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EQUIVALENT NORMS ON SPACES 
OF B O U N D E D  FUNCTIONS 

BY 

J. R. PARTINGTON 

ABSTRACT 

Let to t denote the first uncountable ordinal, m~(tot) the Banach space of all 
bounded real functions on to1 with countable support (with the supremum 
norm). It is shown that any space isomorphic to m.(tot) contains a subspace 
isometric to m.(to~). Several similar results concerning higher cardinals are 
obtained. 

Let ot be an infinite cardinal, and let S be a set of cardinality at least a. We 

write rn~(S) to denote the linear space of all bounded real functions on S with 

support of cardinality at most a. This is naturally a Banach space with the 

supremum norm. Clearly ms (S) contains an isometric copy of l~(a), the space of 

all bounded functions on a set of cardinality a. 

In this article we will examine the subspace structure of any space obtained by 

giving mo (S) an equivalent norm (which is the same as specifying an isomorphic 

image of m~ (S)). In particular, we shall be considering the presence of subspaces 

isometric to spaces of the same form. 

Greek letters will be used to designate ordinal numbers throughout and 

cardinal numbers will be identified with the corresponding initial ordinals. 

Let tOo = tO, the first infinite ordinal; if a is an ordinal, let tO,,§ denote the first 

ordinal of cardinality strictly greater than too ; if e is a limit ordinal, let tot denote 

Day [1] showed that m,,(tO~) cannot be given an equivalent strictly convex 

norm, although l~(tO) can be. Moreover  co(S), the completion in l| of the 

space of all finitely-supported functions, can always be given a locally uniformly 

convex norm. 
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It was proved by James [2] (see also [4]) that, given an equivalent norm I" I on 

co(o~), it is possible to find a subspace Y whose Banach-Mazur distance from 

co(to), d((Y, I" I), (co, I1"11)), is arbitrarily close to one. 

Sch~itter [5] discussed the concept of a flat space, a notion related to 

super-reflexivity, and asked whether there is an isomorphism class consisting 

entirely of flat spaces. He conjectured that, if S has sufficiently large cardinality, 

then any isomorph of l . (S)  contains an isometric copy of l| and is thus flat. 

Using constructions similar to those of Day, we shall show that all spaces 

isomorphic to m,(tol) contain an isometric copy of m,~(to,), and hence that 

Sch~itier's conjecture is true for all uncountable sets S. Our methods yield similar 

results about higher cardinals. 

Assuming the continuum hypothesis, namely that to, = c, we will show that all 

spaces isomorphic to l~(oJ~) contain an isometric copy of l| rather than 

merely m,o(tot). Similar results can be proved for higher cardinals. 

That this result does not extend to all uncountable cardinals will be shown by 

considering /| on which an equivalent norm will be specified under which 

no subspace isometric to l~(to~,) exists, although copies of m,~.(to,,) exist for all 

finite n. 

If a is an initial ordinal, define c f (a )  to be the smallest initial ordinal/3 such 

that a = U~<~a,  for a family {a~: 3, </3} of ordinals strictly less than a. For 

example, cf(to,) = to1 and cf(to~,) = ~o. A cardinal a is regular if c f (a )  = a. 

For subsets S, T of an ordinal, we write S > T if o" E S, ~- E T implies that 

o" > ~'. Given a bounded set {u,~ : a </3} of elements of an l~ space which have 

pairwise disjoint supports, X,~<au,, will be used to denote the formal pointwise 
sum of the u,~. 

T~EOREM 1. Let a be an infinite cardinal and/3 a regular cardinal, such that 

a </3. Let I" ] be a norm on m~(/3) equivalent to the usual norm }} "1}- Then there 

exist pairwise disjoint elements {w,: 3, </3} such that the map from (mo(/3),ll "11) 
into (m,,(/3),l.I) taking a = (a~),<~ to Xa,w, is an isometry. 

