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ABSTRACT 

A preliminary study on permanents of ( I , -  I)-matrices is given. Some 
inequalities are derived and a few unsolved problems, believed to be new, are 
mentioned. 

I.  I n t r o d u c t i o n  

It is well  k n o w n  that  the  eva lua t i on  of  the  p e r m a n e n t  of  an a rb i t r a ry  mat r ix  is 

a f o r m i d a b l e  p rob l em.  F o r  the spec ia l  c a se  when  the ma t r i ce s  a re  nonnega t ive ,  

e.g.,  (0, l ) -ma t r i ce s ,  the  u p p e r  a n d  lower  b o u n d s  fo r  the  p e r m a n e n t  have  been  

s tud ied  e x t e n s i v e l y  in the  l i t e ra ture ,  main ly  fo r  the i r  c o m b i n a t o r i a l  i n t e rp re t a -  

t ion and  s ignif icance .  On the o t h e r  hand ,  the  p e r m a n e n t  of  a ( I ,  - i ) -ma t r ix ,  

though  of  c o m b i n a t o r i a l  in te res t ,  has  ha rd ly  been  w o r k e d  on .This  p r o b l e m  is 

c o n c e i v a b l y  more  difficult  than  the c o r r e s p o n d i n g  one  of  (0, 1)-matr ices .  F o r  

one  thing,  the  p e r m a n e n t  of  a (0, I ) -matr ix  would  not  d e c r e a s e  if a z e ro  is 

r e p l a c e d  by  a one ,  ye t  it is to ta l ly  i n d e p e n d e n t  of  the  n u m b e r  of  - l ' s  in a 

( 1 , -  1)-matrix.  In  fac t ,  it is e a s y  to see  tha t  a ( 1 , -  l ) -ma t r i x  of  even  o r d e r  can  

a t ta in  its m a x i m u m  p e r m a n e n t  va lue  n !  even  when  all the  en t r i es  a re  - I or  

e x a c t l y  half  of  the  en t r i es  a re  - I. (cf. E x a m p l e  I in Sec t ion  2.) 

The  p u r p o s e  of  this  p a p e r  is, t h e r e fo r e ,  to  give  a p r e l i m i n a r y  s t u d y  on 

p e r m a n e n t s  o f  (1, - I ) - m a t r i c e s .  D e n o t e  b y  ~n the set  of  all n × n 

(1, - l ) - m a t r i c e s  and by  J ,  the  one  with  all en t r i es  equal  to 1, T h e  p e r m a n e n t  of  

A E fin will be d e n o t e d  by  per  A. T h e  (n - I) × (n - 1) s u b m a t r i x  o b t a i n e d  f r o m  

A by de le t ing  the  i th  row and  the j t h  co lumn  will be d e n o t e d  by  A,~. 

T w o  ma t r i ce s  A and B in fin a re  said to be equ iva l en t ,  d e n o t e d  by  A - B, if 

one  is o b t a i n a b l e  f rom the o t h e r  by a s e q u e n c e  of  o p e r a t i o n s  o f  the  fo l lowing  

t ypes :  
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(I) interchange any 2 rows or any 2 columns. 

(11) negate any row or any column. 

This relation is obviously an equivalence relation and hence partitions f~, 

into equivalence classes. It is equally obvious that Iper I is invariant in each 

class. The converse ,  however ,  is false in general; i.e., tper A I=  Iper B1 does not 

necessari ly imply that A - B. For example,  consider the following matrices in 

A = 

- I  I I i 

i - i  i I 

I I I I 

I I I I 

H _ 

- I  I I i -  

I I - I  - i  

I - I  - I  I 

I - I  I - I  

Then p e r A  = p e r i l = 8 ,  yet A and H cannot be equivalent since H is a 

Hadamard  matrix and it is easy to see that any matrix equivalent to a 

Hadamard  matrix must itself be a Hadamard  matrix. 

2.  S o m e  r e s u l t s  

For A E f t , ,  it is well known (e.g., [1, p. 102]) that d e t A  -=0(mod2"- ' ) .  We 

show that there is an analogy for  permanent .  

PROPOSmON i. Let A ~ ~ , .  Then 

---0 / (mod2  "/2) i f  n is even" 
per A / 

L(mod 2 ~"-'12) if n is odd. 

PROOV. Since p e r ( B )  = 0  or _+2 for all B ~D,2, the assert ion follows f rom 

the Laplace expansion and induction on n. 

As an interesting consequence of Proposition I, we obtain the following: 

COROLLARY I. For each positive integer k, there exist at most  a finite number  

o[ (i ,  - i)-matrices A (o[ any order) such that IperAI = k. 

