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ABSTRACT 

The weight-spectrum Sp(w, X) of a space X is the set of weights of all 

infinite closed subspaees of X. We prove that if t¢ > w is regular and X is 

c o m p a c t  T2 with w(X) > ~ t hen  some  A with ,~ < )~ < 2 <~ is in Sp(w, X). 

Under  CH this  implies  tha t  the  weight s p e c t r u m  of a compac t  space  can 

not  omit  wl,  and  t h u s  solves problem 22 of [M]. Also, it is cons is ten t  with 

2 ~ = c being a n y t h i n g  it can be tha t  every countab le  closed set  T of 

card ina ls  less t h a n  c with w E T satisfies Sp(w, X) = T for some  separable  

compac t  LOTS X .  Th i s  shows the  independence  from ZFC of a conjec ture  

m a d e  in [AT]. 

Given a cardinal function ~2 and a space X we define the V-spectrum of X, in 

symbols Sp(~, X), as the set of ~2-values taken on all infinite closed subspaces of 

X, i.e. 

S p ( ~ , X ) = { ~ 2 ( F ) : F = F c X  and [F[>_w}. 

The aim of this note is to study this in the case of ~ = w, the weight function, 

especially for compact T2 spaces X. Let us note that for the cardinality function 

~(X) =- [X[ this problem has been earlier considered, using different terminology, 

e.g. in [J2], [JN] or [JW]. 

Our interest in this problem was motivated by a problem of Arhangel'skii and 

Tka~uk from [AT], which in our notation asked whether a compact T2 space X 
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is necessarily metrizable if c f (~ )  = w holds for each ,~ C Sp(w, X)? They showed 

in [AT] that the answer to this question is "yes" if c = 2 ~ = wl and 2 ~ = w2 

hold. It follows from our results below that actually c < w~ is sufficient to yield 

the "yes" answer, but it is consistent with ZFC (and c > w~, of course) to have 

countcrexamples. 

In what follows, for ,~ and A given cardinal numbers the (closed) interval [n, A] 

denotes the set of ca rd ina l s  it satisfying ,~ _< # _< A. 

THEOREM 1: Let X be a space and ,~ a cardinal with w <_ ,~ < w ( X ) .  Then  

(i) i f X  is T~ then Sp(w,X) n [,~,exp3(,~)] ¢ O; 

(ii) i f X  is Ta then Sp(w,X) C/[~,2 ~] ¢ 0. 

Proof.." By the main result of [HJ2] (see also 6.8 of [J1]) there is a subspace 

Y C X with IYI < ,~ such that w ( Y )  > ~. Now, if we let F = Y, then we clearly 

have w ( F )  e [,¢, 2 ~] if X is Ta and w ( F )  e [,~, exp3(,~)] if X is just T2. II 

Since a Ta space X is metrizable if w(X) = w, already from Theorem 1 we get 

the following significant strengthening of the above quoted result of [AT]. 

COROLLARY 2 : I f 2  "~ < w~ then a T3 space X is metrizable i f  c f ( n )  = co holds 

for each ~ E Sp(w, X). 

Let us now turn to the study of weight-spectra of conipact T2 spaces. It is 

well-known that the Stone-Cech compactification flco of the countable discrete 

space co satisfies 

Sp(w, ~co) = {c}, 

showing that the following result, at least for ,~ = wl, is best possible. 

THEOREM 3: Let  ,~ be an uncountable regular card ina /and  X be a compact  

T2 space with w ( X )  > ,~. Then  there is a dosed  subspace F C X such that 

w(F) e 2 and 

If[  _< ~{exp2(A) :  A < ,~}. 

Proof: Let us first consider the case in which t (X) > ,% i.e. there is a point 

p E X a n d a s e t  A c X w i t h p E X b u t p ~ B f o r e a c h s e t B c A w i t h l B [ < ' ~  

(i.e. a(p, A) >_ ,~). Then (see e.g. [J1], 3.12) there is a free sequence in X of length 

,~, hence by Theorem 1.2 of [JSz], there is also a free sequence S = {z~: a E s} 

that converges to some point x E X. 
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Now we dist inguish two cases again. If there is an a E x such tha t  (with 

