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I-ADIC COMPLETIONS OF
NON-COMMUTATIVE RINGS

BY
J. C. McCONNELL'

ABSTRACT
Some sufficient conditions are given for the I-adic completion of a non-
commutative ring R to be Noetherian. The case considered is when I is
polycentral or has a normalising set of generators. In the polycentral case we use
an associated graded ring argument.

1. Introduction

Let R be a ring with 1, I an ideal of R and R the I-adic completion of R. If R
is a commutative noetherian ring then R is also a noetherian ring. However it is
possible for R to be noetherian even if R itself is not. (For example if I is the
augmentation ideal of the group algebra kG, where k is a field of characteristic
zero and G is a torsionfree abelian group of finite torsionfree rank. See [2].) If R
is commutative then a necessary and sufficient condition for R to be noetherian
is that R/I be noetherian and I be finitely generated modulo I’. If R is a
non-commutative ring, then the condition that R be (left) noetherian need not
imply that R is (left) noetherian. (See [7].)

In this paper some sufficient conditions for R to be noetherian are given. We
show that if R/I is left noetherian and I is polycentral modulo I then R is left
noetherian. Particular cases of this result are known, [5], [9], [11].

In the example ([7]) of a left and right noetherian ring R for which R was not
left or right noetherian, I had a normalizing set of generators, I = (u, v), where
uR = Ru and R/Ru is a commutative ring. We show that if either R/I is left and
right artinian and I has a normalizing set of generators modulo IZ or R is left and
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right noetherian and I has a normalizing set of generators x,,- - -, x, such that
x.I = Ix, and x.I = Ix, modulo (x,,---,x,) for i >1 then R is left and right
noetherian.

2. Notation and definitions

For the definition and basic properties of the I-adic topology and the
corresponding completion of a ring R see [1] chapter 10. Let R be a ring and
{W, : n z 1} a chain of ideals of R with W, D W,,, for all n and W,W, C W, for
all i,j = 1. Then we may form the graded ring

R*=R/W, G W/W,H--- (compare[l],p.111).

The following result is proved just as in the commutative case, [1], 10.23.

2.1. ProrosiTiON. Let {W,} be as above. If {(W,:n=1} and {I":n=1}
define the same topology on R (i.e. Vk,3m, ns.t. W, CI*and I™ C W,) and R*
is a left noetherian ring then the I-adic completion R is left noetherian. O

2.2. DerFINITION.  An ideal K of a ring R is polycentral if there is a finite
chain of ideals K=K,D --- D K., =0 such that, for 0=j=y K,/K,., is
generated (as an ideal) by finitely many elements of the centre of R/K;.,. A set
of generators {x,,---,x,} of an ideal K is a normalizing set of generators if
xR = Rx, and x;R = Rx; modulo (x,,---,x;_,). ([6] and [10], p. 488.)

If K is a polycentral ideal of a ring R then, following Roseblade, [12] or [10],
p- 488, we construct a certain graded ring & containing R as a subring. If the
Ki’s are asin 2.2, let R be the subring of R[X] generated by {R, K.X*:0=j=1¢,
1=s5=2}. Then

23 =R+ L,X+L,X>+---,where the L’s are ideals of R which satisfy
L=K L, DL,D---,L,D K" and LL CL.;

2.4. Form € N and n >2™, we have that L, C LT, since & is generated by
R and L,+ L, X+ -+ LX"

2.5. Define R,.,=R and for t=i=0 define ® as the subring of R
generated by {R,.,, KX":1=s =2'}. Note that R,= R. Then %, is generated
by %., and finitely many elements v, ---,v such that for 1=}, k=<1,
[Risr, 1 C Risy and [v, 0] € Rivr. (See [10] chapter 11, proof of lemma 2.6.)
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3. Polycentral ideals

Suppose that I is polycentral modulo I? i.e. there is a polycentral ideal K of R
with KCIandI =K+ I’ LetK; and L, beasin2.2and 2.3. {L,} and {I"} need
not define the same topology on R. Define {T.} by T,=L.+I" fornz1.

3.1. Prorosition. {T,} and {I"} define the same topology on R.
Proor. From 2.4 we have that forn >2™, T, CI". ]

The T’s need not satisfy T,T; C T..; so define {W,} inductively by W, =T,
(=1I)and W, = T, + £ W;W,, summed over i,j = 1 with i +j = n. By induction
on n we have

3.2. ProrosiTioN. W, D W, D ---, WW,C W, W, D I" and for n >2™,
w,CI™ ]

Thus {W.} and {I"} determine the same topology on R.

33. LemMma. W, =L, modulo W,,,.

Proor. Since L,= K and K = I modulo I?, L} = I" modulo I"*' and hence
L.=T, modulo T,.,. Hence L,= W, modulo W, Suppose that L,=W,
modulo W, for1=i=n Then W,=T,+2WW, =L, +2LL, modulo W,,,
since W.\W,; C W,,,.So W, = L, modulo W, from 2.3. O

Let R* be the graded ring R/W,H W,/W, P - - - (which is well defined by
3.2).

