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General Distribution 

of Hadron Transverse-Momentum Gaussian Cross-Sections 
That Are Asymptotic Exponentials. 

M ,  2~i. 5~IETO 

The .Viels Bohr  In s t i t u t e .  Un i re r s i t y  o/ Copenhagen  - CopeMtage ,  

(ricevuto il '22 Novembre 1968) 

S u m m a r y .  - -  ]r of elastic and inelastic hadron scattering data are 
discussed; they indicate (de/dr) is universally in the form of a super- 
position of Gaussians (in a transverse-nmmentnm wlriable x) that 
is a,n asymptotic exponential. After discussing two pr(~vious models. 
we use, the method of asymptotic (;xpansious to show tha, t a mass m. 
superposition (da/dt),~ F(x)  eXl)[--/(m,.)x ~] with a distribution functioll 
G(m)-exp[--g(m,)] will yield an asymptotic exponential in x if g(m)-- 

](tiff(ill}. Exp(q'im(mtal and lheortqieal in@ieation,~ arc (lis(qlS.~r 

1 .  - I n t r o d u c t i o n .  

A t t e m p t s  to phenomeno log iea l ly  pa r ame t r i z e  h a d r o n  seatterinR" da t a  have  

y ie lded  a n u m b e r  of s t r ik ing  observa t ions ,  some of t h e m  seeminR'ly eontra2 

dietory.  

I n  i ne la s ' t i c  sca t te r ing ,  for example ,  it has been  found  t h a t  m a n y  ind iv i -  

dmd  t w o - b o d y - t o - t w o - b o d y  reac t ions  have  cross-sect ions t h a t  behave  like (~) 

( 1 )  n da da 
p p  ~ d~Q ~ oc exp [rA ] , 

t 

where - -  t is t i le n m m e n t u l n  t ransfer  ] (p~--  p~,)] squared  

(,.,) 
- -  t -= 2 p p ' (  1 - -  cos O) ~ 2 E E '  - -  m-' - -  m'-' - -  2 p p '  ~ - -  t s - -  tmi n 

- -  te~,~tic == 2p'- ' (1  - -  ( . o s  0 ) ,  

(1) AACIn,'N-BEmAx-CEICN COLL'.B)R.VrIOX: t ' hy s .  Lett. .  19. 608 (1965). 
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and - - ' c  is the t ransverse  m o m e n t u m  (p• squared 

(3) 

0) 

--- __p~_ p'~sin20, 

l o ~  ( ~ ) =  loi_+no~ (t~). 

A depends on the par t icular  process involved,  but  is roughly 10 (GeV/c)-"-. 
However ,  when the dis tr ibut ion of long-lived secondaries is considered, called 
by  Cocco~'I (2) the ((global distr ibution ~, it is found tha t  the cross-section 

varies as (3) 

da  
(5) ds  exp [--p• 

i.e., an exponent ia l  in Pz ,  not a Gaussian.  In  (5), b is about  (150 +200) MeV, 

depending on which mass secondary is considered. 
A similar s i tuat ion has been observed in the case of elastic p-p scat ter ing 

(and indeed for all small-angle hadron scattering). KRI~Cg (~) has obta ined  an 

excellent fit to the p-p elastic da ta  by  a sum of Gaussians:  

3 d<,[ mb 1 
(6) ~ L(Ge~)c)'J ~=~ 

(7) = ~: 0 exp  [ -  ~ 0.0 fl~pL] -t- o. 7~ ,,~p [ -  3.45 fl~pL] + 
+ 0.00:.'9 exp [ - -  1.45f12p~.]. 

fl is the centre-of-mass veloci ty of the protons.  For  different regions of p •  
different Gaussians dominate ,  with decreasing ampl i tudes  (Ai) for the  Gaus- 
slans corresponding to smaller inverse widths (ai). (One should note  t h a t  
this is roughly the case when individual  inelastic processes are compared.  There, 
smaller inverse widths correspond to higher-mass secondaries.) Here,  in the 
elastic case~ the cross-section again goes over  to an exponent ia l  in p~ for high 

t ransverse  momen tum.  The form is Orear ' s  law (a) 