S~ --- {x#:/3 E a ) )  we have w ( S , )  _> ~, then clearly F = S~ is as required since 

w ( ~ )  < 2~< and lY~I -< exp~(l~l). 
If, on the other  hand,  we have w(S~)  = As < ~ for each ~ E ~, then  F = 

will work. Indeed,  then we have 

F = ~ =  { x } u U { ~ : -  ~ ~}, 
since S converges to x, and our assumpt ion  tha t  w(S~)  < x implies tha t  nw(F)  = 

w(F)  <_ x. (Note tha t  w ( S , )  _< ~; would suffice for this.) But  S is free, hence 

discrete, thus w(F)  >_ w(S)  = ISI = to, i.e. we actual ly got w(F)  = t¢ and 

Next,  if t ( X )  _< g, i.e. whenever  p E A there is a B C A with ]B I < x and 

p E B,  then  use [HJ2] again to find a set S C X with IS] = a and w(S)  _> g. 

Note tha t  by t ( X )  _< ~¢ and  the regulari ty of x we now have 

= u { ~ . : .  E ,,}, 

by pu t t ing  S = {x , :  a E x} and S ,  = {xf~:/3 E 4} like above. Also, f rom here 

we proceed like there: if there  is some o~ E ~ with w(S~)  >_ x then  F = S~ 

works, and  otherwise F = S will satisfy the requirements ,  even with w(F)  = 

and IF[ < 2 <~. I 

We now list several immedia te  corollaries of T h e o r e m  3 and its proof.  

COROLLARY 4: It" n is a (strongly) inaccessible cardinal and X is compact 2'2 

with w ( X )  >_ x then there is a closed F C X with w(F)  = IF[ = x. In particular, 

inaccessible cardinals m a y  not be omitted by compact T2 spaces. 

COROLLARY 5: I f  ~ > w is regular and not inaccessible and X is compact T2 

with w ( X )  > ~, then there is a dosed subspace F C X and a cardinal A < t¢ 

such that ~ <_ w(F)  <_ 2 x and a <_ IF{ < exp2(A ). 

Of  course, with a = wa this immedia te ly  implies tha t  the answer  to the p rob lem 

of [AT] is yes if c < w,,. 

COROLLARY 6: I f  x > w is regular  and X is compact 2"2 such tha t  w(S)  < 

whenever S C X and IS[ < ~, then there is a closed F C X with w(F)  = x and 

x _< [F] _< 2 <~. In particular, i f X  is compact and w-monolithic with w ( X )  > w 

then there is a dosed F C X with w ( F )  -- w, and IF[ < ~. 

Finally, we summar ize  what  Theo rem 3 yields under  GCH.  
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COROLLARY 7 (GCH): For any compact T2 space X its weight-spectrum 

Sp(w, X )  contains every uncountable regular cardinal t~ < w( X ), while its cardi- 

nality spectrum contains ~ if  it is inaccessible and either ~ or ~;+ otherwise. 

The strength of these results is illustrated by the following remarks. Note 

that the weight of a compact space is equal to the character of the diagonal in 

its square (see [J1], 3.32), hence a compact space of weight wl doesn't have a 

small diagonal. (Recall that a space is said to have a small diagonal iff for every 

uncountable set in the complement of its diagonal there is a neighbourhood of 

the diagonal that misses uncountably many points of that set.) Thus it follows 

immediately from Corollary 5 that under CH every compact space with a small 

diagonal is metrizable. Moreover, from Corollary 6 we see in ZFC that every 

w-monolithic compact space with a small diagonal is metrizable. Using Stone's 

duality, it is another immediate consequence of Corollary 5 that under CH every 

uncountable Boolean algebra has a homomorphic image of size wl, hence the 

answer to problem 22 in [M] is negative. 

Note that by [vD] no singular cardinal of countable cofinality may belong to 

the weight or cardinality spectrum of a compact F-space. It remains an open 

question whether, under GCH, singular cardinals of uncountable cofinality could 

be omitted by the weight or cardinality spectrum of a compact T2 space? 

It is immediate from Corollary 6 that a counterexample to the problem of [AT] 

can not be w-monolithic. But this means that if there is a counterexample then it 

must have a separab le  closed subspace that is also a counterexample. Note also 

that the weight of the latter then must be less than c. In view of this we are now 

going to study weight spectra of compact spaces of weight below c. It will turn out 

that we can obtain (consistent) examples of separable compact linearly ordered 

topological spaces that yield a great variety of such weight spectra, in particular 

they yield strong counterexamples to the problem of [AT]. The following lemma 

is the key to the construction of these examples. 

