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Dual Self-Energy Diagram in the 0peratorial Formalism. 

F. GV~RIS 

Physique Th~orique - Nice (*) 

(ricevuto 1'8 Novembre 1969) 

An operatorial formalism has been obtained which allows simple dual diagrams (~) 
to be writ ten as a factorized product of propagators and vertex functions (2). A three- 
resonance vertex V has been written down by SClUTO (~); this should permit the cal- 
culation of general planar Feynman-like diagrams. 

We want to show that  one cannot forget about the origin of the vertex and that  it 
is not clear whether in this operatorial formalism, the knowledge of the vertex and of 
the propagator is enough to calculate general planar diagrams. 

a) b) c) 

F ig .  1. 

We shall illustrate it with the following example: the diagram la) can be writ ten 
<VI]D]V~> , where the operator D represents the propagator of a resonance. We shall 
show that  the diagram l b ) c a n n o t  be writ ten <VIIDZD]V~>, where X is some operator. 
We shall only be able to east the one-loop dual diagram under the form <LIRIr,>. 
We shall conclude that,  in %his operatorial formalism, one also needs the four-resonance 
function (Fig. lc)) before.any general diagram can be calculated; it is not the operator 
V D V  if one insists on t h e  propagator of the external resonances to be D. 

We shall calculate the self-energy diagram (Fig. lb))using the operators V and D and 
compare it  with the well-known one-loop dual amplitude. 

(*) E q u i p e  de  R e c h e r c h e  2~ssoei6e a u  C . N . R . S .  P o s t a l  a d d r e s s :  L a b o r a t o i r e  de  P h y s i q u e  Th6or i -  
que ,  Facu l t~  des  Sciences,  P a r e  Va l rose ,  Nice .  

(*) S. F~FBZNI a n d  G.  VEN~Z~NO:  Nuovo Cimento, 64 A,  8~1 (1969).  
(a) S. FUBINI, D.  GORDON a n d  G. VENEZIXNO: Phys. Left. ,  29 B,  679 (1969).  
( ') S. SOIUTO: Left. Nuovo Gimento, 2, 411 (1969). 
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1. - Ca lcu la t ion  of the  s e l f - e n e r g y  d i a g r a m .  

The  ope ra to r i a l  fo rmal i sm re la tes  resonances  to tile e igenso lu t ions  of h a r m o n i c  
oscil lators.  We  use the  n o t a t i o n s  and  resul t s  of ref. (2.a). The  th ree - r e sonance  v e r t e x  
as w r i t t e n  by SCH'TO uses pa i rs  of ope ra to r s  (e*. c) and  (a*, a) 
wh ich  be long to d i f fe rent  spaces. We  choose (e t. e) to refer  
to par t ic le  3, aud  (a*. a) to refer  to  par t ic les  1 and  2. The  
ve r t ex  reads  (Fig. 2) 

(1) e x p [ P a ' a * - -  (a*, c*)_] e x p [ P  l ' c  ~] exp [ - -  Pa.o~(a .  e~)_]. 

o ,  

If  one examines  the  way the  VCl'tex has  been  o b t a i n e d  
one sees t h a t  the  p r o p a g a t o r s  of r(,sommces 1 and  2 haw.  

Fig.  2. 
t he  classical fo rm D. b u t  the  p r o p a z a t o r  of par t ic le  3 in- 
volves  some dependence  on par t i c le  1. The  p rob lem is: can 
one forget  a b o u t  th i s  d e p e n d e n c e :  ~ If  not .  the  above  ve r t ex  should  be mul t ip l i ed  on 
the  r i g h t - h a n d  side by (l z)R°+PY 2. where  z is the  in t e r ' r a t ion  va r i ab l e  to  be used 
for  tile p r o p a g a t o r  of par t ic le  3. The  tw i s t i ng  of l ine 1 leads to a more  s y m m e t r i c a l  
ve r t ex  (~) bu t  does not  modify  the  p rob lem.  

One can c o n s t r u c t  the  b u b b l e  in different  ways  depend ing  on the  pos i t ion  of t i le do t s :  

i) The  p r o p a g a t o r  of par t ic le  3 is twis ted  (Fig.  3i)):  

and  

(2) 

G(c t. c) = q~'ydxldx2(xlx2)-i ~(l ~rl) cg~- M(c*. c; x 1, x..,; z, z')(1 - -x2)  -~ 

M(e*. c; xlx.,,; zz') = j d + K  T1 {:,xp ~- - - / )a .d  - -  (a t. c+)_] • 

• exp [PI 'c~] exp  [P~.a + (a. c~)_] c~o+~121(),,)~0,, I exp [Pa.a t -  (a*, c)_]. 