PROOF. Let U denote the sphere {x E m,,(/3): IIx II = 1}. W e  assert first that 

there exist vectors {u, : 3' </3} on U, supported on disjoint sets S, of cardinality 

at most a, such that if 3' < ~ then S, < $8, and such that } u, } = j u, + y I whenever 

Ilyll_- < 1 and s u p p ( y ) > S , .  

Adapting an argument given by Day [1], this follows by transfinite induction as 
follows. 

Suppose we have constructed u, for all 3' < 1'o; we restrict to the subspace 

X = X(yo) of all functions f with supp ( f ) >  U,<,oS,. 
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For x ~ U f'l X, let 

M ( x ) = s u p { l y l : y E X  and y ( 8 ) = x ( 8 )  whenever x ( 8 ) g 0 }  

and 

m ( x ) = i n f { l y l : y ~ X  and y ( 6 ) = x ( $ )  whenever x ( 6 ) r  

As in [1], M ( x )  + m (x) >= 21 x I, and we can choose u~o to be the pointwise limit of 

a sequence (x,) with M ( x , ) -  Ix, I -~ 0 and x, (8) = x,_,(6) whenever x , _ , ( 8 )g  0. 

Then M(u~o)= m (u~o)= l U,ol, and the induction proceeds. 

We now show that there exists a positive number a, and an ordinal yo </3 such 

that [ u s l = a  for all 3,0_-<6</3. For if 3, ,<y2, then lu~,,+u,~l=tu,,I and so 

]u,~l<=lu~,,j. Thus l u,[ decreases as y increases, and, if it is not eventually 

constant, then the sequence (3'.), defined by 3', = inf{3, :1 u, I < infs<o I u81 + 1/n} 
is cofinal with /3, a contradiction. 

We define w~ to be ur To complete the proof, we require the following 

simple result. 

LEMMA. I /  X and y are elements in a normed space such that IIx II = IIx - y II = 

I, then II x + sY l[ = l for - l <-_ s <= l. 

ProoF. We may assume that s > 0 .  Since x + s y = s ( x + y ) + ( 1 - s ) x ,  we 

have Ilx + sy  I I _  < - 1. Also x = t(x + ST)+ (1 - t ) (x  - y), where t = 1/(1 + s), and 

thus if ]Ix + sy II < 1, then IIx II < 1, a contradiction. This proves the lemma. 

Now to prove that [ X,<~ a,w, [ = sup [ a,  I, when this element lies in mo (t3), we 

may suppose that the supremum is attained, as such elements form a dense set. 

Let yo be the least index at which the supremum is attained. If yo is the first 

non-vanishing coefficient (in particular if 3'o = 0) the result follows from the 

construction. In general, we apply transfinite induction, assuming the result to 

hold for all 3'o< 6. We may assume that a, = 1, and that s = sup,<s la,  I is 

attained at 3,, < 6 and s # 0 .  Now let v = X,<,a,w,  and z = Xs<,<,~a,w,. Then 

I w, + z I = 1 and also I - s - ' v  + w~ + z I = 1 by the inductive hypothesis. Apply- 

ing the lemma with x = w, + z and y = s-~v, the result follows. This completes 

the proof. 

COROLLARY. El)ely space isomorphic to l| contains an isometric copy of 
m~,(to,), and hence of every separable space. 

Our next theorem gives an improvement on the above corollary, assuming the 

continuum hypothesis, namely that aJ, = c. We will prove a result only for L(to,): 

at the end of the proof we will indicate what can be obtained for higher cardinals. 
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THEOREM 2. A s s u m e  that to~ = c. Let [. [ be a new norm on l~(toO equivalent 

to the usual  norm ]1. []. Then there exist pairwise disjoint elements {w, : 3' < to~} 

such that the new norm of  a vector Z~<~,,a,w, lying in l~(to~) is sup t a~ ]. 