RE~ARK I. Concerning Proposition I, we do not know whether  it is the best 

possible in general;  i.e., it is not known whether  for each n, there exists A E f~, 
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such that per A is divis ible  by 2 "~2 (if n is even)  or 2 TM w2 (if n is odd) but  by no 

higher power  of 2. For  n =< 5, examples  are avai lable  to show the a n s w e r  is in 

the affirmative. 

We next  de t e rmine  those A ~ I L ,  the p e r m a n e n t s  of which a t ta in  the 

m a x i m u m  abso lu te  value.  

PROPOSITION 2. Le t  A E ~ , .  Then  Iper A I = n ! i f  a n d  on l y  i[ A ~ J,.  

PROOF The  sufficiency is obvious .  To show the necess i ty ,  suppose  per A = 

n !  or p e r A  = - n !  T h e n  all the diagonal  p roducts  of A have a c o m m o n  

nonze ro  value.  Hence  by a result  of Marcus  and Minc [3, p. 577], A must  have 

rank I, and it is easily seen that any  n × n (I,  - i ) -matr ix of rank 1 is equ iva len t  

to g,. 

EXAMPt,E 1. The n × n chessboard  matrix A E l l ,  is defined by A~j = 

( - I) ~ ~/, i , j  = !, 2 . . . . ,  n. Since it is easy to see that A - J,, we have Iper A I = n ! 

by Proposi t ion I. In fact,  per A = n!  s ince we can t r ans fo rm A to J. by 

negat ing rows and co lumns  an even  n u m b e r  of t imes.  

In view of Proposi t ion  1. a posi t ive integer  k ~ n !  equals  [per A] for some 

A ~ I t ,  only if k is divis ible  by 2 "/2 or 2 ~"- ,/2 depend ing  on whether  n is even  or 

odd. This  condi t ion ,  however ,  is not sufficient as shown in the next  proposi t ion.  

PROPOSITION 3.t L e t  A ~ ~ , ,  n >_ 2. I f  tper A I : / n  !, t hen  Iper A [ 

(n - 2)(n - I)!. h)~r n > 3, the  e q u a l i t y  ho lds  i f  a n d  o n l y  i f  A ~ J *  where  J *  h a s  

- [ in the  ( l, I) p o s i t i o n  a n d  I e l sewhere .  F o r  n = 3, e q u a l i t y  ho lds  i f  a n d  o n l y  i f  

A ~ J *  o r A - J * *  where  J * *  h a s  - I  in the  ( I ,2 )  a n d  (2,1) p o s i t i o n s a n d  I 

e l sewhere .  

PROOF. Let p and q denote  the n u m b e r  of d iagonals  of A with diagonal  

product  I and - 1 respect ively .  Then  p + q = n ! and [p - q[ = [per A[. Since 

[ p e r A l ~ n ! , A  can not have rank 1 and hence  by the result  of Marcus  and 

Minc [3, p. 577] we obta in  p ~ (n - l)(n - I)! and q <= (n - 1)(n - 1)! There fo re ,  

p - q  = 2 p - n ! < = 2 ( n - I ) ( n - l ) ! - n ! = ( n - 2 ) ( n - I ) !  and p - q  = n [ - 2 q > =  

n ! - 2 ( n  - I)(n - I ) ! =  - ( n  - 2 ) ( n  - 1)! which imply that [per A I ~  

(n - 2)(n - I)!. The " i f "  part of the asser t ion  for equal i ty  is trivial. To  prove  the 

"on ly  if" part,  we first not ice  that for n = 2, it is clear. Suppose  then that 

A C[l , ,  such that ]per A] = (n - 2)(n I)!, n => 3. Cons ider  the submat r i ces  

A , , C ~ °  ,, i = l , 2 , . . . , n ,  if for all i, I p e r A , , l ~ ( n - l ) ! ,  then [ p e r a , , l =  < 

( n - 3 ) ( n - 2 ) !  implies that [perA I < = n ( n - 3 ) ( n - 2 ) ! < ( n ' - 3 n + 2 ) ( n - 2 ) ! =  

f l am grateful to Dr. P. Gibson for pointing out a flaw in the original statement of this 
proposition. 
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(n - 2 ) ( n -  1)!, a c o n t r a d i c t i o n .  H e n c e  I p e r A , I  = (n - I)! f o r  s o m e  i, and  by  

O p e r a t i o n  I, w e  c a n  a s s u m e  tha t  i =  1; i .e. ,  I p e r A , , l = ( n  - I )! .  T h e r e f o r e  