• e x p [  P 2 " e ] e x p [  P 3 " a + ( a , c * )  ]cn~+~F~ 
- -  ' 4 -  2 ) * 

• o 

P , x  

i)  i i )  i i i)  

Fig.  a. 

The  t race  has  to be p e r f o r m e d  over  a comple te  set  of s t a t e s  of tile space where  a and  a + 
ope ra t e ;  c 1 -- x 1 a nd  r 2 = x 2 if one forgets  a b o u t  tile o l ig in  of tile v e r t e x ;  o the rwise  

o n e  has  c, = X l ( 1 -  2) a l t d  c 2 x 2 ( l  z ' ) .  

(4) L. CANESCIII, A.  ,~CttW1MMER alld (I. VENEZIANO: p rep r in t .  



DUAL SELF-ENERGY DIAGRAM IN THE OPERATORIAL FORMALISM 897 

ii) The  p ropaga tor  of par t ic le  3 is not  twis ted  (Fig. 3ii)). The  last  pa r t  of formula  (2) 
reads now 

<0 c ](1 --Z')R~'+P[ t2 exp [Pa" a+- -  ( a+, c)+] exp [ - -P1  "el exp [ - -P3  "a q- (a, c #)_] x~¢'+ells}. 

(3) 

where 

iii) The  p ropaga to r  of par t ic le  1 is twis ted  twice  (Fig. 3 iii)). One uses the  symme-  
t r ical  form of the  ve r t ex  established by  CANESCHI, SCrIWIMMER and VENEZIANO (~), 
or  the  <~ left  and r ight  twis ted  )~ p ropaga tor  of par t ic le  1. 

The  t race  is easi ly done if one calculates  the  m a t r i x  e lements  of M(c  t, c) be tween  
<~ coherent  states ~ and uses the i r  algebraic proper t ies  (5.6). The resul t  is, for  case i), 

= f d  4 Kv~ ~12 v~ '-/2 D exp [Ac "~ q- E P  3 • c t q- _t:) 1 • c "l] B ctc exp [Ac 2 Jr- F P  a .e - -  P~. c] , M 
J 

with  

Avi2 = ~.~ + t Am,~c,m) "co, ,  EP3"c  + = ~,  E~Pa'c(~,,,>, 
m n  m 

Bc+¢ = H exp B+~,c(,~> .c(n > , Em(v 1, v~) = -- .F~(v~, Vl) 

Amn ~" - -  ( - -  ~ 1__. im -in ~ i ' 

i 1 - -  V 1 V 2 

1 
E~ ---- ( - - 1 ) ~ - -  ~ " ~ " • ~ _ ~  [~,~v~(~ - ~ )  + ~_,~v~(~ - ~ i ) ] ,  

1 
= - ( l )  ~ l _ ~ I v ~ [ V ~ c , m ~ _ , .  + _ , 

D ---- exp P v~ -~ v 2 - - 2 V l V  ~ - -  4 V l V  2 ] 
, , + Z ~ I ,  L ~ + 1 - - v x %  ~ x - - v x % l  

,- :W(o) ,  
Case ii) is ve ry  similar.  The  main  change is t h a t  % = x l ( 1 - - z ) ( 1 - - z '  ) and v~. = x~ 
if  one does no t  forget  about  the  origin of the  ver tex .  Also P 2 . c  is now P~'c ,  Am,~ 
and E~  s tay the  same and 

1 
I t~.  _ _  t 2 ~ ( V l '  %) = - -Em(V l '  % ) '  Bran = - - ( - -  1)m+" • 1 - -v~v~  [v~c'2" + %c_,,,,]. 

Case iii) leads to a ve ry  compl ica ted  expression for the  A, B .... One has to replace 
the  p ropaga to r  of par t ic le  1 inside the  loop f d x ,  x~ , -a- '~(1- -x l )  -~, by  a p ropaga to r  
which is twis ted  left  and r igh t :  f d x l x ~ l - " ( 1 -  Xl) -c g2t(P1)x~-~2(P1), where  g2(P1) is the  

