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DUNFORD-PETTIS OPERATORSON L'
AND THE RADON-NIKODYM PROPERTY

BY
J. BOURGAIN

ABSTRACT

Using the duality between Dunford-Pettis operators on L' and Pettis-Cauchy
martingales, we prove that the Dunford-Pettis operators from L' into L' form a
lattice. We show also that a Banach space X has the Radon-Nikodym property
provided the Dunford-Pettis members of #(L', X) are representable. The
lifting of dual valued Dunford-Pettis operators is investigated. Some remarks
are included.

Introduction

[0,1], m will be the Lebesgue space. For each n €N, we let 2, be the finite
algebra of subsets of [0, 1] generated by the intervals I, = [(k —1)27", k27"]
where k =1, - - -,2". We use the notation E, for the conditional expactation with
respect to 2. Let X be a fixed Banach space. By X-valued martingale, we mean
a sequence (£.)in L]0, 1] so that &, = E.[£...]. The martingale (£, ) is uniformly
bounded provided sup, || £ |l <.

It is well-known that the uniformly bounded X -valued martingales correspond
to the operators £(L', X). This correspondence is obtained by taking

T(p)=1lim j &M (t)d: if (&.) is the martingale
and
£()=2" hu(t)T(h.)  if T:L'— X is the operator
k

(the Haarfunction h,, is the normalized characteristic function of I, ).
For more details, we refer to [5].
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Dunford-Pettis operators and Pettis-Cauchy martingales

Let us recall that T: Y — X is a Dunford-Pettis (D-P) operators, provided T
maps weakly convergent sequences on norm onvergent sequences. For 1=p
=, i, : L? —> L' will be the canonical injection. The next result is essentially
known (cf. [7]), but we take it up for the sake of completeness.

ProrosITION 1. For an operator T:L'— X, the following assertions are
equivalent:

(1) T is a Dunford-Pettis operator,

(2) Ti, is a compact operator for some 1<p =,

(3) Ti.. is a compact operator.

Proor. (1) = (2). Because the L?-ball is weakly compact in L' for p >1.

(2) > (3). Obvious.

(3) = (1). If T is not D-P, then there is a weakly nullsequence (¢.) in L' and
g >0 such that ||T(g.)[[>e Let 8 =3e|T| . By passing eventually to a
subsequence, we may assume | E.[¢.][: < 8. Since (¢.) is uniformly integrable,
there is some constant K >0 with ||@, — ¢ [: <8, taking . (t)= ¢.(t) if
|@a(t)| = K and .. (t) =0 otherwise. Define 0. = ¢, — E.[¢.]. It is clear that
[, ll.=2K and lim,—n. =0 o(L",L").

Now [|@n = Muli =l @n = talli + | E [9 ]I = 2l @ — s + | Ex [ 0] 1 <38 and
hence | T(n.)||> € — 38| T|| = &/4. Since lim,...i-(n.)=0 a(L*, L"), Ti. is not
compact.

If £ € Lx, we introduce its Pettis norm || £ ||| by

el = sup{f [(£(t), x*)|dt; x* € X*, ||x*||§1} i

We say that an X-valued martingale (£.) is Pettis—Cauchy, provided (¢.) is a
Cauchy-sequence for the Pettis norm.
For our next purpose, we need the following property.

ProrosITION 2. The martingale (£,) is Pettis—Cauchy if and only if
lim, ... [ £&.¢. || = 0, whenever (¢.) is an L=-bounded weakly null sequence in L".

Proor. Suppose (&) not Pettis—-Cauchy. Then there is § >0 and an increas-
ing sequence (n.) so that ||&, — &, || > 8 for each k. Fix k. Let x} € X*
satisfy |x¥||= 1 and [|(&,, — &._, x£)| > 8. It is possible to find a %, -measurable
function &, such that ||&[l.=1 and

l(g"k - §"k-|’ X t)l = <'§nk - §n,‘_17 X Tc) - Ek.
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Consequently | (&, — &, ). &l|>8. If we define ¢« = & — E,,_[&c], then
@ |l =2, limi e @ =0 weakly and || f &, ¢ || > 8.

Let now conversely (¢.) be a weakly null sequence in L' and & > 0 such that
l@nll-=1 and lim, || £&.]|>8. It is straightforward to find an increasing
sequence (n.) so that

et m [ s
Thus for each k we have
f [(€n — &n_, XD Z 4” (&n = &n_)n, >§, forsome x} € X*, |[x%=1.

