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PARABOLIC SUBGROUPS

BY
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ABSTRACT

We prove an explicit Plancherel Formula for the parabolic subgroups of the
simple Lie groups of real rank one. The key point of the formula is that the
operator which compensates lack of unimodularity is given, not as a family of
implicitly defined operators on the representation spaces, but rather as an
explicit pseudo-differential operator on the group itself. That operator is a
fractional power of the Laplacian of the center of the unipotent radical, and the
proof of our formula is based on the study of its analytic properties and its
interaction with the group operations.

1. [Introduction

The Plancherel Theorem for non-unimodular groups has been developed and
studied rather intensively during the past five years (see [7], [11], [8], [4]).
Furthermore there has been significant progress in the computation of the
ingredients of the theorem (see [5], [2])—at least in the case of solvable groups.
In this paper we shall give a completely explicit description of these ingredients
for an interesting family of non-solvable groups. The groups we consider are the
parabolic subgroups MAN of the real rank 1 simple Lie groups. As an
intermediate step we also obtain the Plancherel formula for the exponential
solvable groups AN (see also [6]). In that case our results are more extensive
than those of [5] since in addition to the “infinitesimal’ unbounded operators we
also obtain explicitly the “‘global’” unbounded operator on L,(AN). These global
operators turn out to be fractional powers of the Laplacian on certain
manifolds —in particular they are pseudo-differential operators.

la.  The Non-Unimodular Plancherel Theorem. Let G be a locally compact
group with right Haar measure dg. Define the modular function 8 as usual by
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5@) [ fgar=| foax

The left and right regular representations of G on LyG)= L,(G,dg) are
defined by

Af(x)=8""(g)f(g 'x), pf(x)=f(xg), xg€EG, fELyAG).

Write G for the unitary equivalence classes of irreducible unitary representa-
tions of G with the Mackey Borel structure. We summarize the key points of the
Non-Unimodular Plancherel Theorem in

1.1 TueoreM. Let G be type 1. Then there exist: a positive standard Borel
measure . = p on G, a w-measurable field (m;, #,),<c of unitary representations
of G such that m, € { for w-almost all { € G, a p-measurable field (D;);es of
non-zero positive self-adjoint operators such that D, is a semi-invariant of weight
8 in ¥, for w-almost all { € G, with the following properties.

() Iffe L(G)NLyG), then D /*w(f) is Hilbert—Schmidt for . -almost all
(€ G. If f€ C(G), then Dm,(f)DVY? is trace class for w-almost all { € G.

(i) The map f— D uw,(f) extends to an isometry of L.,(G) onto
e, Q% du(l) so as to intertwine X with [®m, ®1,du({), and p with
f®1;®ﬁ:dﬂ(§)~

(i) The operators D, are unique up to scalars (depending on (), and the
quantity D ”du () is uniquely determined up to a scalar (depending only on the
normalization of Haar measure).

To say that D, is a semi-invariant of weight 8§ means
(1.2) m.(8§)Dcm (g)"' = 8(8)D,, gEG,
which in turn implies
(1.3) m(f)D, = D;m, (8f),  f€ CAG).

Implicit in the statement of Theorem 1.1 are the equations
a4 [ If@Pdg=] IDrRORW©.  [ELEGNLO),
(19) flo)=| TOPmODPdu@).  feCUG).

We may use (1.3) to rewrite (1.5) as

(1.6) f(lc)=fG;Tr(D;m(5”2f))du(§), feCAG).
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Replacing f by 8*f in (1.6) we obtain

(1.7) flo)= | TrDm(Ndu(@).  fCIG).

We remark at this point that the operators D, have been computed explicitly in
[5], [2] for simply connected solvable type I Lie groups.

Now it is known from [7] that the operators D, must be the infinitesimal
components of a positive self-adjoint unbounded invertible operator D on
L.(G) which is affiliated with the left ring of G. (In the notation of [7, §6],
D = (M')?). Therefore m,(D) is defined for x-almost all { € G, and formula
(1.7) may now be rewritten

(18) f(le)= f _Tem(DNdu(Q),  fE€ CHG)NDom(D)N D (L(G)).

It is not hard to show (using part (iii) of Theorem 1.1) that D must be a
semi-invariant of weight & for G, that is Ad(g)D = 6(g)D, where [Ad(g)D]f =
Ad(g)[D(Ad(g) 'f)] and Ad(g)f(x)= f(g 'xg). But beyond that one can say
nothing in general about D. Naturally one would like to find an explicit
description of D, and to show in particular that C7(G) N Dom(D)N D (L.(G))
is a *‘nice big” space —ideally that

(1.9) C:(G)NDom(D)N D (L\(G)) = C(G).

At this time the only result on Dom(D) is in the solvable case (see [10, lemma
7.4]), and an explicit formula for D is known essentially only for the ax + b
group (where D is differentiation with respect to the nilpotent variable). We
shall compute D explicitly for the groups AN and MAN. In all cases D will be
seen to be a pseudo-differential operator defined by a fractional power of a
certain Laplacian, and (1.9) will always be valid.

