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Summary.  - -  In this paper  the level s tructure of narrow-resonance models 
with dual i ty  is considered. We shall use to this purpose the mult ipart icle 
dual  ampli tudes recently proposed by  several authors and shall s tudy 
the structure of the residue of each pole in what  concerns i ts factorizabil i ty.  
We find tha t  for each energy eigenvalue E ~ =  ~ / ~  the residue does 
indeed factorize in a finite number of terms (number of degenerate levels) 
and tha t  this number increases with n like exp [cE,]. The physical  inter- 
pretat ion of this wild increase is found in the essential many body nature  
of models consistent with duali ty.  The appearence of states with imaginary 
coupling follows easily from the covariant,  four-dimentional  approach t ha t  
we have taken and tha t  insures absence of kinematical  singularities. 
I t  is nevertheless found tha t  a cancellation mechanism analogous to the  
one existing in Q.E.D. {Ward identities) occurs here too. Although the 
problem of a systematic  cancellation of all ghosts in a realistic case has 
not been solved, we see that  the leading and most troublesome ghosts are 
indeed el iminated in this way. 

1.  - I n t r o d u c t i o n  and  c o n t e n t s  of the  paper .  

I n t e r e s t i n g  d e v e l o p m e n t s  h a v e  r e c e n t l y  t a k e n  p l a c e  in  t h e  f ield of s t r o n g  

i n t e r a c t i o n  phys i c s .  T h e  s t u d y  of s u p e r c o n v e r g e n c e  r e l a t ions ,  f i n i t e - e ne rgy  

s u m  ru les  t o g e t h e r  w i t h  t h e  a s s u m p t i o n  of s t r a i g h t - l i n e  t r a j e c t o r i e s  a re  l e a d i n g  
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to new ways of analyzing S-matr ix  theory  (~). Of part icular  impor tance  has 
been the idea of dual i ty  which was originally expressed by  DOLE~, HORN and 
SCHMID (2) aS saying tha t  resonance and Regge-pole contr ibut ions should not  
be added coherently but  t ha t  the Regge-pole t e rm is already an average descrip- 
t ion of the full amplitude. 

A proposal (3) for the construct ion of a simple Reggeized crossing sym- 
metr ic  ampli tude of the form 

1 

(1.1) A(s, t ) ~  constfx-~C*)-~(l --x)-~(*)-~dx -~ (cyclic terms) 

0 

allows to pu t  the previous arguments  on a more direct and explicit  basis. 
A prescription tha t  generalizes eq. (1.1) to any number  of external  spinless 

part icles has been recent ly  suggested (4.s). 
I t  is to be noted tha t  this generalized representat ion could provide at  least 

a first hint  in order to construct  rules valid for particles endowed with spin. 
Indeed  it  is possible to combine two or many  external  lines in order to create 
poles corresponding to particles with a rb i t ra ry  spin. However,  as we shall see 
later, due to the very  complicated factorizat ion properties of each pole, this 
general  problem is not  as simple as i t  looks at first sight. 

Let  us now consider more in detail  eq. (1.1). The first t e rm of this equat ion 
can be wri t ten in the two equivalent  forms 

(1 .~) A(s, t) ---- ~ C.(t) C.(8) 

Equa t ion  (1.2) allows the simplest possible in terpre ta t ion  of dual i ty  in terms of 
resonances only. I t  leads to a complete expansion of the full ampli tude ei ther 
in terms of resonances exchanged in the s-channel or equivalent ly  in terms of 
t-channel resonances. 

This p roper ty  is of course fully shared by  the generalized many-par t ic le  

(1) For a general review see W. R. FRAZER: Proceedings o] the X I V  International 
Con]erenee on High Energy Physics, Vienna, 1968 (edited by J. Pit~.N~rxi and 
J.  STEINBERGER). 

(2) R. DOLEN, D. HORN and C. SCHMID: Phys. 2ev., 166, 1768 (1968). 
(s) G. VENEZIANO: NUOVO Cimento, 57A, 190 (1968). 
(4) The 5-point function was given by K. BARDAKCI and H. RUEGG: Phys. LeSt., 

28B, 342 (1968); and by M. A. VXRASORO: Phys. Rev. Lett., 22, 37 (1969). 
(5) The generalization to an arbitrary ~-point function was given by H. M. CHAN: 

Phys. Lett., 28B, 425 (1969); H. M. CHAN and Tsou S. TSuN: Phys. Lett., 28B, 485 
(1969); C. GO,EEL and B. SAKITA: Phys. Rev. Zett., 22, 257 (1969); K. BARDAKCX 
and H. RUEGG: Berkeley preprint (Dec. 1968). 
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amplitudes. In  conclusion it  is thus clear t ha t  the models we are discussing 
can be formula ted  in terms of resonances only. The val id i ty  of Regge behaviour  
in all channels ensures tha t  all superconvergence relations are automat ica l ly  
satisfied in terms of the discrete levels appearing in the models. 

In  this paper  we wish to discuss in detail  the  p~rticle aspect of the Reggeized 
dual-resonance models. 

B y  looking ut eq. (1.2) one immediate ly  learns tha t  all resonances must  have 
masses of the form 

(1.3) M 2= A + Bn  n ~  0,1,  2 
n ' " ' "  ' 

and tha t  for each value of n all angular momenta  J = 0, 1, 2 ... n are present.  
The simplest in te rpre ta t ion  would be to say tha t ,  for each value of n, there  
are just  n particles, one for each possible value of J .  However,  this simple 
model looks already suspicious if we th ink t h a t  at t = 0 the asymptot ic  be- 
havior  of eq. (1.1) (which of course does satisfy all ana ly t ie i ty  constraints) 
is not  the one of a single Lorentz  pole, which 
is prescribed by  the simplest factor izat ion (~). 

We shall find tha t  each level corresponding 
to a well-defined choice of n and J is in gen- 
eral degenerate. We shall also see tha t  the 
level s t ructure  is much more complicated than  
what  one could have guessed on the basis of 
Lorentz-pole considerations. The origin of this 
high degeneracy lies in the fact  t ha t  the  ve ry  
str ingent  constraints  of dual i ty  and supercon- 
vergence in all channels require a number  of 
degrees of freedom which is of a different order 
of magni tude  than  tha t  appearing in simple 
two-bodylike problems. 

Our way of s tudying the level s t ructure  

~r+l 

~ - ' ~  

5 
qo 

q2 

qs-1  

\ q5 

s 

Fig. 1. - The generic multipar- 
ticle process considered in this 
paper. The line s defines the s 
channel: s :  (~p i )2 =  (~q,)~. 

will be straightforward.  Star t ing from the general mult ipart ic le  ampli tude 
we shall consider (see Fig. 1) the poles in the variable 

( 1 . 4 )  s ~-- - -  (Po + P l  + . . .  + Pr + Pr+l )  2 - -  - -  (qo + ql + qs + qs~l)  2 �9 

The contr ibut ion corresponding to the pole at s - :  sn will in general be 

( 1 . 5 )  A R~(po Pr+l; qo ... q~+,) 
8 ~ '~n  8 - -  8 n 

(6) See, for instance, J. B. BRONZAN and C. E. JONES: Phys. Rev. Lett., 21, 564 
(1968). 

53  - I I  N u o v o  s  A .  
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I t  is clear t ha t  the  level will be a single one only if the residue R can be fac- 
tor ized ( independently on the number  of initial  and final external  lines) in 
the  form 

(1.6) R~(p, q )=  F(p) .F(q)  . 

In  the case in which eq. (1.6) will not  be valid, the degeneracy of the  level will 
be obtained by  decomposing R in the  min imum number  of l inearly independent  
factors 

d~ 

(1.7) Rn(p, q) = ~_, F,(p)F,(q) .  

Here  again the number  dn of terms in eq. (1.7) should be independent  on the 
number  of initial and final lines. 

The number  of terms dn will represent  the degree of degeneracy of the  level. 
Of course this mult ipl ici ty  can be exper imental ly  observed as soon as a small 
pe r tu rba t ion  breaks the full degeneracy of the model. I t  is clear tha t ,  in order 
to give any  meaning to the  level structure~ we must  have tha t  dn is finite for 
any  finite value of n and independent  of the process. I f  a finite decomposi- 
t ion (1.7) is impossible the level s t ructure  will be an unphysical  pecul iar i ty  
of eq. (1.1) and will disappear as soon as any  per turba t ion  will be applied. 

A troublesome question of a great theoret ical  impor tance  concerns the  
possibility tha t  the quadrat ic  form (1.7) is a non posit ive definite one. This 
would correspond to the  presence of (( ghosts ~) which would have  imaginary  
coupling constants (or, if one prefers, indefinite metric) whose presence would 
give an unphysical  flavor to the  whole business. 

Unfor tuna te ly  the  possibility of ghosts will indeed be found in our investiga- 
t ion. However ,  even if our unders tanding of the problem is far  f rom being 
complete,  a mechanism for ghost compensat ion has been found. As a con- 
sequence~ the  s i tuat ion in this respect is not  at  all hopeless. 