Consequently ||| &, — &, || > 8/2 forall k and (&) is not Pettis—-Cauchy. This
completes the proof.

TueoreM 1. A  uniformly bounded X-valued martingale (¢£.) s
Pettis—Cauchy iff the corresponding operator T: L'— X is D-P.

Proor. (1) If T is not D-P, then by Proposition 1 we get an L”-bounded
weakly null sequence (¢,) in L' for which lim,_...|| T(¢.)| > 0. We may assume
without restriction that ¢, is 2,-measurable. Then T(¢,) = [ £.. ¢. and Proposi-
tion 2 asserts that (¢.) is not Pettis-Cauchy.

(2) Suppose now (¢.) an L~ -bounded weakly null sequence in L' and
lim,_.||f .. ¢.||>0. Clearly [ £..¢. = T(E.[¢.]) and (E,[¢.]) is still a weakly
null sequence. Hence T is not D-P, completing the proof.

D-P operators from L' into L'

We say that an operator T: L'— L is positive if T(¢)Z 0 whenever ¢ € L'
and ¢ = 0. It is well-known that this gives a lattice ordering of £(L", L"). More
precisely, we have that’

T (¢)=sup{TW¥);0=¢y =¢} and |T|(p)=sup{T(¥);|v|=¢}

forp €L, ¢ =0.

Denote by X the Borel-o-algebra of [0, 1] and consider for each n the product
o-algebra &, =%, ®3 on [0,1] x[0,1].

Assume T :L'— L' an operator and (¢,, %) the corresponding martingale. It
is clear that if A €&, for some m and we define 7, by 7.(t)(u)=
£ ()W) . xa(t,u), then (0,3.)nzm is still a uniformly bounded L'-valued
martingale. This allows us to introduce the operator Ta(p)=
Hm, .. [ 7 ()@ (t)dt (¢ ELY).
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ProrosiTioN 3. Let TE (L', L") and A€ U, G,

) TA=T".

(2) If Tis D-P, then T, is also D-P.

Proor. If A €&, then A = U, (I.. X Ax ), where A, €% for each k =
1,-+-,2™ Consequently A has also the form A = U, (S: X P.), where (§;)C 2.,
and (P.) is a measurable partition of [0, 1].

(1) Fix n=m and ¢ =0, ¢ 2,-measurable. Then

Ta@@)= | m 0ot =2 ([ &00eOxe ) xr,

=2 T(e-xs) xr =2 T'@) xn = T'(¢),

as required.
(2) By Theorem 1 and Proposition 2, it is enough to show that
lim._o||f a@a || = 0, if (¢.) is L™-bounded and weakly null in L'. Now

[ e~

=3[|[ e0we.0a

du

[ 1wy it

w3 o

and (hn.pn) is weakly null for all k =1,---,2™. Since (¢,) is Pettis-Cauchy,
Proposition 2 completes the proof.

It is clear that we may associate to each L'-valued martingale (£, 2., ) the real
martingale (f., ©,), taking f.(t,u)= £ (¢t)(u). This gives the identification of
Z(L',L") and the real martingales (f,, ©,) for which sup, || |f.(t, u)|du |. <
holds.

ProrosiTiON 4. Assume (f.,©.) L'-bounded. Then give £ >0 there is some
m €N and some A € ©,, such that ||f;— fxali<e for all n =z m.

Proor. We may consider m so that |[f.]>sup.[[fi]i~ e The set A =
[f» z 0] belongs to &... For n = m, we have [4f, = [afn = | fnl:. Consequently

N TR

n

il R O I IR B 17 R e

which had to be obtained.
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THEOREM 2. Let TE L(L',L") and (¢.) the corresponding martingale.
(1) The operator T* is determined by T*(¢) = lim,_.. [ & (t)" @ (¢)dt.
(2) If T is D-P, then also T* is D-P.

Proor. Choose € >0 and let m and A be as in Proposition 4. Consider the
martingale (7, 2n)nzm as above. If n=m and ¢ € L™, we find

| &0 [ nwrewa] = [| [ i -s@umawuiona| a

S\fa—foxalille l-=elle -

This proves that S(¢)=lim,_..[ & (t) ¢ (t)dt exists for ¢ € L™, But since

IS =T [ 16,00 e @)lds =T [ 6@l e @)1de I Tl o ]

the operator S extends to L. In fact, the above computation shows that for each
e >0 there exists some A € U,B, such that ||Tai.— Si.||<e. Applying
Proposition 3 and Proposition 1, we see that if T is D-P then Si.. is compact and
hence S is D-P.