A, , -J ,_ ,  by  P r o p o s i t i o n  2 a n d  we  h a v e :  

t l  ~ l t l  r 2 ¢ l  , n 

A ~ A ' =  

a 2 1  

J .  , 

a n  i 

By O p e r a t i o n  II.  w e  c a n  a / so  a s s u m e  tha t  a,~ = I. L e t  h" be  t h e  n u m b e r  o f  

o n e s  a m o n g  a .  and  k be  t he  n u m b e r  o f  o n e s  a m o n g  a~,, i = 2 , 3 . . . - . n ,  

0 <_- h, k -<_ n - I. T h e n  it is e a s i l y  s e e n  tha t  pe r  A '  = 

(n  - I ) ! +  (n - I  - 2 h ) ( n  - I - 2k ) (n  - 2 ) r  S i n c e  ]per A ' I  = ]per A [ = 

( n - 2 ) ( n - i ) ! .  w e  o b t a i n  I ( n - I ) + ( n - l - 2 h ) ( n - l - 2 k ) [ = ( n - 2 ) ( n - 1 ) ,  

a n d  t h u s  t h e r e  a r e  t w o  c a s e s :  

Case (i). ( n - l ) + ( n - l - 2 h ) ( n - l - 2 k ) = ( n - 2 ) ( n - I )  o r  ( n - 1 - . 2 h )  

( n - i - 2 k ) = ( n - 3 ) ( n - l ) .  I f  h = 0  o r  k = 0 ,  we  o b t a i n  t h e  so lu -  

t i ons  h = 0 ,  k = I and  h = i ,  k = 0. If  h ~ 0 and  k ~ 0 ,  t h e n  w e  can  a s s u m e  tha t  

l _-<k ~ n  - 2  o r  I = < h < _ - n - 2  s i n c e  h = k  = n - I  is o b v i o u s l y  i m p o s s i b l e .  If  

I _<-- k ~ n - 2 ,  we  r e w r i t e  (n - I - 2 h ) ( n  - i - 2 k )  = (n - 3)(n - I) as  

h ( n - k - 2 ) + ( n - l - h ) ( k - I ) = O  f r o m  w h i c h  k = n - 2  f o l l o w s .  If  k ~ l ,  

t h e n  we  o b t a i n  t he  s o l u t i o n  h = n - I, k = n - 2 .  If,  h o w e v e r ,  k = I, t h e n  n = 3, 

a n d  w e  o b t a i n  2 s o l u t i o n s :  h = k = I and  h = 2, k = I. S i m i l a r l y ,  if i <_- h _-< 

n - 2 ,  t h e n  we  o b t a i n  t he  s o l u t i o n  h = n - 2 ,  k = n - I and  f o r  t h e  c a s e  n - 3 , 2  

s o l u t i o n s :  h = k = I and  h = I, k = 2. 

Case (ii). (n - l ) + ( n  - 1 - 2 h ) ( n  - 1 - 2 k ) =  - ( n  - 1)(n - 2 )  o r  (n - 1 - h )  

( n - l - k ) + h k = O  w h i c h  y i e ld s  t h e  s o l u t i o n s  h = 0 ,  k = n - I  a n d  

h = n - l , k = O .  
In s u m m a r y ,  if n > 3 ,  t he  o r d e r e d  pa i r  ( h , k )  m u s t  be  (0, I), ( I , 0 ) ,  (n - I , n  - 

2), (n - 2 ,  n - I), (0, n - i) o r  (n  - 1,0). In all t h e s e  c a s e s ,  it is e a s y  to  s e e  tha t  

A ' - J *  and  t h u s  A -  J * .  W h e n  n = 3, o n e  m o r e  s o l u t i o n  is p o s s i b l e ,  i .e. ,  

J 3  • (h,k)=(I, i). In th is  c a s e ,  it is r e ad i l y  s e e n  tha t  A - ** 

REMARK 2. S i n c e  d e t  A is a l w a y s  d i v i s i b l e  by  2 " - '  f o r  A • f~,, if  f o l l o w s  

f r o m  P r o p o s i t i o n s  I and  3 tha t  if  A ~ ,  is n o n s i n g u l a r ,  n = ! , 2 , 3 , 4 ,  t h e n  

Iper A I -  <- Idet A I- T h i s  is, h o w e v e r ,  f a l s e  in g e n e r a l ;  e .g . ,  let  
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A = 

I - 1  - I  - I  

I 1 - I  - I  

I - I  I - 1  

I - I  - I  I 

- I  

- I  

- 1 • [ ]~. 

