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Quantum Correlations in Two-Photon Amplification (*). 
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Some t i m e  ago, GLAUBER (1) showed  t h a t  if t he  H e i s e n b e r g  e q u a t i o n s  of m o t i o n  
of a s y s t e m  of coupled  osci l la tors  a s sume  a c e r t a i n  gene ra l  fo rm,  t h e n  s t a t e s  of t he  s y s t e m  
wh ich  a rc  in i t i a l ly  c o h e r e n t  r e m a i n  c o h e r e n t  a t  all t imes .  E x a m p l e s  of phys i ca l  sy s t ems  
e x h i b i t i n g  th i s  b e h a v i o u r  (3) inc lude  a s ingle f ree  osci l la tor ,  a fo rced  osci l la tor ,  a dam-  
ped  osci l la tor ,  t h e  phase-d i f fus ion  mode l  of a laser  b e a m  a n d  t he  p a r a m e t r i c  f r e q u e n c y  
conve r t e r .  The  q u a n t u m  cor re la t ions  p r e s e n t  in  these  sy s t ems  are  easi ly descr ibed  in  
t e r m s  of t h e  G laube r  c o h e r e n t  s t a t e s  a n d  assoc ia ted  d i agona l  P(~)  r e p r e s e n t a t i o n  (3). 
P h o t o n - c o u n t i n g  e x p e r i m e n t s  t h a t  h a v e  been  p e r f o r m e d  (4) give r e su l t s  in  a g r e e m e n t  
w i t h  p red ic t ions .  W e  n o t e  t h a t  in  all  of t he  above  examples  on ly  o n e - p h o t o n  emis-  
s ion a n d  a b s o r p t i o n  processes  occur.  

I t  is k n o w n  t h a t  q u a n t u m  p a r a m e t r i c  ampl i f i ca t ion  sy s t ems  exh ib i t  qu i te  d i f ferent  
b e h a v i o u r .  The  r e a s o n  for  th i s  is t h a t  t he  H c i s e n b e r g  equa t i ons  of m o t i o n  in  t h i s  case 
express  t he  t i m e  d e r i v a t i v e s  of o p e r a t o r s  as(t ) in  t e r m s  of t he  a d j o i n t  o p e r a t o r s  a~(t) 

as well  as a f t ) .  F o r  such  cases G l a u b e r ' s  t h e o r e m  (1) fails to  apply .  As a r e su l t  a l t e rna -  
t ive  modes  of de sc r ip t i on  such  as d y n a m i c  cha rac t e r i s t i c s  f u n c t i o n s  (~) or  W i g n e r  dis t r i -  
b u t i o n  f u n c t i o n s  (6) h a v e  b e e n  used.  

The  pu rpose  of t he  p r e s e n t  p a p e r  is to  show t h a t  t h e  r ecen t l y  p roposed  new c o h e r e n t  
s t a t e s  (7) w h i c h  a re  gene ra l i za t i ons  of G laube r  c o h e r e n t  s t a t e s  al low a gene ra l i z a t i on  
of G l a u b e r ' s  t h e o r e m  (~) in  t he  fol lowing sense:  t he  q u a n t u m  cor re la t ions  a r i s ing  f rom 
processes  in  w h i c h  two p h o t o n s  a re  s i m u l t a n e o u s l y  a b s o r b e d  or  emi t t ed ,  of w h i c h  pa ra -  
m e t r i c  ampl i f i ca t ion  a n d  t he  t w o - p h o t o n  ampl i f ier  a re  examples ,  a re  descr ibed  b y  t h e  
new c o h e r e n t  s t a t e s  in  m u c h  t h e  same  w ay  t h a t  G laube r  c o h e r e n t  s t a t e s  descr ibe  t h e  
co r re l a t ions  p r e s e n t  in  s y s t em s  w h e r e  on ly  one p h o t o n  emiss ion  a n d  a b s o r p t i o n  pro-  
cesses occur .  Q u a n t u m  s ta t i s t i cs  of t w o - p h o t o n  t r a n s i t i o n s  h a v e  p rev ious ly  b e e n  discus- 
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sed (~.e.s) using different approaches. Our results will be more explicit. We shall show 
that the quantum uncertainty of the radiation field arising from two-photon transitions 
fluctuates in time and may become less than h/2, the uncer ta inty  value of the usual 
coherent states, and cannot, therefore, be described in terms of the usual diagonal 
coherent state representation with positive definite weight functions (9). They are, 
however, very naturally described by the new coherent states [~>o which are minimum 
uncer ta inty  states with ApAq  = ~/2 and the ratio ~ --= &p/hq = exp [20] any positive 
nmnber.  In fact, the radiation field, if initially coherent, is a pure new coherent state 
Ja>0 for all t in the interaction picture, 0 being determined by the parametric-coupling 
constant of t ransi t ion matrix element and is a l inear function of time. 