It remains to prove that § = T*. Obviously § = T*. Conversely, fix ¢ €L~
¢ = 0. Because Ta(¢)= T*(¢) for all A € U, &, (Proposition 3), also S(¢)=
T*(¢) holds. A density argument completes the proof.

An immediate consequence is

CoroLLARY 3. The ideal of the D-P operators in (L', L") is a sublattice.

A characterization of the Radon-Nikodym property
We refer again the [5] for the following theorem:

THEOREM 4. Let X be a Banach space, T € ¥(L',X) and (¢,) the corres-
ponding martingale. Then the following conditions are equivalent:

(1) T is representable, i.e. there exists some ¢ € L% such that T(¢)=
JeE@e(t)dt for e e L.

(2) (&) converges in L.

(3) (&) converges a.e.

The Banach space X is said to have the Radon-Nikodym property (RNP)
provided any T € (L', X) is representable. The purpose of this section is to
show that we may restrict ourselves to Dunford-Pettis operators. This solves a
question raised in [5].
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We will prove more precisely the following

THEOREM 5. Assume T € ¥(L*, X) not a D-P operator. Then there is a D-P
operator D € (L', L") so that the operator TD is not representable.

So fix T:L'— X failing the Dunford-Pettis property.

PRroPOSITION 5. There exist a measurable subset Q) of [0,1], a weakly null
sequence (¢,) in L' and & >0 satisfying

(1) m(Q)>0,

@ lo =1,

@) lim, [T(fe )|z ellfl: if fE L) and f=0.

Proor. By Proposition 1, there is a weakly null sequence (¢,)in L'and £ >0
so that [l¢, |l-=1 and || T(¢.)|| = 2¢ for each r. It is easily verified that the set

st={rer;f20mdim| TGe)l = e 1L}

is a closed convex cone. Since 1& ¥, a separation argument provides some
g € L~ satisfying [ g > [ fg whenever f € ¥. Because 0 € % we have [ g >0 and
consequently Q) = [g >0] has positive measure. Clearly [fg =0 for fE X. It
follows that f=0 or f& ¥ if f=0 and suppf C Q.

PROPOSITION 6. Assume fi, -, fs a finite set in L* and B < such that
Ifil.=B (1=si=d) and |{f,f)|=B%d> (1=i#j=d). Then Z.|(f, )=
B V2d holds, whenever |g|,= 1.

ProoF. Since

Bzg - 2‘ (g’f'>fl“2 = B‘”g”’;’-— ZBZZ_ '<g’fi)lz+ 2; <g’f')<g’ﬁ><fl’f;>

we have

B'lgliz 3 @B~ |If. (e, Ol = 2, (8. f) (8. £)fu f)

2 B* 3 (g f)F ~ B*d™ 3, g BIf: L1 I

and thus

S (8 fF=2B
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Consequently

2 (.= B V24,

as required.

ProposiTioN 7. Let €, (¢.) and & be as in Proposition 5 and take 0 <8 <
m(Q). There is a system (Yoi Jnisis2- in L7(Q) fulfilling the following conditions:

(1) ¢ =0,

(2) 6< “ Ynx ”1 < 2,

B) i [l = @73,

(4) ” T(l!fnﬂ,zk—l - !/ln+1,2k)” > €d/2,

(5) zd’mk = Yprr2641 T Ynr1,26

(6) = [{Pnr126-1= Ynsr260 I= 2(4\/5/3)" if lgl-=1.