LEMMA 8: Let ~ be a fixed infinite cardinal. Then the following two statements 

(i) and (ii) are equivalent. 

(i) There is a (separable) compact LOTS,  say X ,  such that Sp(w, X) = {w, ~}. 

(ii) There is a subset S C R with ISl = *; such that for any dosed set F C R 

we have IF  n Sl _< w o r  IF  n Sl = 

Proo/~ (i) ~ (ii). Since (ii) is obviously true if ~ < wl, we may assume that 
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> wl. As it was pointed out above, Corollary 6 implies that our compact LOTS 

X may be assumed to be separable. Let -~ be the order relation on X defining 

its topology. It is well-known (see e.g. [H J1]) that 

w ( x )  = d ( X )  + u ( X ) ,  

where U(X) -- {x E X: x has a d-successor x + } and u(X) -- IU(X)I. We also 

set L(X)  = {x+: x E U(X)}. Let us note that,  since X is separable, for any 

subset H C X there can be at most countably many points x E H such that x has 

an immediate -~-successor in H which is not its immediate successor in X. Hence 

if the subspace topology of H is determined by -~ restricted to H,  in particular if 

H is closed, we have IU(H)] = ]U(X) N H I if IU(H)I > w, consequently we have 

(,) w(H) = IH n U(X)I + 

whenever H C X is closed. Here we were using also the well-known fact that a 

separable LOTS is also hereditarily separable. 

Let us consider the following equivalence relation -,~ on X: For x, y E X we set 

x ~ y iff the interval [x, y] (or [y, x]) between them is a countable set. Clearly, 

every equivalence class of ,~ is a countable closed interval hence it is also obvious 

that an equivalence class is not a singleton if and only if it meets U(X). Since 

d(X) = w < ~ implies 

w ( x )  = u ( x )  = 

we obtain immediately that the set T of non-singleton equivalence classes has 

cardinality ~, too. 

Let X" -- X~ ,,~ be the quotient LOTS determined by the canonical quotient 

ordering. Let lr: X ---* ,Y be the canonical quotient map that sends each x E X 

to its equivalence class. Since U()()  is clearly empty, we have that ) (  is densely 

ordered and 

= d($C) = d ( X )  = 

hence X can be embedded as a closed interval in •. 

So let i: X ~ R be an embedding map and set S = i-*[T]. Clearly, we have 

]SI = I T ] = ~- Now let F C R be any closed set in R with I F n S] > w. Then 

_P = (i o ~r)'-'[F] is a closed set in X with I_~n (uT)I > w. But every point in UT 

is either in U(X) or L(X),  which clearly implies that w(-~) > w, hence actually 

w(F)  = n. From the latter and (*), however, we conclude that 

I p N UTI = ~, 
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consequently we must  have F M t # 0 for ~ many  t E T, hence by (i o ~r)--*[F] = 

F M S we have tF  M SI = ~. Thus  S is as required by (ii). 

(ii) --, (i). We may  assume wi thout  any loss of general i ty  tha t  S C [0, 1], the 

unit  interval.  Informally,  our  space X is then obta ined  by "spli t t ing" each x E S 

in two. Formally, this means  tha t  the underlying set of X is 

([0,11 x {0}) u ( s  x {1}) 

and the  ordering -~ is the lexicographic ordering on this set. To simplify notat ion,  

we shall replace (x, 0) with x and (z, 1) with z + in what  follows. Clearly, X is a 

separable  compac t  L O T S  with U(X) = S. 

Let ~r: X ~ [0, 1] be the canonical m a p  tha t  sends bo th  x and x + to x. Then  

rr is a continuous and. thus also closed map.  Let F C X be any closed subspace,  

then F = 7r'-*[F] is closed in R hence I_P M S] _< w or ]_~ M S] = ~. Applying  (*) 

f rom the previous pa r t  of the proof  we get tha t  w(F) = w in the first case and 

w(F) = ~ in the second, and this completes  the proof  of the lemma.  I 

Of  course, if n = c then (ii) (and thus (i)) is s imply t rue  with S = R. The  

compac t  L O T S  obta ined  with this choice of  S is just  the "double-arrow" space of 

Alexandrov.  The  interest ing question is what  happens  for cardinals n satisfying 

wl < ~; < c? According to our next  result,  the validity of (ii) (hence (i)) in this 

case is bo th  consistent wi th  and independent  of ZFC! 