3.4. THEOREM. Let R be aring and I an ideal of R such that I is polycentral
modulo I2. If R /I is left noetherian, then the I-adic completion R is left noetherian.

Proor. From 3.3, the natural R-module map: L, — W, /W.., is surjective.
By combining these maps in each degree there is a surjective R-module
homomorphism, which is in fact a ring homomorphism, from

R=R+LX+LX+--
onto
R*:R/W|@W|/W2® WZ/W:;@"..

Consider Im &, the image of &, in R*fort+12iz0. Im®R,., = R/W,=R/I
is left noetherian. Hence, by 2.5 and [10] lemma 2.5, each of
Im®A,- -, ImR,, ImAR,= R* is left noetherian. So R is left noetherian by
Proposition 2.1. O
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4. Normalising sets of generators

41. Let (,_,I"=0sothat R isa subring of R. Let T be an ideal of R
contained in I and consider the exact sequence of R-modules

0-T—>R—->R/T—-0.

Since the topology on R/T induced from the I-topology on R coincides with the
natural I-topology on the R-module R/T, on completing these modules we
obtain the exact sequence of R-modules, R — (R/T)"— 0, by [1] corollary 10.3.
(R/T)" may be regarded as a ring, viz. the completion of R/T in its I/T-
topology and the above homomorphism is a ring homomorphism which we
denote by #. (For more details see [5], proposition 7.)

If K is the kernel of = then K is the closure in R of T, ie, K=
N (T + ).

4.2. THEOREM. Let R be aring and I an ideal of R such that R /1 is left and
right artinian and I has a normalising set of generators modulo I2. Then R is left
and right noetherian.

Proor. Let the normalising set of generators be {u,v,---,w} and set
L =(u,v,---,w). Then I = L + I’. We may assume that M. _,I" =0. Consider
the exact sequence of R-modules, 0— Ru — R — R/Ru — 0 and the corres-
ponding exact sequence of 4.1,

(*) 0— K — R —(R/Ru)" —0.

Since = Ru+- -+ Rw modulo I? and I CJ, the Jacobson radical of R,
f=Ru+---+Rw, by Nakayama’s L.emma, i.e., Iis finitely generated as a left
ideal of R. Since R/ = R/I is left artinian and hence left noetherian (Hopkins),
J is a finitely generated left ideal of R. Now K is the closure in R (in the I-adic
or J-adic topologies) of Ru. But by Hinohara’s Theorem, [4] lemma 3, Ru is
closed in R. Thus K = Ru. Similarly, using right modules instead of left modules
throughout, we have K = uR.

By using an inductive hypothesis on the number of elements in the normalis-
ing set of generators, we may assume that §:=(R/Ru)" is left and right
noetherian. So we have an exact sequence

(*) 0>K—>R—->S5—0

where S is left and right noetherian and K = Ru = uR. So the associated graded
ring GrR:= R/K @K/K*@--- is generated by S = R/K and the element
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Y: = u + K? which is homogeneous of degree one. Since uR = Ru, YS = SY
and so Gr R is left and right noetherian by [6] theorem 9. Since R is complete in
its K -topology, R is left and right noetherian by Proposition 2.1. (]

43, THEOReEM. Let R be a ring which is left and right noetherian and I an
ideal of R with a normalising set of generators x,, - - -, x, such that x,I = Ix, and
for i >1, x = Ix; modulo (x,, -, Xi—1). Then R is left and right noetherian.

ProoF. We may assume that (), I" = 0 so that R is a subring of R. By [8],
lemma B, I has the left topological Artin-Rees property, viz. that if M is a
finitely generated left R-module and N is a submodule of M, then Vk, 3n such
that I"M N N C I*N. A similar statement holds for right modules. So, just as for
commutative rings, completion is an exact functor on finitely generated left (or
right) R-modules and if M is such a module then M = R ®xz M. (See e.g. [3]
proposition 3 and [11] theorem 1.) Applying R ®=&- to the exact sequence
0— Ru—R—R/Ru—0 where u=x, we obtain the exact sequence
0— Ru— R — (R/Ru)"— 0. Using right modules instead of left modules we
have that 0— uR — R — (R/Ru)"—0 is exact. Thus Ru = uR. The proof is
completed as in Theorem 4.2. O

ReMark. We take this opportunity of pointing out that in the statement of
lemma B of [8] the inequality signs are the wrong way round. The statement
shouldread (a) Ix,Cx;,J and (b) Ix, CxI +x,R + - -+ x,.;Rfori=2,---  n.

An example of an ideal I satisfying the conditions of Theorem 4.3 is the
following. Let g be a completely solvable Lie algebra over a field of characteris-
tic zero, R = U(g) the universal enveloping algebra of g, n a nilpotent ideal of g
and I the ideal of R generated by n. (See [8].)
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