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SADDLE POINTS AND INSTABILITY OF
NONLINEAR HYPERBOLIC EQUATIONS'

BY
L. E. PAYNE AND D. H. SATTINGER

ABSTRACT

A number of authors have investigated conditions under which weak solutions
of the initial-boundary value problem for the nonlinear wave equation will blow
up in a finite time. For certain classes of nonlinearities sharp results are derived
in this paper. Extensions to parabolic and to abstract operator equations are
also given.

1. Introduction

Consider the nonlinear hyperbolic equation

Uy = Au + f(u)
(.Y u(x,0) = up(x), u(x,0)=v4x)
u=0 on 4D,

with t >0 and x € D, where D is a smoothly bounded domain in R". A number
of authors (J. B. Keller [3], D. H. Sattinger [9], {10], K. Jorgens (2], M. Tsutsumi
[13], [14], [15], R. T. Glassey [1], H. A. Levine [5], [6], 7], and others [4]) have
investigated conditions on the initial data and nonlinearity f for which the
solutions of (1.1) blow up in a finite time. In this paper we establish a number of
sharp results in this direction. In addition, we derive these results for weak
solutions of (1.1). We hope that our work will contribute to a better intuitive
understanding of the phenomena of instability.

In order to describe the results it will be convenient first to consider the
one-dimensional mechanical analogue of (1.1), namely

(1.2) = —-x+f(x),

where x is a real number. Equation (1.2) describes a mechanical system with
one degree of freedom, while (1.1) may be thought of as a system with an
infinite number of degrees of freedom. Let

F(x)= J‘: f(s)ds.

' The publication of this research is supported in part by NSF Grant 21806 (DHS) and by NSF
Grant GP33031X (LEP).
Received March 23, 1974, and in revised form March 1, 1975
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The potential energy for Equation (1.2) is

2

wn=%—nm.

Suppose that V has the gualitative shape shown in Fig. 1: a local minimum at
x =0 and a local maximum at x = x,.

)
\'

Fig. 1
The set

W=[x:Vx)<dx <x}

describes a potential well—an interval containing the origin. The total energy
of (1.2) (kinetic plus potential) is

N

E=%+wn.
E is of course conserved under the motion; if E(0) < d and x (0) € W, then, by
the conservation of energy, x(¢) must lie in W for all t > 0. On the other hand,
if E(0)< d and x > x,, then x(t) > x, for all £. The solution can never cross into
W because, to do so, its total energy would have to be greater than d.

Now let us make the additional assumption that
xf(x)>c|xP*' whenever x>x,

for some ¢ >0 and p > 1. This simply says that Equation (1.2) is strictly
nonlinear for x > x,. Then, under these assumptions, it is easily demonstrated
that x(t)— + in a finite time. This result is sharp in that it gives a precise
description of the initial data for which (1.2) has global bounded solutions, and
those for which the solution tends to infinity in a finite time.

In this paper we extend the above results to the infinite dimensional case
(1.1). The potential energy associated with (1.1) is the functional
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J) = L {]_YTuE_ F(u)} dx,

where
F(u)= J: f(s)ds.

Under certain assumptions on f(u) (which apply, for example, in the cases
f(uy=wu® or ulul™', p <(n+2)/(n-2)) we prove that (1.1) has a local
minimum at the origin, a potential well W, and a saddle point w. The potential
well has a positive depth d; and, just as in the finite dimensional case, if
€(0) < d and u, lies outside W, then the solution u to (1.1) tends to infinity in
finite time (in the L, norm).

It has previously been shown [10] that, if u, lies inside W and €(0) < 4, then
u(t)y€ W for all ¢t and (1.1) has a global solution.

On the other hand, Levine and Tsutsumi have proved a number of interesting
instability theorems’. The principal innovations in the present paper are the
construction of the saddle points of J, and the use of related properties of J to
obtain the sharp conditions for instability mentioned in the previous parag-
raphs.

In Section 2 we discuss the characterization of the potential well W by
certain differential-integral inequalities. In addition, we prove the existence of
saddle points of J (unstable critical points) by a direct method. The method
may possibly be applicable to other problems in the calculus of variations, for
example, the construction of unstable minimal surfaces or surfaces of constant
mean curvature.

In the homogeneous case, f(u)=u” or f(u)=u|u|""", there is a direct
connection between the solution w to

Aw +f(w)=0, w=0 on 4D

(which is the Euler equation for the critical points of J) and an associated
Sobolev inequality.
If for a smoothly bounded domain D in R" we define the norms

' Generally speaking, the class of nonlinear functions f(u) considered in this paper is more
restrictive than that considered by Levine and Tsutsumi. However, in this more restrictive class the
results of the present paper are considerably sharper than those of Levine and Tsutsumi.
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- = [ 1vurax]”

and
(1.4) il =[] 1u l"dx]”p

for 1 <p <, then the associated Sobolev inequality is given by

lulpéyp“u”-

In fact, the function w is an extremal to the Sobolev problem
. u
= inf ]l
Yo 1 | u |p
over functions u with finite Dirichlet norm which vanish on the boundary. The

depth d of the potential well can be computed exactly in terms of the Sobolev
constant vy,, and one obtains

_ 2p P -22p
Y = [p -2 d} )

provided p <2n/(n—-2) (x €R"). These connections are discussed in
Section 3.

In Section 4 we prove the instability results. These are proved by obtaining
appropriate second order differential inequalities on

M@= L utdx.

In Section 5 we discuss similar results for parabolic problems, and in Section
6 we discuss generalizations to abstract second order Cauchy problems of the
type

Pu, +Qu = f(u),

where Q is a positive definite operator on a Hilbert space and f is a gradient
operator.