- I  

I 

A = 

S ' 

r ' 

A 

I I . . . . .  I 

I 

I J n ,  

- I  

- 1  

q 

- I  . . . . . .  I 

I - 1  - 1  - I  

T h e n  w e  h a v e  d e t  A = 16, pe r  A = 24. 

S i n c e  the  m a x i m u m  v a l u e  n !  is a l w a y s  a t t a i n a b l e  for  Jper A I, A ~ ~L, it is 

na tu r a l  to  a sk  w h e t h e r  the  m i n i m u m  v a l u e  0 is a l w a y s  a t t a i n a b l e .  T h i s  is c l ea r ly  

i m p o s s i b l e  for  n = 1. In g e n e r a l ,  we  h a v e  the  f o l l o w i n g  par t ia l  a n s w e r  to th is  

q u e s t i o n .  

PROPOSITION 4. I f  n >= 2 is even o r  n ~ I ( m o d  4), then there exist  A E ~ ,  

such  that  per  A = 0 .  

PROOF. W h e n  n is e v e n ,  this  is t r iv ia l .  Fo r  n =- I (rood 4), i.e., n = 4k + 1 for  

s o m e  k >= I, c o n s i d e r  the  f o l l o w i n g  ma t r i x :  

P 
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w h e r e  p + q = r + s = n - I = 4k. 

S ince  per  A = (n - I ) ! + ( p  - q ) (n  - 2)!, we obta in :  

p e r A  = 0 if and on ly  if n - l = ( p - q ) ( s - r ) o r ( 2 k - q ) ( 2 k - r ) = k .  

The  last  equa t ion  c lear ly  holds  if we let q = 2k - I and  r = k, 

REMARK 3. F o r  n --= 3 (mod 4), it is not  k n o w n  in genera l  w h e t h e r  the re  ex i s t  

A E ~ °  such  that  per  A = 0. In the  fo l lowing ,  we give some  resu l t s  pe r t a in ing  

to  this  p r o b l e m .  

PRoposrrloN 5. There exist no 3 × 3 (1, - I )-matrix  A such that  per  A = 0. 

PROOF. Let  A E ~ .  S ince  [per A] is invar ian t  under  O p e r a t i o n  II, [per A ] =  

]per A '  I whe re  A - A '  and  A '  has  all en t r i es  I in the  first row and  the first 

co lumn .  A s imple  case  by  case  c h e c k  then shows  that  Iper A ' [  = 2 or  6. 

PROPOSITION 6. I f  n ~ 3 ( m o d 4 )  and A E l ) ,  such that p e r A  = 0 ,  then 

(i) A canno t  contain a submatr ix  B such that  B ~ J, ~. 

(ii) A canno t  be equivalent  to s o m e  B E l ) ,  which has n - 3  rows (or 

c o l u m n s )  with all entries I. 

PROOF. (i) A s s u m e  the c o n t r a r y .  Then  A is equ iva l en t  to s o m e  mat r ix  of  the  

fo rm given  in the  p r o o f  of  P ropos i t i on  4. S ince  per  A = 0  if and  on ly  if 

( p - q ) ( s - r ) = n - 1 = 4 k + 2 ,  where  p + q = r + s = n - I - - - 4 k + 2 ,  we ob-  

tain (4k + 2 - 2q)(4k + 2 - 2s)  = 4k + 2, a con t r ad i c t i on .  

(ii) A s s u m e  the  c o n t r a r y .  Then  A --  B w h e r e  B • f l ,  has  n - 3 rows  with  all 

en t r i es  !. W e  e v a l u a t e  per  B by  using the L a p l a c e  e xpa ns ion .  Let  a, /3,  7 and  6 

d e n o t e  the  n u m b e r  of  3 × 3 s u b m a t r i c e s  f o r m e d  f rom the o the r  th ree  rows  with 

p e r m a n e n t  2, - 2, 6 and  - 6 r e s p e c t i v e l y  (cf. p roo f  of  P ropos i t i on  5). Then  we  

ob ta in  2 c ~ - 2 / 3 + 6 7 - 6 6 = 0 a n d  o ~ + / 3 + 3 , + 6 = ( n ~  3 " S ince  n = 4 k + 3 ,  \ ! 

n)  (4k +3 ) (4k  + 2)(4k + I) 

is c l ea r ly  an odd in teger  m. A d d i n g  a - / 3  + 3 7 - 3 6  = 0 to  a + /3  + 7 + 6 -- m 

then  y ie lds  2 a  + 47  - 26 = m, a con t r ad i c t i on .  