Proor. Weintroduce the ¢, (1 =k =2")by induction on n. Take ¢, = xa.
Suppose now .. (1=k =2") obtained and & + ¢ <||¢« |l <2—¢ for some
+ > 0. Combining the facts

lim g, =0 o(L',L");

ﬁ’; | T(urp:)|| > €8 for each k,

it is possible to obtain functions 7, (1 = k =2")in the sequence (¢,), satisfying
@) s )| <1,
(i) l(‘!’n,k"]k, ll’n.l"ll)' < (2/3)2" for k#1,
(iii) || T(nsme )l > €.
This construction is completely straightforward and we let the reader check the
details.
It is clear that the functions

Ynir2k-1= Ynie (1 + % nk) , Unrrze = Yo (1 - % nk)

are positive members of L~({}).
(2) follows from (i), (4) from (iii) and (5) holds obviously. Since |, +12c-1,
| ns12¢ | are bounded by 3| dn« |, we get

n+i

4 4
[t sl (3)



Vol. 37, 1980 DUNFORD-PETTIS OPERATORS 41

and the same for ||, |- So it remains to verify (6) or

4V2\"
3 (o)l =3 (5) " forlgl=t
Using (ii), we see that f. = $.m, B =(3)" and d =2" fulfil the conditions of
Proposition 6. This completes the proof.

Proor oF THEOREM 5. By (2) and (5) of Proposition 7, we may define
D e ¥(L', L") taking D(h.x) = ¢.x. The martingales (£,) and (¢..) correspond-
ing to D and TD respectively are given by

&(1)= 2"‘}{, Boi (i and £ (2)= 2"‘2 s (8) T (i)

Fixing n, (6) yields that
6= 61 = sup, [ [Kevs)= €0(6). 0]
a@y

=27 sup E “ hn+l,2k—l = Ruvr2c ||1l<l/fn+1,2k—1 - ll’n+1,2k,g>‘ = ( 3

lgllo=1 K

Therefore 2, ||| £&.+1— & ||| < and hence (&) is Pettis-Cauchy. By Theorem 1,
D is a D-P operator.
On the other hand, TD is not representable since similar computation yields

j ” §n+1(t) - §n (t)” dt = 2_n_2 Z ” hn+l,2k—l - hn+1,2k ”1 ” T(lf/nﬂ,zk—l - l,lfn+1,2k)”

> %8 (using (4) of Proposition 7).

Of course the operator TD of Theorem 5 is D-P. This provides a new
characterization of the RNP.

CoroLLARY 8. If a Banach space X fails RNP, then there is a D~-P operator
T :L'— X which is not representable.

A factorization problem for Dunford-Pettis operators

For later use, let us show the following property of Pettis—-Cauchy martingales.

ProposiTiON 8. Let X be a Banach space, (£,) a Pettis—Cauchy X-valued
martingale and (x*) a w*-null sequence in X*. Then
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limsup | [{&(¢),x*)|dt =0.

Proor. It is no restriction to assume (x7%) bounded by 1.

Suppose 1lim, sup, [ |{&.(t), x*)|dt > & >0. Applying the Lebesgue theorem
on dominated convergence, we see that for a fixed n lim, ... { [(&.(¢), x ¥)| dt = 0.

It is now routine to find increasing sequences (r.) and (m) such that
Ty x*. )< 8/2 and [[(&, .., x%,.)| > 8. Consequently

"l §"k+l - g"k m = f ,<§"k+l - g"k’ x tu¢1>' >g fOI' each k,

a contradiction.

ProrosiTioN 9. Let d €N be fixed. Then for any r there exists a set G, of 4°
functions such that

) lgll=1 for any rand g € 4,

(2) E._4[g]=0ifg€Y,

(3) supges, {f, 8) = sups f1..f —27°||f|l;, whenever fE L' and fZz0.

Proor. For i=1,---,2% and s an integer, write s=1i provided s=i
(mod2¢). For each r and i =1,---,2% let yi=2"2,.h,,. Define ¥, ={g’=
Yi— i 1=<i j=2"}, which has 4 members. Clearly ||g/|.< 1. Remark that
g)=2"%mi (hes — hysiv;) and hence E,_4[g7] = 0. Now assume f a positive L'
function and 1 =s =2". If we take i =1, --,2¢ so that s =i, then {f, ¢ = [, f.
Since ||f]l =S, {f, ¥)), there must be some j =1,--+,2* with (f, ¢ =2"¢|fl..
Therefore also (3) holds.

ProposiTioN 10. If (&) is a uniformly bounded positive L'-valued
Pettis—Cauchy martingale, then

lim su (sxip II ¢, (t)) dt = 0.

r—»00 n

PrOOF. Assume sup, || & [-=B and fix € >0. Take an integer d so that
2% = B and let the %, satisfy the conditions of Proposition 9. We deduce from
(3) that for each r and ¢

sup [ &)= 5up (6. (1),8) + 2716 ()

s 3 60,0 +27B.
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Therefore
f (Slip L §,.(t)> dr = 4¢ l;nea}gxf [(€.(2), g)|dt + &

It follows easily from (1), (2) of Proposition 9 and Proposition 8 that the first term
of the second member in the above inequality tends to 0 uniformly over n for
r— . Since £ >0 was choosen arbitrarily, the proof is complete.