(6) D. 2kMATI, C. BOUCHIAT and J. L. GERVAIS: Left. Nuovo Cimento, 2, 399 (1969). 
(*) J. R. KLAUDER and E. G. G. SUDARSH~N: Fundamentals o/Quantum Optics (New York, 1968)0 
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twis t ing opera tor  (a). This new propaga tor  can be wri t tcn 

with  

t 
J ' l  

P,.,, = 1'5 ~('<°'""~x-i ' 

/ ,j ( - -  l ) ~ + s ~ ( . , / . , , ,  i .... ,>,:. 
1 

The dependence <m the four-vector  P~ is ra ther  complicated and this complex i ty  is 
reflected on the dependence of 31(c'*, c) on the loop momentum.  

2. Comparison with the one-loop dual amplitude. 

The single-loop dual ampl i tude  (Fig. 4a)) is well known in its symmetr ica l  form (a.7). 
An appr<)priate changc of variables makes explici t  the prc,~cnce of the dia:zram of Fig. lb) 
in the dual  ampl i tude.  The easiest comparison with  formula (3) is donc with  a six- 
point  ampl i tude  but  the method  is easily ~'eneralized to a ~-p:)int ampli tude.  

,C R,, 

X. ",X \ 
) ' ,  ,, y~ Y~ , 

e x_,,, + /'x P / . . . .  

/P C'\ 
o) 

F i g .  4. 

x ? 

x \ b) 

The change of variables  (x~, x 3) -~  (Y2, Ya) / i ve s  (FIE. 4b)) 

x 2 x  3 = 1 Ya ( '  - -  O ( y ~ ) ,  x a = 1 y a y 2 C  + O ( y ~ )  

with ( ' =  (1- -ah)( l  ,q) (1--  XlX4), (qlld simila,: expressi(ms for x~, x 6. The one-loop 
dual ampl i tude  is 

6 

" 6 [ i , i  =1 
(viCHrd:,.~.7:,( ~>- , ( , - - :~)- ,  q / - [ + x p  ,,~(-_,,,~) J . 

, j  i : l  n=I  

(7) I~. ]~ARDAI-7(U, 5[.  t~rALPERN a n d  3.  SHAPIRO: B e r k e l e y  p r e p r i n t  NO. 6 9 - 1 4 1 7 .  
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The method  is the  fol lowing:  in the  exponent ia l ,  separate  the  t )~.Ps t e rms  into  t e rms  
invo lv ing  the  cont rac t ion  of the  r igh t -hand  side m o m e n t a  wi th  the  lef t -hand side mo- 
menta ,  and te rms  invo lv ing  the  cont rac t ion  of one-side momenta .  

The  last  group gives 

up to te rms  O(y~) and a s imilar  t e rm for (t)4, 1)5, P,) .  
The first group can be wr i t t en  

n xaxap3][p6 jr_ xet)5 + xgx6pa ] ~_ 

n n n n n n n 
-~ X4[P a ~- X3P 2 -~- X~XaP1][P 4 ~- x s P  5 ~- xax6P4] 

0 2 0 2 and gives, up to te rms  (Y3),  (Ye), 

1 n (4) exp [ n(1 = w  )] ( - l l 2 ( x ~ ( l - n y a C )  q- x ~ ( 1 - - n y ,  C)) q- 

n n 1 n + QLI lny3  C [x 1 - -  x4(1 - -  ny 6 C)] + ~ "Tiny 8 C [xl(1 - -  ny3 C) - -  x'~] - -  

--n2yay6C~(x'~ ÷ x]) ~ I . Q I }  , 

where 

H = P4+ t)5-t- P~, ~ = P ,  + ysPs ,  Q~ : P1 + Y~P~ and w = xlx~(1 - -y3C)(1  - - y6C)  • 

Now one recognizes the  f ive-point  f lmct ion  (Fig. 5a)) 

(1 - -  x~)el"P2 -1-~ (1 - -  x3)P.'P.-1-a (1 - -  262x3) PI"Pa x 2  - ~ ( - k l ) - I  x 3  - a ~ ( - k a ~ ) - I  dx~ dx 3 . 