In  Sect. 2 we summarize some of the  relevant  features of the many-par t ic le  
ampli tudes in a nota t ion appropriate  to our program. Section 3 will be devoted 
to the actual  derivat ion of the faetorizat ion properties.  We shall see t h a t  the 
degree of degeneracy of each level is finite and increases fast  wi th  increasing 
muss. Ghosts do indeed creep in. In  Sect. 4 we shall see tha t  the  model provides 
a na tura l  mechanism of ghost cancellations which bears amusing analogy 
with the cancellation of t imelike photons in quan tum electrodynamics.  Ward-  
like identit ies will be found. This will remove those di~cul t ies  at  least for 
the  highest trajectories.  Final ly  in Sect. 5 we shall discuss the  detailed struc- 
ture  of the low-lying levels and in Sect. 6 the main conclusions are repor ted 
together  with our in terpre ta t ion of the  results. 

A few technical  points are discussed in the Appendix.  
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2. - The mul t ipart i c l e  ampl i tude .  

As we h~ve discussed in the previous Section, we shall use, in order to s tudy  
factorization properties, the dual-resonance models for interact ion of any 

number  of spinless particles proposed in ref. (4.5). Let  us first summarize in 

an appropriate  notat ion those beautiful results. 

The M-particle process we consider is described in Fig. 1. The ampli tude 
for such a process as given in ref. (45), is 

(2.1) 

1 1 

A~(~,(si))=f..fdu~u~(~-l+(different cyclic terms) .  

o o 

The different cyclic terms correspond to each different ordering of the external 

lines. For  our purposes the analysis of a single term will be enough and all 
the factorizat ion properties will hold for the whole sum of terms as well (v). 

In  eq. (2.1) ~(s~) is the t ra jec tory  funct ion of the i- th channel which cor- 

responds to a set of consecutive lines and carries a total  squared energy s~. 

The t ra jectory functions are assumed linear with universal slope. The variables u~ 

are connected by  the constraints of dual i ty  or, if we wish, of absence of not 
allowed coincident poles. These conditions read 

(2.2) u~ --= 1 - -  I I  u j ,  
J 

where the i- th channel cannot develope a pole when the ~-th does. A very  

interesting proper ty  of eq. (2.2) is tha t  they  can be used to express all the u~ 
in terms of M - - 3  independent ones corresponding to a well-defined choice 
of compatible poles. 

According to our program we wish to separate the external lines into two 

groups (1, 2 ... N) and (N ~ ~1 ... M) ~nd to consider explicitly the poles in the 
corresponding variable 

(2.3) s . . . .  (1 I-2 ] 3 . . . + _ N ) 2 _ : - - ( ( N ~  1 ) + . . . + M ) ~ .  

For  this purpose it is wise to eliminate the dependent variables in eq. (2) in 

terms of the most  convenient set of M - - 3  independent  ones. We want  one of 

the independent  variables to be u~ = z the variable conjugate to s. The choice 

of the other M - - 4  independent  u is a priori arbitrary.  However  for reasons 

still unclear, ~t least to the present authors, it turns out tha t  only two choices 

(7) The only difference is that, with identical isospinless boson, the symmetrization 
of eq. (2.1) will wash out some states. This will bc removed by isospin factors such 
as those of J. B. PATON and H. M. C~AN: CERN preprint TH. 994 (1969). 
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give p a r t i c u l a r l y  s imple  expressions.  

pe r iphe ra l  conf igura t ions  ~> of Fig.  2. 

p_, ~ po s q o q ,  q , - i q ~  

s. FUBINI and G. VBNEZlANO 

T h e y  cor respond to  the  two ~ m u l t i -  

I n  Fig.  2 we h a v e  also i n d i c a t e d  a 

S ~ ~b) q~+, 
X r X I 

%, 5 ~,  ~, ~ qo q, q,_, q, 

Fig. 2. - The two multiperipheral configur~t.ions connected by the R-reflection. 

r ede f in i t ion  of the  i n c o m i n g  a n d  ou tgo ing  m o m e n t a ,  which  wil l  p rove  useful  

i n  the  fol lowing discussions.  Conse rva t i on  of m o m e n t u m  reads  

r + l  r + l  s + l  s + l  

i = O  i = O  t=O t=O 

We h a v e  also i n t r o d u c e d  a n  ope ra t i on  of ref lect ion of p~ a n d  q~ as 

(2.5) 

I f  we pe r fo rm th is  (~ ref lect ion )) ope ra t ion  R we essen t ia l ly  pass f rom conf igura-  

t i o n  a to  b) in  Fig.  2, s ince the  roles of p~ a n d  ~ are i n t e r c h a n g e d  u n d e r  R. 

A t  th is  p o i n t  we are r e a d y  for w r i t i n g  the  s c a t t e r i n g  a m p l i t u d e  in  t he  mos t  

a p p r o p r i a t e  fo rm for our  work.  Fo l lowing  ]~ARDAKCI a n d  I~UE~G (ref. (5)) 

we can  rewr i t e  eq. (2.1), b y  us ing  the  conf igu ra t ion  a) of Fig.  2, in  t he  form 

1 1 1 1 1 

0 0 0 0 0 

. , , .  ~ ,  + i,~...~ ~-~c,+ I,,...~,l~ z -~ , ) -~  y ~ , +  ~.,..~,~ y~C,+ ~....~ ..." 

- - ~ ( s + l , s . a - - 1 )  - ~ ( s + l . s )  . . .  "'" Y , - 1  y ,  (1  - -  g ' , ) -~< r " - l~ (1  - -  ~,_1)  ~ ( ' - I ' - B ~  �9 

. . .  ( 1  - -  ~ ) - ~ ( ~ a ' ( 1  - -  ~ ) - ~ ' " ~  - -  z ) - ~ ' ~ 1 7 6  - -  y , ) - m ' ~  - -  y,)-Y'~'" . . . .  

i- I _ ~,  ~ - v ( s - 1 , ~ - 2 ) l l  - -  ~ ,  ~ - - v ( e , a - a ~ [ 1  - -  ~ ~" ~-~("~ '~)  �9 �9 ""  x , ~ s - l ]  ~ . ~ s !  ~ r r - l ]  " "  

... (1  - -  ~ ~ ) - ~  ~'~ (1  - -  ~ z )  - ~ L ~  (1  - -  zy~)-~ ~ "~ (1  - -  y~ y~ )-~(~'~) ., . .  

�9 ,, ( l  - -  y,-~y,) -r(~'*-~ ,,. ( 1 - -  ~ 0  -~(s'~ ,.. (1 - -  y~- y~,. y~,, ~-mo~, .... 

... (1 - -  E'~ ~z)-~(~'~ ~ ~ z y ~ )  -~(~'~)(1 - -  zy~y~) -~(~ . . . .  

.., ( 1 -  ~iE'i- 1 ... x~+~x~) -~a'~-~) ... ( 1 -  E'i ,., ~ z y ~  ... y;)-~"'~ . . . ,  

�9 ... ( 1 -  y~y~+~ ,,. y~_~y~)-vu,~-~) ... ( 1 -  ~ . . . .  #~zy~ .., y , ) - ~ ' " ) .  
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The choice of the independent  in tegrat ion variables 2~, yj and z are indicated 
in Fig. 2a). The functions 7~ ~, and 6 are defined in terms of the ~(s~) trajec- 
to ry  functions as follows: 

(2.7) 

7(i, i - -  1, i - -  2, ..., ] -t 1, j) = ~[- -  (q, ] q,_~ + ... + q~+~ + q~):] + 1 ,  

y(i  + l ,  i) - y ( i  + 2, i + l ,  i ) - - 7 ( i  + 2, i § l ) - - ~ ( i  + l ,  i) + l ,  

y( i  -t k, i) = y( i  -~. k, i --I- k -  1, ..., i + 1, i) + 

-~ 7(i ~- k - - l ,  i + k - - 2 ,  ..., i + 1 ) - -  

- - r ( i + k , i  t - l ~ - - l , . . . , i + l ) - - 7 ( i + k - - 1 , . . . , i + l , i ) ,  ( k > 3 ) .  

The functions 9(i, j) have the same definition with q ~ - ~  and 6(i, ]) have 
a similar definition bu t  couple ~-vectors with q-vectors and take into account 
the fact tha t  the la t ter  are outgoing and the former ingoing momenta .  

Equat ion  (2.6) can be rewri t ten as 

(2.s) 

1 1 1 

Ar, ~-~ ,(a) =j'd~q,(~, ~) f dyqJ(y, q) f dzz-~'(')-lF(z, x, p, y, q) , 
o o o 

where 99 ~nd F are reconstructed from (2.6) to b e  

(2.9) ~(~', ~ ) : :  ~;~"+:' '~ ... ~';-~~'+~""1~(1- ~ , . ) -~  . . . .  " ... ( 1 -  ~ ) - ;~"~  

�9 ( 1  - -  x ~ x , _ ~ )  - ~ ' ' ' - ~ )  . . .  ( 1  - -  ~,,~)-~(~.~ . . . .  

" . . ,  ( 1  - -  Xr~-~r- -1 ~, / ) - - 'y ( t .J - -1)  . , .  ( 1  - -  ~ '  . . . .  "~'1) -~ ( r 'O )  �9 

(2.10) F(z, x, p, y, q) = (1 - -  z)-~(~176 - -  ~z)-8(1"~ - -  zy~) -t<~ .... 

"... ( 1 -  ~ ... ~zy~ ... y~)-~'~) ... ( 1 -  ~ ... ~ z y ~  . . .  y~)-~(~.,~. 