1b. Statement of Results. Let G be a connected simple Lie group of finite
center and R-rank 1. Fix an Iwasawa decomposition G = KAN and consider the
corresponding minimal parabolic subgroup P = MAN. In [6] one of us wrote out
the Plancherel formula for the non-unimodular group AN, modulo some
technical results which can be found in §2 below. We recall that result in a
moment, and indicate its extension to the parabolic subgroup P. In §3 we
reformulate (and reprove by a method different from [6]) the Plancherel formula
for AN; and in §4 we prove our Plancherel formula for P.

These Plancherel formulae go as follows. Let Z be the center of the nilpotent
group N and set
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k =dim Z, I=dimN/Z, q=k+i3l

We will have a positive-definite inner product on the vector group Z and that
will give us a Laplacian

2

on Z. We will also have particular diffeomorphic splittings of AN and P = MAN

in which Z is a factor, and they define pseudo-differential operators
D =c¢,A"” on AN, E =cA" on MAN

(see (2.5) below for the constants). The generic irreducible unitary representation
classes [1.] of AN are parameterized by the unit sphere S in the dual 3* of the
Lie algebra 3 of Z. The Plancherel formula for AN says: if f € C7(AN), then (i)
Df € L,(AN), so that n, (Df) is defined; (ii) n. (Df) is trace class; (iii) Tr 7. (Df)
is a C” function of A € §; and (iv) we have

(1.10) fa) = [ Trm(Df) do3)

where o is the standard volume element on S.

The Mackey little group method produces unitary representation classes
[7.-] E (MANY)", where A ranges over a set of representatives of the M-orbits
on S and [7] ranges over the unitary dual of M, ={m € M: Ad*(m)Ar = A}. If
k >1 then M is transitive on S; so we fix A, € S, write 7, for m, , and M, for
M,,, and prove

(1.11) fs)= 3 (dim7)Tr=(Ef), f€ C(P).

7€M1

If k =1, then S consists of two M-fixed points and the formula is

112 =3 S, @m)Te(ri(E+ m (B, f€ CiP).

We shall now delineate very explicitly the structure of our groups, their Haar
measures and their representations. This will facilitate our proofs of the
formulae (1.10), (1.11), (1.12) in §83, 4.

Let F be one of the division algebras: R (real numbers), C (complex numbers),
Q (quaternions), or Cay (Cayley numbers). F** denotes the right vector space of
(r+s)-tuples from F with “hermitian” scalar product (x,y)=
=3 X%y + 25 X9, and F* means F**, n = 1. Up to local isomorphism, G is
one of the groups:
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SO(1, n + 1) = identity component of orthogonal group of R"""';
SU(1, n + 1) = special (determinant 1) unitary group of C""*';
Sp(1, n + 1) = symplectic (quaternion-unitary) group of Q""*';

Fy ., = real exceptional group of type F, with maximal compact subgroup
Spin (9).

K is a maximal compact subgroup of G, A is isomorphic to the multiplicative
group R of positive reals, and M is the centralizer of A in K. With G as above,
M C K C G in the various cases is:

SO(n)C SO(n + 1) CSO(l,n+1)

Z..xU(n)CU(n+1) cSU®,n+1)

Sp(1) X Sp(n) C Sp(1) x Sp(n + 1) C Sp(1, n + 1)
Spin(7) C Spin(9) C Fcao.

The group N is a maximal unipotent subgroup of G. In case F =R, then
N =R". In the other cases N =ImF@HF" with the product

(z,x)(z',x)=(z + 2z’ +35Im(x, x"), x + x').

Thus we have the table:

G N Z k l q
SO(1,n+1) R" R" n 0 n
SU(l,n+1) ImC~+C" ImC 1 2n 1+n
Sp(l,n+1) ImQ+Q" ImQ 3 4n 3+2n
Fiy a0 ImCay + Cay ImCay 7 8 1

Because we use right Haar measure, it is more convenient to write NA instead
of AN, and P = NAM instead of MAN. We adhere to that conyention
throughout the rest of the paper.

A ={a,: r € R*¥} actson N by automorphisms a,: (z,x)— (r’z,rx). M acts on
N by automorphisms m: (z, x)— (v(m)z, u(m)x) as follows. First, u is:

the usual representation of SO (n) on R";
the representation u (s, t): x = sxf of Z..,x U(n) on C";
the representation (s, ¢): x = sxf of Sp(1) X Sp(n) on Q";

the spin representation of Spin(7) on Cay'=R®.
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Here Z,.,C C and Sp(1) CQ act as multiplicative subgroups. Second, v is:
the trivial representation of SO(n) on ImR = {0};
the trivial representation of Z,., X U(n) on ImC,;
the representation v(s,t): z — sz§5 of Sp(1)x Sp(n) on ImQ;
the vector representation of Spin(7) on ImCay =R’.

(The reader is referred to [12, lemma 8.8] for these facts in case G = Fy-2.)
Now the parabolic group P = NAM is expressed as ImF X F" X R* x M with
multiplication given by

(z,x,a,m)(z',x',a,,m’)
(1.13) > - :
=(z+rv(m)z’+:Im(x,ru(m)x’), x + rp(m)x’, a,,mm’'y.
If G is replaced by a locally isomorphic group, then M changes but formula
(1.13) remains valid.