The results in this paper were obtained while the authors were attending the
1973 Applied Mathematics Summer Institute, sponsored by the Office of Naval
Research, Contract No. N00014-67-A-467-0027. The authors gratefully ack-
nowledge the support and interest of the Office of Naval Research.
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2. Potential wells in function space

In this section we first impose conditions on the nonlinear function f(u)
which will insure that all non-trivial critical points of J are unstable equilibria
for (1.1)'. We characterize these critical points as extrema of a variational
problem, proving first the uniqueness and constant sign of the extrema
(assumed to exist) and then establishing existence of the extrema. The latter
proof actually establishes the existence of a potential.well W of depth d > 0.

We assume throughout that D is a smoothly bounded domain in R". We
denote by H, the closure of the class Cs (D) under the norm || ||, introduced in
(1.4). The reader will recall the Sobolev embedding theorems which state that
(a): for p =2n/(n —2) there is a constant S, such that |u], =S,| u | for all
u € H,; and (b): the injection from H, into L, is compact for p <2n/(n —2).
The latter statement means that every bounded set in H, contains a subsequ-
ence which converges in L,.

Consider the functional J on H, defined by

Ty =4 u ||2—fD Flu) dx.

This functional, which may be regarded as the potential energy functional for
the infinite dimensional dynamical system (1.1), is well defined provided that
|F(u)|=0(ul") as |u |—>» for p =2n/(n —2). The critical points of J are
functions w in H, which satisfy the Euler equation

2.1 Aw + f(w)=0;

w=0 on 4D,

where f = F’. Since (2.1) is elliptic, the critical points of J are regular functions
on D, provided f is regular.

Throughout this paper we make the following assumptions:

(i) Fu)=[sf(s)ds.

(i) fis C'and f(0) = f'(0)=0; f#0 in a neighborhood of the origin.

(iii) (a) f is monotone and is convex for u >0, concave for u <0;
or (b) f is convex.

(iv) (p + DF(u)=uf(u), and |uf(u)|=vy|F(u)|, where 2<(p+1)=y<
2nf(n - 2).

" The fact that J has non-zero critical points has been established under various hypotheses by

others (see, e.g., A. Ambrosetti and P. Rabinowitz, J. Functional Analysis 14 (1973) and papers
cited therein). We include a simple proof in this section for completeness.
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ReMmARrk. In all the proofs that follow, the two cases (iii) (a) and (b) must be
treated slighly differently.

Lemma 2.1. Under the conditions (i)-(iv) above we have
(2.2) |[F(u)|=0(ul);
and in case (iii) (a)

(2.3) u(uf' = f)=0,

with equality holding only for u = 0. The inequality (2.3) also holds in case (iii)
(b) for u = 0.

Proor. The growth condition (2.2) is obtained by integrating the inequality
|uf(u)| = v |F(u)|, using the fact that F’ = f. The inequality (2.3) follows by
noting that the quantity

f(u) = uf'(u)

is the y-intercept of the tangent line to the graph of f at the point (i, f(u)).
The second variation of J at a critical point w is the quadratic functional

st =5 {lo- | fronear).

A necessary condition that w be a local minimum of J is that §°J be positive
definite. This is the case at the origin (w = 0), since there §°J[v] = v |}/2. Ata
non-trivial critical point, however, 8°J is not positive definite. In fact, noting
that w satisfies the boundary conditions and so is an admissible trial function,
we compute

82 J[w] =-;— {H w Hz—fu f wyw?dx}

-1 wlAw + f'(w)w]ldx

= =3 | wiwron) = foonds.

If f satisfies (iii) (a), then from (2.3) we see that §°J[w]<0. If f is convex then,
by the maximum principle, w >0, since

Aw = —f(w)<0;

therefore, again by (2.3), §2J[w] <0. (Incidentally, note that if f is positive
homogeneous of degree p then wf'(w)=pf(w); and so
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1 1
8 J[wl= —E(p -1) L wf(w)dx = —i(p -Dfwif<o.

The reader will note that the proofs which follow are particularly simple in case
f is homogeneous.)

Thus, under conditions (i)—(iv) on f, all non-trivial critical points are a priori
unstable equilibria for the hyperbolic problem (1.1). The origin, however,is at
least formally a stable equilibrium. We are going to show that under the growth
condition (iv) w = 0 is a local minimum of J and that the depth of the potential
well is positive.

Let u be an arbitrary element of H, and consider the real valued function
of A

i) =J(u)

and JA)=Alulf- L uf(Au)dx

) =l | - j W () dx.

Therefore j(0) = j'(0) = 0 and j"(0)=||u|P>0.Thus for any u € H,,j(A) is a
convex function of A for small A. Let us show that under our assumptions on f
and F, j(A) has a unique positive critical point A* = A *(u).

Lemma 2.2. If f satisfies (i)=(iv) then for any u € H,, u#0,
(@) lim, .. j(A)= —oo;
(b) there is a unique A\ * = A*(u)>0 such that j'(A*) =0;
©) j"(*) <0,
In case (ii) (b) we also assume u = 0.

Proor. We first consider the case (iii) (a). From the inequality
(p + DF(u)=uf(u) (F and uf are nonnegative in this case) we obtain the
growth condition

Fw)zB|lul™ for |u|z1,

where B = min{F(1), F(— 1)}. Accordingly

j(A)=AZJZﬂE— L F(u)dx

2
gﬁ”—“zl—ymwf u P dx.

DNfuz1/x}

Since (p +1)>2, j(A)—> —® as A >,
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The case (iii) (b) may be handled in the same way as (iii) (a), since we assume
in addition that u > 0.

To prove (b), suppose that there are two roots, say A, < A,, of j'(1) =0. (The
existence of A* is guaranteed by the facts that j(A)— —® as A —o and that
j(A) is convex for small A.) Then

Aflu Ilz—f uf(Miu)dx =0
and

Az flu ||2—J’D uf(hu)dx =0.