I t  is very  easy to verify tlu~t the ( r§  funct ion for the process PO§  
@~@~rF1-->H is jUSt given by  

( 2 . 1 1 )  

1 

0 

We could have worked instead with the configuration b) of Fig. 2, ending with 
the formula 

1 1 1 

o o 0 
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The complete  equivalence between eqs. (2.12) and (2.8) follows direct ly  
f rom the fact  t h a t  bo th  can be ob ta ined  f rom the fundamen ta l  symmet r i c  
fo rm (2.1). However ,  checking b y  direct  inspect ion the  equivalence of the  two 
forms is b y  no means a t r iv ia l  exercise. 

I n  this  paper  the  existence of the  two forms will be  exploi ted to  find iden- 
t i t ies  whose direct  proof  would be a t  least  ve ry  involved.  

Let  us now look more in detai l  to the  two (( conjugate  ~ forms (2.8) and  (2.12). 
I t  is useful to per form a change of var iables  such tha t ,  together  wi th  the  t rans-  

fo rmat ion  p , ~ , ,  i t  leaves invar ian t  the  quan t i t y  dxq~(x,'p). This is jus t  

the  t r ans fo rmat ion  f rom x - +  ~ which is given explieitely b y  

(2.13) 

2 1 - - - >  "~1 = ( 1  ~ X ~ . X r _  1 . . .  22Xl)  

22--~  X2 = ( 1 -  X r _ l X r _  2 . . .  2 1 ) ( 1 -  X r X r _  1 . . .  X1) -1  , 

23--->" X3 = (1 - - 2 r _  2 . . .  21) (1  - - X r _  1 ... 21) -1  , 

x ,  = ( i  - -  x )(i - -  . 

The t r ans fo rmat ion  (2.13) is more easily expressed in te rms of the  quant i t ies  
~ ~-x~x~_~ ... x~xl. In  te rms  of these quant i t ies  the  t r ans fo rmat ion  (2.13) is 

a l inear one given b y  

(2.14) Q, --> ~, = (1 - -  e.+~-,) �9 

The same is t rue  for or, defined as a, ~ Y~Y~-I ... Yl. I t  is immedia te ly  verified 
t h a t  eq. (2.14) can be inver ted  to give the  ~ in te rms  of the  ~ b y  the  same 

formulas.  
Wi th  this t r ans fo rmat ion  we can write eq. (2.8) as 

i I I 

(2.15) A.+,+,(a) = f dx,(2, p) f dy~(y, q) f dzz-'('}-'iV(z, 
0 0 0 

and  (2.12) as 

1 1 1 

(2.16) Ar+,+4(a) = f dxq~(x, p) f dy~(y, q) f dzz-~(')-l iV(z, 
0 0 0 

~,, ~, Y, q) 

x, p, ~, ~) . 

Considering (2.15) and  (2.16) we get the  fundamen ta l  ident i ty :  

(2.17) 

1 1 1 

f p)f 
0 0 0 

x, p, ~, ~) -- iV(z, x, p, y, ~)] ---- 0 .  
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We shall finally in t roduce a useful no ta t ion  b y  defining for a funct ion J(x, p )  

the  quan t i t y  

1 

<](v)> r, ) i (x ,  ) , 

o 
(2.18) 

(/@)} = f dxc f (x ,  p) / (y . ,  -~1. 

o 

At this point  we have  all the  mach ine ry  we need in order to discuss the fo rm 
of the  poles in the  s-variable.  This will be  ob ta ined  in the  next  Section. 

3.  - F a c t o r i z a t i o n  p r o p e r t i e s .  

Let  us consider now a more  specific model,  in which a few simplifying 

assumpt ions  abou t  our Regge t rajectories  will be introduced.  Most of the quali- 
t a t ive  results of our analysis will not  depend upon  these assumptions.  We shall 
assume tha t :  

1) The t r a j ec to ry  funct ion is the  same in all channels ~ ( x ) - - a - ~  bx. 

2) The external  part icles are also identical  and lie on the  above t ra jec tory .  
Consequently,  if /~ is the  common mass of the  external  scalar particles,  we 
have  ~(#~) a -~ b# 2 =: 0. 

In  Sect. 5 we shall commen t  on the  modifications encountered when we re- 
lease ei ther  of these two assumptions.  

I n  this simplified s i tua t ion  we have  (we use the  metr ic  q - l q - l q - l - - 1 )  

(3.1) 

~,(i + k, i § k - -  1, ..., i ~- 1, i) = ~[--  (pi + ... + p~+k) ~] + 1 ,  

y(i + 1, i) : ~[--  (p~ + P~+I)"] + 1 -~ a q- 2b# 2 - -  2bp~.p~+~ -~ 1 = 

= - -  2bpi 'p~+l  q- (1 - -  a) , 

y(i + 2, i) = - -  2bp,  .p~+~-- a - -  b# ~ = - -  2bp~ .p~+~, 

k ( i  + k, i ) - - - 2 b p , . p , + k  ( y > 3 ) .  

Similarly for ~ and ~ except  for some minus sign corresponding to the  fact  
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tha t  q momenta  are outgoing. 

(3.2) 

(3.3) 

S. FUBINI and G. Vc.S~ZIANO 

We now rewrite eq. (2.10) as 

/7 = exp [G], 

G = - - [ l og  ( 1 -  z)O(0, 0) § l o g ( 1 -  ~,z) ~(1, 0) + log(1--zy,)(~(O, 1) + 

+ log ( 1 -  ~,~,z)0(2, 0) + log ( 1 -  ~2~zy~)0(1, 1) + 

+ log ( 1 -  zy~y2)6(0, 2) + ... log ( 1 -  ~, ... ~ z y t  ... yj)6(i ,  j) + 

+ ... log (1 - -  ~r ~ - ~  ... ~zy~y2 ... y .)6(r ,  s ) ] .  

Expanding  now all the  log ( 1 -  z) in power series of z and collecting the 
powers in z we obtain 

(3.4) 
~ Z n 

log/7 = ( / =  n G~, 

where, using eq. (2.7) for the O's, we obtain 

(3 .5 )  G n  ~ - ( n )  (n) P~Q~ + ( l - a ) .  

F r o m  now on we shall redefine all our momenta  by  mult iplying them b y  v/2-b. 
The expression for P(~ and Q(~) is then  

(3.6) P(n' = No + ~ ~, P~ , Q(') = qo + o,q, , 
i =1 t = I  

where ~ and a~ are defined in Sect. 2. 
The advantage  of eq. (3.5) is tha t  it  contains the  quanti t ies  tha t  depend 

on the left  variables (~ and ~) separated and factorized with respect to the 
r ight  variables (q and y). At  this point  the explicit  computa t ion  of the poles 
in s is just  a m a t t e r  of expanding /7 in power series of z, i.e. 

(3.7) F(z,  ~, ~, y, q) : ~ znF~(~, Y., q, y) , 
nffiO 

which by  a t e rm by  te rm integrat ion over z gives 

Rn 
( 3 . s )  = 

6r ( 8 ~ - - -  n ~ 
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wi th :  

(3.9) R,, ::= 

Using eq. (3.5) we get  F as a c o m b i n a t i o n  of fac tor ized  terms.  The  first ones 

are easily c o m p u t e d  to  be 

Fo = 1 , / ~ -  P ~ ' 0  (~ + (1 - -  a) 
(3.10) - -  ~ ~ ' 

F ~ =  2~PmP(~'c)m~(~)~, ~ ,~, ,~, ~ r  m q- �89 ~)~ � 8 9  

I n  general  we can wri te  

(3.11) F = ( I - - z )  ( - : - ~ ) e x p l _ ~ l n  t, "~. ] �9 

I t  is now easy to  ob ta in  the  expressions for  R~. Using  the  b r acke t  n o t a t i o n  
of eq. (2.18) and  defining c = l - - a = : l §  we find 

( 3 . 1 2 )  

"s : k~0 < |  > <l > , R1 k~ 1 ~_ CL~0 ! L~ 1 / p ( l ) ~  /tr}(l)~ 

- , ,  . . . . . .  <Q,, > , 

R~ = & + c& + c!~ C~.! ~, + c(~ . . . . . . .  + 1)(~ 4- 2) & 
'2 2! ' 

1 /~(1)  \ / t } ( ~  \ I /p(x)  ~ (2) \ /0 (~)0(~} \  l / p r  

where  

(3.13) p(~ (k) (~ ~(~ thl%..#t / 3  p#~  .., tit " 

I n  genera l  

(3.14) R~,=Sk+cS~ , -1  ! . . . c ( c - q - 1 ) ' " ( c q -  i - -1);~k_,  ~ 

~r ~ , . , c(c ~ ~).. (c ! k - - l )  ~ S  i (c i ~) 
: ' "  l~! & = Z_~ ~-, ? ( i  : 1 }P(~j ' 

where  S O : <1} <1> and  

(3.15) ~ - -  ~. <P~s '. .... ...~ 
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The sum in (3.15) is extended to the integer non negative solutions of the equa- 
t ion (partitions equation) 

(3.16) 11 + 212 ~- 313 + ... + ili  ~- . . . .  l .  

At this point  we are in a position to discuss the level s t ructure  of our ampli- 
tudes. We see tha t  the residue of each pole does indeed factorize in a finite 
number  of terms. The number  of terms is independent  of the number  of init ial  
and final external  lines and therefore can be used as a basis for level counting. 