THEOREM 9: 

(1) Let CA = Fn(A, 2) be the standard notion of forcing that adds A Cohen 

reals to a ground model V. Then, in Vcx, (ii) o[ Lemma 8 holds for each 

~<_A. 

(2) I f ~  is bigger than Wl and MA~(a - centered) holds then (ii) fails for ~. 

Proof: (1) Since ~ < )~ implies C,x ~ C~ x C,~ \ ~ ~ C~ x C,~, it clearly suffices to 

show tha t  (ii) for ~ holds in V c" for any given ~. 

Now, if r: ~ ~ 2 is the Cohen generic m a p  in V G, then for any a E ~; let 

r~,: w ~ 2 be  defined by 

r~(n)  = r ( ~ - ~  + n), 

SO r~ is the a t h  Cohen  real added  to V. Now, we set S = {r~: a E ~¢}, note  tha t  

actual ly  S is contained in the Cantor  set C. 

Now, every closed set F C C has a code tha t  is a countable  subset  of V, hence 

(see e.g. [K]) there  is a countable  set A C ~ in V such tha t  the code of F belongs 
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to V ca . This shows that  we may actually assume that  the code of F is in V. But 

in this case F M S = 0 unless the interior of F is non-empty, while in the latter 

case it is obvious to see that  F N S is forced to have size n. Indeed, IF M SI < x 

would imply the existence of a subset A C x with {a: r~ E F} C A, IAI < n and 

A C V. But if p E C~ forces this and fl E x is such that 

[w./3,w. (fl + 1)) M (A U Dom (p)) = 0, 

then taking an s E <~ 2 with [s] C F and setting Dom(~) = w./3 + Dom (s) with 

Z + i) = 

we see that  q = p U .~ is a condition that  forces s~ E F [3 S, a contradiction. 

(2) Now, it is well-known (see e.g. [W]) that MA,¢(a - centered) implies that  

any set S C R with ISI = x is a Q-set, i.e. every subset of S is a relative F , .  But 

if A C S has cardinality wa and A = U{Fn M S: n E w} where each F,, is closed 

in R, then there must be an n E w such that  IF,, (3 S I = wl, showing that  S does 

not have the property required by (ii). | 

As an immediate consequence of part  1) we get of course the failure of the [AT] 

conjecture in models of the form Vcx with A _ w~. In fact, we get much more 

by gluing several copies of spaces of type (i) from Lemma 8 together. 

THEOREM 10: Suppose that (i) of  Lemma 8 holds for each t~ ~ c. Then for every 

countable closed set of cardinals T C c with w E T there is a separable compact 

LOTS,  say X ,  such that Sp(w, X)  = T. 

Proof'. By assumption, for each tz E T there is a separable compact LOTS, say 

X(x) ,  such that  Sp(w,X(t¢)) = {w,t~}. Let X be the LOTS whose topology is 

determined by the lexicographic ordering on 

U { { a }  x X(a) :  ~ e T}. 

Since T is a countable closed, and therefore compact subset of c, it is clear that  

X is a separable compact LOTS. It is also obvious that  T C Sp(w,X) .  

To see that  the converse inclusion also holds, let F be any non-empty closed 

subset of X.  For each n E T then F~ = F fq ({x} × X(n) )  is homeomorphic to a 

closed set in X(x) ,  hence 

w(F,,) E {w, ~}. 
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Let us set 

Q = e T: w(F ) # 

If Q = @ then w(F) = w by the addition theorem for compact spaces (i.e. 

because F has a countable network). If Q has a largest element, then clearly 

w(F) -- max{w(F~): t¢E Q} E T, using the addition theorem again. 

Finally, if Q does not have a largest member, let A be the largest limit point of 

Q in c, again A E T because T is closed. Since no element of Q is greater than A, 

we have w(F) = A, for again F has a network of size A and for any/z  < A there 

is a x E Q with/~ < t¢ = w(F~) < w(F). I 

Putt ing together what we have proven in Theorems 9 and 10 we get the fol- 

lowing result. 

COROLLARY 11: It is consistent with the continuum being anything it can be, 

that for every countable closed set of cardinals below c there is a separable com- 

pact LOTS whose weight-spectrum consists exactly of w and the elements of that 

set. 

Note that,  as opposed to flw, the weight-spectrum of a compact LOTS cannot 

omit ~v. 