We now normalize once and for all Haar measures. We choose dz = Lebesgue
measure on Z, dx = Lebesgue measure on F", da, = dr/r where dr is Lebesgue
measure on R ¥, and dm = normalized Haar measure on M. Then dn = dzdx is
right Haar measure on N (in case F =R, dn = dz = dx), dnda is right Haar
measure on NA and dndadm is right Haar measure on P = NAM. The modular
function of P is easily computed from (1.13)—indeed if a = a,

rt F=R
(1.14) Sp(nam)= bya(na)=38(a)= {
r** F#R.

We conclude this introductory section with a description of the generic
irreducible unitary representations of the groups N, NA and P = NAM. Let A
be any non-zero element of 3*. We shall commit an abuse of notation by writing
A(z)=e""** so that A also denotes the corresponding non-trivial unitary
character of Z. Associated to each A € 3* — {0}, there exists an irreducible
unitary representation class [y,] of N, uniquely determined by the property
Ya(zn) = A(z2)y.(n), z € Z, n € N. Moreover A # A’ implies [y.] # [y.]. These
are the generic representations of N. The generic representations of NA are
obtained by induction. Since

[7'"')\]’ F=R
a - [nl=
[‘Yr_z/\], F?é R,
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we have that the representations
M = IndR? v, rez*-{0}

are irreducible; and [n.] = [n.] iff A = rA’, r > 0. The generic representations of
NA are thus parameterized by the unit sphere § = $*7' in 3*. Finally conjuga-
tion by m € M commutes with induction from N to NA. Thus it sends:

In]=eem], [ml=2[Muem], F=R
mI= e [ml=[n0m], FAR.
The M-stabilizer of both [y,] and [n.] is

{{mEM:u(m)*/\=/\}, F=R
M, =
{m EM: v(m)*x =1}, F#R

From the definitions of u and v, we see immediately that M, =SO(n—1),
Z... X U(n), U(1)x Sp(n), or Spin (6), respectively, as F =R, C, Q or Cay. Also
M is transitive on S, except in the case k = 1 where S consists of two M-fixed
points. Now we need

1.15 Lemma. The representation 1, of NA extends to an ordinary representa-
tion 7, of NAM,.

Proor. If F=R, y, extends from N to NM, by v.(x,a;,m)= y.(x). If
F#R, 7. extends from N to a representation y» of NM, by the trivial
(0-cohomology) case of the argument of [12, prop. 4.16]; in short M, preserves
everything in the Bargmann-Fock realization of [y,] on a Hilbert space of
holomorphic functions on C"?, and that gives the extension. Now 7, = IndNme™ ¥
satisfies

NAM, -~

ﬁA ,NA = (IndNMA *'y)‘) INA = IndzA('?)‘ !N)E IndZA Y = Na. qed

Lemma 1.15 and the M-orbit structure of S combine with Mackey’s little
group method as follows. If k >1 then we fix A, € S, set M, = M,,, and define
the generic representations

7, =Ind¥AM (1. ®7), [r]EM..
If k =1, M acts trivially on S = {A;, A_;} and we define

77:__- ﬁ)\1®7’ 7T:= ﬁ)‘41®77 [T]EM'
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The representations 7%~ are the ones that occur in the Plancherel formulae
(1.11) and (1.12).

Finally we wish to thank G. Eskin for a number of helpful conversations on L,
estimates.

2. Properties of certain pseudo-differential operators

The Plancherel Formulae for NA and NAM involve pseudo-differential
operators D and E that are, in effect, fractional powers of the Laplacian A of the
center Z = R* of N. Here we give a rigorous definition (§2a) of these operators,
and then prove (§2b) that they keep sufficiently differentiable compactly
supported functions inside L,. This fundamental property means that the basic
ingredients

m(Df), fE C.(NA) 7(Ef), f€ C.(NAM)

of the Plancherel Formulae (1.10), (1.11), (1.12), are in fact defined for f
sufficiently differentiable. Then we prove (§2c) some commutation properties of
D and E. We employ these and Duflo’s factorization theorem [1, pp. 250f] to
show in §§3,4 that the operators

m(Df), f€ CINA) 7 (Ef), f€ CANAM)

are trace class.

Some of the analytic material here will seem familiar to PDE experts. But it is
not easily accessible to workers in Lie groups, and there is apparently no
satisfactory reference. Thus we felt it worthwhile to write out a reasonably
detailed treatment. The PDE expert, of course, can skip much of §2b.

2a. Definitions of the Operators. Fix a differentiable manifold V=2Zx W
where Z has a fixed identification with an euclidean vector space R In our
applications, we will have V = NA or NAM and Z will be the center of N. The
euclidean structure on Z defines an operation of partial Fourier transform for
functions on V

1) FHEw)= [ | fawpeeodz;
Rk
and also defines a partial Laplacian on V

) e w = -2 2w
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where (z,, - - -, zi ) is the euclidean coordinate on Z. As usual these are related by

FWfEw)=E[F()Ew)

for integral s = 0. We define non-negative real powers of A by

(2.3) [Af1(z, w) = (FHIEF (M (2, w)

forreal s = 0. A° does not increase the W-projection of the support of f; but for
non-integral s it may increase the Z-projection.