The left  and right tensors appearing in eqs. (3.12)-(3.13) are four-dimensional 
tensors. This reflects the relativistic invariance of the whole approach together  
with the lack of kinemat ic  singularities. I t  is well known tha t  those require- 
ments  have led people to classify Regge trajectories in Lorentz  families. Since 
the present  model can be simply discussed in terms of resonances, we can simply 
ta lk  about  (~ Lorentz  particles ,~. The presence of those (( Lorentz  particles ~, 
a l though esthetically beaut iful  is a cause of worry.  Because of the unpleasant  
fact  t ha t  the  Lorentz  metr ic  has a minus sign, the t ime components  of our 
tensors in the c.m. system can give rise to ghosts with imaginary  coupling 
constants (or equivalent ly with negative metric!)  The problem thus arises of 
whether  some mechanism for compensat ion of these ghosts can be found. We 
shall see in the  next  Section tha t  this will indeed be the case. 

Le t  us go back to eq. (3.15) and stress the new impor tan t  feature  tha t ,  
a l though for each ~ ( s ) =  n a finite number  of factorized terms exists, this 
number  is (for large n) much larger than  what  might  be in tui t ively  suggested 
by  the two-body problem or by  e lementary  counting of Regge or Toller trajec- 
tories. I t  is readily seen tha t  for two initial lines all vectors p(1), p(2), p(,~ coin- 
cide and are simply given by  Po. Therefore the essential difference among 
tensors created with different P") gets lost. 

Before being able to discuss more in detail  the main features of our level 
structure,  we have to answer the fundamenta l  question of whether  our general 
tensors are really linear independent .  Our general tensor can be expanded in 
the following way:  

[3.17) (P(') P(~) ""> = ~ \~l~'"~'"qo"~ ~a "'> p(i,.,,~ 
\ - - ~ l . , , g / | l - -  Yl,..$'|! --~I..-,/~|ItYI,.,Vli ' 

where P(~'~'"') are tensor products  of Po, P~, P~ etc. More symbolically 

1 

Since the  functions <~} are scalar functions of the invarients  made with 
the P~ vectors and are l inearly independent  of each other (at least if we choose 
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a sufficiently large num ber  of external  lines), the  only possibi l i ty for l inear 

relat ions comes f rom compensa t ion  of different t e rms  of the expansion (3.18) 

th rough  the  k inemat ic  factors P ~ .  
We have  not  ye t  suceeded in giving a general t r e a t m e n t  of the  problem.  

However ,  on the  basis of several  examples,  we are convinced tha t  the only 
possible l inear relat ion between tensors should involve sa tura t ion  b y  the  to ta l  
m o m e n t u m  H , .  In  other words of we consider the c.m. sys tem in which 
H ,  ~- (0, 0, 0, ~/~) all space components  of the  tensors will be independent  and 
only the t ime  components  (which could generate  ghosts) are re la ted to lower 

tensors. Examples  of such relat ions are given in Sect. 4. 
Once we get convinced t h a t  the  space components  of our tensors are l inearly 

independent ,  the  question arises of how m a n y  tensors we have  for a fixed 

energy s~. We notice t h a t  each t e rm  in which the  residue R~ at  s = s~ fac- 
torizes can be defined b y  the  nonnegat ive  integer  numbers  l~, l: ... l~ character-  
izing a t e rm  of the  sum (3.15) plus an ex t ra  l0 which is just  the  index i of the  

s u m m a t i o n  of eq. (3.14) and  corresponds to the  order of the  po lynomina l  in c 
in t ha t  equation.  Thus, a pa r t  f rom a reduct ion in 0a (little group) a s ta te  in 
our scheme is given b y  a sequence of q u a n t u m  numbers :  

(3.19) 

The squared mass of the  s ta te  is given b y  

r 

(3.20) ~ ~ ~ i t , .  ( M . )  = n = lo + 

When decomposed in its spin components  the  s ta te  l;t) will contain all spins 
up to 

co 

( 3 . 2 )  J,~ax-- ~ l ~ n .  
i = l  

I t  is easily seen at  this point  t ha t  the  main  new feature  in these dual models 
is the  great  richness of levels. We could indeed consider the  integers li as the  
values of the  different q u a n t u m  numbers  ident i fying each level. Since we have  
infinitely m a n y  1 i o u r  level s t ruc ture  is character is t ic  of a sys tem possessing 

an infinite number  of degrees of freedom. 

In  order to have  a rough idea of the mult ipl ici ty,  let us es t imate  the number  v~ 
of different tensors appear ing  for a given large values s~. 
ma thema t i ca l  problem is (8) 

log v,~ ----- a ~ d g  
large 

(s) G. H. HARDY and S. t~AMANUJAN: Proc. Math. Not., 1'1, 75 (1917). 
eqs. (1.34), (1.35). 

The solution of this 

See 
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Of course, in order to es t imate  the  num ber  of levels one should t ake  into ac- 
count  t ha t  more t han  one level corresponds to each tensor.  I t  is not  hard  to 
get  convinced t h a t  the num ber  of levels will also follow the exponent ia l  law (3.22), 
possibly wi th  a different value for a. The physical  meaning  of this enormous 
mul t ip l ic i ty  will be discussed in more detai l  in Sect. 6. 

4. - D ivergence  condi t ions .  

Let  us now inves t iga te  in detai l  the explicit  fo rm of the  l inear relat ions 
among  the  tensors defined in the  previous Section. As a l ready discussed, the  

only relat ions we expect  to find should relate  the  divergence of a tensor  (i.e. a 

tensor  where one index is sa tu ra ted  w i t h / / ~ )  to tensors of lower rank.  
We shall indeed obta in  Ward- l ike  identit ies which will be ex t remely  useful 

in order to obta in  at  least  a par t i a l  compensa t ion  of the  effects of ghosts. 
The s ta r t ing  point  for our der ivat ion is the  i m p o r t a n t  fact  t h a t  our factoriza-  

t ion can be per formed equally well in bo th  mul t iper iphera l  configurations 
discussed in Sect. 2. The equivalence between the  final formulae  ob ta ined  in 

the  two ways will leud to the  identi t ies which will be discussed in this Section. 
We  shall find i t  useful to work in the  spe- 

cial case in which we have  only two final mo- 

m e n t a  qo and  q~ wi th  

(4.1) 
q0 = � 8 9  A) ,  

q, = � 8 9  A) ,  

defining the  four-vector  LJ~. The two final par-  
ticles have  a rb i t r a ry  (( masses ~> q~ and q~. The 
process is i l lus t ra ted in Fig. 3. We then  wri te  

down for this process the  two equivalent  

forms (2.15) and  (2.16). We do not  imp ly  t ha t  

this is the  correct  way  of going physical ly  off 
the  mass  shell, bu t  jus t  observe t ha t  these two 

I 

qT 

Fig. 3. - The particular mul- 
tiparticle process used to derive 
Ward-like identities. The final 
momenta qo and ql are off the 

mass shell. 

m a t h e m a t i c a l  expressions do indeed sat isfy all the  required proper t ies  and in 

par t i cu la r  the  reflection symmet ry .  
This reflection s y m m e t r y  t ransforms the set P(~ into the set P(~) defined 

in eq. (3.6). 
The t r ans fo rmat ion  law as given in the Appendix  is s imply  

t - 0  
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where 

(4.3) 4"' = ( - -  1)' . 
{ 

I t  is ve ry  useful to introduce new vectors  V (~) defined b y  (see again  the Ap- 
pendix) 

(:J.4 ) 

~ c ( n ) P  (i) 

i=o 

c? '  = ( -  l )' W /  ~ / '  

which have  the simple t rans format ion  law 

(4.5) v . , ~ *  V", : ( - 1 ) ~ v  - , .  

Let  us now consider the  equivalence between the two factorized forms. This 
leads to the iden t i ty  

1 

o 

l 

o 

We now subst i tu te  eq. (4.1) in (.1.6). After  a few manipula t ions  'rod using 
the  fact  t ha t  eq. (4.6) is val id for any  wtlue of s we get 

(~! .7) 

where 

!a-1 ~ n- I fb 

and 

(4.9) ~~ G " ' - G I  2. 

At this point  it is i m p o r t a n t  to exploit  the  different relat ions connect ing pc,,), 
P'),  V ~) and  V('~). This can be done by  using eqs. (A.23)-(A.27) obta ined  in 
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the Appendix,  which enable us to write for W and W 

(4.1o) 

where 

(4.11) 

and  

(4.12) 

1 1 1 

y z 2 

~ ( n )  = V ( n )  

Sz~.) : V(~) __ 2 - ~ H  

for n odd , 

for n e v e n .  

I n  t e rms  of the  P(~) we have  

Z n 

(4.13) W =  ~ - - ~ ( " )  ; 
~ n  

where 

1 1 1 
(4.14) z' y 2 ' or also 

t n  

- -  n 

1 1 

z + V = l .  