PROOI:. Let T be the set of all functions f:  t o l ~  to~ for which there exists an 

a < to, such that f(3') = 0 for all 3' _>-- a. 

Assuming that to~ = c, the cardinal of T is Z . . . .  Itot[ I'j which is to~ (see [3], for 

example). 

We order  T by writing f < g if f = g or f ( y )  < g (3') when 3' is the least ordinal 

such that f ( 3 ' ) g  g(3'). 

Regarding l| as l~(T), let X be the subspace of all functions with bounded 

support (that is, there is an f E T  such that x s = 0 for all g => f). 

We will now use transfinite induction to select {u~,: a < to~} with supp (u,,) < 

supp(u0) if a </3, such that ]lu,,[[ = 1 and l u~] = l u~ + y[ whenever y E X, 

I]Y I] =< 1, and y is a formal sum E~<,<,~, a,u~. 

Using Day's process, as in the proof of Theorem 1, we can select uo with these 

properties, since any increasing sequence of bounded subsets of T has a 

bounded union. 

If we have chosen {u,,: a </3}, and 0 < / 3  <to~, with supp(u~,)bounded by 

jr. E T, consider T~ C_ T, the subset of all [ with jr(a) = jr~,(a) + 1 for 0 < a </3. 

Restricting to the subspace of all functions in X with support contained in T~,, we 

may choose ut, satisfying the above conditions. 

Having constructed {u,,: a < to1}, we conclude the proof as in the proof of 

Theorem 1: there is a/3 < to~ such that [u,~ I = l u~ ] for all/3 --- a < to,, and so the 

disjoint elements w, = u~+,/[uo[ (3" <to~) have the required property. This 

proves the theorem. 

In general, the above proof can be adapted for any cardinal a of cofinality 

greater than to, assuming that l a [l~l is at most a, for any/3 < a. In this case one 

considers the set of functions f:  a ~ to~ with bounded support to be the index 

set T. 

It follows from Theorem 1 that any isomorph of l| contains isometric 

copies of l| for every n E to, since to.+~ is a regular cardinal. The following 

example shows that in this case the result is best possible. 

EXAMPLE. Let S, = {a: to~_, =< a < to,}, n = 1 , 2 , 3 , . . .  and So = {a: a < to}. 

Let X be the space l| renormed by putting Ix l = IIx I1-+ ~:7-o2-~ Is. II-- 

Thei  IIx II--<Ix I -< 31Ix II and X contains no isometric copy of Co(to,). 

PROOF. We show that if {u~:/3 < a} satisfy ]ET_~ a,u~,l = max]a,I  for all 
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a~ , . . . , aN E R  and (/3,)< a, then a <too. 

Since IXT.~ _ u~l = 1 for all sign choices and for all choices of/3,, we see that, 

for each y < to, o, u#(y)  can only be nonzero at most countably many times. 

For otherwise X~., --- u~ (y)  could be made arbitrarily large by suitable choices 

of signs and of indices (/3~), contradicting the equivalence of the two norms. 

Suppose then that a = t o o .  Let X=Uo; then for some k E t o ,  we have 

E~.o 2-" II x Is. II = s > 0. 
Since for each y all but countably many u~(y) are zero, there is a/3 < a such 

that y = u~ satisfies y Is, = 0 (n = 0 , . . . ,  k)  and tly II-> 1 - s/2, for the second 

property is satisfied automatically if y Is. = 0 for all n such that 2-" -_> s/4. 
There exists a coordinate/3 for which [yo [ > 1 - s/2; changing the signs of x 

and y if necessary we may assume that y# > 1 - s/2 and x# => 0. 

Then 

k 

Ix + y[~ IIx + y I1~+ E 2-'l](x + y)[s. II~ 
n ~ o  

_-> ( 1  - s/2)  + s 

> 1 .  

This is a contradiction and hence a < tow, as asserted. 
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Added in proof. The above methods may be adapted to extend the result of 

James on Co to l| The details will appear elsewhere. 
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