The operators D on NA and E on NAM are special cases of the above
construction. Recall that k = dim Z, [ = dim N/Z, g = k +3! and that we have
diffeomorphic splittings

Z=R", NA=ZxR¥ NAM=ZxR¥xM) F=R

4
@4) Z =ImF, NA =Z x(F"xR¥), NAM=Zx(F"xRixM) F#R.

Now let @, =27 *?/T'(k/2), the volume of the unit sphere $*"' C R*. Let 2%

denote 1 if I =0 or 2if { > 0. Then our operators are defined, relative to (2.4), by

(2.52) D =2%9Q2a)Y*A*” on NA,
@2.5b) E = 0._2*"Q7) A" on NAM.

Fix a positive Radon measure dw on W. That defines a positive Radon
,measure on V =Z X W by dv = dzdw, where dz is Lebesgue measure on Z. If
V is NA or NAM, then right Haar measure is of this form.

2.6 ProrosiTion. View A®, s =0, as an operator on L,(V, dv) with domain
Dom(A*)= CY(V). Then A® is symmetric, and its closure is a positive self -adjoint
operator.

This result is standard on R*, i.e. in the case Z = V. In our general case,
L,(V,dv)=LxAZ,dz)& LW, dw) and A° splits as an operator of the form
AZ& 1w. The proposition follows.

2b. L, Properties of the Operators. Retain the notation V=27 x W and
dv = dzdw as above. C™(V) denotes the space of compactly supported
complex functions on V that are m times continuously differentiable. We are
going to prove

2.7 THeoreM. If s=20 and fE€C™(V) with m>2s+k, then
AFE Li(V, dv).
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Then in particular we will have

2.8 CoroLLaRY. Let G be a connected simple Lie group of R-rank 1, NAM a
minimal parabolic subgroup of G, Z the center of N, and A the Laplacian on Z. If
s 20 and m is an integer greater than 2s + dim Z, then for f € C"™(NA) and
F € C™(NAM), we have A°f € L(NA) and A°F € L(NAM).

In view of this, whenever f € C.(NA) and F € C.(NAM) are sufficiently
differentiable, the operators n,(Df), w”(EF) are well-defined.
The heart of the proof of Theorem 2.7 is

2.9 ProrosiTiON. Let h € C*(R*) and s=0 be such that ||z|"h(z) is
bounded for some integer m >k +2s. Then

(2.9a) €I F 2 [**h (z)}(€)
is bounded.

Proor. It is clearly a matter of examining the behavior of (2.9a) when £ is
near ©. We fix a C” partition of unity on R*, 1=, + B, where the 8, are
non-negative and B.(z)=0 for [[z|Z2 and BxAz)=0 for ||z||=1. Then
FllzIP°h (2)}(€) = L(§) + I(€) where

1O = [ 1zPB@REe0d:  j=1.2
As ||z |*Bx(z)h(z)is C*, its Fourier transform decays to 0 at infinity faster than
the reciprocal of any polynomial—in particular || £[***L,(¢) is bounded. Set
y =[l&|z. Then I,(¢)=| & *"*I,(¢) where

1@ = [ 1y PBONEDRGEDe > dy.

Then we need only prove that I(¢) is bounded.
Using the partition of unity again I;(£) = I.(¢)+ Is(¢) where

Ly (§) = f Iy BBy DRyl €De™ " P dy — j=1,2.

Here I,(¢) is bounded —indeed

L= [ IyPIANED dy = Gonst) <=

Also since /|| £] is a unit vector, A, = — 3 3*/dy; sends e **¢™ to its negative.
Now for every integer r =2 0, integration by parts gives
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I(¢)=(-1) f Al IPB:(y)Bi(y ME DRy N € D" dy.

In view of the Bx(y)Bi(y/|£[) term, the integration here is over the ring
1=|yl=2¢l.

Since u(y)=|y|*B(y) and v(z) = Bi(z)h(z) are C* functions, the expres-
sion A{u(y)v(y/|£])) is a finite sum of terms of the form a(y)b(y/| €D €]

where a and b are C” and ¢ Z 0. Thus in I5(¢§), the integration over I = ||y || =2
gives a bounded function of £ Since Bx(y)=1 for ||y||= 2, we now need only

prove that

()= S5ty Po(yAEDle o dy, o= pih

2sllyll=2llil

is bounded.
A direct calculation for r = 1 and then recursion shows that Al

y oy /M€ D}

is of the form

S Iy Flel = ponel, g e Cre).

From that we conclude

OEH ]

2slly=2]lél

Ny P75 AED dy

r
= ,ZO &I e (€1 + ¢))

é ¢ ||§”2$+k—2r + CI,
which is bounded (as ¢ — ») when we take r Z3(2s + k). q.e.d.