! ! 
The change of var iables  x~x 3 = 1 - - y r  a, x 3 = 1 -  Y2Ya (Ya = Y3 C) makes  expl ic i t  the  pres- 
ence of the  d iagram of Fig.  5b), and the  y~ dependence is separa ted  out :  

r o<.)1 

The expression we have  obta ined  in this k,\ / ~  
Sect ion is only  va l id  up to t e rms  of order  V 
y] and yl .  The  compar ison wi th  expres- Ix 2 
sion (3) can only be made  for the  first two 
lowest  resonances.  So we s tudy  the  case x3 
when only the  mode  n = 1 is exci ted,  i.e. 
we sandwich M(c ~, c) between  the  coherent  k~ 
states  (--zQ11 and ]z',.@l). The compar ison a) 
is s t r a igh t fo rward  and i t  is clear t h a t  in 
fo rmula  (3) v 1 = x l ( 1 - - z  ) and v~ ~--x~(1--z ' )  

Fig. 5. 
b) 

r a the r  than  v 1 = xl, v 2 = x 2. So the  (z, z') dependence of M(c t, c) is established. 
S ta r t ing  f rom the  one-loop dual  ampl i tude ,  one obta ins  case ii) wi th  a different  

change of var iables  (x~, xs)-+ (z 5, z~). One easily verifies tha t ,  to the  lowest  order  in 
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Y3 and  z6, t he  r e p l a c e m e n t  ~ = - - # ' t  + H wi th  ~ ,1  : p~ + zsp5 in  f o r m u l a  (4) 
gives t he  co r re spond ing  f o r m u l a  for case ii). In  the  l e f t - hand  f ive-po in t  func t ion  /~4 
is replaced b y  k 1. This  new express ion  agrees w i t h  fo rmu la  (3) for  case ii) if 
c~ = x d l - - z ) ( 1 - - z ' )  and  r 2 = x 2. Le t  us do one r e m a r k  a b o u t  t he  way  th i s  e o m p a r .  
ison works :  i t  would  be i n t e r e s t i n g  to k n o w  w h e t h e r  t he  ope ra to r s  M~(c*, c) a n d  
M,(c  +, c )~(H)  h a v e  the  same m a t r i x  e l emen t s  be tween  the  ex t e rna l  s ta tes .  ( ~  is the  
twis t ing  opera tor . )  

One does no t  know to which  g r a p h  cor responds  case iii). 

3. - Q u a l i t a t i v e  f ea tures  of  the  f irs t -order  correc t ion .  

3"1. ~Yeed ]or a ]our-resona~we ]unction. - The  resu l t  of Sect. 1 a n d  2 shows t h a t  
the  ve r t ex  of the  ope ra to r i a l  fo rmal i sm is indeed  u n s y m m e t r i c a l  in i t s  p resen t  form.  Two 

resonances  possess t he  s t a n d a r d  prop-  

\ / 

i 

Fig. 6. 

agator ,  t he  t h i r d  one has  a more  
compl ica ted  p ropaga to r .  In  th i s  op- 
e ra to r i a l  fo rmal i sm i t  seems impos-  
sible to s epa ra t e  t he  ve r t ex  ou t  of 
the  t h i r d  p ropaga to r .  

In  o rder  to  ca lcula te  n-loop p l a n a r  
d i ag rams  ( n )  2), for  example  the  

d i a g r a m  of Fig. 6, one needs  a f o r m u l a  for the  four - resonance  f u n c t i o n :  i t  is not V D V  
if one insis t  on the  p r o p a g a t o r  of the  e x t e r n a l  resonances  to be t he  usual  one. 

I f  one s tud ies  the  inf in i te  sum of all loop d iagrams ,  an  i n t e r e s t i ng  ques t ion  is 
w h e t h e r  th i s  sum eo~fld be w r i t t e n  fo rma l ly  in a c o m p a c t  way.  or  w h e t h e r  i t  would  
sa t i s fy  an in t eg ra l  equa t i on  w i t h  a kerne l  s imi la r  to M(c +, c). 

3"2 . .Fea tu re s  o] the ]irst-order corrections. - We s t u d y  the  impl i ca t ions  of f o r m u l a  (3). 
The  resonances  are e igenvee tors  of t he  opera to r s  c~,).c<n>. The  ope ra to r  M(c ~, c) has  
m a t r i x  e l ement s  be tween  a n y  two resonances ,  b u t  the  c o n t r i b u t i o n  f rom the  off -diagonal  
m a t r i x  e l emen t s  to t h e  mass  r eno rnml i za t i on  will a p p e a r  only  to t h e  n e x t  o rder  in 92. 
Formlf la  (3) allows us to ca lcula te  t he  r eno r m a l i za t i on  of any  t r a j e c t o r y  to t he  lowest  
o rder  in g2. 