Consider first the case of two photons of equal frequency: the Hamfltonian may be 
writ ten in the Heisenberg picture as (2) 

(1) H = ~wa (t) a(t) - -  - ~  (aT(t) a~(t) exp [-- 2ieot] - -  a(t) a($) exp [2ie~t]), 

The Hamiltonian (1) may represent a parametric amplifier being pumped at twice 
its output frequency r or atomic transit ions with emission or absorptions of two photons 
of equal frequency, the pump field or the atomic medium being treated classically. 
I t  can be shown that the number of photons in the mode N(t) ~ at(t)a(t) increases, 
as a result of the external pumping, exponenitally in time as exp [2xt] for large t and 
in this sense it  behaves as a linear amplifier. In  the interaction picture, the interaction 
Hamfltonian becomes time independent  

(2) ihu t + H~V(t) = ----~- (a (0)a (0) - -  a(0) a(0)). 

Because of this the time development operator of the system in the interaction picture 
is easily written down 

(3) [--  ~K7 tl ~,t 

The uni tary  transformation generated by the time development operator in the 
interaction picture can be calculated by explicit power series expansion to be 

(4) a~'(t) = U'v(xt)-~a(O) U~v(ut) = a(O) eosh ~ t - -  a+(O) sinh r t .  

I t  is immediately evident that the uni ta ry  operator U~v(~t) generates the canonical 
transformation definition in ref. (7). Thus if the radiation field is initially coherent, i.e. 

(5) a(O)lt = O> = a(O)]a> = sit = 0>, 

then the state at time t in the interaction picture is given by 

(6) It> ~ =  U'~(t)It = o> = V~(t)l~>, 

(s) l :). LAMBROPOULOS, C. KIKUCB~ a n d  I t .  K .  0SBORN: Phys. Rev., l l 4 ,  1081 (1966); P .  LA~r 
Phys. ReV., 156, 286 (1967); Y .  I t .  SHEN: Phys. Rev., 155, 921 (1967). 
(9) B.  I t .  MOLLOW a n d  l~. if. GLAUBER: Phys. Rev., 160, 1076 (1967). 
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and  satisfies 

(7) dolt> *v ~ (a(O) eoshO + a*(O) s inhO)l t> 'v= U(O)a(O) U-~(O) Uiv(u$)]~> =- ~[t> 'p 

if 0 -~ nt. 
Thus  we have shown tha t  in  the  in te rac t ion  pic ture  the rad ia t ion  field arising from 

paramet r ic  second-subharmonie  genera t ion  is a pure  new coherent  state I~>0 with 
0 = ut if the  state is in i t ia l ly  coherent .  If the in i t ia l  s tate has a posit ive definite 
P(~) representa t ion ,  then  the rad ia t ion  field in the  in te rac t ion  pic ture  has the same 
P(:r representa t ion  in  te rms  of the new coherent  states for all t ime:  

ca) = u , o ( o o r  =fd*.Pt.)t >oo<.t 
with  0 = nt. 

In  general,  if the in i t ia l  rad ia t ion  field possesses a generalized diagonal  coherent  
state representa t ion  (7) in  the form 

(9) 

then  

(10) 

w i t h  O = O o + ~ t .  

5(0) = f d  ~ ~P(~)l~>0. 0~ 

We now outl ine the general izat ion to two-photon  t rans i t ions  of different frequencies. 
The Hami l t on i an  m a y  be wr i t t en  as 

(11) H = hw 1 at(t) a(t) + he% bf(t) b(t) - -  ih~(a~(t) bt(t) exp [--  i (% + 0)2) t] - -  

- -  a(t) b(t) exp [i(c% + 03) t]) . 