REmARk. It is obvious that Proposition 2.9 is equally valid if the Fourier
transform % is replaced by its inverse .

ProoF oF THEOREM 2.7. The partial Fourier transform (f)(¢& w)is C”in ¢
and C™ in (£ w), and | €[|"F(f) (¢, w) is bounded because f € C™(V). Thus the
functions A, (&)= F(f)(¢, w) on R* satisfy the hypothesis of Proposition 2.9.
Applying the Proposition together with the remark after its proof, we conclude

Iz P& € [h (£)}(2)

is bounded. Moreover examining the proof of Proposition 2.9 we see that the
bound may be taken in C{(W). Thus
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I Af(z W) = g(w)

for some ¢ € C{™(W). In particular | A°f(+, w)|[r,zax) €xists and is in L,(W, dw).
Finally by Fubini’s Theorem A’f € L,(V, dv).

Iz

2c. Algebraic Properties of the Operators. If H is a Lie group, its Lie algebra })
acts on functions from the left by

E*N0) =S flexp(~©)y) -0 £€D, yEH;

and also from the right by

(OO =Lf(yexp(- 1) o, €€V, yEH.

The left action extends to the natural isomorphism of the universal enveloping
algebra  of ). with the algebra of right-invariant differential operators on H.
The right action extends to an anti-isomorphism (reversing order of products) of
© with the algebra of left invariant differential operators on H. Since we are
dealing with right Haar measure in this paper, group convolution is defined by

(o f) )= | Ry b
with dh = right Haar measure. Several straightforward computations show that
(2.10a) Q*(fixf)=Qxf)*f.  (fixf)*Q=fix(£*Q)
(2.10b) Q#(f+xQ) = *f)=,
for Q,0Q,,0,€ 9.

2.11 LEMMA. Let H be NA or NAM, {¢&,, - - -, &} an orthonormal basis of the
Lie algebra 3 of Z, and B = —Z ¢ € 9. Define

a: H—->R* a(z,x,a,m)=r.
Then if f € C®(H) we have
() Ex*f=A(),

a’xA(f) F=R
(i) f*5={
a*xXA(f) F#R.

ProoF. We check the case F # R; the case F = R is even easier. Z = ImF has
orthonormal basis {e;, - -, e} with exp(Z ¢.&) = = cie.. Therefore
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dZ
Exf)(z,x,a,m)= — 2 Wf((— te,0,1,1)(z, x, a, m)) |-

dz
= 2 Ff(z - teia X, 4, m) (r=()

=A(f)(z, x, a, m).
On the other hand

(f*E)(z, x, a, m)

-2 gt—zzf((z, %, a, m)(~ e, 0,1,1) |—o

-y %f(z —tr*v(m)e, x, a, m) |i-o

-7 - 2 wimar ] ex am)

= r'A(f)(z, x, a, m). g.e.d.
In order to simplify notation, let us agree to write for s =0

a®”xA(fy F=R
(2.12) A*xf=A(f) and f*A'=

a® X A'(f) F#R.
Observe: if f€ Ci(H),sois a® X f for any p 2 0. Thus both A° = f and f * A® are
well-defined in L,(H).

2.13 ProposITION.  Let H denote NA or NAM, s = 0. Then the pseudo-
differential operators
foA*f  fofrA

have LH)-closures, from the domain C7(H), that are positive self-adjoint
operators satisfying

(213a) A x(fixf)=@ *f)*fo (fixf)*A" = fix(f2+4")
(2.13b) A x(fxA"y=(A* = f)* A",

Proor. The essential self-adjointness and positivity follow from Proposition
2.6, the definition (2.12), and the fact that “differentiation” by A* commutes with
multiplication by a”. Lemma 2.11 says that f — A” * f is right-invariant for s = 1;
so now the entire l-parameter semigroup is right invarinat, thus proving
A % (fi* f;) = (A" = f)* fo. Similarly (f,*f,)* A = f,*(f,*A°). Equation (2.13b)
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holds by the previous established invariance properties; or by the observation
that both sides are equal to o™ X A*"'(f), p = 2 or 4 depending on F. q.e.d.

Next recall the usual involution f— f* of L,(H) given by

fr(h) = f(h™)8u(h)".

If we put p =2dimzImF + dimg F", then by (1.14) we have Syanm(z, x,a,m) =
bnva(z,x,a) = a’(a). Now we come to a key identity.

2.14 PROPOSITION. (A**f)* = f*=* A",

PROOF.

Once again we consider the case F # R, the case F = R being similar.
In fact it suffice to prove

(2.15) Atxfr=a " x[A(f)]"
For (2.12) and (2.15) combine to give

freat=at X @ f7)= o xa < A"
= (A" f)",

We proceed to the proof of (2.15). First note that (z,x,a,m)"'=
(=rv(m) 'z, —r'w(m)'x, a;', m™"). Calculating as in Lemma 2.11,

@*fYaxam)= -3 L

dtzf*(z - te;, x, (Z,, m) FI=()

-y &

dt:f(— riv(m) (z—te), —ru(m)'x,a;’,m Y7 |2

=—r*y j—;f(* riv(m) 'z +w(m) e, —r'u(m)'x,a, mHre
S lm) 67+ | (@ anm) )

= a(a) A *f)((z x aym) a(a)”

={a* x A()*}(z,x,a,m).