Eliminating || 4 |© from these two equations, we get

Putting w = A,u and A = A,/A,, this condition can be rewritten as
(2.4) f w(f(Aw)—Af(w)]dx =0,
D

where A > 1. If f satisfies (iii) (a), or if f satisfies (iii) (b) and u >0, then it is
easily seen that the integrand in (2.4) does not change sign and does not vanish
identically. Therefore (2.4) is impossible and (b) is proved.
To prove (c) we note that
0=j"A%) = A*||u ||2—f wfA*u) d;
D

and so

o =lluf- [ wroruds

= (A% [ A {F ) — (A f ()} d
<0

by (2.3) in either of cases (iii) (a) or (b). This completes the proof of Lemma 2.2.
Having proved that there exists a unique A* = A*(u) such that

=0’

A=A*

d
a‘](/\u)

we now define

H(u)=JA*u).
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We may think of H(u) as the highest level attained when leaving the ‘‘potential
well” along a ray in the direction u. We now define the depth d of the potential
well by

d =inf H(u).

u#0

Equivalently, if we always normalize u so that A* =1, that is, so that
def >
K= ulf- [ ufads =0,

then our variational problem may be written
(2.5) d =inf J(u)
subject to the constraints

(2.6) [ui#0, Ku)=0.

Cleary every non-trivial critical point of J is an extremal of (2.5)-(2.6), since
every such critical point of J satisfies the constraint (2.6). The existence of
extremals of (2.5)-(2.6) will be shown below. We now prove:

THeOREM 2.3. Let f satisfy conditions (i)-(iv). Then any extremal of (2.5)-
(2.6) is a critical point of J. If an extremal exists in case (iii) (b), then it is unique
and positive. In case (iii) (a) no extremal can change sign and there can exist at
most one extremal W, under the additional constraint u =0 in (2.6) and at most
one extremal W, under the additional constraint u = 0. If an extremal exists and
fis odd, then W, = — W,,

Proor. Let us first show that if f is convex then any extremal of (2.5)-(2.6)
is non-negative. Suppose u is an extremal, so that d = J(u) and K(u)=0. If u
changes sign then K(|u [) < K(u)=0. By Lemma 2.2 (b) there exists a unique
A z 0 such that K(A |u ) =0. Since K (Ju|)<0, A must be less than one, and
since K(Au)>0 for A <1 and

%J(/\u)zK(/\u)>0 for A <1,

we have
d=Jw)>JQAu)>J(A|ul).

Thus the function A | u| satisfies the constraint K (A [u|)=0and L(X|u|)<d,
in contradiction to the definition of d. Therefore u cannot change sign.
The above result can be rephrased in the following way. Let
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d’ =inf J(u)
subject to
Ku)=0 and u=0.

Then d =d’, since d is obtained by minimizing over a larger admissible class.
On the other hand, by the argument of the preceding paragraph, one can see
that d' =d.

In fact, given a function u such that K(u) =0, we choose X <1 such that
K(A|u|)=0. Then, as above, K(A |u|)=0 and J(A |u |) <J(u). Therefore
d =d.

A similar argument works in case (iii) (a). If u is an extremal and u changes
sign, then there is a A <1 such that K(A|u|)=0 and J(A |u|)<J(u),
contradicting the hypothesis that u was an extremal. To obtain the positive and
negative extremals, we minimize over the classes of positive and negative
functions respectively.

Let us now show that an extremal of (2.5)-(2.6) is an extremal of J.

The Euler equation associated with (2.5)—(2.6) is

Aw + f(w)+AQAw + wf'(w)+ f(w)) =0,
or
2.7 (1+2A)(Aw + f(w)) — A(f(w) — wf'(w)) =0,

where A is the Lagrange multiplier. Multiplying (2.7) by w and integrating, we
obtain

28) A f w {f(w)— wf'(w)}dx =0,
since °

[ w !IZ—L wf(w)dx =0
by (2.6).

If f satisfies (iii) (a), then the integral in (2.8) cannot vanish as a consequence
of (2.3). The same argument applies when f is convex, since we have already
seen in that case that w = 0. Thus, in either case, A = 0 and w satisfies the Euler
equation Aw + f(w) =0. If f is convex then Aw =0 and w >0 by the strong
maximum principle. If f is monotone and w =0, then Aw =0 and again w >0
by the strong maximum principle. Similarly, if w =0 then w is in fact strictly
negative.
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To prove uniqueness in case (iii) (b) we use a result known as ‘““‘Serrin’s
Sweeping Statement” (see [11], p. 40; [12], p. 15). A statement of Serrin’s
theorem is given in the appendix of the present paper. To apply the theorem let
w be a solution of (2.1) and consider the family {Aw},=,. From the convexity of
f for w >0 we obtain

AAw)+faw) = A(Aw +f(w)) =0

for A = 1. Let u be any other solution of (2.1). If u(x) > w(x) somewhere in D,
choose A so large that u(x)=Aw(x). Then, from the first part of Serrin’s
theorem, u(x) < w(x), since v = Aw =0 on dD. Thus u(x) = w(x) everywhere
in D. Similarly, applying the second statement of the theorem to the family of
lower solutions {Aw},=,, we see that u(x)= w(x) everywhere in D as well, so
that u = w.

In case (iii) (a) we prove by similar arguments the uniqueness of the positive
and negative extremals separately.

CoroLLARY 2.4.  Let f satisfy (i), (i), and the growth condition |f(u)|=
O(ulP) wherep + 1=2n/(n - 2). If wis an extremal of (2.5)-(2.6) for which

dZ

(2.9 e J(aw)

<0,

A=1

then w is a critical point of I.

Proor. We have

lwlP= [, wiowyax =0,

w ||2—f Wwif(w) dx <0.

