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PROJECTIONS ONTO HILBERTIAN SUBSPACES
OF BANACH SPACES
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ABSTRACT

In this paper we obtain new estimates for the relative projection constants of
subspaces of a Banach space Y in terms of geometrical properties of Y. Our
method gives that K-convex spaces are locally m-Euclidean. We also get a
version of Maurey’s extension theorem for spaces of type p <2.

1. Introduction

In this paper we extend some results of [7] and [2].
Let X be a finite dimensional subspace of a Banach space Y. Recall that the
relative projection constant, A(X, Y), is the quantity

inf{]| P : P is a linear projection of Y onto X}.

In Section 3 we construct projections of Y onto subspaces X whose norms
admit good estimates in terms of geometrical properties of X and Y. In fact we
obtain estimates for the y,-norm of the projections, i.e. the norm of a
factorization through a Hilbert space. This is done in terms of moduli of
convexity and smoothness (Theorem 5.1) and of type and cotype properties (cf.
Proposition 6.2).

Our approach yields a variant of Maurey’s extension theorem [11} for
operators u : X — 17 where X is a subspace of a space of type p <2.

In Section 8 it is proved that, if Y satisfies a natural duality condition, then
there exist ¢, @ >0 such that each X CY has a subspace Z with

dim Z = ¢(dim X)*, AMZ Y)=1/c
The duality condition is shown in Section 9 to be equivalent to that of
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K-convexity considered by Maurey and Pisier [12]. Hence Corollary 8.4
generalizes the results of [3] and [7].

The method of this paper depends on the variational result of D. R. Lewis [6]
and on the approach developed in [2]. The construction and estimates make use
of some special properties of the operator norm ¢ introduced in Section 2 and
studied briefly in Section 4. The norm ¢ on L (E, Z) replaces that used by D. R.
Lewis (cf. [7]) in the case of order bounded operators. The two norms are
equivalent if Z is a superreflexive Banach lattice.

In the final section we compare our results with those obtained recently in [4].

Our terminology is standard (cf. [2]). Letters X, Y, Z denote always normed
linear spaces over the real field and E, F, G, H are Euclidean spaces. The results
are valid in the complex case as well, only minor changes in proofs are necessary.

We are indebted to D. R. Lewis who has kindly provided us with a preliminary
version of [7]. His proofs depended on the lattice structure but they suggested
our more general approach.

2. The norms ¢ and ¢*

Let E be a finite dimensional Hilbert space. Let y denote the canonical
Gaussian probability measure on E. If Z is a normed space then the L,-norm of
a linear operator T € L(E, Z) is defined by the formula

e = ([ 17xpar )"

The normed space (L(E, Z), ¢) is isometric to a linear subspace of the space
Lo(E, v, Z) consisting of all linear functions. This fact has some useful consequ-
ences which we examine in Section 4.

Clearly, if j is a linear isometry of Z into a space Z,, then for T € L(E, Z) one
has ¢(jT)= €(T). In particular, if rank T = 1, then

€T =|T|.

Obviously, if U € L(E, E) is a unitary map, then £(TU) = ¢(T) and hence for
any VEL(E,E)

¢(TV)= 6(T)|| V.

The latter estimate holds also if V € L(F, E), F being another Hilbert space (cf.
the proof of Theorem 8.1).
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Observe that, if S € L(Z, Z,), then
((ST)=|S|€e(T).

Recall that the space L(Z, E) may be identified with the dual of L(E, Z) by
the formula

(T,d)=Tr(¢°T)
for T € L(E, Z), ¢ € L(Z, E). The induced norm on L(Z, E) is given by
€4(¢)=sup{|Tr(¢+ T)|: £(T) = 1}.
One obtains easily
¢*(@)=l¢l, ifranke =1,
¢ (Vo)=|V|e¢*(d), SEL(ZE), VEL(EE),
e*(¢S)=||S|¢*(¢), SEL(Z,Z), ¢€L(ZE).
The last estimate implies for ¢ € L(Z, E)

€*(¢) = (rank ¢)""[ & .

Our final lemma expresses a well known property of the dual of an injective
operator ideal.

LemmA 2.1. Letu € L(Z,E), ¢*(u) <. If Z is a subspace of a space Y then
there is U € L(Y, E) such that U|z=u and €*(U)= €*(u).