That proves (2.15) for s = 1 and it follows for s 2 0 as in Proposition 2.13. q.e.d.

We now specialize to the operators D on NA and E on NAM defined in (2.5)

They are positive multiples of A*? where g = k +3/ The modular function
satisfies

a(a) F=R
SNAM(Za X, a, m) = 8NA(27 X, a) =

a(a)® F#R.
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Therefore equation (2.12) specializes to
(2.16) f*D =8ua x(D *f) on NA f*E = 8nam X (E*f) on NAM.

It follows by an approximate identity argument that the operators D and E are
semi-invariants of weight 8 in the sense described in §1la.

Finally let us note that D and E behave as expected under restriction of a
function from NAM to NA. First right-invariance and a glance at (2.5) give
(E* *f) Ina = (@i_1)’D* #(f |na). Now by (2.16) and (2.13b)

{E"*f*E'}|na = (E*#{8' X (E" *f)}) |na
= (w1 )'D* *{8 X (E" * f)} |na
= (@)D #{8" X (D" *(f |na)}
= (wx1)"'D* % f |na * D",
In particular for s = ¢t =3, we have
(2.17) (EV 5 f% E") |na = 0 1D * f |na *D'?,

which we need for §4.

3. Plancherel formula for NA

In this section we use the pseudo-differential operator D to derive the
Plancherel formula for the group NA. We begin with the following fact.

3.1 LEMMa. Let 0# A € 3* and [y.] the corresponding class in N. Then
G1a) Trn(=Ca Al @A) d,  feCi),
z

This formula is certainly known to specialists (see e.g. [9, p. 9]). But we wish to
use a slightly more general result, and for that reason we recall the proof. One
realizes y, as a monomial representation (induced from a real polarization),
obtains v, (f) as a kernel operator, then computes Tr y,(f) by integrating down
the diagonal. The formula (3.1a) follows then by a simple calculation. But this
calculation is formal —one must prove separately that for f € CZ(N), y.(f) is in
fact trace class. This can be done in various ways. One method is to use the fact
that there exists an element Q€N such that y,(Q)"' is trace class for all
A € 3* —{0}. Then y.(f) = v, (Q) 'y, ({bf) is also trace class. But we see then that
the assumption f € C7(N) is excessive. On one hand (3.1a) is valid for any
function on N which is sufficiently differentiable and sufficiently rapidly decreas-
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ing at infinity. On the other hand if f is a continuous positive-definite integrable
function whose restriction to Z is also integrable, then it follows already from
the formal calculation that the positive operator v, (f) must be trace class and
(3.1a) is again valid. It is in this latter extended sense that we shall apply
Lemma 3.1.

In the remainder of this section expressions such as D"?xf* D' and
D% fx f*% D' will occur. They are well defined by Proposition 2.13.

Here is the key lemma of §3.

32 Lemma. Let 0#X€3* and m =IndY* vy, If ¢ € CANA), then the
operator n,(D'** ¢ * D'?) is trace class and

3.2a Trqu (D% *xD'")=Q2m)™* | & ) e dr,
0 2yl

where ¢y = ¢ |z and do(A) = [2$(2)A(z) dz.

Proor. By Duflo’s factorization theorem [1, pp. 250f] we may write any
¢ € C7(NA) as a linear combination of functions of the form ¢ * ¢ *, where
¥ € CP(NA) and p is as large as we please. Thus it suffices to prove the lemma
under the assumption that ¢ = ¢ *¢*, € C¥(NA), p large. Indeed by
Proposition 2.14 and Theorem 2.7, we can choose p large enough so that

Dl/2*¢*D1/2= D1/2*¢*d,**D1/2
= (D™ x ) * (D" * )"

is a continuous positive-definite integrable function.

Put f= D" ¢ *D'"* ¢ = ¢ * y*. We realize the positive operator 7, (f) as a
kernel operator. To prove that it is trace class, it is enough — by the positivity —
to show that the integral down the diagonal is finite. This we do by an explicit
evaluation. It is possible to achieve this by realizing 7, as a monomial
representation (see e.g. [6]). It is easier and more direct, however, to use the
realization 1, = Indi* y,, Lemma 3.1 and the formula for the trace of an induced
representation found in [7]. Indeed, a direct application of [7, theor. 3.2] yields

Trm(f)=L 8(a)'1Tr|:L f(a"'na)yA(n)dn]da.