The l inear relat ions we are looking for are obta ined  b y  using the  fact  t h a t  

eq. (4.7) should be  val id for any  value of A, and of z (or y). 
E x p a n d i n g  eq. (4.7) in power series of A, we get immed ia t e ly  

(4.15) 

(4.16) 

and  in general  

(4.17) 

Using for instance (4.10) we have  to equate  to 0 all powers of y which would 

give the  wrong s y m m e t r y  under  reflection ( f rom (4.18) W ( y ) :  W(--y)). 
We shall l imit  ourselves to write explicitely the  equat ions for the  first few 

states  and t rajectories  which will be used in the  next  Section. To lowest order 

in y we have  

~ ~,, § ~,,]/= (--l)'(y-+--y). 
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The first nont r iv ia l  iden t i ty  is ob ta ined  by  looking at  the  coefficient of y~+~ 

which should be set to zero. We gel 

(4.19) 
i 

~ ( 1 )  ~P(1) (1) (1) H,< ~ .. Y "  ... V~ ,>  = _ ~ W ( 1 , ,  .~ .-,(1) ... ~(~)., . . . .  v/-(1,\,,~ . 
J=l  

The first two of these identi t ies read 

(4.20) 

o r  

(4.21) 

and  

( 4 . 2 2 )  

(J) zz<f; > = 0 ,  

(i) 
H, <P; > = 7 -  <1> 

~.  ) --<W~, 5. 

I t  is clear t ha t  the W a r d  identi t ies are wr i t t en  mos t  easily in te rms  of the  

vectors  $/") which are eigenveetors of the  R-reflection. On the  other  hand  the  
fundamen ta l  fo rm appear ing  in the  factorized residue is s imple in te rms  of the  
vectors  P(") and ~(n,. I f  one wants  to obta in  the  W a r d  identit ies in te rms  of 

these vectors  one has to expand  W with  eq. (4.13) and equate  the  coefficients 
of the expansion in z. 

Let  us now discuss the  significance of our results. The identi t ies  we have  
just  obta ined  imply  relat ions between the  divergence of one tensor  and  a com- 

binat ion  of lower-rank tensors. The divergences of tensors correspond to t ime  
components  in the  e.m. sys tem and consequent ly  to unphysica l  s ta tes  of negat ive  
norm. 

Our identi t ies  show tha t ,  a t  least in cer tain cases, ghosts  are accompanied  
b y  (( well behaved  ~> part icles which are coupled in the  same way to all channels. 
Hence  wha t  one sees exper imenta l ly  is only the algebraic sum of the  part icle  
plus ghost  cont r ibut ion  and if this  sum turns  out to be posi t ive  the presence 
of the  ghost  has no observable consequence. This s i tuat ion is well i l lus t ra ted 
(as we shall see in more detai l  in the  next  Section) in the  ease n = 1. 

The Ward- l ike  iden t i ty  of eq. (4.21), 

(1) g. <P; > ~ <i>, 

(1), tells us t h a t  the  c.m. t ime  componen t  of ( P ~ )  does couple to all channels in 

the  same way  as the  scalar object  (1> which corresponds to a wel l -behaved 
particle.  I t  will tu rn  out t h a t  the  posi t ive residue will always be larger t han  
the  negat ive  one, thus compensa t ing  comple te ly  all bad  effects of <Po(1)>. 

We wan t  to notice t ha t  the  appearance  and cancellation of ghosts in our 
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contest  has striking analogies with what  happens in quan tum electrodynamics.  
As already pointed out in bo th  cases ghosts appear  because of the explicit  
covariance of the  formalism. In  our case the ghosts are related to the presence 
of Lorentz  particles which lie on Lorentz  trajectories needed to have an S-matr ix  
free of kinematic  singularities. In  electrodynamics a covariant  t r ea tmen t  
requires to represent  the photon  by  means of the four-dimentional  e.m. poten- 
t ial  A~. The t ime component  A0 leads to an unphysical  t ime like photon  wi th  
negat ive metric. I t  is well known tha t  the presence of Ward  identit ies,  which 
follow from current  conservation, implies tha t  the negat ive contr ibut ion f rom 
t ime like photons is always exact ly  cancelled b y  the positive contr ibut ion of 
the longitudinal  photon.  

This is indeed very  similar to what  happens here in the  Ward  like iden- 

t i t y  (4.21). 
Le t  us finally point  out t ha t  the equations we have derived in this Section 

are not  the most  general divergence conditions. Because of the special choice 
of a two-part icle  <~ final s tate  7> we have only obtained an impor tan t  subset 

of all possible equations. 
The complete s tudy of Ward-like identit ies together  with a more general 

invest igat ion of ghost compensat ion is deferred to fur ther  work. 

5 .  - Some simple examples. 

In  this Section we consider explicitely in s t ructure  of the  lowest-energy 
levels. Defining N = ~(S~), where S~ is the squared energy of the level, we 

h ave: 

N = 0. This is a level containing just  a scalar singlet. In  general all the  
resonances on the leading t ra jec tory  factorize in the  simplest way as observed 

already by  several authors (5). 

N = 1. This level was discussed already in the  previous Section. The residue 

at  the s-pole can be wri t ten  as 

(5.1) 

Since 

we simply get 

(5.2) 

R~ = , _ ~  ~ , ~  ~ + - E  (1> <t~ + o(1> <1>.  

U 2 bs 1 2 
- 4 - = '  2 2 ( l §  o '  

,_~ ~ < u~ > + ~ <i> <I >. 
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V~ ~) and _sl;(~ are divergenceless tensors. Hence we have just a spin-one and a 

spin-zero meson and no ghost appears. 
Before leaving this simple example it is amusing to illustrate the Ward  

ident i ty  we have used, in the simple ease of 3 incoming momenta .  Equa t ion  (4.21) 

is then given by  

H ~ 
(5.3) g . [ p o . < l >  + pl.<x>] = -7 <1>, 

which leads to 

(5.4) ( ~ ' P o  - -  :~2/2)  ( 1 }  = - -  ( P l "  :~) ( x }  . 

Since we know the explicit form of the 4-point funct ion in terms of ratios of 

F-functions it is easy to verify eq. (5.4) (9). 

In  particular,  since <x> is regular for (P lU)=  0, from (5.4) the sealar 

ampli tude <1> has to have a zero for par--> 0. This is indeed the zero used 

by LOVELACE (10) in order to get the connection between the dual ampli tude 

and  PCAC. I t  is may  be more than  a coincidence tha t  we are led to unders tand 

the presence of the Lovelaee zero on the basis of a Ward-like ident i ty!  

2V = 2. As 5 increases the complication due to the appearance of new 

vectors starts to show up. In  part icular  the residue R~ at this pole can be writ- 
ten as 

c(c ~ ]) So, (5.5) R~ = $2 + c8, + 2 - -  

o r  

i /D,1)~ c1) I ~(2) (2) = -  <Q.~> +}<  . ><Q. > +c<P2') '" <Q. > + -  (5.6) R~ 2 \--s~- 
c(c + ~) <~><1>. 

In  terms of 02,1 representations R2 contains:  

a) A second-rank tensor' (p(o)\ 

/ N ( I ) -  - -~ (2 ) \  b) Two four-vectors q ~  ) \ r ,  ?. 

c) One Lorentz scalar <1}. 

For  the space components of these tensors all couplings are real (since c >  0). 

(9) In the case of more than 3 incoming particles the (( direct inspection method ~ 
to prove eq. (4.21) is indeed pretty hard! 

(10) C. LOVELACE: Phys. Lett., 28 B, 265 (1968). 

54 - I1  N u o v o  C i m e n l o  A .  
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The  Ward-l ike identities at  our disposal are the following: 

(5.7) H~ <P(. I'> = - ~  < i > , 

. \~., / = <D,) = \~. 1 + -- P~(~) 

This last Ward  iden t i ty  is easily obtained from (4.22). At this point  it  is 
convenient  to classify oar  states in Oa, namely  to separate thei r  angular  mo- 
menta  J .  Ins tead of using p~l) and P~) as independent  vectors we shall use p m  
and D~. The resulting spin s t ructure  is shown in Table I where we have p u t  

TABLE I. -- Tensors appearing in the residue R 2 and their 0 a content. States with imaginary 
coupling are in parenthesis. 

p ( i ) \  

(~),1),. j = 2 ,  j = 0  ~ r $  /" 
<p~l)\ /p(1)\ .  ( j =  1) 

~O /~ \ ~ O r  / "  
(1) <Poo>: J :  0 

<Dr): J = l  
<Do>: (J = 0) 

( I )  <P; > 

(1 <Pr ): J=l 
<Poa)>: (J: O) 

<i> 

<1): J =  0 

in parenthesis  ghostlike states (time components).  In  terms of c.m. components  
the Ward  identit ies (which are the  only linear relations among our tensors) 

read 
p ( 1 ) \  / D ( 1 ) \  

(5.9) (p(1)~ ~ (Do) \ - - 0 0  / ' 

( (1 )_  
P o  2 ~ < 1 )  . 

The relat ive weight of the various components  in eq. (5.6) is such tha t :  

1) The p m  p(1) ghost like states are completely compensated b y  Dk. ~ 0 ~  , ~ k 0  

No spin-1 ghost appears. 