Proor. Apply the Hahn-Banach theorem to the functional ¢ (T) = Tr(u~T)
defined on the subspace L(E, Z) of the normed space (L(E, Y), £).

3. The basic construction
In the sequel X is a fixed n-dimensional subspace of a normed space Y
(n=1). We let E =137 and fix an isomorphism w € L(E, X) such that
t(w)=1, *w)=n

(The existence of such a w is a special case of the main result in [6].) We also fix
W e L(Y, E) such that (cf. Lemma 2.1)
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Ww(e)=e fore€E,
H(W)= €*(w™)=n.
Obviously we have
dX I =wlwll,
AX Y)s[lwWi=[W]l]w].

More generally, if Q € L(E, E) is a projection of rank k and Z = w(Q(E)),
then

d(Z,15) =] QW []w |ow = QW]IwQ],
MZ Y)=|woW|=|woloW]|.

The quantities on the right hand side will be estimated by using the following
obvious lemma in which

P={PEL(E,E):P*=P=P*andrank P = 1}.
Lemma 3.1. Let TEL(E,Z), ¢ € L(Z,E). If Q € L(E, E) is a projection,
then
ITQ = sup{| Tx||: x € Q(E), x| =1}
=sup{¢(TP): QP = P € P},
l0¢ |l = sup{t*(Po): PO = P € 2}.

4. Geometric properties of the norm ¢

We keep the notation of Section 2. Write L =(L(E,Z),¢) and L,(Z)=
LiE, vy, 2).

Our first lemma summarizes some results from [1] about moduli of uniform
convexity and smoothness. It is used only in the proof of Theorem 5.1.

LemMma 4.1. There exists a constant C, 1< C <S5, such that one has for
0<e<2,7>0

pz(7) = p(7) = pryz7) = pz(Cr),

82(e)Z8.(e)Z 81,z(e) = 82(e /(C+ 1)).
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Proor. Let C be the constant appearing in proposition 17 of [1]. Then we
have

pyz(7) = Cpz(1) = pz(Cr),

because pz(r)/r is non-decreasing.
On the other hand, using proposition 1, the definition of 8, proposition 17 of
[1] and the estimate of Lindenstrauss [10], we obtain

8z(e (C +1))= C§,(¢/C)

= supite — Cpz(7)

>0

=812/ ).

The remaining assertions of the lemma are trivial, because L is a subspace of
LA{Z) and Z embeds isometrically into L.

Let r,r,--- denote the Rademacher functions on [0,1]. Recall that the
constant ax(Z) (resp. B«(Z)) is the infimum of those C >0 such that for every
choice of z,,2,,- -+, z« € Z one has

:
o |

LemmA 4.2. For each k =1,2,--- one has

Bu(L) = B(Z),
Be(L*) = au(L) = au(Z).

k

E ri(t)z;

i=1

2 K
dt=C*Y ||z,
i=1

S n(0)z dr= cz Iz (12) .

Proor. It is obvious that B.(Z)= B(L)=B.(LA(Z)) and the equality
B(LAZ)) = B (Z) is verified in [12}.

The proof that ax(L) = o« (Z) is similar. Finally, we have B« (L*) = a. (L) (cf.
e.g. [2]).

We shall only need the following consequence of Lemma 4.2.

CoRrROLLARY 4.3. Suppose P,,---, P« € L(E, E) satisfy

k
2 &P,
i=1

=1
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for each choice of signs &, = 1. Then for every T € L(E,Z) and ¢ € L(Z,E)
one has

min €(TP) = kB (Z)€(T),
min £*(P) S k"o (Z)€*(8).

Proor. We have

k
k min €(TP,y' = 3, ¢(TP.)’
i= i=1

= B (L)f ( r,(t)TP) dt

$ o)

=gy (em]

= (B(2)¢(T)).

The second estimate is proved similarly.

5. Estimates for uniformly convex spaces
THEOREM 5.1. Let X be an n-dimensional uniformly convex subspace of a
uniformly smooth space Y. Let d, r satisfy 6x(d)=1/n, py(r)=1/n. Then
d(X, 13)=30d/r, A(X, Y)=30d/r.