Substracting, we get

(2.10) L wlf(w)—wf'(w)]dx <0.

Referring to the proof of Theorem 2.3, we see that again we may conclude that
A =0, and so w is a critical point of J.

Corollary 2.4 applies in general —that is, f need not satisfy any of the special
condition (iii). Below, in Theorem 2.6, we prove that d >0 and demonstrate the
existence of extremals of the variational problem (2.5)-(2.6). We first prove

LemMa 2.5.  Under assumptions (i), and (ii), and a growth condition on f,
(fu)|=0(ul’) where (p +1)=2n/(n—2)), the functionals J and K are
continuous on I-?l.
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Proor. It suffices to show that the functionals

fD F(u)dx and L uf (u)dx

are continuous on H,. We shall demonstrate this fact for the first functional.
By the mean value theorem we have

F(u)—F(v)=f0l (u—v)f(u+7(v—u)dr;

hence

‘ L {F(u)— F(v)}dx

§J'D U’Ollu—vllf(u+~r(v—u))]d1-}dx

éJ: {ID [f(u+7(v -u))l'dx}”r{fp |u-—v I’dx}”sd'r

(r""+s7"'=1).Since |f(u)]| = O (Ju |?) where (p + 1) =2n/(n —2), we may take
r=1+p " and s =p + 1. Then the above difference is dominated by

1 plp+1)
lu-vlp*.f {f |v+1-(u——v)|‘”'dx} dr
0 D

< ,,+,“u—vHL (v + 70 = D)por) dr

=CP|ulpen|vp-flu—vl,

where C is a constant depending on p, |« |,+., and | v |,... This inequality shows
in fact that J is Lipschitz continuous on H,.

THEOREM 2.6. Let f satisfy (1)-(iv). Then d >0; and, further, if 2<y <
2n/(n —2), there exists an extremal of the variational problem (2.5)-(2.6). If f is
convex, there is a unique positive extremal, while in case (iii) (a) there are two
extremals — one positive and one negative.

Proor. To prove that d >0 we establish a lower bound for J(u) when u
satisfies (2.6). As we have already seen in the proof of Theorem 2.3, it is
sufficient to minimize over the class of non-negative functions in case (iii) (b),
and as in case (iii) (b) we may assume in addition to (2.6) that u =0. Thus

J(u)=%”u IIZ—J'D F(u)dx

ulp -t | uas
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hence from the constraint K(u) =0,

-1 ,
(2.11) J(u)zz(p;ﬂ)llull .

On the other hand, uf(u)= yF(u)=const. |u|", so by Sobolev’s inequality
b= Sl =53 [ wrwds=asiul
D

for some constant A. It follows that

and hence that

Uy=2)
2.12) uuu;g; ul, = (K) .

Therefore
PRICEIEE
“2\p+1/\AS?

We now prove the existence of extremals to (2.5)-(2.6). Let {u,} be a

minimizing sequence. Thus

Uy € H, flun | #0, K(u,) =0,

and
imJ(u,)=4d.

We first note that, from (2.11), {u.} is a bounded sequence in H,. Therefore we
may select a subsequence which converges strongly in L, for y <2n/(n —2).
Without loss of generality, we may assume that it is the original sequence {u,}
which converges, and that this sequence also converges a.e. Denoting the limit
function by w we have

lun —w ], =0,

I I im | | = tim .
From (2.12) we see that

s 1 I/(Y—Z)‘
IW(v—}lliT}c!“nfvésy(Ks—;) ;
hence |w |, #0.

" Since o Fu,)dx — [ F(w) and J(u,)—d, we have lim, N, P12 =4d + [, F(w)dx, and the
limit of | u, || exists.
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If |w|=Ilim..o| & |, then K(w)=0 and J(w)=d, and we are done. If
| wl <lim,..| u. |, then K(w)<0 and J(w) <d. In that case, there exists by
Lemma 22 a A <1 such that K(Aw)=0, since for sufficiently small A,
K(Au)>0 for any u € ﬁ., u#0. For this choice of A we have

J(Xw)='\7||w uZ—L F(iw) dx

12
<A limu, ||2-f F(iw) dx
2 >

=d+J’ {F(w)—F(/\—w)—%(l—)\_z)wf(w)}dx.
Let
.13) I(A)=L {F(w)—F(Aw)—%(]—Az)wf(w)}dx.

We distinguish the cases (iii) (a) and (iii) (b). As already remarked, w may be
assumed to be non-negative in case (iii) (b). Thus, in either case,

10) = L {F(w)—% wf(w)} dx <0

from (iv) and

I(1)=0.

Moreover,

oy = j wIAf(w) — fOw)] dx.

which is positive for 0 <A < 1 in either case. Therefore I(A)<0for0< A <1
and

Jaw)<d while K(w)=0,

in contradiction to the definition of d.

In case (iii) (a), of course, we may consider two variational problems — one
over the positive and one over the negative functions, thereby obtaining a
positive and negative extremal.

The interior of the potential well W is characterized by the integral
inequalities
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(@) Juy<d
(i) iJ()\u)ZO for 0<A =1
da = ="

It was shown by Sattinger [10] that, if the total energy of the initial data is
less than d and u, lies in W, then (1.1) has global solutions in time. In this paper
we exhibit an exterior region € in H, such that, if the initial position lies in €
and the total energy is less than d, then the solution (1.1) goes to infinity in a
finite time. Specifically, in case f is convex, € is characterized by

()] Jwy<d
2.19)
(i) K(u)<0.

In case (iii) (a) there are two regions &, and &, characterized by the
inequalities in (2.14) with d replaced, respectively, by d, and d., where

di=infJ(ujy,
subject to
flul|#0, K(u)=0, and u =0,

etc. Note that in all cases the regions € are unbounded.
The following lemma will be needed in Section 4.