Le t  us e x a m i n e  the  d iagona l  m a t r i x  e l emen t s  of M(c*. c) i gnor ing  t he  u n p l e a s a n t  
s i ngu la r i t y  for x 1 = xe = 1: 

t + A t e r m  c(,~>-c<~) means  t he  c o n t r a c t i o n  of two indices  of the  final v e r t e x  <I~l; i t  does 
no t  ope ra t e  on t raceless  tensors ,  

The  W a r d  ident i t i es ,  if t h e y  can be general ized,  will re la te  a t e r m  Pa.c~,~> to  t he  
nmde  m - -  1. 

W h e n  one e igenva lue  has  been  chosen for  each c<~-c<n>, one has  chosen  t h e  spin 
(loosely speaking)  of the  e x c h a n g e d  par t ic le  be tween  t he  in i t i a l  and  f inal  ver t ices .  The  
d iagona l  m a t r i x  e l ement  m a y  now be  e x p a n d e d  in powers  of z and  z'. To choose a (com- 
mon)  power  for  z and  z' is to  specify t he  mass  of t h e  e x c h a n g e d  resonance .  

In  th i s  model ,  t he  h igh -ene rgy  elast ic  s ca t t e r i ng  of two s tab le  zero-spin  pa r t i c l e s  
will look dif ferent  f rom t he  ine la s t i c - sca t t e r ing  processes.  To lowest  o rde r  in  g~ i n s t e a d  
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of exhib i t ing  the  spl i t t ing of the  second t ra jec tory ,  i t  wil l  show up a mean  second 
t r a j ec to ry ;  the  reason is t h a t  the  var ious  exc i ta t ion  modes  m cannot  be separa ted  ou t  
when an ex te rna l  ve r t ex  has  only two legs. 

4.  - The  i m a g i n a r y  part  of the  f irst-order correction to the  l eading  trajectory.  

L e t  us concent ra te  on the  correct ion for  the  resonances which belong to the  lead ing  
t ra jec tory .  The  p~operties of t he  leading t r a j ec to ry  are  the  fol lowing:  

i) only  the  mode  m = 1 is exc i ted ;  

ii) the  ver t ices  ]Vi> and <Vs] involve  comple te ly  symmet r i c  traceless tensors ;  

fii) the  dependence on ( l - - z )  and ( 1 - - z ' )  is dropped• 

The consequences are :  on bo th  sides of  M(c +, e), there  appear  the  p ropaga to r  of the  
resonances of the  leading t ra jec tor ies :  

dz zC( ~)" ~(')-l-a-P|/2 . 

The  p roduc t  of operators  in M(c +, e) reduces to 

IOgXlX2 + B l l )  

af ter  t he  K in tegra t ion  has been performed.  Each  e igenvalue  2 of the  opera tor  e(*x).e(1 ) 
is a resonance whose spin is 2 and mass - - P ~  = 2 ( 2 - - a ) .  The  f irs t-order correct ion 
to the  leading t r a j ec to ry  is then  

g2 F(s) =- g~ f dx l dx~(xl xz)-l-a(1 

• exp - -  2bs xx + x s - -  2x~ x~ 
n ~a 

I - -  x~ x~ 

__ xl )-c (1 - -  x~ )-c [log xl x~]-~" 

n 1 xxx,, 
¢ - 4 ~ -  ,, ,, 

~ 1 - - x 1 ~  ~ 

bs log x 1 log xz] .  

n - -  n " , b ~  

• lOgXlX~ + 1 .  ,, ,, • n 1 - -  X l x ~ I  

The las t  sum over  n can be rearranged,  and one recognizes in i ts  first t e rms  the  expres-  
sion obta ined  by  KIKKAWA, SAKITA, VIRASORO (8). This correct ion is infinite,  due to 
t he  s ingular i ty  at  x 1 = x~ = 1. The  hope  is t h a t  the  inf ini ty  is pure ly  real :  a dispersion 
re la t ion could be wr i t t en  down if  the  asympto t i c  behav iour  of the  imag ina ry  par t  of 
F(s) would  allow it .  