Proor. Pick numbers D, R such that
S(L(E.X).t’)(D) =1/n, p(L(E,Y),e’)(R) =1/n.

Since 8 and p are non-decreasing functions, Lemma 4.1 yields 1/R =5/r,
D = 6d. Therefore it suffices to prove that the operators w, W from Section 3
satisfy

lwil=D/2, |W|=2/R
By Lemma 3.1, this will follow if we show that for each P €

¢(wP)=DJ2, ¢*(PW)=2/R.
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Set x=w, y =w(I —2P). Then ¢(x)=¢(y)=1 and

((x+y)Zn ' Tr(w(x +y))

n~'Tr(2(I — P))
=2-2/n
= 2(1 - B(L(E,x},()(D ))

and hence ¢(2wP)=¢(x —y)=D.
Now let P = PrEyY)e), &= S(L(Y,E),(‘). Put x = n_“V, y= n_‘(I - 2P)W Then
€*(x)=¢*(y)=1 and

(x+y)ZTr((x +y)w)=n"'2n -2),

so that 8(€*(x —y)) = 1/n.
Set £ = £*(x — y), 7 = 4/ne. Using the estimate of Lindenstrauss [6] we get

p(r)=3re — 8(e)= Un = p(R).
Since p is non-decreasing, this yields
£*(PW)=3nl*(x —y)=2/r =2/R.
This completes the proof of the theorem.

Remark. Of course, the estimate of d(X, [7) is improved by putting Y = X
in the statement of Theorem 5.1.

We should mention that the estimate A(X, Y)= Cn""7'"? if d(X,15)=2 and
py(7) = cr? (which follows also from Theorem 5.1 or Corollary 7.3) has been
obtained independently by W. B. Johnson, D. R. Lewis and V. D. Milman.

6. Estimates in terms of type and cotype constants
LEmMA 6.1. For each k, 1=k = n, there are subspaces E,, E.CE such that

dimE, >n—k, j=1,2, and for P € P P(E)CE, implies ¢(wP)= k™ "B.(X),
and P(E)CE; implies

£*(PW) = k" minf{ac (Y)n, B (Y*)E(W*)}.

Proor. Let A be a maximal subset of
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{PeP:(WP)>k B (X)}
consisting of mutually orthogonal projections. By Corollary 4.3 A has less than k
elements. Thus
E,={e€E:Pe=0forPE A}

has the required properties.

The construction of E, is similar. Since ¢(W*P)=|W*P|=|PW|=
¢*(PW), one can use Corollary 4.3 to estimate ¢(W*P) or ¢*(PW), whichever
gives better upper bound.

ProposITION 6.2. Let X CY be a subspace of dimensionn and let 1=k =in.
Then there is a subspace Z CX with dimZ = j = n — 2k +2 such that

d(Z, 1h) = (n/k)ou (X)Be(X),
MZ, Y)=(n/k)au (Y)B (X).
Proor. Given k, let Z = w(E, N E,) where E,, E; are constructed in Lemma

6.1. It suffices to prove that if Q € L(E, E) is the orthogonal projection onto
E1 N Ez, then

IwQl=k™Bu(X), QW] =k ™ naw(Y).

These estimates follow directly from Lemmas 3.1 and 6.1.

7. An extension theorem

Lemma 7.1. Suppose X CY and u € L(X, H), where H is a Hilbert space,
dim H <», Then for each k =1,2,--- there exist U € L(Y,H) and an or-
thogonal projection Q € L(H, H) such that U , x= U and

QU | = k™ au(Y)€*(u),
rank(I - Q) < k.

Proor. Let U be the extension of u constructed in Lemma 2.1. We repeat
the procedure of Lemma 6.1, with A being a subset of

(PEP: *(PU)> k a, (Y)E*(U)}.



Vol. 33, 1979 PROJECTIONS ONTO HILBERT SPACES 163

Using Corollary 4.3 and Lemma 3.1 we obtain easily that the orthogonal
projection Q onto the subspace determined by A has the required properties.

THEOREM 7.2. Let X CY and let u € L(X, H) have rank m = 2. Then there
is an extension i € L(Y, H) such that

j-1
Ja1= V22 ar(Y)]ul.