Lemma 2.7. Let f satisfy conditions (1)—(iv) (with (p + 1) <2n/(n —2)), and
suppose {u,} is a sequence in H, such that K(u,) =<0 and K(u,)—0. Then, if
lu. || # 0O for all n,

lim J(u,) 2= d.

Proor. As in Theorem 2.6, we choose a strongly convergent subsequence in
L,.., and let w denote the limit. Then ||w || # 0 and K(w) =0. If lim,_.||u. || =
[wi, then K(w)=0 and lim,_..J(u,)=J(w)=d. On the other hand, if
K(w)<0 we choose A so that K(Aw) = 0. Then, as in the proof of Theorem
2.6, we can show that

J(Aw) <lim J(u,) + I(X),

n—w

where I(A) is given by (2.13). In case (iii) (a), I(A) <0; so if lima .. J(u,) < d,
then J(Aw) < d while K(Aw) = 0, contradicting the variational definition of d.
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In case (iiib) we must proceed more carefully, since we cannot be certain that
w = 0. Suppose that f is convex and that {u.} is such that K(u,)— 0 while
K(u.)=0. Then

J(u) = J(|un |)
and
0zKw.)ZzK(Jua|).

Let u, > w and |u, |[—=|w|. Since K(]w |) <0, we may choose A < 1 such that
K(A|w|)=0. Then

2

w7

JX|w))= ”wnz-fb F(X [ w ) dx

= % lim |u, ||2—L F(X|w|)ds

n—x

= lim %l 122 ﬁr_n_”u,.”z—f F(X|w)dx
=1i_m{1(u")+‘—‘zlnun ”2+L F(u,,)dx}—ju F(X|w|)dx

= lim {J(u,.)+ 1 _2):2[0 uaf(u.) dx +fD F(u,.)dx}

—f F(X|w|)dx

= lim J(u,.)+L {1_2)‘ wf(w)+F(w)—F(X|w))}dx

n—ox

éli_m_](u,‘)-kL {]_2’\ |w[f(]w[)+F(|wl)—F(/\_|w|)}dx

g

= lim J(u.).

n—o

Now if lim,—.J(u,) < d, then we have a function A | w | such that K(A |w [)=0
and J(A |w|) < d, which is impossible.

3. Sobolev constants

Although the following remarks are not essential to the development of our
subject, we thought it worthwhile to clarify the relationship of the Sobolev
constants to the preceding considerations about potential wells. Consider the
nonlinear equation



Vol. 22, 1975 NONLINEAR HYPERBOLIC EQUATIONS 289

Aw+|wf'w=0
3.1
w=0 on 4D.

If w is a solution of (3.1), then for all A >0, the family (A, A" w)=(A,v(A))
is a one-parameter family of solutions of the equation

Av+Aav)'v=0
(3.2)
v=0 on 4D.
This is an immediate consequence of the homogeneity of the function | u |P~' u.
Now define

over the class u € H,. The Euler equation for this homogeneous variational
problem is

(3.3) Au+A|ull'u=0,

where A is a Lagrange multiplier.
Since the ratio || u ||/| 4 |,.: is homogeneous, we can replace the extremal u by
any scalar multiple of u and therefore by w itself, so that

ZJWIPH'

S,
On the other hand,

IwF=w .07

from (3.1) and

T .

d=3lw =Wl
— p+1 p—])
(I w |p+l) (2(p T 1) .

Therefore
s = Awl _ w [0 = [Z(p + l)d} @2 +1)
o fW[pH Pt P—l ’
4. Finite blow-up time

In this section we prove two main results. First, we prove that if u is a weak
solution of (1.1) such that uo € € and E(0) < d, then u will blow up in a finite
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time. We then show that if the solution starts inside the potential well and
E(0) < d, the kinetic energy fou;dx will remain bounded for all time. Further-
more, u will remain bounded in H, for all t.

Under similar assumptions on f(u«), Sattinger [10] has already established
global existence (see also Tsutsumi [13]) and boundedness (in certain norms)
for solutions starting inside the potential well. We repeat some of the results
here for completeness.

Since it is well known that classical solutions of nonlinear hyperbolic
equations may not exist for all time no matter how smooth the data, coeffi-
cients, and geometry, we shall introduce a class of weak solutions. This is
motivated at least in part by the fact that in many physical problems whose
solutions are characterized by solutions of initial or initial-boundary value
problems for nonlinear hyperbolic systems, the existence of a unique weak
solution can sometimes be established in cases where classical solutions do not
exist.

For simplicity we define the weak solution of (1.1) over the interval [0, T),
but it is to be understood throughout that T is either infinity or the limit of the
existence interval.

We say that u is a weak solution of (1.1} on [0, T') if it satisfies the following
conditions:

(1) u(t)is a weakly continuous mapping from [0, T) to H,: thus ()] and
| u(t)|> are uniformly bounded on.compact subsets of [0, T).

(2) There is a weakly continuous mapping from [0, T') to L.(D), denoted by
u,, such that

@.1) (U, ¢) |5f=£2(uu¢>)ds

for any t,,t,, 0=t,<t,<T and any ¢ € L,(D). Here (,) denotes the inner
product on LAD).
(3) Forany ¢:[0,T)— H, with the same properties as u above,

4.2) (ur,<p)|5%=[ 2 {(ue, @) — (@, u)) + (@, f(u))} ds,

where ((,)) denotes the inner product on H..
(4) The energy E(t), defined by

B =5 (uf+lup - Fuds,

satisfies
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4.3) E(t) = E(t)

for any ¢, <t,<T.