Now Corollary 11 gives us a large variety of situations in which the [AT] prob- 

lem has lots of different counterexamples. However these cannot answer the 

naturally raised question whether a counterexample already exists just from the 

(by Corollary 5) necessary condition that c > ww. Indeed, our next result im- 

plies that under MA(a - centered) there can be no counterexample to the [AT] 

problem which is a LOTS. 

THEOREM 12: Suppose that MA(a - centered) holds. Then 

(a) for every separable compact LOTS, say X,  if w(X) < c then 

Sp(w,x)  = p ,w(x ) ] ;  

(b) if X is any compact LOTS whose weight is uncountable but less than ¢ 

then 

E Sp(w,X). 

Proof: (a) To prove this one needs the following generalization of Lemma 8: 
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LEMMA 8': Given a set of intlnite cardinals T, the following two statements are 

equivalent: 

(i) There is a separable compact L O T S  X such that Sp(w, X)  = T. 

(ii) Thereis  a set of reals S C R such that T -- {x: 3 F  C R closed with [FMR] = 

x},  i.e. T is the cardinality spectrum orS .  

Since the proof of this is exactly the same as that of Lemma 8, we omit it. 

Now, to finish the proof of a) note that M A ( a  - centered) implies that any 

S C R with IS] < c is a Q-set, hence if ~ < IS] and c f ( x )  > w then any subset 

S I C S with [S'[ = ~, being an F~, contains a relatively closed set of size x. If, 

on the other hand, cf(e~) -- w then choose regular cardinals xn < x for n E w 

such that 

x = E { x . :  n ~ w} .  

Clearly, it is possible to find distinct points x,, E R such that every neighborhood 

of x ,  intersects 5' in a set of size at least t~n and the sequence xn converges to 

some x E R. We can place disjoint closed intervals In about each xn such that 

the length of I ,  is less than -~ and ]I, N S[ > ten for n E w, and choose sets 

F,, C In N S with IF,, I = ~,  and F,, relatively closed in S, by the above. But 

U{F,,: n C w} = F may have no other limit point in S not already in F than x, 

hence ( F  U {x}) M S is a relatively closed set in S of size x. 

(b) If X is w-monolithic then this follows from Corollary 6. Otherwise X has 

a separable closed subspace whose weight is uncountable and less than c, hence 

we may apply a) to this closed subspace. I 

Since the weight-spectrum of the double arrow space is clearly {w, c}, the 

assumptions about the weight of the space being less than c cannot be dropped 

from Theorem 12. 

However, a number of questions concerning Theorems 10 and 12 remain open. 

Thus we do not know whether one could realize arbitrary uncountable closed 

sets of cardinals below c as weight spectra of (separable?) (ordered?) compact 

spaces? Also, we don't  know whether part b) is also valid for w2 instead of wl. 

To conclude, let us formulate an easy result which, however, could be quite 

useful in finding applications of the positive results on the weight spectra of 

normal spaces. 
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THEOREM 13: I f  X is a normM space and t¢ G Sp(w, X )  then there is a Tychonov 

continuous image Y of X with w(Y)  = x as well. (In particular, i f  X is compact 

then so is Y ). 

Proof: Let F be a closed subspace of X with w(F)  = x and let j :  F -+ I ~ be 

an embedding of F into the Tychonov cube of weight to. By the Tietze extension 

theorem, there is a map f:  X ~ I ~ which extends j .  Now, if Y is the image of 

X under f then clearly 

,, = w ( V )  = w( j - - ' [F ] )  _< _< w ( i  = 

hence w ( Y )  = t¢ and Y is as required. I 

From Corollary 6 and this result we immediately get, for instance, the next 

result. 

COROLLARY 14: Every w-monolithic compact space of uncountable weight has 

a (necessarily w-monolithic) continuous image of weight wl. 

Since the continuous image of a CCC space is also CCC, it follows immediately 

that if there is a CCC non-metrizable w-monolithic compact space then there is 

also one of weight wl. However, a compact CCC space of weight wl is separable 

under MAw, by [H J3], hence the next result from [ASh] is obtained immediately. 

COROLLARY 15: (Arhangel'skii and Shapirovskii) Under MA~ 1 every CCC com- 

pact w-monolithic space is metrizable. 

Corollary 14 also easily implies that the problem whether a compact w-monoli- 

thic space is metrizable if wl is its caliber, also raised in [ASh], can also be reduced 

to such spaces of weight wl. The latter, however, remains unsolved. 
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