2) The above compensat ion unfor tuna te ly  is such tha t  the ghost-like 
p m  while p(n is accomodated by  the good scalar <1). s ta te  Do dominates over --oo --o 

I t  is easy to get convinced tha t  there  is no way to get rid of this difficulty 
with our set of tensors only. If  we have to compensate  for the ghost like p m  - - O k  ' 

we have necessarily the t rouble for Do and vice versa (n). 
The previous example has shown tha t  our program of ghost killing is only 

pa r t ly  successful. Therefore the many-par t ic le  representat ion in the simplified 
forth presented here is not free of negative norm states. 

o(1) is just an independent, positive norm scalar which, unfortunately, (11) The trace ~k~ 
cannot save the situation. 
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The re~son for this difficulty is not  hard to unders tand from an intui t ive 

s tandpoint ;  indeed we see tha t  we have an infinite number  of independent  
vectors P(~"~ whose t ime components H , P ~  "~ are negative-norm scalars. One 
would therefore need an infinite number  of independent  posit ive-norm scalars 

in order to obtain a full compensation. However,  from the explicit form of 

Sect. 3: 

(5.10) F = exp L ~  n~---' tP<~>O~"~ + c) 

we see tha t  a single scalar (1} exists for each different vector P("> and Q<"'. 
The re~son is that ,  in this simplified model with all trajectories being equal 

(see Sect. 3), gre~t compensations occur in the expressions for y ~nd d given 

in (2.7) and eliminate all possible new scalars. On the other hand the vector 

par t  _P('~>Q('~> of (5.10) is extremely stable ~gainst modifications of the trajec- 
tories (:2). I t  is therefore not uneonceiv~ble tha t  less restrictive and more 

realistic models with the same vector part ,  could provide the new scalars which 

are needed. In  part icular  one eould take the realistic si tuation in which the 

external lines are pions, where trajectories coupled with even ~nd odd numbers  

of lines are not the same. This would be enough in order to obtain ~ scalar S (~) 

for each vector t)~ ~). 

Another  possibility (~3) is to t~ke the model itself less seriously and add 

phenomenologieally to it a smooth background so tha t  the sum of the pole 

plus background corresponds to a positive term. In  this case the ghosts will 
not  be so ghast ly  but  would lead to observable dips (of course faetorizable!) 
in the amplitude (~4). 

At  this point we want  to discuss higher values of N. We shall limit our 
a t tent ion to the two leading trajectories J ~ ( s ~ , ) - - 1 .  At ~(s~)=-n we have 

spin n on the leading t ra jec tory  and a spin n - - 1  on the first daughter.  
They can both be extracted from eq. (3.15) and they re~d 

(5.11) R,,=~7. \  , , . . .~,/\~,,.. .t , ,?+(n__l)!,_~,... ,  .... ~,,,...,,_,) + 

l 
+ 2 ( n - -  2) ? \ ~ ' " t  ..... --~ / \~,...~,_,~, , + (contributions to J < n - -  ] ) .  

(:~) The only important condition that has to be maintained in order to have the 
simplest faetorization is tile univcrsMity of the slopes. 

(:3) We do not consider .~s particularly promising the Mternative of adding more 
<, satellites >> terms to eq. (2,1) since this, unless we find an appropriate way of adding 
similar terms to the multiparticle amplitudes, will spoil our simple factorization. 

(~a) A more optimistic point of view is to say that this background will come out 
automatically from unitarizing the narrow resonance approximation: see, for instance, 
G. VJ~N~;zlA~O: Proceedings of the Coral Gables Conference, 1969. 
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We can now write the ((Ward ,) ident i ty  given in eq. (4.19) as 

(5.12) 7<1> ,. / t , , 4 l l - l l / l + i . . . $ l n  �9 
"/=1 / l , l l  

Replacing now the P, s and Q, s in terms of V, s and U, s one can verify t ha t  
t e rms  odd under  reflection drop as a consequence of (5.12). W h a t  is left is the  
expression 

] </~(1)  \ / y T ( 1 )  \ 
(5.13) R .  h i "  Ul""u" /  \ c / t " " u " ?  

] 
.<~7o> " <U '"  \ ~- - 

' ~'.....-,/ ~'1.... . . . . .  2 ( n - - 2 ) i  

( n - - l ) !  + c +  '2 " 

( u,. . . ,  . . . . .  ~...~.-, F ( J  < n - -  1) 

The tensor  ([zm ~(2~ is not irreducible and  the  only spin n - - 1  t ha t  is 
- - / i l . . , / , l r l _  I --~ / 

contained in it  comes f rom the complete  symmet r ica l  component  

(5.14) 
FII~ F(2> 1 

"""~-" "" n - -  1 ~" v'~> Va, " - -  V<~'~> 

Using eqs. (5.12)-(5.14) we finally gel: ( H 2 - - - - 2 ( n - - a ) )  

(5.1~) R . = - ~ . ! \  +=.:\ + . . . .  2 ( n _ l ) l \  :=n-l: ' \  +-.-1. :--  

A- 
2 ( n - - 1 ) !  ( n - - 1 ) ( n - - a )  

p<1,2) \ / U<~,2) \ ~ ( j <  n - - l ) .  
J~r*-- l /  k J - n - - l /  

Equa t ion  (5.15) tells us t ha t  the  second t ra jec tory  is actual ly  twice degenerate  
(with the  only except ion of N -  1 as we have  seen) and bo th  its const i tuents  
have  the  r ight  coupling. Once more  the  ghostl ike J =  n - - 1  componen t  of 
V,lu:..(2) ~. has been compensa ted  by  other  tensors of rank  n - - 1  through Ward-  

like identit ies.  
A fur ther  interest ing fea ture  t ha t  appears  here is the  occurrence of pa r i t y  

doublets  ( M e - 0  Toller poles). This happens  the  first t ime  at  N -  3 where 
the  tensor F "> F "(1) appears.  As we noticed a l ready such an ob1:ect is not  ir- - / J  " 1  

reducible and we can write:  

(5.16) ( _~,V m V,}-(2) -<" -u Um U,(2) ) _ _ �88 ~,( ~Tm F7(2>[, -I- _,V m _~,V(*~: .( _~,U m U,,<~> 4- U~(I> U~,C2) } + 

i:,(2> -m V<2>b ( l:m <a) m ~<2> +�88 - - V ,  _ ~ : . _ ~  U, - - U ,  ~ , ) .  

The first t e rm on the  r.h.s, of (5.16) is the  V cx'2) t e r m  considered in eq. (5.14). 
The second one is a new object  which, like the  Fu, e lec t romagnet ic  field, is 
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composed of one vector  and  one axial  vector  part icle  (par i ty  doublet  of spin 1). 
N ~ 3 is the  lowest-energy level at  which M=/= 0 q u a n t u m  numbers  begin to 
occur in these models, bTotice t ha t  the  first two highest  t rajectories  are not  
p a r i t y  doublets.  

I t  is clear and easy to ver ify t ha t  all discrete representa t ions  of the Lorentz  

group are indeed present  or, conversely, all higher Toller t rajectories  should 
be seen. This again confirms tha t  simple two-body  considerations are very  
misleading in the es t imate  of the level s tructure.  

6 .  - C o n c l u s i o n s .  

We first summar ize  briefly the main  results  of our work:  

a) The residue of each pole at  s~ ~ A + B n  factorizes into a finite number  
of terms,  independent ly  on the number  of ini t ial  and final external  lines. 

b) The num ber  of such te rms  increases with an exp [ a v ' ~ ]  law as a 

funct ion of n. This ve ry  fast  increase, character is t ic  of a sys tem with  an 
infinite number  of degrees of freedom, could not  be expected  on simple intui- 
t ive count ing of t rajectories  in the elastic problem. 

c) The different t e rms  appear ing  in the factorized residue are four dimen- 
sional tensors. As it is expected,  the  c.m. t ime  components  of these tensors 
give rise to unphysical  s ta tes  ((( ghosts ~>) wi th  negat ive  metr ic .  

d) Fo r tuna t e ly  one can find W a r d  identi t ies connect ing the divergences 
of higher tensors ( i . e . c . m .  t ime  components)  with tensors of lower rank. Those 
relat ions give rise to a compensa t ion  of entire families of ghosts (e.g. for the 
second t ra jectory) .  

The previous results suggest t ha t  the fu ture  out look on the s t ructure  of 
e l ementa ry  part icles could be r a the r  different f rom what  one could have  ex- 
pected  a few years ago. F i rs t  of all the somewhat  unexpec ted  result  of the 
enormous mul t ip l ic i ty  of the  levels shows t h a t  models with s t rMghtdine  trajec- 
tories and dual i ty  exhibi t  new peculiar features.  The essential  m a n y - b o d y  na- 
ture  of the problem can also be unders tood f rom other,  less direct, arguments .  

Indeed  two-body  problems with shor t - range poten t ia l  do necessarily lead 

to t ra jector ies  which af ter  having  reached a certain value of J ,  s ta r t  to decrease. 

This is because the centrifugal  barr ier  does not allow the existence of resonances 
with large J .  

I t  was also pointed  out by  MANDELSTAM (~) t ha t  infinitely rising trajec- 
tories could follow f rom the opening of more and more channels with increasing 

(15) S. MANI)ELSTAM: Proceedings o/ the 1966 Tokyo Summer Lectures ou Theoretical 
Physics (New York, 1966). 
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energy so t h a t  the  appearance  of new thresholds compensates  the  decrease 
(due to centr ifugal  barr ier  of the  two-body  pa r t  of c~(t). I t  can also be seen 
t h a t  the  str ict  dual i ty  present  in the  models discussed here, requires the  pres- 
ence of F e y n m a n  graphs which correspond to a m a n y - b o d y  problem bo th  in 
the  s- and t-channel. The s i tua t ion  is s imply  i l lus t ra ted in Fig. 4. 

a) 

t 

S ~  ='b) 

c) 

s t counted tw ice 

) ( 

\ / 

S i (  

\ , / 

j 

I1" II 

1=31 

n o n e  

II 
"2 

2 

/ = 

Fig. 4. - Perturbation theory diagrams for a two-body process. Row a) is the old Born 
approximation; Row b) is a twice composite ladder (strip) approximation; Row c) is 
a N-times composite ladder approximation. The first and second column represent s 
and t channel exchange respectively. The third column shows the diagrams responsible 

for double counting. 