(8) d~  L sr J = 34 exp  [ - -  p~./~], 160 

The above observat ions raise m a n y  questions. Is  there a relationship be- 

tween the widths for the various inelastic and elastic Gaussians? Are there 

(2) G. COCCON[: IVuo~o Cimento, 57 A, 837 (1968). 
(~) G. COCCONL J. KOESTER ~md D. H. PERKINS: UCRI,-10022 (1961). 
(4) A. D. KmSCH: Phys. Rev. Lett., 19, 1149 (1967). 
(~) J. OREAR: Phys. Rev. Lett., 12, 112 (1964); Phys. Lett., 13, 190 (1964). 
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more t han  three  Gaussians for the elastic p-p process? Also, since to ta l  cross- 
sections do not appea r  to fall off very  rapidly,  Gaussians would asymptot ica l ly  

violate the Cerulus-Martin bound (6) imi)osed by  analyl ic i ty ,  whereas the expo- 

nential  form would not. Thus, are we not forced to believe tha t  the Gaussians 
must  asympto t ica l ly  go over to an exponent ia l :  and if we are, by  what 

me(,hanism do they  do it? 
Recently,  Cocc()N'~ (~) and the group of FLEMING~ GIOVAh');INI, and PRE- 

DAZZI (7) (FGP) proposed models which yield an asympto t i c  exponential  cross- 

section by a superposit ion of Gaussians. They did this independent ly  and f rom 

very different motivat ions.  In  Sects. 2 and 3, we review these models, point  
out tha t  they are equivalent ,  and introduce the technique of a sympto t i c  ex- 

pansions to the problem. 
We then proceed to demons t ra te  (Sect. 4) tha t  the above models are special 

cases of a tseneral class of superposit ions of Gaussians, which yield an asymp-  

totic exponential .  In  part icular ,  we show tha t  if individual  Gaussians (as a 
function of a mass or energy variable  m) are of the form F(m)exp[--](m)x~]_, 
where x is either p• or tip• then  a distr ibution function for the Gaussians of 

the form G(m)exp [ - -g(m)]  will asympto t ica l ly  yield an exponent ia l  in x if 

(9) ](m) ---- .K"-/g(m), 

where K is a constant .  (Whether x is actual ly  %/--t,p~, or tiPL, does not 
affect our results, since asymptot ica l ly  f l + l . )  

Thus, the problem of unders tanding  the theory  of the increase of Gaussian 
widths with mass (the form of J(m)) is in t imate ly  related to finding the distri- 
bution function of Gaussi~ms, which will yield an a sympto t i c  exponent ia l  in 
t ransverse m o m e n t u m .  ~Ve close with a few (.omments on physical  models. 

2.  - C o e c o n i  m o d e l .  

In  seeking a model tha t  yields an a sympto t i c  exponent ia l  cross-section, 
CoccoaI  (2) observed three points:  a) the physical  results ment ioned in 

Sect. 1; b) recent K - p  and rc+p inelastic scat ter ing da ta  (8) show tha t  Gaussian 

cross-sections have decreasing A (larger widths) as the secondary mass becomes 

(6) F. CFRULVS and A. MARTIN: Phys. Lett.. 8. 80 (1964). 
(7) H. FLEMIN(~. A. GIOVANNINI and E. P~X)AZZI: Nuovo Cimento. 56A, ll31 

(1968). 
(s) AACfIEN-BERLIN-CERN COIA,ABORATION a n d  AACIIEN-BERLIN-CER~-]A)NDON 

(I.C.)-VIE.XNA COLLABORATION: Phys. Left., 27B. :/36 (1968). 
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higher ;  c) analysis  of sca t te r ing  da t a  in the  Glauber  fo rmal i sm (~) usin,~' q u a r k  

models  (1o.1~) can be in te rp re ted  (2) as y ie ld ing  Gauss ian  cross-sections wi th  

wider  widths  for mul t ip le  q u a r k  sca t te r ing  (i.e. higher-mass  secondaries).  

W i t h  this phys ica l  mo t iva t ion ,  Coccos-I  p roposed  t h a t  the  inelast ic cross- 

sect ion for p roduc ing  a secondary  of mass  m is (1~) 

I e x p [ - - A m ~  ~] 

mo is the  mass  of the  s implest  qua rk - sca t t e r ing  s t ruc ture ,  and  the  fa(,tor m -~ 

is for normMizat ion.  The ((globM ~) cross-section is t hen  

mma~ 

j 
m m i n  

where m .... depends  on the  energy  of the  sys t em and  mmi n is a p p r o x i m a t e l y  

the  incident- i)art icle  mass.  P ( m )  is the  p robab i l i ty  of p roduc ing  a secondury  

of mass m. 