From (4.1) it follows that the mapping u(t) is weakly absolutely continuous
(take ¢ to be a constant vector in L,(D)). Moreover, since | «, | is bounded, u(t)
is weakly Lipschitz continuous in ¢, that is, (u(t), ¢) is Lipschitz continuous for
any ¢ in L,.

Putting ¢ = u 1n (4.2) we get

4.4) (u,,u)lif=flz{[u, Pl P+ Cu, flu)) ds.
LEMMA 4.1. Let
M(t)=J' u(x,t)dx,

where u is a weak solution of (1.1). Then M exists a.e. in [0,T), and M(t) is
Lipschitz continuous there.

Proor. Let Q(t,s) = (u(t),u(s)). Since u(t) is weakly absolutely continu-
ous, and u, is weakly continuous,

: 9 9 B
M) = (59 +209)| =2,

&=

and so from (4.4) we have
M)~ M) = 2f 2 {| e P =1 u |+ (u, f(u))} ds,

forall 0=t, <t,<T. Since each term in the integrand is bounded on compact
subsets of [0,T), we see that M(t) is Lipschitz continuous on such sets.
Therefore, M exists a.e. in [0, T), and

(4.5) M) =2{|u i—|lulP+(u f(u)} ae.

We establish now the following lemma:

LemMa 4.2. Let € be a region of H, satisfying (2.14). Then € is invariant
under the flow of (1.1), provided

EO = 3wl + 001~ [ Fluodx <J00) = .
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(This condition provides that the total energy of the initial data is less than the
potential of the saddle point on the boundary of &.)

Proor. Let u(t) denote the weak solution of (1.1) with initial data u (0) =
o, u; (0) = v, (properly interpreted). By the energy inequality we must have
J(u(t)) < E(0). To check that u(t) remains in &, we proceed as follows: If u
leaves € at time t = t, then we must have

K(u(t))=0.

In fact, let t, —t,. Then K(u(t.))=0. By the lower semi-continuity of the
norm || ||,
K(u(t))=lim K(u(t.))=0.
If K(u(ty)) <0, then u(to) € €. On the other hand, if K(u(t,)) =0, then, by the
variational definition of d, we must have J(u(t,)) =d. This, however, is
impossible, since it violates the energy inequality.
We can now prove one of the main instability theorems.

THeEOREM 4.3. Let f satisfy the conditions (i)-(iv), and let W denote the
corresponding potential well associated with the potential energy of (1.1). If
u, € € and

EW0)<d,
then |u |,— > at a finite time.
Proor. Let
M(t)=lul:.
Then
M(t) = 2(u, u).
By (4.5) we have
4.6) M=2|u, |§+2L uf(u)dx -2 uf-

Since u lies in € for all ¢ in the existence interval, than

.7 fD uf(u)dx —[uF=0,

and so M = 0. Moreover, by assumption (iv)

M 22| u B+ 2p +1)f Flu)ds -2 u P
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From the energy inequality (4.3) it follows that

L Fouyds =3 ulf+]u B~ EO).

Thus,

M 220w - 2fu 20 + D{50uB+la PI-EO |,
1e.
(4.8) Mz +3)u b+ -Diulf—2p + DE ().

From the variational inequality

(4.9) fulfzAilul=21M,

where A, is the principal eingenvalue of the Laplacian, we get
M=z@p+3)ul+ip—1DM-2p + 1 E (0).

Since M is a convex function of ¢, it follows that if these exists a time ¢, such
that M(t))>0, then M(t) is increasing for all t > ¢, (within the interval of
existence). In that case, the quantity

Adp =DM =2(p + D E (0)

will eventually became positive, and will remain positive thereafter. Thus for
large enough ¢t we would have

Mé(p +3)’ut Ig,
and

2
MM_B_}}MZg(p+3)[[M|u, ]§—<f uu,dx) ]20.
D

Since

M) = = grem(MM —(a + D M),

we see that for @« = (p — 1)/4 we have (M *) =0. Therefore M ™" is concave
for sufficiently large ¢, and there exists a finite time T for which M — 0. In
other words,

lim M{)=c.

t—=T"
These arguments are justified by the fact that M is absolutely continuous, as
we can see from assumptions (1)-(3).
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The proof will be complete once we have shown that M >0 for some .
Suppose M =0 for all t. Then since M >0 and M is convex, M must tend to a
finite, positive limit as t — . (M cannot tend to zero because then for large ¢, u
would lie inside the potential well, which, as we have seen, cannot happen.)
Therefore, there is a sequence {t,} such that, as t, =%, M - A >0, M — 0 and
M — 0. From (4.6) and (4.7) we see that

:=0.

llm | Uy,

£y

But from the energy inequality we have

s+l -2] Fwdd]=E©.

Thus, as t, — x,

BIIM Ilz—fo F(u)dx}—>B = E(0),

where B is a constant. On the other hand, from (4.6) we may conclude that, as

t, —> %,

f uf(uydx —u|f—0.
D
We now apply Lemma 2.7 to the family {u(t); t =t ,}; we see that

lim inf J(u(t,))=d > E(0);

ty —o

but this contradicts the energy assumption. It follows therefore that M(t)—
in a finite time, and the proof of Theorem 4.3 is complete.

Suppose now that the solution starts inside the potential well, i.e. K(uo) > 0;
suppose further that E(0) < d. By arguments similar to those used in the proof
of Lemma 4.2, we can show that, provided additional assumptions are made on
f which will insure that K(¢t) is continuous (see, e.g., Lemma 2.5), then W is
invariant under the flow of (1.1),1.e. K(u) >0 for all t. However, by assumption

(iv),

1 ' 1 1 p—1 )
Jayz | Lp+1uf(u)dx—p———+lK(u)+2(p+l)||u||20.