Fig. 4a) shows the  old fashioned case of the  exchange of an e l emen ta ry  par-  

ticle. In  this case the  two poles 1 / ( s - -M s) and 1 / ( t - -M 2) should be sum- 

med  coherent ly  inter/erence model ]or resonances). Figure  4b) exhibits  the  g raph  

which are t aken  into account  in the  s t r ip  app rox ima t ion  which was suggested 

b y  CHEW and F•AUTSCnZ on the  basis of the  nearest  singularit ies dominance  
phylosophy.  Again (apar t  f rom the square graph  shown in Fig. 4b)) the  inter-  
ference model  is a lmost  valid. The s i tuat ion is comple te ly  different wi th  the  

graphs  of Fig. 4c) in which a large num ber  N of part icles is exchanged in bo th  
the  s- and  t-channel. In  this case adding coherent ly  singularities in s and t 

will make  us gui l ty  of a bad  cr ime of double counting. Final ly  in the  l imit  
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N --~ c~ the  same graph  represents  at  the  same t ime  poles in 8 and  in t. So we 
finally see t h a t  the  evidence we find for the  m a n y - b o d y  s t ruc ture  of our levels 
is not inconsis tent  wi th  other  features  of dual-resonance models. 

I n  a s imple quark  language one could say t h a t  the  present  models point  
in the  direction of qq exci ta t ion more t h a n  t h a t  o f / - exc i t a t ion  of higher levels. 

I t  is amusing t h a t  this phenomenon  of compound  levels is not  new in nu- 

clear physics. Indeed  such an effect has been found in isobar  analog resonances, 
the giant  dipole resonance and  in fission. The possibil i ty t h a t  in analogy with  
the  nuclear ease, also e lementa ry  part icle  levels should have  a fine s t ruc ture  
has been raised b y  FESI-IBACH (16). Our theoret ical  analysis shows tha t  this 
m a y  ve ry  well be the  case. 

Another  impor t an t ,  a l though somewhat  less p leasant  fea ture  is the  ap- 
pearance  of ghosts wi th  negat ive  metric.  This phenomenon  too is not  un- 
expected:  if one classifies Regge t ra jector ies  in parallel  Lorentz  families, the  

part icles related to the  integer  intersect ion of those t rajectories  can be clas- 
sifted as Lorentz  particles.  They  will correspond to finite nonun i t a ry  representa-  

t ions of the Lorentz  group and some of the part icles will have  a negat ive  metr ic .  
A similar s i tuat ion is present  in the p rogram of sa tura t ion  of superconvergence 
relations, where the  simplest  schemes do indeed correspond to fake solutions 
wi th  Lorentz  part icles of indefinite metr ic .  The surprising fact  is t ha t  the  

model  does provide  a mechan i sm for the  compensa t ion  of effects due to ghost  
exchange. W h a t  is helping us is the  great  richness of levels. We indeed find 
well-behaved levels which are coupled to all channels in the  same way  as ghosts 

and compensate  thei r  effect. This mechan i sm shows str iking analogies which 
the  well-known compensa t ion  between longitudinal  and t imelike photons  in 
electrodynamics.  

Unfor tuna te ly  in the  schemat ized model  wi th  all equal  t rajectories  we are 
only able to obta in  compensa t ion  for the  low-lying states.  In  spite of tha t ,  we 
have  not lost the  hope t ha t  a generalized, more realistic model  can be found 
where no unphysieal  s ta te  appears  at  least  for bosonic react ions (17). 

I f  one considers the  general  proper t ies  of the  dual  resonance models one 
sees t h a t  m a n y  of the  good proper t ies  of a reasonable S -ma t r ix  are indeed 
present .  The i m p o r t a n t  except ion is of course un i ta r i ty ,  so t h a t  one might  
feel t ha t  the  dual-resonance formulae  are the  lowest-order Born approx ima t ion  

of a new theory.  F r o m  this point  of view one is led to construct  corrections to 

the  simple models b y  means of rules for construct ing the  equivalent  of higher- 
order F e y n m a n  graphs.  

Tlle rules for construct ing higher-order dual graphs  has been given, at  least 

(16) H. FESHBACH: Comm. Nucl. Part. Phys., 1, 40 (1967). 
(17) When half-integer spins are present, the parity degeneracy due to MacDowell 

symmetry is likely to increase the difficulty of this problem. 
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for a large class of graphs,  b y  KIKKAWA, SAKITA and VmASORO (is). I t  is amusing 
to note  t h a t  those rules could be obta ined  in an a lmost  unambiguous  way  f rom 

dual i ty  only. The ma in  question is whether  these graphs  t ake  into account  

a t  least  in a pe r tu rba t ive  way  uni tar i ty .  This can be direct ly  verified if one is 
able to recognize t h a t  the  ver tex  funct ions appear ing  in those graphs  are the  
same as those appear ing  in the  (( Born-like graphs }~ studied in this paper.  

We see therefore  t ha t  the  s tudy  of factor izat ion is a n e c e s s a r y ,  easy)} 
p re l iminary  step in the (( hard  ~> p rogram of enforcing un i t a r i ty  in a general  
dual  formula.  I n  a more e lementa ry  way  we can say tha t ,  since un i t a r i t y  
involves a completeness sum on all states,  the  first step is to count  how m a n y  
s ta tes  we have  to deal with. 

We have  seen in this pape r  t h a t  even this level count ing is not  so easy  and  
involves questions, like t h a t  of ghosts,  which are far  f rom being solved. Only 

fu ture  inves t igat ion will tell whether  the  present  stage of deve lopments  of dual  

models is the  first step for the  construct ion of a reasonable self consistent  theory  
of e l ementa ry  particles. 

The authors  wish to t h a n k  their  collegues a t  M.I.T.  for va luable  discussions. 
A Fu lbr igh t  t rave l  g ran t  is also acknowledged b y  one of us (G. V.). 

A P P E N D I X  

I n  this Appendix  we discuss some technical  details re lated to the  reflection 
opera t ion R int roduced in Sect. 2. We have  seen t h a t  the  factor izat ion proper-  
ties of the  ampl i tude  involves the  fundamen ta l  vectors  

v = l  

(A.1) P'~' = X e T P ,  ( n =  ], 2 . . .) ,  
i = 0  

where ~,----x~x~_l . . .x~xl ( i =  1, 2, . . . r )  and,  b y  definition, 

(A.2) ~0 =- 1 , Qr+x --= 0 . 

I n  par t i cu la r  it  will be useful to define p,o) f rom eq. (A.1) and  the  prescript ion 
0 ~r+l = l im (e) ~ = l ,  namely  

r + l  8 + 1  

(A.3) p<o, = Z Pi = U = Q,O, = 5 q, .  
i =O i - O  

(is) K. KIKKAWA, B. SAKITA and M. A. VIRASO~O: University of Wisconsin preprint 
coo-224 (1969). A dual formula for the box diagram was also independently obtained 
by the present authors (unpublished). 
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The reflection operation R acts on the vectors pc.) as 

r - - 1  

(A.4) pc . ,_+ p , . )  = ~ 5 ~ ,  , 
It 

where (see eq. (2.14)) 

(A.5) P~ = P r + l - i  9 5i  ~-- 1 - -  Or+i-- i , 

the linear transformation from P("' to _P(") turns out  to be simply 

(A.6) ~c,) ~ dc,)pci) , = (--1) i 

the coefficients d~ ~) are given also by 

(A.7) ( 1 - - x ) " = ~ d ~ " ) x  ~ . 
i 

In order to show that  (A.6) is true we simply observe that  

(A.S) p(n)  ~-- ~ ~n f f i  = ~ (] - -  Qr+l-i)'~Pr+l-i = 
i i 

_ _  ~ (n) n 
= 2 (1 o~1 ,~ p~ y . y .  a~ o, p ,  = Y_. a'; 'P(~'. 

j j k k 

It  will also be useful to define new vectors 

(A.9) v ( - ) =  ~;(1 Q~).p,, v,o, = / i .  
i=O 

These vectors have the simple reflection property: 

(A.10) VC.) + W ' n )  = ( _ _  ] ) n  VCn)  , 
R 

which is easily verified. 
The l inear t ransformat ion between P(") and V c~) is given by 

(A.11) 

r on) ~ C ( ~ ) P  (i) 

pc,~) ~ C(,,) V(,, 9 
i=O 

where 

(A.12) - x  ~ c~"' x ~ , 
i 

(n (1 -1 

Equations (A.6) and (A.I1) can be given the expression of formal power ex- 
pansions 

(A.13) p c . , =  (l _ _ p ) n ,  V '" '=  ( �89 
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Before deriving the  identit ies t h a t  will p rove  useful in Sect. 4, we have  to 
der ive the  simple equal i ty  

_ (  --t ]~+i. 
(A.14) .=~ C '  t "+~ = ~ 1  

Equa t i on  (A.14) is p roven  by  expanding  [ 1 - -  t(�89 - -  x)] -1 in power series of 
t ( � 89  using (A.12) and  then  equat ing  each power in x. 