Using' phys ica l  in tu i t ion  and  the  mass - spec t rum analysis  of ref. (~), Coo- 

c o ~ i  t ook  

(12) P ( m  --~ O) P ( m  --~ c~) ~ 0 ,  P ~ ( m )  ~ P(mo) �9 

He therefore  p roposed  t h a t  P ( m )  can be descr ibed by  (,2) 

(13) P(m) oc m exp [ - -  m/m0] . 

B y  then  a p p r o x i m a t i n g  m ~  = 0 and  m .... - - c~ ,  he ob ta ined  ( p •  

O3 

- - - -  3?2 dOZe d m e x p  �9 mo m 
0 

(14b) 

(1~c) 

(l~d) mo exp [ - -x /b ]  . 

(9) ]{. j .  GLAI:BER: ill Bouhlcr Lea'lures in Theoretical Physics. edited by W. E. 
BRI'rT~N et al., vol. 1 (New York, 1959); in High Energy Physics and .Vu~:lear .~'tru'qure, 
edited by G. ALEXANDEI~ (Amsterdam, 1967), p. 311. 

(~o) T. T. CHOI~ and C. N. YAN(~: Phys. Rec., 170. 1591 (1968). 
(n) N. T. DEAN: Nucl. Phys., B 7, 311 (1968). 
(~2) Cocco~I considered da/d~Q, ttowever, if one wants to discuss da/dt, the f~wtor pp' 

could be incorponlted in the normalization or in the probability function P(m). h, any 
event, as we will see in Sect. 3, such factors would not affect the exponential 1)(,havim~r 
of the result. 
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In  (14), K , ( y )  is the modified Bessel function (~a) which goes to y-le-V aS  y -~ co. 

The wdue of b in (14d) is 

(15) b - -  (4A) -~ - -  158 MeV, 

in good agreement  with experiment .  
For  the case of elastic scattering, (!occo~'I reasoned tha t ,  if we let n 

be the order of scat ter ing in the quark  model, then  higher-order scat ter ing con- 

t r ibut ions would yield Gaussian widths with a distr ibution function of n iden- 
t ical  to tha t  for inelastic scat ter ing as a function of m. Thus, the above re- 
sults would carry over  in the same way, with m becoming n. Le t t ing  n 0 - - 1 ,  
the value of b in (15) is then in excellent agreement  wi th  Orear 's  law (~). 

3. - F G P  m o d e l  and  a s y m p t o t i c  e x p a n s i o n s .  

]n distinction to tha t  of ('OCCON b tim phenomenological  model of F G P  (;) 

is an ad hoc four -parameter  infinite sum of Gaussians:  

(da/dt) ~ a "  [ A,*I! ] 
(16) Y Z' ~=o c~ ~ l J  (eii~4 1)" exp 

where Z is a normalizat ion constant ,  and a, A, c, and v are parameters .  F G P  

took 

(17) c = ') v -  7 . ,  a = 5 ,  - -  2 ,  A - - 1 0 ( G e V / c )  - ~ ,  

to have tile first three terms agree with Krisch 's  three Gaussians (4) and also 
to have  a rough fit to all elastic data .  

F G P  calculated the a sympto t i c  form of (16) for the restr ic ted case of 
c - - 2 , ,  ~. Even  so, it suits our purpose to evaluate  the general a sympto t i c  
form of (16). 

To do this, we realize tha t  as x -~ 0% the sum in (t6) beconles the integral  

(18) 

co 

3" ( c n +  l )~exp  - - n l n a - - c n _ t  l J  
0 

Already, by  compar ing  (14a) and (18), the s imilar i ty  between the Cocconi 

and F G P  models can be seen. I t  is due to a -'~ really being an exponent ia l  in 

(13) I. S. GRADSTEYN and I. M. RYzIIIK: Table o] Integrals, Series and Products 
(New York. 1965). 
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n. However, we shall not proceed in the same way as Cocco>-i. We will 

evaluate (18) by using the method of asymptot ic  expansions (14), since this 

is the tool we will need to evaluate our general model. 