S ince  fo r  n ->_ 4 all p r ev ious ly  k n o w n  e x a m p l e s  of  A for  which  per  A = 0 a re  

s ingular ,  it is na tura l  to ask  w h e t h e r  the re  exis t  nons ingu la r  A @l~,  wi th  

pe r  A = 0. T h e  next  e x a m p l e  or ig ina l ly  due  to  L. Beas ley  s h o w s  tha t  this  is 

indeed  poss ib le .  (The p r o o f  g iven  here  is d i f fe ren t  f rom that  of  L. Beas l ey . )  
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EXAMPLE 2. 

PERMANENTS OF MATRICES 

L e t  A = (a~) E ~ .  be  as  f o l l o w s :  

I - I  - I  . . . .  I 

A = 

I I - !  . . . .  1 

I 1 i . . . .  I 

I I . . . .  t 

I I I - - -  I 

359 

w h e r e  a~i = I f o r  a l l  i _-> j and  a,~ = - I o t h e r w i s e ,  w h e r e  n is e v e n .  T h e n  it is 

e a s y  to  s ee  tha t  d e t A  = 2" '. W e  c l a i m  tha t  pe r  A = 0. By  n e g a t i n g  t h e  first  

c o l u m n  and  a l l  t he  r o w s  o f  A,  w e  o b t a i n  pe r  A = - p e r  B, w h e r e  

B = 

! I I " - .  I 

I - I  I . - .  I 

I - I  - I  . . .  I 

I - I  - I  " - "  I 

I - I  I . . . .  i 

S i n c e  B c a n  c l e a r l y  be  t r a n s f o r m e d  to  A by a p p l y i n g  O p e r a t i o n  ! on ly ,  we  h a v e  

pe r  /3 = pe r  A. T h e r e f o r e  p e r A  = - p e r A  w h e n c e  p e r A  = 0 .  
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Our  next  result  shows  that  if A @ f l ,  satisfies some  p resc r ibed  proper t i es ,  

then a be t te r  bound fo r  per  A might be possible .  

PROPOSITION 7. I f  A E ~ .  is normal  such that I A~ I <- n ~/2 f o r  all eigenvalues A~ 

o f  A then Iper A[ ~ n"/2. 

PROOF. This  is an immed ia t e  c o n s e q u e n c e  of  a result  of  Marcus  and Minc 

[4,Th.  1] which s ta tes  that  fo r  any  normal  matr ix  N, } per  N I _-< (l/n)E~'=, IA~[". 

COROLLARY 2. i f  H E ~ ,  is a H a d a m a r d  matrix ,  then Iper H I <= Idet H I. 

PROOF. Since H H '  = nl, where  ! deno te s  the n x n ident i ty matr ix ,  it is 

c lear  that  H is normal  and IA~I = n'/2 for  all e igenva lues  A~ of  H. The  result  

fo l lows  f r o m  Propos i t ion  7 s ince it is well known that  Idet H I = n "/2. 

REMARK 4. For  H a d a m a r d  matr ices ,  the bound given in Coro l la ry  2 is, in 

general ,  ve ry  rough.  It gives the values  1, 2, 16 and 4096 fo r  n = 1,2,4 and 8 

respec t ive ly .  H o w e v e r ,  it is known (cf. [6, p. 409]) thai  for  n = I, 2, 4, 8, (and 

12), there  is only  one  equ iva lence  class of  H a d a m a r d  mat r ices  and the values  of  

[ pe rH[  can easi ly s e e m  to be  I, 0 and 8 for  n = 1,2 and 4 respec t ive ly .  For  

n = 8, we find, with the aid of  c o m p u t e r ,  that  Iper HI  = 384. 

3. Some prob lems  

In addi t ion to those  p rob l ems  men t ioned  in R e m a r k s  I, 3 and 4, there  are 

m a n y  others .  We ment ion  here just a few of  them.  

PROBLEM I. For  each  n _-> 4, can one a lways  find nonsingular  A @ l l .  such 

that  Iper A I = tdet A I? 

Is there  a decen t  upper  bound for  I pe rAI  when  A E ~ ,  is PROBLEM 2. 

nons ingular?  

PROBLEM 3. 

order  2? 

PROBLEM 4. 

Can per H = 0 for  a H a d a m a r d  matr ix  H o ther  than the one  of  

Does  Iper HI  dist inguish a m o n g  non-equiva len t  H a d a m a r d  mat-  

r ices?  (In view of the fac t  ment ioned  in R e m a r k  4, the first s tep would be to 

eva lua te  the values  of  I p e r H I  when n = 16 in which case  there  are 5 

non-equ iva len t  c lasses  [6, p. 409]. 
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