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M.(G) (G) (p-' + q-i= I) 

BY 

DANIEL M. OBERLIN 

A B S T R A C T  

There exists a compact group G having M,~(G) ,~ M,(G). This answers in the 
negative (the dual reformulation of) a question of Eymard (S6minaire Bouro 
baki, 1969/70). 

1. Introduction 

Let G be a compact  group, and let F be the dual object  of G, the set of 

equivalence classes of irreducible unitary representat ions of G. For each 3, E F, 

select a representat ion U~ E % let H~ be the Hiibert  space on which U~ acts, 

and let d~ be the dimension of H~. Let ~)](H~) denote  the space of linear 

operators  on H~, and for fE  L'(G), define f(~/) to be the opera tor  in ~ ( H , )  

given by 

/(-y) = J~, f(x)U~(x-')dx. 

(The measure on G, here denoted dx, is a lways normalized Haar  measure.)  To 

each / ' •  L ' ( G )  is associated the Fourier series 

~, d~ t r l f ( v ) U , ( x ) ] ,  
7 , - ,  

where tr[f(y)U~(x)] stands for the usual trace of the opera tor  [(~,)U,(x). Let 

~,(F) denote  the space P,~,-~(H,). 

DEFINITION. Fix p E 11,~]. Let  m be an e lement  of ~(F) ,  so that for each 

3, ,m(7) E ~ ( H , ) .  The function m is a (left) multiplier of L"  ( = L"(G)) if for 

each .f C L", the series 

d, tr[m(7)](7)U~(x)] 
~.EF 

is the Fourier  series of some function L,,[ E L". The collection of all such m is 

denoted by M,(G) or simply Mp. 
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For each m E M~, the map f--~ L. . f  defines a bounded linear operator  on L p, 

an operator  which commutes with left translations by the elements of G. If 

p < ~, as we shall henceforth assume, each such translation-invariant operator  

on L ~ is an Lm for some m E M.. We regard Mp as a Banach space under the 

operator  norm. 

When G is abelian, an easy argument shows that if p - ' + q - ~ =  I, then 

M. -- M.. If G is not abelian, this same argument shows only that m E M. if 

and only if m * E  Mq, where m*(3")E ~(H~)  is the Hilbert space adjoint of 

m(3'). Thus, for nonabelian G, M~ = M. holds if and only if m ~ M. implies 

that m * E M.. It is the object  of the present  note to show that this implication 

sometimes fails. 

THEOREM. There exist a compact  group G and an element m of  M4(G) such 

that m* E M4(G). 

2. Lemmas and the proof 

We shall need a lemma of Bonami concerning product  groups. Let  G, and G2 

be compact  groups with dual objects F, and F2, respectively. Recall that if 

G = G, x G_,, then F, x F~ is canonically identifiable with the dual object  F of G. 

This identification associates to the pair (3',, 3'2) E F, • F2 the equivalence class 

of the representation U,,@ U~, where U~, E 3'~, U~ E 3'2. 

LEMMA 1. ([1, Chapitre III, Th6or6me 2, Lemme 1], see also [2, Lemma 2]). 

With notation as above, let m, and ms be elements of  M,(G,) ,  Mp(G2), 

respectively (1 <= p < ~). I f  m E ~ (F) is defined by m (y,, y)  = m,(3,,) @ m2(y2), 

then m E Mp(G) and 11 m I[M.,~, = 1] m, IIM.,~,,I[ m~llMo,~2,. 

Our next  lemma concerns a particular finite group. The example contained in 

this lemma was found with the aid of a computer.  

LEMMA 2. There exist a finite group G and a multiplier m E M4(G) which 

has 11 m [[ ~ < II m * ]l M,. 

PROOF. Let  G be the set of two by two unitary matrices 

0 ~'2 , ~'l 0 ~,~z~e{• 2. 

Then G is a group under matrix multiplication, and is isomorphic to the 

dihedral group D4; see [3,27.61-62]. The self-representation of G on the 
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two-dimensional Hilbert space C = is irreducible [3,29.47]. Let F be the dual 

object of G, and let yo ~ F be the equivalence class of this self-representation. 

I.et m @ ~6 (I') be defined by 

[0  ' 1 re(y0)= 0 4 , r e ( y ) = 0  for other y ~ F .  

(This matrix is viewed in the usual way as an operator on C 2= H~). We shall 

show that 

II m I1,,, < IIm*llM,. 

