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ABSTRACT
Razmyslov’s theory of trace identities for the prime P.I. algebras Mj
is applied to give bounds for the cocharacters and the codimensions of
these algebras My ¢, as well as for the matrix algebras My (E) over the
Grassmann algebra E. These bounds are easier to obtain and are better
(tighter) than earlier obtained bounds.

Introduction

The codimension series and the cocharacter series of M (F), the k£ x k matrices
over the characteristic zero field F, have been the object of much study. In [8], the
second author obtained the asymptotic behavior of the codimensions ¢, (My(F)):
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where C is a certain constant which is computed explicitly. It follows that the
codimensions and the trace codimensions are asymptotically equal. This work
was partly based on some earlier work of Formanek in [3] and [4]. In [3] Formanek
points out that the conductor can be used to compare the ordinary cocharacter
of Mi(F) to the trace cocharacter. In [4] he verifies that a certain polynomial
constructed by Regev is indeed a non-trivial element of the conductor ideal. This
particular polynomial generates an S,-module with a particularly convenient
structure. This yields not only the above information on codimensions, but
also that “most” irreducible characters have the same multiplicities in the trace
cocharacter and in ordinary cocharacter.

In this paper we generalize part of this theory to the other verbally prime p.i.
algebras, My ¢ and M, (E). First, we show that M , has a non-trivial conductor.
This allows us to compare the trace and ordinary cocharacter and to calculate

the polynomial and exponential behavior of ¢, (M. ¢):

THEOREM 7: There exist constants C, and Cy such that, for all n,

1 (k24£2-1)/2
) (k+ €)™

1 (k% +£2-1)/2
Cl (E) (k -+ £)2n S Cn(Mk,g) S CQ (;

It is worth remarking that in the case of k = £ = 1 the trace codimensions and
the ordinary codimensions are not asymptotically equal. The trace codimensions
are asymptotically twice as large. See [9], corollary 3.19.

Using Theorem 7 we obtain somewhat less sharp bounds on the cocharacter of
M, (E). We obtain the exponential behavior exactly, but the polynomial behavior
only to within 1%2.

THEOREM 8: There exist constants C3 and C4 such that, for all n,
1 (2k%-1)/2 1 (k2-1)/2
Cs (ﬁ) (2k%)™ < o (Mi(E)) < C4 (ﬁ) (2k%)".

Finally, in Theorems 10 and 11 we compare the ordinary cocharacter of My,

to the trace cocharacter. This comparison is of less direct benefit than Theorem

7, since the trace cocharacter is not all that well-understood. It is known that
the nth trace cocharacter of My ¢ equals the S,-character

( Z XA®X,\>I

AEH (k,&n+1)
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where the tensor is the inner tensor product and where the prime denotes inducing
down from S,,41 to S,. This sum seems quite interesting from the point of view
of combinatorics and so Theorems 10 and 11 relate an unsolved p.i. problem to
an unsolved combinatorics problem.

1. Notation and background

Let X be the set {2, 73,...}. We will denote by F{X} the free associative F’
algebra with trace on X. Elements of F{X} are (mixed) trace polynomials.
F{X} contains a number of subalgebras and subspaces that will be of interest.
First, F{X} will be the free algebra on X with no trace. Likewise, TR{X}
will be the subalgebra of F{X} generated by the traces. It is easy to see that
F{X} = F{X}®TR{X}. We next identify the multilinear, homogeneous degree
n polynomials in z;,...,2, in each of these algebras. The space of multilinear
f(z1,...,z,) in F{X} is generally denoted V,,. We denote the corresponding
subspaces of F{X} and TR{X} by MT, and T, (for mixed trace and pure
trace), respectively. Note that each of these three spaces is an S,-module under
the permutation action, o f(zy,...,2n) = f(ZTo1,- -+, Ton)-

It is worthwhile to recall a few facts about the structure of these S,-modules.
First, V,, is isomorphic to F'S,, with action left multiplication. A permutation
o is identified with the monomial 251 - Zsy. Next, T, is isomorphic to FS,,
but with conjugation action. Let 7 be a permutation with cycle decomposition
T = (41,92, ..y %a)(J1,-- > Jb) - - - (k1,.. ., kc). Then 7 is identified with the pure
trace monomial

tre(T1,. .., 20) = tr(ag iy -+ x5, )tr(2y, - xj,) - tr(Te, < Tk,

Then, for any permutation o, tr, 5-1(Z1,...,Zn) = tr:(Zo1,...,Ton). Finally,
we point out that V,, and 7,, are each submodules of M7, in an obvious manner.
But, a bit less obvious is that there is isomorphism between M T,, and T}, 41 given
by f(z1,...,Zn) = tr(Tny1f(z1,.. ., Tn))-