First,  we let z = cn + :l, so tha t  

(19 )  

This is of the form 

('-'0) 

co 

- -  0 J f f  e x p  o ~- " 
a 2 l J  

co 

-- f d  *( [ j( )] _~ z z )  e x p  - -  z , 

where h(z) and j(z) are polynomiatly bounded, and j(z) has a positive maxi-  

nmm z =  z,,>> O, ,i.e., j'(zo) O. I f  we expand z about  z0, we can say 

co 

[ ]1 j(Zo) ~ 0 ~ ""~ 2 J (-o) F . . . .  

c o  

8 

The last step is valid, because the exponential dominates the polynomial.  For  

zo >> e, we can approximate the lower limit, by - - 0 %  giving a perfect Gaus- 

sian integral with the value [27~/j"(zo)] �89 Thus, 

(:27~) 
�89 

(,,.e) ~x: = ~ h(zo) exp [-- j(Zo)]. 

For the FGP  case of (19) 

('_,3) 

and hence 

Z 0 

CA 2c2~ �89 
~i{ 7] 

e In a \cA,~'2] exI) [ -  2x V A  1,1 a/~] . 

In  agreement with our asymptot ic  assumptions, the slope of the exponential  

does not depend on u. The decay constants of the FGP and Coeconi models 

(14) A. ERDELYI: .4symptotic Expansio,ts (New York ,  1956). 
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differ by  t h e  factor  

(2,5) (c/lna)~ ~ V 2 / l n 5 : -  ~.1 . 

4 .  - G e n e r a l  m o d e l .  

For  a more  genera l  superpos i t ion  mode l  of G~mssians, we assume mass  

cross-sect ion a n d  no rma l i zed  di~, ;r ibution fu lwt ions  of the form 

("6) N ,. :~ I , ' (~)  e x p  [ - - / ( ,~) ,~ ,~] ,  

(27) P(m) - (:(n~) ex I) [ --  g(m)] . 

The only  res t r ie t ions  we place on Y(m), [(m), G(m), a n d  yon) :rre t h a t  t hey  

be p o l y n o m i a l l y  b o u n d e d  func t ions  of m a n d  do not, va ry  rap id ly .  T h e n  we 

ean  use the  a s y m p t o t i c  expans ion  mei,hod, as in  Se('t, 3, to o b t a i n  

( " s )  

~nm~ x 

x---~ co nt 

7nmi n 

~_ (;(t1) P ( t i )  , r ~ ]"( :U 

M is defined by  (~5) 

(29) 

e x p  [ -  g( J i  ) - l (  i ) ,r~] . 

g'(M) ~ ] ' (M)x~=O. 

The f u n c t i o n  g(m) t h a t  satisfies (29) and allows (28) t,) be  ~n exponen t i a l  

i n  x is 

(3O) .q( , t )-  U"-//(m) , 

where K is ~ cons t an t .  To p rove  t, his~ we first, note  t h a t  (29) impl ies  

(31) V'("0 - ]"("0 /"('0- /(r~) J " 

Then, putting (30) into (29) gives 

(a2) / ( i ) -  K / x .  

(1~) In the general case, there will be more than one solution to (29). Then therc 
will be a sum of terms in (28), one for each solution of (29). Howeww, usually one term 
will dominate the others. See, ref. (~) for a more detailed discussion. 
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Using this in (31) and  (28) gives our result  

exp [ - -  2Kx]  . 

qhe Cocconi and F G P  models are bo th  special cuses of (30) with g(m)oc m.  

In  fact, it is ~n enliR'htening exercise to prove explicit ly that ,  if g(m) oc m ~ and 
](m)oc m ~, the dominant  exponent ia l  in (28) wi]l be proport ional  to x only 

if r = - - s .  

In  the a sympto t i c  region, the result  (30) could be considered a t r ans forma-  

tion f rom the Cocconi-FGP case to a new, more complicated variable.  Thus,  

wi~h hindsight,  i t  might  have  been expected.  
However ,  the value of the result  (30) lies in mak ing  clear the  general  rela- 

t ionship tha t  mus t  hold between the mass  cross-section half-widths and  the 

mass probabi l i ty  dis tr ibut ion function.  

5. - Discussion. 