We can now obta in  the  desired identi t ies:  

(A.15) 

where 

(A.16) 

V(n) yn+ 1 2 p f i ) ~ ( ~ j ( " ) y n + l = - - 2 p ( n ) z n + l  
fl=O t - O  n = l  n - O  

- - y  1 1 1 
Z - - l _ _ y / 2 ,  or -z + y - : - 2 "  

One can s imilar ly  proceed to derive the  iden t i ty  

(A.17) 
co 

= -- "F F(") / - -  / = ~p(n)zn+ 1 ~ [ - -Z;  X n + l  

" n  o gO k 1 --Z[/~] 

= ~ v ' - ' (  z' ~.+1 
. = o  11 -z'/21 

prov ided  

(A.~8) 1 1 
z + 7 = 1 .  

= - ~  p n) Zn+X 

n - 0  

Equa t ion  (A.17) can be also derived by  the  formal  expression (A.13) 

co Z r 
(A.19) z' ~ (1 - -  P)"z  . . . .  z __ ~=o 1 - -  ( 1 - - P ) z '  1 - - . P z  z ~ P ( " ) z " '  ,~=o 

where the  second equal i ty  is jus t  the condit ion (A.18). Tak ing  the  logar i thm 
of the  second equal i ty  in (A.19) we get 

(A.2o) logz '  - -  log[1 - -  (1 - -  P)z ']  : log (--  z) - -  log (1 - -  P z ) .  

F r o m  (A.18) we have  also 

(A.21) log z' : log (-- z) - -  log ( 1 - -  z) , l o g ( t - - z )  + l o g ( t - - z ' )  : 0 .  

Equa t ion  (A.20) can then  be t r ans formed  into 

(A.22) l l o g ( t - - z ' ) - - l o g [ l ' - - ( t - - P ) z ' ] =  �89 ( 1 - -  z) - - l o g  [] - - P z ] .  
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B y  e x p a n d i n g  in  powers  of z a n d  z' a n d  r eca l l i ng  t h a t  P ' ~  ~z we h a v e  
f ina l ly  

(A.23) 

w h e r e  

(A.Lq) 

r t = l  ~ ~=1 rb~b 

~#( , .=  p(,,) 7~ j ( , )  .p(,,) n 

'2 ~ '2 " 

We now p r o c e e d  in  t h e  s a m e  way ,  s t a r t i n g  f rom t h e  e q u a l i t y  

(A.25) 
y z 

- y y = - i 7 .  z P  
(v  = - ~ -  e ) .  

T a k i n g  t h e  log a n d  a d d i n g  on bo th  s ides  � 8 9  we g e t  

(A.2(U ,~log z - - l o g ( l  - - y V )  - -  ~ log(1 - -  z) - -  log (l - - z P ) .  

Tile a r g u m e n t  of t i le  f irst  log is j u s t  ( I - -y* / .1 ) ,  so t h a t  we g e t  

n = l  ~b n = l  7b 

w h e r e  J2 (", is def ined  in  (A.24) a n d  

(A.2S) 
for  n o d d ,  

\ 

\ ~ f ' ' ~ - - ' s ' q I  for  n e v e n .  

O b v i o u s l y  (A.23) a n d  (A.27) can  a lso  be p r o v e n  d i r e c t l y  w i t h o u t  a n y  a p p e a l  
to  t h e  f o r m a l  eq. (A.~3).  

Note. - After this work was completed, one of us (G.V.) and the authors of ref. (is) 
have been able to derive anambiguousty a formul~ for Feynm~n-like dual diagrams 
with a single loop, using the factorization properties obtained in this paper.  

In the case of the self-energy diagram we have found 

* l S ' E ' =  d41  j *1 2 '1 2 2 t l "  X l ) ( 1 - -  

--co 0 0 

.exp i ( l ~  i ~ 2bpl"p2(xl ~-x~) [](xlx,z)]4+~b~ '' 
X I X 2 ) 

where p~, P2 ,~rc the external momenta  (p~ ~-Pz=  0); q~, q~ the internal ones and 

/(x) = f l  ( [ - - x  k) 1 is tim part i t ion function (s). 
k = l  

This fornmla, which demands some slight modification of the prescription of ref. 0s). 
is now being investigated.  
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R I A S S U N T 0  

In  ques to  lavoro  v iene  s t u d i a t a  la s t r u t t u r a  dei l ivelli  nei  model l i  dual i  con r i sonanze  
s t r e t t e .  A ques to  scopo vengono  usa te  le ampiezze  pe r  la diffusione di mol t e  par t ice l lo  
p ropos t e  r ecen temen~e  da  va r i  au tor i ,  e si cons idern  In s t r u t t u r a  del res iduo in c iascun 
polo. Si o t t i ene  che pe r  c iascun a u t o v a l o r e  de l l ' energ ia  En=~c/~-~n il res iduo si fa t -  
to r izzn  in u n  n u m e r o  finito di t e m i n i  (grado di degeneraz ione  del livello) e che ques to  
n u m e r o  cresce con n come exp  [cE,~]. L ' i n t e r p r e t a z i o n e  fisica di  ques to  r ap ido  a u m e n t o  

da  t r o v a r s i  nel la  n a t u r a  e s senz ia lmen te  di mol t i  corpi  dei  model l i  compa t i b i l i  con 
la  dunl i t~ .  L a  p re senza  di s tn t i  con a c c o p p i a m e n t o  i rnmag ina r io  d iscende  f ac i lmen te  
dal  fo rma l i smo  c o v a r i a n t e  quadr id imens iona le ,  che d ' a l t r a  p a r t e  ass icura  l ' a s senza  di 
s ingola r i t~  c inemat i che .  Si r iesce c o m u n q u e  a t r o v a r e  u n  meccan i smo  di compensaz ione  
ana logo  a quello che esis te  in  e l e t t r o d i n a m i c a  q u a n t i s t i c a  ( iden t i t~  di  W a r d ) .  A n c h e  
se il p r o b l e m a  di u n a  s i s t ema t i ca  compensaz ione  di t u t t i  gli s t a t i  n o n  fisici non  5 s t a t o  
r isol to,  ta l l  difficolt~ sono e l imina te  pe r  le t r a i e t t o r i e  pi~'~ e levate .  

CTpyKTypa ypoaHefi ~ a  Mo~e~efi ~aOfiHb~X pe3oHaHCOa. 

Pe3IoMe (*). - -  B 3TOfi CTaTbe paccMaTpriBaeTc~ cTpyKTypa ypoaHe~ ~na  Mo~enei~ 
y3t(oro pe30naHca C ~BOHCTBeHHOCTbtO. ~JI~l 3TO~ u e a a  MbI 6y~eM HCIIOYlb3OBaTb MHOFO- 

qaCTH~lHbte ~BO~HBIe aMIUIHTy/IbI, He~aaHo r tpe~no~enHbie  HecKo~bKHMIeI aaTopaMII,  H 

6y~eM r~3yqaTb cTpyKTypy abiqeTa ~n~ r a ~ o r o  r tomoca,  B TOM, ~TO KacaeTca e ro  OarTo- 
pn3aLtHn. M~,t rtonyqaeM, ttTO ~ f l  r a ~ o r o  c06cTaeHHoro 3Haqerinfl 3rteprnH E n d - ~ n n  
BbltleT, ]Ie~CTBHTeJIbHO, ~aKTOpH3yeTc~[ a KOHe~IHOe ~IHCJIO qAIeltOa (qHCJ]O Bblpom~eHHblX 
ypoanefl) ,  ri ~ r o  aTO a n c a o  yaeanqrmaeTca c n,  raK exp [eE,~]. @n3n~tecra~ anTepttpeTatm~ 
3TOrO cria~,noro yBeaaqeur~n COCTOnT, nO cymeCTBy, a MHOro-qacTrlqno~ n p n p o ~ e  Mo~e- 
ne~,  COOTBeTCTBylomHx ,~BOgICTBeltHOCTH. HonaneI~rie COCTOflHFI~ C MHtlMO~ KOrlCTaItTOI~ 
caftan cne~yeT I~elmcpeacxaerlHO n3 t(oBapnarlTHOro qeT~,~pex-Meprtoro rtoJIxo;Ia, roTop~,Ii~ 
M~,~ B~,t6pamt n t(OTOp~,I~ 06ecne•nBaeT oTCyTCTBr~e I(nneMarn,tect(r~x CHrlrynspnocTeit. TeM 
rte MeHee, 06r lapymeno,  ~tTO 3~eCb Tat(me rtOflBJ~fleTc~i MexaHn3M yrmqTomeunn,  ana~iorn- 
~nhI.~ Mexau~43My ym, i,tTomemifl, cynlecTByrouleMy B t(BanTOBOfi 3aet(Tpo~inrIaMrn(e (TO- 
;~)IecTBa Yop;Ia).  XOT~ r~po6neMa cncTeMaTw~ect(oro yrii.~,~TOmennfl Bcex (( ~IyXOB >> B 
peaJ~bHOM cJ~yqae He pemeHa, Mbt Haxo)II4M, tITO Tat(nM n'yTeM FJ]aBHblH H rtprIqnnnroi~ri~ 
nan6onbt t l ee  ~eCl/OKO~CTBO ,/Iyx, B ,//e~CTBHTeYlbHOCTH, HCt(TIIOqaeTCSL 

(*) Ilepese3euo pec)atcyue~t. 