Let I be any trace T-ideal. If I is the ideal of trace identities for the algebra A
we will write I = I(A). Then INV,,, INT, and INMT,, are S,-submodules of V,,,
T, and MT,, respectively. We will be interested in the quotients whose characters
give the various cocharacters of A. The nth ordinary cocharacter x,(A) is the
S, character of V,/(V, N I); the nth mixed trace cocharacter x7"(A) is the

n

S, character of MT,,/(MT, N I); and the pure trace cocharacter xP'"(A) is the
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S, character of T,,/(T,, N I). The corresponding dimensions will be denoted
en(A), ™" (A) and cPt"(A). For any A each of x,(A) and X' (A) is less than or
equal to x**" and c,(A) and cB'"(A) are each less than or equal to ¢**"(A). It is
also known that if the trace on A is non-degenerate then the above isomorphism
MT,, — T,41 induces an S,-isomorphism

MTn/(MTnnI) - n+1/(Tn+1ﬂI).

Hence, x™*"(A) = x5, (A)’, where by the prime symbol we mean induce down
from Sp41 to Sy.

2. Construction of the conductor

We recall two of Razmyslov’s results from [6]. (See also [1] for the former.)
Trace Identities for My ¢: In the identification T,, = F'S,, the trace identities for

Mo, I(My ) NT,, corresponds to a two-sided ideal of F'S,,. This ideal is the sum

of all simple two-sided ideals corresponding to partitions outside of H(k,£;n).
Razmyslov’s Central Polynomial: My ¢ satisfies a trace identity of the form

p(xlv ooy Tm, y) = C(II;], e ,.’Em)tr(y),

where p(z1,...,Zm,y) € F{X} is a central polynomial and where ¢ is of the form
(21, .., Zm) = te(d(21,...,2m)) and (21, ..., 2m) € F{X}.

LEMMA 1: My, satisfies a trace identity of the form tr(zq)tr(zg)---tr(z,)
= a linear combination of trace monomials with fewer than n traces in each
(n may be taken to be (k + 1)}{£+ 1)).

Proof: If n > (k + 1)(£ + 1) then there is a partition of n outside of H(k,¢;n).
So, there is an element of F'S,, say ¥a,0, which corresponds to a trace identity
of My ¢. Since the trace identities form a two-sided ideal in F'S,,, we may assume
that a;q, the coefficient of the identity permutation, is 1. Translating back to
pure trace polynomials yields an identity of the desired type.

COROLLARY 2: Modulo I(My ) every element of F{X} can be written as a
linear combination of terms with at most (k + 1)(£ + 1) — 1 traces.

We will now consider the cases of k = £ and k # ¢ separately. If k # £, then
we may set y = I, the identity matrix, in Razmyslov’s central polynomial to get
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p(Z1,. s Zm, [) = (k= O)c(zy, ..., zm). Hence, modulo I(My ), c(z1, ..., Tm) is in
V- Let r = m[(k +1)(£ + 1) — 1] and let

d(zy, ..., zr) =c(@1, .-, Tm ) Tmt1y - Tom ) C(Trmmply ooy T )
THEOREM 3(a): Let f(x1,...,%n) be any element of F{X}. Then, modulo
I(My ), d(z1, ...,z ) f(Z1,...,2s) € F{X}, i.e., it can be written with no traces.
Proof: By Corollary 2, f(z1,...,2,) can be written as a sum of an identity of
My, and terms with (k + 1)(¢ + 1) — 1 or fewer traces. Consider such a term,
say v = tr(uy)---tr(u,) with ¢t < (k+ 1)(¢ + 1) — 1. Then
vd = (c(x1, .-, Zm)tr(ur)) - - - ((T (o 1ymats oo Tem)tT(Ut)) - - (Tromi1, - - oy T,
It now follows from the definition of ¢ that this is in I(My ) + F{X}.