Proor. We use induction over j. The case j = 1 is well known. Suppose now
that X CY, u € L(X, H) has rank n, where 2’ < n =2'"', and that the theorem is
true for this j.

Set k =2/ and let U, Q be those given by Lemma 7.1. Since €*(u) = Vnl|u|,
we have

QU= k ar (Y)€*(u) = V2a(Y)|ul.

Set Xo=ker(I-Q)u, X,=X/Xo, Y=Y/X,. Let u,€L(X,,H) be the
operator induced by (I — Q)u. Then rank u,=k =2’ and hence, by the
inductive assumption, there is an extension &, € L(Y,, H) such that

i-1
la:|= V2 ZO az (Yi)[lui-
Since ||us]|=|(I- Q)u|=|lu| and a:(Y,) = a:(Y) for each i, we conclude that
the operator
u= QU + g,
where g : Y — Y/X, is the quotient map, is the required extension of u.
This shows that the theorem is true for j +1 too, and hence completes the
proof.
CoroLLarY 7.3. If Y is of type p <2, X CY and dim X = n, then
AX, Y)= Cn'"d(X, 13),
where C = V2K®(Y)/(1-2">""),
Proor. Let u € L(X,15) satisfy [uf=d(X,15), |[u”'[=1. The projection

P = u™'d has the required property because a;(Y)= K®(Y)i"»"" (cf. Section
10).
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8. A class of locally 7-Euclidean spaces

Let us define ¥, (Y) to be the least C such that for each u € L(Y, I3) one has
C(u*)= Cl*(u).
THEOREM 8.1. There is a constant ¢ > ) which has the following property. For
each normed space Y, if X CY, dim X = n, then there exists Z CX such that
dim Z = ¢ min{n/B.(X)’, n/B.(Y*)%},
AMZ Y)=27H.(Y).

We shall use a lemma which is implicit in {2]. Its proof is given after that of the
theorem.

LemMa 8.2. Let A be the normalized rotation invariant measure on the unit
sphere S in a k -dimensional Euclidean space F. If 0 # u € L(F, Z), then for each
C=z=¢(u)/|u| one has

A({x €S :|lux||Z V8/KC||ul}) < 4e.

Proor oF THEOREM 8.1. Set k =[(n +4)/3]. Let E,, E, be subspaces of E
constructed in Lemma 6.1 for this k. Pick a subspace FCE, N E, withdimF = k
(one has dimE, N E, = n — 2k + 2z k). It suffices to prove the estimates

A(x €S :|wx| = V8/k}) = dexp[ - k/B(X)],
*)
A({x €S:||W*x|| = VBk&(WH)}) = dexp — k/B (Y*)).

Indeed, (*) enables us to apply the idea used in {2] in order to prove Theorem
2.6. This yields an absolute constant ¢’ >0 for which there exists G CF with

dim G > ¢'min{k /B« (X)?, k/B: (Y *)*}

such that for g € G one has

Iwgll=V9iklgl, [[W*g|=Voke(W*)|gl.

It follows that, if P is the orthogonal projection of E onto G, then ||wP||= V9/k
and |[PW| =||W*P||=V9/k £(W*). Thus wPW projects Y down onto Z =
w(G) and
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[wPW || = (9/k Y (W*) = 27, (Y).

This shows that the theorem holds with ¢ = jc¢’.
Let us prove the second estimate (*). Let Q be the orthogonal projection of E
onto F. Then

E(W*|)= 6(W*Q) = ¢(W*),

so that we may apply Lemma 8.2 with u = W*|z and C = &(W*)/| W*||.
Moreover, the argument used in the proof of Proposition 6.2 yields that
C > k"/B.(Y*). The first estimate is proved similarly.

ProoF oF LEMMA 8.2. Set f(x)=|lux|| for x € S. Let M be the median of f,
i.e. the largest number ¢ such that

A{xeS:ux||zchz122.
Then M = \/f/—lzf(u ), because

fuy = j ux Pdye(x) = k j ux [P (x) = kM.
F S
Estimate (2.6) in [2] yields for each ¢ >0

A(x €S :uxl|>M+eful)= e

Letting ¢ = V2/kC, we have

M+ellull=V8/kCul

and the assertion of the lemma follows immediately.