A.  II m II M, = (353) ' " .  

We start by showing that 

(1) II L , . [  II L" ~ (353)'" II/II , ,  

holds for .f E L ' ( G )  of the form 

f ( X ) = 2 t r [ ] ( y o ) X ] ,  ](3o) = [C,c~ C21c, a real matrix. 

For such f, a computation gives 

, C?,C2~1 Ilflr:" = 8[ c 7 +  c ~ + c3 + c 1 +  6(c~c~ + . 3,j, 

It L,,,[ll",." = 81257(c~ + c , )+  192c~c ~,]. 

Thus it suffices to show that 

[257(c~ + c~') + 192c~c~] -< 353(c; + cl), 

and it is clearly sufficient to establish this under the additional hypothesis 

c I+  c~' = I. But then the maximum value of the LHS occurs when c32 = c~ = 

V'2/2, and this maximum value is precisely 353. 

Next we show that (I) holds for any real-valued [ E L ' .  Let So(X) = 2 t r [X]  

for X E G. Then a computation shows that 

IlZo[I,,,o, = ~, 

so ~.o has norm one as a convolution operator on any space L P ( G ) .  Since 

9go * [ ( X )  = 2 tr [](yo)X], 

it follows that L, . [  = L , . (~o  * [). Since/(yo) is a real matrix for any real-valued 

[, it follow, s that (1) holds for such f. But a lemma of Bonami [1, Chapitre III, 
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Lemme 2] now implies that (1) holds for  any f E  L ' ( G ) .  Thus IIm II,,, = (353) '/' 

as desired. 

B. II m* [I-, > (353)"4. 

The function m * E  ~g(F) is defined by 

m,(yo)  = [ 0 0 ]  
1 4 , m * ( 7 ) = O  

If 

= 2 t r f f (7o)X] ,  f(Yo) = / c' f(x) 
I_ (73 

then a computation shows that 

Since 

for other  T U F .  

c,C2] a rea l  matrix,  

IIL,,.~NLrlr4"= 8[(c, +4c3)4+(c2+4c,)4]. 

PROOF OF THE THEOREM. It suffices to show that there exist G and 

m,, m2, - . ,  in Mn(G) such that 

(3) H m * HM,___>w, 
II m.  IIM, 

for if m * E  M4 for each m E M4, then the involution m---->m* would be 
q 

bounded by the closed graph theorem. 

Let  G~ be the group described in Lemma 2, let G, be the Cartesian product  of 

n copies of G~, for n = 2 , 3 , . . . , a n d  let 

G = I ~  G,,. 
n = l  

Let F, be the dual object  of G, for  n = I, 2,. •., and let F be the dual object  of 

G. Then F is canonically identifiable with the weak direct product  

p~*F~, 
n = !  

But when (Cl, c2, c3, c,) = (½, 0, 1, 0), the LHS  of (2) is 410.0625/1.0625, which is 

larger than 353. This completes the proof  of Lemma 2. 

it suffices to find real numbers ct, c2, c3, c4 for  which 

(c, + 4c3)' + (c2 + 4c,) 4 
(2) c~+c~÷c~+ ' 2 2 2 ~ > 3 5 3 .  c4+6(c~c4+ c2c3) 

HfI[~'= 8[c~+ c~ + c] + c~ +6(c~c] + c~c~)], 
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and the canonical *-isomorphism of each ~(Fn) into ~r preserves the M, 

norm. Thus it suffices to find mn E M,(Gn) such that (3) holds. 

Define mn E Z'(F,,)= %'(P,"_,F,.) by the formula 

m , ( y t , . . . , y . ) m ( y , ) ( ~ . . . ~ m ( 7 ~  ) for ( 7 ~ . ' . - , 7 , ) ~ F , ,  

where m is as in Lemma 2. Then 

and so 

m * ( y , . . . . ,  3'n) = m * ( y , ) |  | m*(-/ ,) ,  

Ilm. llM, \ l lmllM, J ' 

by Lemmas i and 2. This concludes the proof of the theorem. 

The author would like to thank Professor A. Figh-Talamanca for several 

stimulating conversations about matters related to this work. In particular, it 

was Professor Figh-Talamanca who introduced the author to Lemma 1 and to 

the group occurring in Lemma 2, and it was he who mentioned to the author the 

possibility of using a computer to attack this problem. 
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