This is what we need for the k # £ case. If k = £, then it is not the case that
c(xy,.. . Tm) € F{X}(modI(My.)). However, given 2m variables, z1,...,Zm
and y1,...,Ym, then

(1, Tm)e(Y1s- -y Ym) = (@1, o, T )T(C (Y15 - - -, Ym))-

And M, , satisfies the identity

(1, T )T (Y1, - oy Um)) = D(T1y -« s Ty € (Y15 -+ -, Ym)),
the right hand side of which involves no traces. As above, we let 7 = m[(k+1)2~1]
and

d(zy, .. zr) =c(x1, .., T ) Zma1y oo Tam ) (ZTrmm 1y« - > L)

THEOREM 3(b): Let f(z1,...,%n) be any element of F{X}. Then, modulo
I(Mk,k)’

d(z1,. ..,z f(z1,. .., 2n) € F{X} + c(€r—my1, ..., 2-) F{X}.
Proof: The proof is similar to the proof of Theorem 3(a). The crucial difference

is this: Let v = tr(u) - - - tr(u:) be a product of traces with ¢ < r. In the product
dv we pair the tr(u) with the c(z). If ¢ < r, then we pair the remaining c(x)’s

with each other. And, if r — ¢ is odd, we let ¢(zr—m+1,.-.,Z») be the leftover
term. That is, we write
dv = (c(x1,.. ., Tm)tr(u1)) - - - ((T(e—1)m1s - - > Tem ) tT(0e)) X
(C(l‘tm+1, ceey xt(m+1))c(xt(m+1)+17 ceey xt(m+2))) trt

Each product of two polynomials is in F{X} and the last term might only contain
one polynomial.
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3. Applications to codimensions and cocharacters

Definition: Let A be the map from MT, to MT,, given by

f(IL‘l, ey an) - f(xl, ey xn)d($n+1, veey flfn+7-).

Here are some basic facts about A:

LEMMA 4:
(a) A is an FS,-module homomorphism.
(b) IfI is an ideal of F{X}, then A(MT, NI) C (MTp4rN1I).
(c) If f€ MT, and f ¢ I(Mgy), then Af ¢ I(Mj ).
(d) If k # ¢ and f € MT,, then Af € Viyr + I(Mye), and if k = ¢ then
Af € Vogr + VagremZngr—mt1se ooy Tngr) + IH{ My 0).

Proofs: (a) and (b) are obvious. (c) follows from the fact that My, is verbally
prime. (d) follows from Theorem 3.

We wish to use Lemma 4 to get information about c,(Mi,) and xn(Mg ),
the ordinary codimension and cocharacter. Lemma 4 will let us compare the
ordinary cocharacter with the trace cocharacter. And the trace cocharacter is
more or less known.

THEOREM 5: XB"(Mke) = ZacH(k,en) X2 ® Xa, where x» is the irreducible
S, -character on \.

Proof: Tt follows from Razmyslov’s description of the trace identities for My ¢,
that xP'"(My,¢) is the character of

2. h

AEH (k,&n)

where I is the two-sided ideal of FS,, and the S,-action is by conjugation. But,
the character of I under conjugation is xx ® xx.

Although the Sp-character 3, ¢ pyk ¢:n) X2 ® X is not yet fully understood, we
do know the asymptotics of its degree. Let x, have degree dy. Then the degree
of Y xeH(kem) X2 ® Xa €QUAIS 30\ prs gy d3- This sum is investigated in [2).
Here is the main result (Theorem 7.21 taking z = 1).

THEOREM: Y _xcp(k.e:m) 83 = C(L)W*+E-N/2(k 4 £)?" where C is a constant
which can be calculated explicitly.



Vol. 91, 1995 PRIME P.I. ALGEBRAS 245

COROLLARY 6: ¢P'" (M o) and ¢p*"(My o) are asymptotic to

1 (K2 +22-1)/2 1 (k2+02-1)/2
c(-) (k+6)* and C(k+€)2(—) (k+ €)%,

n n
respectively.

Proof: B (Mie) = S aenr,em) 93 and €pt(Mie) = i1 (Mie)-

We are now in a position to capture the polynomial and exponential behav-
ior of the codimensions. Consider Lemma 4. By 4(b), A induces a map from
MT,/(MT, N I(Myz)) to MT,yr/(MTnyr NI(Mg,)). By 4(c) this map will be
one-to-one. And, by 4(d), the image will be in Vi /(Vagr N I(My ) if k # ¢,
and in (Vagr + Vagr—mC(@ntr—m+1s - - s Tatr))/ Vagr NI(Mgg)) if k = L.