ReMaRrk. If one uses theorem 5.2 from [2] to obtain a big 2-Euclidean
subspace X; C X and then applies Theorem 8.1 to X, one obtains the following
corollary.

CoroLLARY 8.3. If Yisof cotypeq < and Y* is of cotype q , <, then every
X CY with dim X = n has a subspace Z; such that
dimZ, = j = c,n**,
d(Z,1h)=2, AMZ, Y)S21H.(Y),

where ¢, = ¢,(Y)>0.
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CoroLLARY 8.4. IfK(Y)=sup.X.(Y)<, then Y is locally w-Euclidean in
the sense of [13].

ProoF OF COROLLARY 8.4. We shall show that K(Y)< implies that Y
satisfies the assumption of Corollary 8.3 for some ¢, g, <. In fact, Y is even
B-convex. For, it is easy to check that, for any Z, ¥.(Z*)=¥*.(Z) and
H.(Z)z ¥.(Z,)if Z,C Z. Using Theorem 8.1 and known facts one obtains that
if m 22" then

K (I = K (ID)Z ¢ Vn,

where ¢ is a positive constant. Thus, if K(Y) <, then Y cannot contain [’s
uniformly.

9. Relation to K-convexity
A normed space Z is said to be K-convex (cf. [12]) if
sup p.(Z) <,
where p.(Z) is the norm of the operator R, in L,([0,1], dt, Z) given by
RN =30 [ n6)f(5)as.

The main result of this section is the following

ProrosiTioN 9.1.  For each normed space Z there is C <% such that, for
n=1,2---,

(m18)p(Z)= K (Z) = Cpa(2).
In particular, Z is K-convex if and only if K(Z) = sup,¥(Z) <.

We shall compare R, with the projection I', of Ly(E,y,Z*), where E = I3,
onto the space L(E, Z*) of linear functions given by the formula

CHE= [ @)
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The operator I', may be called the n-th Gaussian projection in L,(Z*), because
it is equivalent to an operator

h —>2 & L hedP,

where &, &, -+, & are orthonormal Gaussian random variables.
Lemma 92. Foreach n=1,2--- one has
Ho(Z)=|Tu]l

Proor. Recall that Ly(E, y, Z*) is norming over L:(E, y, Z) and observe that
the annihilator in LiE,v,Z*) of L = L(E,Z)CLy(E,v,Z) is equal to the
kernel of I',. Thus the induced mapping

Ly(E,y,Z*)/Kerl', > Ly(E, v, Z*)

can be identified with the mapping of L * = (L(Z, E), €*) into L(E, v, Z*) given
by u — u*. It follows that the two maps have equal norms, i.e. [, | = ¥.(Z).

LemMmA 9.3. Suppose the functions f,, g € Lo(Q, ), fi, 81 € LAQV, u'), where
i=1,2,---,n, satisfy forany z\,--,2, € Z, 2%, -,z E€EZ*

l;fﬁz:*

n

2 fzt

i=1

" ; g',-Z.- le 8iZi

where || -|| stands for the L, norm. Then the operators A in Ly(Q, p, Z) and A’ in
LY, ', Z*) given by

’

¢

=G

’

Ah = fon ghdu, A'h = Z f&fn, ghdy’
satisfy |A']|= C.G,||A].
Proor. Fix € >0. Given h € L(V, u’, Z¥), let
x= 2 ffL gihdu' € Ly(Q, n, Z%)

and pick y € L»(Q, 1, Z) so that ||y | <1+ & and faxydu =[x |. Then we have
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AR ||=“zf’,fn, g’.»hdu'"

=G«

=C, f xydu
Q

scilnl| 3 e[, fyau]

= CGlh|lAy]
=(1+¢&)CiGAl|R].

Since ¢ >0 is arbitrary, the lemma is proved.

PRrOOF OF ProposiTion 9.1. Observe first that
pn(Z) = pu(Z**) = @ 7)|T || = (4] 7)H(Z).
The second estimate follows from Lemma 9.3 and the inequality from [14].
Recall that, by corollaire 1.3 in [12], if X does not contain /2’s uniformly, then
there is C < such that, for each n and any x,,---, x, € X, one has

i Exijl = C"Z rx;

i=1 i=1

Hence, if neither Z nor Z* contain I2’s uniformly, then the right-hand side
estimate follows from Lemma 9.3.