Thus, since we know [10] that the solution exists for all time, it follows that at
any time ¢t
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E(t)=%f uldx +J(u)=E(0),
D

which in turn implies that

lf u;dx =E(0), forallt.
2Jp

Also, since

1 5 1 -1 2
E(O);E(t);zfl) u? dx +;+—1K(u)+%“ull,

we observe in fact that
lulP<=M, forallt,

and since K (u) and J(u) are both non-negative, there exist constants M; such
that

f uf(u)dx =M,, f F(u)dx =M,, forallt.
D D
It foliows then by (3.6) that

1 "
|u|§§A—1||u||2§M/A.,

and hence that u is bounded in L, for all t. We have thus established the
boundedness of u in L, and the boundedness of u in H, for all t.
If E(0) > d, a solution starting in W may or may not leave the potential well.

Other sufficient criteria for finite time blow up have been given by various
authors ([1]-[7], [9], [10], [13]).
As a specific example consider the case n =3, f(u) = u’. In this case

4
F(u)= uj,
so that p =3, y =4 in (iv). We now have
M=2u3+2|3-2|ul’.
From the arguments at the end of Section 3 it follows that
lul'=4ad|u?|3,

which may be rewritten as



296 L. E. PAYNE AND D. H. SATTINGER Israel J. Math.

lul'z=4d {—4E@©)—2|u |5+2||u},
or
Nulf-4dl=16d {d — E0)} +8d |u |3.

This inequality clearly shows that if
E(0)<d
o] > 4d,
then throughout the existence interval
|u|f>4d.
The two inequalities
E)y<E@Q)<d
|u|f>4d
then imply that
o P+ 2] [ = u?[3 <0,
which shows that
K@)=|ul-lu?*l3<0.
The concavity arguments then clearly imply blow up in a finite time. This

example has been discussed by Tsutsumi {13].

5. Parabolic problems

In this section we consider weak solutions of

U, = Au +f(u)
é.1 u(x,0) = uo(x)
u=0 on oD,

where D is as before. We make the same assumptions on f as in the previous
sections. We say that u is a weak solution of (5.1) on [0, T) if it satisfies the
conditions (1) and (2) used in defining a weak solution of (1.1), as well as the
conditions:

(3") Forany ¢:[0, T)— H, with the properties of u given by (1) and (2),

(5.2) (o, u)+ (@, u)) — (¢, f(u)) =0.
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(4) J(u) satisfies the inequality

(5.3) f lu Pds + J(u) = J(uy).

If we now define

(54) M,(t)=f']ul§ds,

where u is a weak solution of (5.1), then the analogue of Lemma 4.1 follows
directly, i.e.

LemMa S.1.  For M(t) defined by (5.4), it follows that M, exists a.e. in [0,1)
and M\(t) is Lipschitz continuous there.

The proof is the same as the proof of Lemma 4.1.

The following analogue of Lemma 4.2 is likewise easily established:

LeMMA 5.2. Let € be a region in H, satisfying (2.14). Then € is invariant
under the flow of (5.1), provided

(5.5) Jug) <J(w)=d.
We now establish the main theorem of this section.

THeOREM 5.3. If u is a weak solution of (5.1), u, € € and J(u,) <d, then
|u |- in a finite time.

To prove the theorem we assume the contrary and show that this leads to a
contradiction.
From (5.4) it follows that

M(t)= |u l§=luo!§+2fot (u,u,) ds .

Using (5.2) we rewrite this expression as

M.(t)=!uol§—2ﬁ{llu”z—(u,f(u))}ds,
and compute
M) =2{(u, fu) — | u |} = = 2K (u).

(The steps may be justified as in the previous section.) By Lemma 5.2, since
u, € ¢, K(u) must remain negative for all ¢ in the existence interval. Thus
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M(t)>0and M,(t) =0 for all t = T. It is clear from the proof of Lemma 5.2
that K(u) <0 for all finite time (in the interval of existence). To prove that
K(u.)=K(u(-,t.)) cannot tend to zero through a sequence of t,’s tending to
infinity, we invoke Lemma 2.7 which would then imply

1lim J () = d > J (uo).

n—x

However, this contradicts (5.3), and thus we conclude that K(u) <0 for all t in
the interval of existence. From this it follows that as t increases M(t) will
eventually become larger then any prescribed constant.

Now by assumption (iv)

Mt) = 2(p + 1) f Fluyds —2|uf,
D
or, using the second of inequalities (5.3),
M)z2p+1) JO lu, 13dn +( —Djulf-2(p +1)J (uo)

=2(p + I)L lu, |2dn +(p — DAM() = 2(p + 1D J (uo).

We now form

MlMl_(_p;—l)‘M?

=2p + I){L'lu I%dnﬁlun |2dn - (L L ““"d"d">2}

+(p - DAMM, = (p + )] uoi M,

+
~2p + 1) (ug) M, +E5 Loz,

The first term on the right is non-negative by Schwartz’s inequality and the
second term will eventually dominate the remainder. Thus for sufficiently large
t, i.e. t > f, the right hand side will be positive. This leads as before to

M, 272 (1) = M, "2 (f) {1 - <p—;i>ﬁ—zgg(t - t‘)},

which establishes the blow up in finite time.
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6. Abstract problems

It is possible to generalize the results of the previous section and put them
into an abstract setting. In this section we indicate how this is done.

Let D be a dense linear subspace of a Hilbert space H; denote by (,) the
scalar product on H and by || || the corresponding norm. For simplicity we shall
deal only with real Hilbert spaces. The extension to complex spaces is obvious.
Let P and Q be linear operators mapping D into H. We assume that P and Q
are positive definite, symmetric, and not necessarily bounded. The subspace D
is also to be a Hilbert space and the injection D — H is assumed to be
continuous.