The in te rac t ion  Hamf l ton ian  is again t ime- independen t  in  the in te rac t ion  pic ture :  

(12) H~v(t) = - -  ihu(a#(O) bt(O) - -  a(O) b(O)) . 

I t  is convenien t  to define C~-operators 

1 
(13) C •  - - ~ ( a  • b) ,  

which satisfy canonical  commuta t ion  relat ions 

(14) [c~, v~] = 1, 

while all other  commuta to r s  vanish.  I n  te rms  of the Ce-operators,  the  two modes 
decouple, name ly  

(15) t t~ ~(t) ihz  = - - C + C  - - C _ C _ + C _ C ) .  
T (r162 * * * * 
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The deeoupling allows the  prev ious  analysis to go th rough  in the  present  case wi th  the  
result  tha t  in obvious  no ta t ions  

06) e'~(t) =fd~r+d~r-P(r+, r-)lr+, r->o+o_ o+o_<r+, r-t ,  

where  ]~+, ~_> are  r igh t  e igenstates  of G~-operators  and 

(17) O~=Oo+~t. 

F r o m  the  known proper t ies  (7.1o) of new coherent  s tates  we can draw the  fol lowing 
conclusions on rad ia t ion  fields ar is ing f rom two-pho ton  t rans i t ions :  

1) Since the  new coherent  s tates  do no t  lead to fac tor iza t ion  of usual  corre la t ion  
functions,  one m a y  expec t  nonzero coincidence pho ton-coun t ing  effects. Our calcula- 
t ions Qo) on G2(xl,x~,x~,xl) show t h a t  one  m a y  expec t  pos i t ive  as well  as nega t ive  
correlat ion count ing  rates .  I t  would  be e x t r e m e l y  in te res t ing  to have  d i rec t  experi-  
men ta l  ver i f icat ion of this effect since ne i the r  t he rma l  nor  laser rad ia t ion  give nega t ive  
corre la t ion count ing.  

2) The  pho ton  stat is t ics  is g iven  by  

(18)  <N(t)> = ]al~(cosh ~ ut + s inM ~t) - -  (a~ + a,2) sinh ~t eosh ~t + sinh ~ u t ,  

(19) AN2(ut) = [a[~ cosh 4~t + laid(co ~ + a,2) s inh 4gt + �89 s inh 2 2gt .  

Thus the  pho ton  dis t r ibut ion  is ne i ther  Bose-Eins te in  nor  Poisson. 

3) The  quan tum uncer ta in t ies  in canonia l  m o m e n t a  and  co-ordinate  which m a y  
be looked upon as the  H and  E fields of a two-pho ton  oscil lator a re  g iven  by  

(20) 

h 
Ape(t) = ~ l eos tot exp [xt] + i sin tot exp [ - - . t ] l  ~ , 

h 
Aq2(t) = ~ Icos tot exp [--  ~t] + i sin tot exp [.t]l ~ , 

while the  fields themselves  oscillate as 

(21) 

p(t) = p(0) cos cot exp [--  :~t] - -  toq(0) sin o t  exp [~t], 

q(t) = q(0) cos tot exp [~t] + p(0) sin tot exp [--  x t ] .  
t o  

4) F r o m  the  above  equat ions  i t  is clear tha t  pa rame t r i c  or  two-photon  ampli-  
f ication fundamenta l ly  al ters  the  q u a n t u m  corre la t ions  and statist ics of the  init ial-  

(lo) E. Y. C. L u  and  M. E. S~ITrmRS: in  prepara t ion .  
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radiation field. I t  appears to offer the practical means by which new coherent states 
can be generated and controlled and allow possible new tests of predictions of quantum 
mechanics of the electromagnetic field. 

Finally, we remark that  this is but  one example of the use of generalized coherent 
state representation to represent a wider class of quantum states as suggested in ref. (7). 
I t  is known (~,~) that in the present case the radiation fields possess Gaussian character- 
istic functions. In  general, generalized coherent state representation allows the use 
of positive definite weight functions to represent all states with Gaussian character- 
istic functions. 