I f  the exper imenta l  da ta  continue to show Gaussian cross-sections a symp-  

totically going over  to exponentials ,  then  our general  result  (30) mus t  hold, 

no ma t t e r  what  the exact  mass  and x variables  are. This result  would then  

in principle allow informat ion to be inferred on the form of g(m) if one had  
exper imenta l  informat ion on ](m) and vice versa.  Fur thermore ,  i t  clearly would 

place a restr ict ion tha t  a dynamica l  theory  would have  to meet .  
Most previous models, a l though often quite successful, have  been of a sta- 

t ist ical  nature.  The new discussions in te rms  of quarks,  a l though still quite 
phenomenological ,  are opening possibilities for a more fundamen ta l  approach  
to the problem. (Indeed, us ment ioned,  the  quark  model results were one of 
Cocconi's motivat ions.)  In  addition, there has been much  invest igat ion in 
te rms of diffraction scat ter ing and  Reggeized p~rticle exchange. The recent  

survey by  VAn H o v ~  (16) serves as a good int roduct ion to this l i terature .  

Fu tu re  work on the Gaussian- to-exponent ia l  cross-section p rob lem will 

hopefully be quite fruitful.  The growing volume of exper imenta l  da ta  is con- 

t inual ly  showing tha t  this quest ion is of fundamen ta l  impor tance  to all of 

high-energy hadron scattering.  The insight tha t  m a y  be gained here could 

be an impor t an t  tool in obtaining a t ruly  dynamica l  theory.  

Th~nks ~re due K. HA.~SE~ ~ for helpful suggestions in prepar ing  the m,~n- 

uscript. 

(1~) L. VAN HOVE: CERN report Ref. TH. 917, lecture delivered at the International 
Symposium on Contemporary Physics, Trieste, June, 1968. 
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R I A S S U N T O  (*) 

Si d i scu tono  le ana l i s i  dci da t i  dello s c a t t e r i n g  elast ico cd inc las t ico  degli  a d r o n i ;  
essi i nd i cano  che da/dt ~ sempre  ne l la  f o r m a  di u n a  sovrappos iz ione  di gauss i ane  (nel la  
va r i ab i l e  x della q u a n t i t ~  di mo to  t rasversa le ) ,  e cio~ nel la  f o r m a  di u n  esponenz ia le  
as in to t ico .  Dopo  ave r  discusso due model l i  p receden t i ,  si usa  il m c t o d o  dello sv i luppo  
as in to t i co  pe r  d i m o s t r a r e  che u n a  sovrappos iz ione  della m a s s a  (m) (da/dt) , ,= 
= / ~ ( x )  exp [ - - ] ( m ) x  2] t o n  u n a  funz ione  di d i s t r ibuz ione  G(m) exp [ - -g (m)]  fornisce  u n  
csponenzia lc  as in to t i co  in  x se g ( m ) = K 2 / ] ( m ) .  Si d i scu tono  le impl icaz ion i  sper imen-  
ta l i  e teor iche .  

(*) Traduzione a cura della Redazione. 

O6mee pacnpe~eaetme raycconcrmx ~Ix~epeHtma~bxb~x ceqenm3 

no nonepe~moMy tinny:racy a~poxon, llMelOmllX 31~cnonemma~bnym aCllMIITOTmCy. 

PeamMe (*). - -  HpOBO~tITCa O630p ~aHHbIX no  ynpyroMy H HeyripyroMy pacceflm~ro 
a]xpoI~OB; naam,~e yKa3bmaroT, qTO da/dt B Han6onee o6meM s h o e  npe~cTaanaeTca Ka~ 
cynepiio3mlnfl rayccoBcKHx ~aenoB (rio Bemi,mHe rmnepeqHoro HMrty~bca X), aCnMn- 
TOTtlHeCKH npe~cTaB~amtuan 3KcnormHTy. Flocne o 6 c y ~ e r m ~  ~ByX npe~bi~ytt tgx 
Mo~eaett, ncnonb3yeTcn MeTOa acnMnTOTnaecKnx pa3~ozceHn~, aTO6~I noKa3aTb, aTO 
cynepIm3rtttna Macc (m) (da/dt)m=Y(x)  exp [--  ](m)x ~] c ~byrrKurIe~ paciIpe~eneman (;,(m)- 
�9 e x p [ - - g ( m ) ]  aaeT 3~cnonenunam,  nyro acnMnTOTnI~y no  x, ecsirI g(m)=K2// (m) .  O6cy~-  
aaroTcz 3KcnepnMeaTa~bnbie n TeopeTn~ecKne cne~CTBga. 

(*) HepeeeOeno pec)at~que~. 

8 - i t  Nuovo Cimenlo A. 