(The hypothesis of compact support in [7] is unnecessary; continuity and
integrability will suffice.) Now the function n— f(a 'na) is one to which the
comments on Lemma 3.1 apply. Therefore we obtain
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T”h(f):L é(a)"(Zﬂ)"ZH/\H“’ZL fla 'za)A(z) dzda.
If F=R we compute

TrnA(f)=L L f(z)A(a 'za)dzda
- [ hon®

= Al ik

= (27r)"‘£)1 d;(,<rm) rdr

using the fact that
fily) = (D% ¢+ D")i(y) = (D)i(y)

=Q2m) A d)(y) = @m) My [*buly)
(see (2.5a) and (2.16)).
In the other case F #R, we have

T ()= [ at@ @y A | fla '201(z) dzda
=L a(a)"’(27r)”2H/\H’”ZL f(z)A(aza ") dzda
- [T rem Ao 2

= %J; r—1/2(2ﬂ_)1/2” A ”—1/2 ﬁ'(’_)‘)%’

=3), e i () ¥

I A 4
= (27T) J; ¢0<rm>rk dr,
this time using the fact that
fly)= (D )i(y) = 22m) “ (A" )i(y)

= 2(277)4(“%1)" y ”qd;o()’)
(see (2.5b)).



Vol. 28, 1977 THE PLANCHEREL FORMULA 85

To finish the proof it suffices to observe that, if p is chosen large enough, the
right side of (3.2a) is an absolutely convergent integral.

It is now a simple matter to derive the main result of the section, the
Plancherel formula for NA.

3.3 THEOREM. Let D be the pseudo-differential operator on NA defined in
(2.5a). Then for any ¢ € CI(NA) we have

(3.3a) 4>(1NA)=[k Trau (D" % *D"™)do()),

S
where o is the standard volume element on S*7".

ProoF. We know by Lemma 3.2 that the integrand in (3.3a) exists —in fact it
is a C~ function of A in $“7'. Thus the integral is absolutely convergent, and we
may compute

L , Trqu(D™x ¢ * D) do(A)
=f (27r)‘*r bu(rh)r* " drdo (M)

-em* | doa

= ¢0(0) = ¢ (1na). g-e.d.
Before concluding this section we recast formula (3.3a) into the shape of
formula (1.8). Indeed by (2.16) we can rewrite it

¢(1NA)=JH Tro(D(8¢))da(r), &€ CI(NA).

s

Replacing ¢ by 6 '*¢ we get finally

(3.4) b(1n)= [ Trn(Do)do(r), &€ CINA),

S

which is the Plancherel formula given in [6]. In [6], the facts that D¢ € L,(NA)
and n,(De) is trace class were refered ahead to this paper. The first, of course,
comes out of Corollary 2.8. For the second, m(D¢)= n, (D> %8 ¢ * D'?)
and 8 "¢ € C;(NA), so Lemma 3.2 shows that it is in fact true. Either of (3.3a)
or (3.4) may be considered to be “the” Plancherel formula for NA: (3.3a) is
perhaps preferable because of its similarity to the abstract Plancherel formula
(1.5); on the other hand, one is probably more “comfortable” working with (3.4).
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4. Plancherel formula for NAM

We now use the technique of group extension representations (as in {7, §4]) to
derive the Plancherel formula for NAM from that of NA. We shall see that the
pseudo-differential operators D and E are well-suited to this technique. We go
immediately to the statement of the main result.

4.1 THEOREM. Let E be the pseudo-differential operator on NAM defined in
(2.5b). Then for any ¢ € CZ(NAM) we have

(32}
S ATr(r: @ m W EV+d*E)dimr k=1

TEM
(4.12)  P(lnam) =
DI
> Trm(EY#* ¢ *E")dimr k>1.

TEM,

Proor. We assume that k >1 in the following. First let ¢ € C7(NAM) and
suppose ¢ = xy*. Let 6 = ¢ |na. We perform the following series of calcula-
tions, the justifications for which we provide later.

| 0P = 6 = 8(10)

42) - L Trmu (D" %8 * D'?) dor(A)

4.3) = L Tt Y r (D% 0 % D"y, dm

4.4) = TrInd¥a¥ ., (E* % ¢ * E'?)

(4.5) =Tr ZGB dimr 7, (E"* ¢ x E'?)

remy

(4.6) = > dimr Trm (E"* ¢ * E')
e

4.7) = > | m(E"™*¢)|;dimr.

TEM,

Assume for the moment we have justified all the steps (4.2)-(4.7). It follows
then that for any ¢ € C7(NAM) we have

[ =3

TEM;

m(EV % )| dim 7.
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Now the test functions are L,-dense in the domain of E'?, and therefore the
same equation holds for any compactly supported, sufficiently differentiable
function ¢ on NAM. But any ¢ € C7(NAM) can (as usual) be factored into a
linear combination of convolutions of such functions—and thus we conclude
that (4.1a) is valid for all test functions ¢ € CZ(NAM).

It remains to substantiate (4.2)-(4.7). Equation (4.2) is merely a quotation of
Theorem 3.3. Equation (4.3) is valid because (in case k >1) M acts transitively
on $*7' and leaves the volume element invariant. The constant w.-, occurs
because dm is normalized, whereas do(A) is not. Equation (4.6) is a simple
consequence of the positivity of all the operators . (E"** ¢ * E'”). This comes
about because E"?x ¢ x E> = (E'?x ) * (E'? % )* is positive-definite (Propo-
sition 2.14 again). Equation (4.7) is obvious. That leaves (4.4) and (4.5).