M|[0, 1} is the space of Radon measures on [0, 1]. If x is a Radon probability
measure on [0, 1], then L'(u ) will be viewed as a subspace of M[0, 1]. In fact, any
separable subspace of M[0,1] is contained in some L '(u)-subspace.

Consider the family $ of all subintervals of [0,1]. If we let [|uls =
supres | (I)|, then [ ||, is a weaker norm on M0, 1]. Let M, be the normed
space M[0,1], | |l and W : M[0, 1] > M, the identity map.

The next result will be used to show a more general fact.

ProrosiTion 11. If Te ¥Y(L',L") is a D-P operator, then WT s
representable.

Proor. It follows from Theorem 2 that we may assume T a positive D-P

operator. Let (£, 2.) be the L'-valued martingale corresponding to T. Fix p, q
and r.
For any t €[0,1] and I € 4,

K& (1) = & (1), xo)|
=& ()= &), E.Da DI+ <& (1), xo — E. [ DI+ K& (1), 3 — E L D)

SIE~6)0 - Eo&)Oh+2s [ &@+25 [ &

Hence

[ 160~ 6Ot SIE &)~ E o)l +4sup [ (sup [ &.(0)) .

Since (&, ) is Pettis—Cauchy, Proposition 10 asserts that r can be taken big enough
to make the second term small. For fixed r, the first term tends to 0 for p, g— =,
since (E. °£.). ranges in a finite dimensional subspace of L'.

Tueorem 7. If Te £(L',M[0,1]) is a D-P operator, then WT is
representable.

Proor. Since the range of T is separable, T ranges in some L '(u ) subspace
of M[0, 1]. Decomposing u in its atomic and diffuse part, L'(u ) can be viewed as
a subspace of I' @ L'(v), where v is a diffuse Radon probability measure and for
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convenience m < p. Now [' has the Radon-Nikodym property (cf. [5]) and
therefore we may assume T ranging in the L'(v)-component. It is easily verified
that the map ¢:[0,1]—[0,1], «(x)=v([0,x]) is a homeomorphism and
moreover m = ¢(»). Thus the map U:L'— L'(v), U(f) = feu is an isometry.
Because « maps intervals on intervals, also the map V : My— M,, V(A)=1"'(A)
is an isometry. We obtain clearly the following scheme:

L'—5 L'(v) = M,

-l

L' — M,

Since U™'T is D-P, WU'T is representable by Proposition 11 and hence also
WT. This completes the proof.

Theorem 7 has an interesting aspect which we will discuss later. Let us come to
the purpose of this section. It is well known (and not difficult to see) that the
following property is true. Assume X a Banach space, Y a subspace of X and
T:L'— Y* an operator. Then there exists a factorizing operator T': L'— X*,
such that T = i* T' where i : Y — X is the canonical injection. (T” is generally
not uniquely determined.)

It seems to us a natural question whether or not T’ can be made D-P, if we
assume that T is a D-P operator. As we will show, this problem however has a
negative solution. Thus the lifting property for Pettis—Cauchy martingales in
dual spaces does not hold.

For convenience we replace the Lebesgue space [0, 1] by the Cantor set A with
the Haar measure. Take X, = C(A)= X, and X = X, P X. Denote i, : X, > X
the injection and ., : X — X, the projection (a = 1,2). The Haarfunctions h,..
on A will be viewed as members of X,. Consider a system (€. )ni=k=2» in X;
equivalent to the [*-basis, i.e.

1/2
= (2 ai,k) for scalars a,.

nk

Z A i,k
nk

Consider the closed aubspace Y of X spanned by the vectors
Vo =2 "Hox + o (neN, 1=k =2").