We are interested in abstract equations of the form

6.1) Pu, = —Qu +f(u(t)) in (0,T)
u(o) = Uo, U (0) = Vo,

where f: D — H is a gradient operator, i.e. f is the Fréchet derivative in the D
norm of a scalar valued function G: D — R, which is generally referred to as
the potential of f. We assume throughout that P and Q do not depend on the
parameter .

Our conditions (i)-(iv) are now replaced by:

(i) Gx)=[a(f(px),x)dp, for all x €D;

(ii") f(x) has a strongly continuous symmetric Fréchet derivative f;, for all
x €D, and f(0) =0, £.(0)=0;

(i) (fe-x—f(x),x)=0, for all x € D;

W) xfxNzp+DG6&x),p>1,
and (x, f(x)) is completely continuous with respect to (x, Qx). Furthermore, for
some a >1 and for all x,y €D,

(6.2) Fx),yY¥=k*x,Qx)" (y,Qy), k =constant.

Again it is possible to put the problem (6.1) into a weak setting; i.e., we say
that u is a weak solution of (6.1) on [0, T) if the following are satisfied:

(1) u(t) is a weakly continuous mapping from [0, T) to D.

(2) There is a weakly continuous mapping from [0, T) to D, denoted by u,
such that

(u, Pp) |2 = f (u, Po) ds

for any t,,t, such that 0=¢,=<¢t,<T and any ¢ € D.
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(3) (u, Pu), (u,Qu) and || u || are uniformly bounded on compact subsets of
[0, T).
(4) For every ¢:[0, T)— D with the same properties as u above,

(Pus, @) |l = f (P, ¢0) — (¢, Qu) + (g, f(u))} ..

(5) The energy E(t) defined by

E(0) =3 Pu) + (4, Qu)} - G (u)

satisfies
E()=E@W), 0=, <t,<T.

With the conditions (i")—(iv’) it follows easily as before that any non-trivial
critical points are a priori unstable equilibria for (6.1).

In the proof of the analogue of Lemma 2.2 we use the fact that under the new
conditions (i'), (ii’) and (iv') we now have

GAw)z=A*""(Gw), r=1

which is sufficient to guarantee that j(A) > —® as A —. The proof of the (b)
and (c) parts of Lemma (2.2) follow as before, with integrals replaced by
appropriate scalar products and derivatives replaced by Fréchet derivatives. In
a similar manner the analogue of Theorem 2.3 is proved.

Lemma 2.5 does not follow directly in the abstract case. We now have

G(u)—G(v)=fl(f(v +Alu—v)]),u—v)dar,
or

|G(u)—G(v)|§L [fto+Alu—v]),u—v)|dA.
Making use of assumption (6.2), we obtain
66 -GI= [ (@ +rw—ohrdr u-o)

= CoP, (u)*) (u—v)),

where we have used the symbol

(u —v)) = (u, Qu)".

It follows then that J(u) is continuous in the Hilbert space formed by
completing D in the norm {( )). This statement clearly applies also to K ().
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To prove that d >0 we observe, as in the proof of Theorem 2.6, that

Jw) =3 (@, Qu) = G(w)

1 1
25 (u,Qu)‘p +l(u,f(u))

2(p+1)(u Qu).

But (u, f(u))* = k*(u, Qu)**" = k*(u, f(u))"*'
or

(u, f(u))z k>0,
Thus

d=

2(p T 1)(u Qu)

(B =Dk
= 2p+1)

Because of the complete continuity assumption (iv), the proof of the
existence of an extremal follows along the lines of the proof of Theorem 2.6,
where | u |, is to be replaced by (u, f(u))"**" and || u || by (&, Qu)">. The proof
that in the abstract case € is invariant under the flow is an obvious extension of
the proof of Lemma 4.2, and the analogue of Lemma 2.7 is established along
the lines of the abstract version of Theorem 2.6.

The proof of blow up in finite time for u, € € and E(0) <d is a straightfor-
ward extension of the proof of Theorem 4.3. We require, however, the
additional asssumption

(u,Qu) = u(Pu,u).

We then set
= (Pu,u),

from which are obtained

M = Z(M,Pur)
and
M = 2((u,, Pu,) — (u, Qu) + (u, f(u))].

Since u lies in & for all ¢, it follows that

(u, f(u))—(u,Qu) 20,
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which implies M =0. As before we are led to

M=z@p+3)(Pu,u)+up-1DM-2(p +1)E (0),
and to

MM_I’T”MZ;M[,L(;;—1)M—2(p+1)E(0)]-

The implications of blow up in finite time follow as before.

Concluding remarks

It would clearly also be possible to put the parabolic problem in an abstract
setting. It would likewise be possible with the appropriate assumptions on f(u)
and g(u) to treat instead of (1.1) the more general problem

e = Au + f(u)
u(x,0) = uo(x), u(x,0) = vo(x)

% =g(u) on 4D,
with t >0, and x € D. Here 4/dv denotes the normal derivative of u on aD.
Such a problem could likewise be placed in a more general abstract setting. The
case f =0 and g(u) # 0 might present some difficulties, since any solution w of
the corresponding equilibrium equations would have to satisfy $.og(w)dS = 0.
In particular, if g(w) = w?¥*' for some positive integer N, then w would have
to change sign on aD."

Appendix
Serrin’s Sweeping Statements

THEOREM. Suppose v(x,A) = v, is an increasing family of upper solutions of
(2.1) ona =X =b; that is,
Av(x, M)+ f(v(x,A))=0 in D.
If u is any solution of (2.1) such that u(x)=v, and u = v, on 3D, then either
u =v,oru <v,inD. Similarly, if v, is an increasing family of lower solutions

' The authors wish to express their appreciation to the referees for their constructive
comments and suggested improvements of the original manuscript.
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Av, +f(v,)=0 in D,

and u is a solution of (2.1) such that u = v, and u = v, on dD, then either u = v,
oru>v, in D.
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