Equation (4.5) is a consequence of the representation-theoretic fact:

@
Ind¥AMn,, = > (dim7)m,.
7€M|
(A proof of this can be found in {7, p. 470], where the unimodularity assumption
is unnecessary.) Finally (4.4) follows from the trace formula of [7]. In fact if we
use Snam |na = Ona, Snvam [m =1 and the equation (2.17), then an application of
[7, theor. 3.2] yields

TrInd¥4"n., (E" % ¢ * E")

=J' Tr[[ (E"%x¢ *E”z)(m"nam)m,(na)dnda]dm
= j Tr[f o (D% 8 % D"*)(na)m,(mnam ™) dnda] dm

=f Tt Y, (D2 5% 8 % D)o, _, dm.
M

That concludes the proof in case k > 1. The case k = 1 is proved in an entirely
analogous fashion, using that M acts trivially on the two point space S°; we leave
the details to the reader. q.e.d.

It is of interest to examine the operators 7, (D) and w,(E) as these are the
unbounded operators D, in the abstract formulation of the Plancherel Theorem
1.1. First of all they must be defined — at least generically. This is because the
operators f — Df on NA and f — Ef on NAM commute with right translations.
As such they are affiliated with the left ring and have “infinitesimal values”
almost everywhere with respect to Plancherel measure. Second they can actually
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be computed as follows. Since D> € N, ,(D?) may be computed in the usual
manner (i.e. by differentiating the representation and extending to the envelop-
ing algebra). The result is a positive essentially self-adjoint operator on the space
of 7, for which we can easily compute the square root. Similarly with 7. (E).

All the computations are straightforward; here are the resuits. Let 0 # A € 3*
and denote % (A) a Hilbert space on which v, acts. Then 7, = Ind¥*y, may be
realized on

#(m)= {1 NA = #(3), f(rg)= n(n)(g), nE N, g € NA,

[ 1@ da <<},
A simple computation yields

m(D)f(na) = A, (D)é(a)f(na),  f€H(n.)

where A, is defined as follows: It’s given on 3 by A (exp£) = ™, £ €3, and then
extended by the functional calculus to continuous functions on 3. More precisely

if &,--- & 1s an orthonormal basis of 3, e =expé, and -A=
d’ldei+ -+ 37/ dei, then
Au(D)=2202m) (= A (&) — - = A &))"

Notice that A (D) is a positive number and that 7, (D) is a positive operator.
From the general theory [4, theor. 6] one knows that if we realize 7, as induced
from an irreducible representation of the kernel of the modular function (as we
have done here), then in that realization n,(D) must—up to a constant
depending on A —be multiplication by the modular function. Thus in our
realization the constant turned out to be A (D). Note also that if A € §*7', then
A,{D) is the absolute constant ¢, = 2¥Q27) "
Similarly if we realize the space of =, as

H(m.) ={f: NAM = 3 (n.) Q #(7), f(nam.g) = [, (nam ) Q (m.)] f (g),
nam, € NAM,, g € NAM, [yl f(m)|f dm < =},
then one readily computes (of course using the M-invariance of D) that
m.(E)f(nam) = w . c..8(a)f(nam), fe ().

It is worthwhile to compare these data with the D, found in [5], [2].
Finally let us conclude the paper by discussing the question of uniqueness for
D and E. First consider NA. D is uniquely determined by our normalization of
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Haar measure on the group and by the specific choice (within its equivalence
class) of the volume element on $*7'. If we allow these measures to vary, then
one knows from the general theory [7, theor. 6.4] that D can be modified by any
positive self-adjoint invertible operator C which is affiliated with both the left
and right rings of the group. Indeed if C is any such operator, then 1,(C) = ¢,
¢, >0 and the Plancherel formula becomes

olis)= [ Trn(CDB)do'1)

where do’(A) = c¢;'da(A).

Now unfortunately there may be many such C’s. For instance let D, be a
differential operator on NA given along Z by any homogeneous differential
operator of degree k + 11, such as (3/de,)***. By virtually the same computation
as that of 7,(D), we find that

m(D1)f(na) = A (D)é(a)f(na),  fE H(m).

Thus D; = CD where 1,(C) = A (D,)/A (D). In particular then one can replace
D in the Plancherel formula of NA by an element of the enveloping algebra.

On the other hand, when we pass to the group NAM, operators such as D,
above are not M-invariant and so cannot be semi-invariants of the group. Thus
we are left with a question: Can one change E to a differential operator
E, = CE in the Plancherel formula? It is easy to see that, in the cases F=R, n
even, and F = C, n arbitrary, one can. We think it unlikely that such a change
could be effected in the remaining cases —but we have not succeeded in proving
that.

RemMark. There already is an example of a non-unimodular Lie group G for
which no element D can be found in & to satisfy (1.8). That such a phenomenon
occurs can be deduced from [3, §5.8} where a simply connected solvable Lie
group G is constructed having the property that no polynomial function on g* is
semi-invariant of weight 8; —indeed not even of weight 8%, for any positive
integer p.
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