We regard L'(A) as a subspace of X% and let j: L'(A)— X be the injection.
Consider the operators R:X3—1?, R(x3)=(x%(enx))nx and S:Y*—1[",
SH*) = (Y *(Yui )i The operator W: X1 — Mo(A) is as previously (the inter-
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vals in subspace are the intersections of intervals in [0, 1] with A). We obtain the
following diagram:

L'(a)—> x* 5L x*x 5y I

\\\\ %
S e i U
T T

- GRE (W.R)

Txr 88 ey x3 U8 M) B

The existence of the factorizing U is clear from the fact that for x* = (x f, x3) in
X* we have

[x* (i) = [ TQ 7R )| + [ x3(en) | S| WED [+ [ R(x D),

since 27 "h,, is the characteristic function of an interval in A.

ProrosiTion 12. If T = i*w%j, then
(1) ST is not representable,
(2) T is Dunford-Pettis.

Proor. T and ST are represented by the respective martingales

£ =272 huiT(hoi),  £2=27"2 BuiST(ho).
k k

So for y € Y we obtain

f l(tfnﬂ(t)_ &, (t), y>’ dt=2"" Ek: '(T(hn+1,2k—] - hn+1,2k ), )’)’

and also

[ 18- £0lldt =2 SUSTOrwi101= huvian)].
(1) For each k
1 ST (Rusizk 1= Pnses 2| Z AT P11 = Prsraic)y Yrsr2k-1)
Z 27" N s r2kmt = Pnsrzio Pnvize—r) = 1.

Hence ||&., - €025
() If |y|=1 and y =Z,.a,.y.,, then Z,,a%,=|m(y)|F=1. For each k, we
obtain
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(T(hn+1,2k—l = Brirax ), )’> = E 27,5 Ansr2ke—1— Purr2ks Bis)

= 2 27, (Pnrrzk—1 = Pusrzi Pis)-

r>ns

Thus
f ,(§n+1(t) - gn (t),)’>, dt g 2_"_1 z 2_' , ar,s l 2 ,(hn+l.2k—l - hn+l,2k, hr.s>,

é 2."I Z 2-! , ar,s ’ 2 <hn.k, hr,:)

r>ns

= > 27

r>n,s

< (Z s 4")10(2 af,s)

r>ns=1 ns

a.|

1

’ =(V2y~

Since the ball of Y is w*-dense in the ball of Y**, we find that || &= & || =
(V2)™ Consequently (£,) is Pettis-Cauchy and thus T is D-P.

ProposiTioN 13. If T'€ $(L', X*) is a D-P operator, then Si*T' is repres-
entable. Consequently, T does not admit a D-P factorization.

Proor. Since I? has RNP, Ri} T’ is representable for any T'€ £(L', X*). If
now T'is D-P, then also i 1T’ is D-P. Regarding M(A) as subspace of M0, 1}, it
is an easy exercise to deduce from Theorem 7 that WiiT’ is representable.
Taking the above diagram into account, this clearly completes the proof.

Remarks. (I) From Theorem 1, it is obvious that for a space X the following
properties are equivalent:

(1) Any Te £(L', X) is D-P.

(2) Any uniformly bounded X-valued martingale (£,) is Pettis—Cauchy.
They are fulfilled for three well-known classes of spaces:

(A) the RNP spaces,

(B) the Schur spaces,

(C) duals X* such that I'Z X (cf. [6]).

(IT) Theorem 7 has the following consequence, which is in fact a reformula-
tion of Proposition 11.

CoROLLARY 8. Consider the operator O : L'— CJ[0,1] given by O(f)(s)=
[if(t)de. If now T:L'—> L' is D-P, then OT is representable.
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Proor. If B[0,1] is the space of the bounded functions on [0, 1], we may
clearly consider the operator O : M,— B[0,1], O(u)(s) = u[0, s].

The following scheme together with Proposition 11 will provide us the
required result:

L'—5 L' =25 [0, 11— B[0,1]

| l°

w

M- M,

(III) Let us call a tree in a Banach space X a bounded system (X, )n1sk =2 I
X such that

(1) 2xmk = Xpi12k-1 1 Xns126

(2) inf,, ”xn+1,2k—1 — Xn+1,2k ” >0.
It is clear that if we take (Y« )ax asin Proposition 7 and x.. = T, then (X,.i )n
is a tree in X. This proves that X has the tree property whenever there exists a
non-Dunford-Pettis operator T : L' — X (in fact, this can be obtained a bit more
directly). Recently [3], it was shown that the failure of RNP does not imply the
existence of a tree in general. (For other partial results, we refer to [1] and [2].)
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