THEOREM 7: There exist constants C; and C; such that, for all n,

(k + €)*".

1 1 (K2+£2-1)/2
n

(K*+£2-1)/2
C (—) (k+ )™ < ca(Mie) < Co (;
Proof: The upper bound follows from c,(Mge) < ¢ (M) = 251 (M) =
YoacH(ktint1) d3. For the lower bound, first consider the case k # ¢. The above
discussion implies that c.(Mke) > ™0 (Miy) = A7 (Myy) =

el n—r n—r+1

Y oseH(ktnors1) G- And, if k = £, then

cn(Mi) + Cnom(Mik) > (M) = Y. &
AEH(k,k;n—r+1)

But, since 1 € My, the codimension sequence is increasing and ¢, (M) +
Crnem(Mi k) < 2¢n(My i) and s0 cp(My i) > %EAEH(k,Z;n—r+1) di. We leave it
to the reader to show that each of these bounds is of the required form.

We may use Theorem 7 to get upper and lower bounds for the codimensions
of Mi(F). Although this won’t capture the polynomial behavior precisely, it is
better than thé bounds calculated up to now.

THEOREM 8: There exist constants C3 and Cy such that, for all n,

1 (2k%-1)/2 (k2-1)/2
cy (—) (2K)" < en(Mi(E)) < Cs (;) (2k2)".

n

Proof: In addition to Theorem 6, the proof uses three ingredients. The first two
were proven by the second author in [7] and with Krackowski in (5], respectively.
The third is due to Kemer. See [10] for a proof.
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(a) For any p.i. algebras A and B, xn(A ® B) < xn(4) ® xa(B), and so
cn(A® B) < cn(A)en(B).
(b) cn(E) =271
(¢) Mg is p.i. equivalent to My (E)Q E.
Now we first use the simple equation My(F)®F = M (E). Hence, ¢, (My(E))
< en(E)en(Mi(F)), so

1 (k2-1)/2
enlMu(E)) < 2 en(Mu(P) s 20 (1)
This implies the upper bound.
To get the lower bound, we use (c). ¢n(Mk k) < cn(E)en(Mir(E)), so

1 (2k%-1)/2
cn(My(E)) > cn(E) Yen(My ) > 2~V (-) (2k)".
n

Again, this implies the desired bound.

Since the map A in Lemma 4 is an S,,-map, we may also compare the ordinary
cocharacter of My, to the trace cocharacters. It is always the case that the
ordinary cocharacter and the pure trace cocharacter are less than or equal to the
mixed trace cocharacter. And, since M}, , has a unit, the mixed trace cocharacter
can be gotten from the pure trace cocharacter by inducing down. But, now that
we have a conductor we also get lower bounds for the cocharacters.

THEOREM 9: Assume k # £. Then
(a) Xn(Mi,e) £ Crerremtn(Xr @x1),
(d) XoxeHk ) XA @ X2 < Xntr(Miye) s,
(©) XaeHEk Lm0 @ XA) £ Xnar(Miye) s, -

Proof: (a) Follows from the remark in Section 1 that the ordinary cocharacter
is always less than or equal to the mixed trace cocharacter.

(b) and (c): By Lemma 4(a,b,d), the map A induces S,-maps from
MT,/MT, N I(My,) and Ty, /Ty 0 I(Mp ¢) t0 Viyr/Vasr 0 I(My,¢) and by 4(c)
the induced maps are one-to-one. The theorem follows.

In the case of k = £ the situation is similar, with an extra factor of 2.

THEOREM 10:
(@) Xn(Mi k) < Yosenermtn 0 @ X2),
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(B) etk hm) X2 @ X2 < 2Xnpr(Mi k) Ls,,,
(c) Z,\eﬂ(k,k;n+1)(X’A ® x2) £ 2Xn4r (Mik) Us,.

Proof: The proof is essentially the same as for Theorem 7, with this adjustment:
The injection induced from A allows us to prove that

X;n”(Mk,k) < X11+T(Mkyk) ls, +Xn+'r—m(Mk,k) 1s. -

But, since 1 € M, Xo(Mrx) < xnt1(Mryx) ls, for all n, and so

Xntr—m(Mik) 15, < Xntr(Mi k) Is,. Hence \i'*"(Mik) < 2Xntr(Mik) s,
And likewise for the pure traces.
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