Now observe that ¥%.(Z)=Vn, because for u € L(Z,13) one has £(u*)=
Vnllu*| and ||u||= €*(u).

Suppose Z contains [2’s uniformly. Then

pn(2)Z p.(I2)2 27" % (2),
because Vn= a,(12) = B.(1)p. (1) = V2p, (I7).
Finally, if Z* contains [2’s uniformly, then
K (Z)=V2p.(Z*) = V2pa(2),

where the last estimate follows from Lemma 9.3. This completes the proof of the
proposition.
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10. Another approach to the extension problem

Using duality relations for operator ideals one can obtain some stronger
results (cf. [4]). The comparison will be clearer if we introduce certain new
constants.

For T € L(X, Z), let b.(T) denote the least C = 0 such that w(TS) = C4(S)
for S € L(I3,X). (This is equivalent to ¢*(UT)= Cmy(U) for U € L(Z,13).)
Analogously, a.(T) is defined so that £(TS) = a,(T)mx(S*) for S € L(15, X) (or
mw(UT)*) = a(T)€*(U) for U € L(Z,13)). We set a(X)= a(I), b(X)=
by (I), where I € L(X, X) is the identity map.

The following lemma is a consequence of the Hahn-Banach theorem and the
characterization of I'f due to Kwapien [5] (the right-hand side is equal to the
norm of the functional defined by v on {T €T%(Z,Y): T(Z)CX}; cf. [8] the
proof of theorem 3.3).

Lemma 10.1. Letj: X — Y be an isometric embedding and let v € L(X, Z),
rank v = n. Then
min{y.(9): 5 € L(Y,Z),%j = v} =

sup{| Tr(vov:0)|: v: € L(Z, 13), v, € L(I3, X), mav1) = ma(jv2)*) = 1}

Since our notation yields the estimate
| Tr(v,0,0)| = €(v2)¢*(v,0)
= £(ju)b. (v)m2(v1)
= a. (Y)ma(jv2)")ba (v)
= a.(Y)b.(v),
we obtain that there exists an extension ¢ with
YoAB) = a. (Y)ba(v).

It remains to find estimates for a, and b,. Clearly, a.(Y)Z &.(Y), b.(v)=
B.(v), where ., B. are Gaussian type and cotype constants (cf. [2]). On the
other hand, it is easy to check that

a.(Y) = sup d.(Y) = K(Y), b(v)= sup Bn(v) = Ka(v),

and in fact, using the argument of lemma 6.1 in (2], one gets
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a.(Y)= @ (Y), ba(v)=Bu(v).

This improves slightly the operator case of Maurey’s extension theorem [11].
Now, the basic result in [4] asserts that, if rank V =k and q =2, then

V)= c(q)k o V),

where ¢(q)=4/(1-2/q) if ¢ >2 and c(2)=1.
It follows that, for TE L(X,Z), 1<p=2=q and k =1,2,---

a(T)= c(p/(p — 1)k P K®X(T),
b (T) = c(q)k " K o(T),

b

where K®(T), K (T) are the least constants such that
2 172 -
(|2 ers] ap) " s oy (2 1se)
0
ve 2 12
(Simale) = RatD([ |2 &n] ap)”,

for any finite sequence x,,---,x. € X. One needs to check only that, if
UeL(Z]13), Se LX), then

1/p
b

Toip-02(UT)*) = KTV U), o T) = R TH(S).

This is similar to the proof of Corollary 4.3 (cf. [4]).
The estimate of the form

Ya(8) = c(p, )R (Y)K o (0)n "
obtained in {4] is more general than the results of Sections 5, 6, 7, but only

Corollary 7.3 is entirely its consequence.

Added in proof. Good estimates for a. and b, are a consequence of a recent
result of the second-named author (to appear in Ark. Mat.). Using her Theorem
1 it is easy to show that, for any TE L(X,Z) and k = 1,2,-- -,

a(T)=2a.(T), b (T)=2B.(T).

The estimate y,(5)=<4d,(Y)B.(v) which follows now from Lemma 10.1 is
stronger than Proposition 6.2 and Theorem 7.2 It also implies Theorem 5.1.
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