at the organ level with a 
combination of mathematical and experimental methods 
have not neglected the intraluminal resistance to mass 
transfer. Typically these workers measure tissue Po2 dis- 
tributions [e.g., the work of Schubert et al. (29)], and/or 
use indicator dilution methods after injecting labeled sol- 
utes including oxygen [e.g., the work of Bassingthwaighte 
et al. (4,15)]. The results often are analyzed with the aid 
of mathematical simulation schemes that are one dimen- 
sional: the differential equations for luminal transport em- 
ploy only the axial space dimension. Therefore, the mod- 
els tacitly work with mixed-mean concentration variables. 
The differential equations often contain "permeability co- 
efficients," which govem the transport between the lumen 
of the capillary and the extratuminal tissue. Analysis of 
the experimental data yields values of these permeability 
coefficients. Although seldom mentioned and perhaps not 
understood in all cases, these permeability coefficients are 
types of mass transfer coefficients that incorporate the 
intraluminal resistance, the subject of this paper, lumped 
with other resistances which differ in the various ap- 
proaches. So the intraluminal resistance is an important 
component of what is reported as "capillary permeabil- 
i ty." 

Concluding Remarks 

1.) Methods for prediction of oxygen transport rates 
appear to be well developed for relatively large microves- 
sels--those of 20 ixm diameter and larger. These methods 
have been validated by comparison with experiments. 

2.) For capillaries, models based on the solid cylindri- 
cal RBC idealization seem to be on a sound basis, al- 
though there are no experimental data of sufficient detail 
and accuracy to critically test the models. 

3.) For intermediate-sized microvessels (between 7 and 
20 ~xm in diameter), there are no theoretical or experimen- 
tal models for prediction of oxygen transport rates. At 

present, all one can do is make estimates based on inter- 
polation between the results for models mentioned above. 
Obviously, there is a need for more research here. 

4.) In recent years, most workers in simulation of mi- 
crocirculatory transport have appreciated the importance 
of the intraluminal resistance to oxygen transport in cap- 
illaries. However, nearly all workers have continued to 
neglect the intraluminal resistance in arteriolar-size ves- 
sels. This resistance is highly significant and clearly 
should be taken into account. 

5.) Carbon dioxide transport plays a key role in oxygen 
transport and acid/base balance in tissue. Treating simul- 
taneous 0 2 and CO 2 transport involves transport and re- 
action of several other species. However, these complex- 
ities can be treated with a highly tractable set of seven 
transport equations as outlined above. A key feature of the 
model is incorporation of the RBC membrane C1-/HCO 3 
anion exchanger. 

6.) As we have emphasized, there remain a number of 
paradoxical difficulties in comparing theory and in vivo 
experiment. There is a clear need for additional research to 
resolve the discrepancies. 
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