The  imag ina ry  par t  of _F(s) can be defined in the  usual  way  by tu rn ing  around the  
poles corresponding to  the  in te rna l  lines of t he  loop (Fig.  3). To exhibi t  these poles, 

(s) K. I~IwtrAWA, B. SAKITA and M. VmASORO: Madison preprint No. COO-224. 
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it  is c o n v e n i e n t  to r e t a in  the  m o m e n t u m  in t eg ra t i on .  We  not ice  t h a t  

l l °g  x~ l°g x2 k k s dL" x~a+u)'/2 x2(X-u)v~ 
[ logx~x2]q+2 exp bs logx~x~ J F(½)F(q + ~) 

- c o  o 

here  two-d imens iona l  vec tors  are used K(ko, k). H(~/2~b~. 0). In  t e r m s  of four -vec tors ,  
t h i s  means  t h a t  we are in the  res t  sys t em of the  inconf ing  re sonance  a n d  t h a t  we h a v e  
pe r fo rmed  the  angu la r  i n t e g r a t i o n  for  t he  
lowing expans ion  : 

/ ] ( X l ,  X2 ;  8.  P )  = [ ( l  - -x~) (1 - -xe ) ] -~  exp [ - -  

i n t e r n a l  m o m e n t u m .  If  one  defines t h e  fol- 

n n n n n n ] 
2 b s ~  1 x 1 4- x~ - -  2x~x~ , 4 ~, x~x2 . 

. . . . .  n - n - - -  - -  n n 
n ~1 1 - - X l X  ~ n 1 XlX2] 

*~ n p 
X 1 - -  X 2 ] -- . n ~ ~ ~ i j i j 

H 1 - - 3 r l X 2 J  iT>P j < i  ( x l x 2  ~ -  X 2 X l ) C i j ( 8 '  P ) "  

the  i n t e g r a t i o n  ove,'  9" 1, x 2 is easily done and  the  poles of F(s)  are expl ic i t :  

+co  

F(s) = k° k2dk ~" F(½)F(~(.~)-  P 4- ~) 
, ~  d P = 0  
co 0 

%(s. P) 

"~  i (K + H)2/2 + i - - a l l ( K - - H ) 2 ~ 2  + j - - a ]  " 

The in tegers  i and  ] ind ica te  the  mass  of the  i n t e r m e d i a t e  resonances  of the  loop, and  
:~(s)-- P the  o rb i t a l  angu la r  m o m e n t u m  of the  i n t e r m e d i a t e  sys tem.  

The  i m a g i n a r y  pa r t  is o b t a i n e d  wi th  the  usual  p re sc r ip t ion  of r ep lac ing  p r o p a g a t o r s  
by  5- funct ions  : 

1 
k 2 

Fo r  fixed s. t he re  is a f inite n u m b e r  of i n t e r m e d i a t e  s ta tes ,  the  sum over  (i, j) s tops  a t  
~,s - -  ( ~ ~ - + ~ b 3 ~  + ~ T +  bM~) 2 = o 

i . . . .  (8) Jm,~ ~ (k~)~(,)-e+~. F(~(s) ~ 1) 

~'n~(~) = ~-o y" ~<~ ~-o , , . ,s  ~r(v 4 i;r(~(Si~ ~ +  ~ ) r ( ~ ( ~ ) ~ £ ~  ~ " ( s ' ~ )  

We are i n t e r e s t ed  in the  a s y m p t o t i c  b e h a v i o u r  of I m F ( s ) .  I f  one s tudies  t he  v a r i a t i o n  
of h n F ( s )  w h e n  s increases  f rom s to  s+ds .  one sees t h a t  the  open ing  of new  chan -  
nels gives no c o n t r i b u t i o n  to the  lowest  o rder  in  ds, due to t he  f ac to r  [k2] a~8)-P+½. 

Fo r  s large,  one can forget  a b o u t  the  t e r m s  bM2: 

2 , ¸ , + , ,  ,i 
--~)-o (i+~)-i-.~ e=o l \  bs b2s 2 ] ~ b s - - P ]  4] 

• F . '  Cij (s, P ) .  
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W h a t  is needed is the  behaviour  of Ct~(s, P) for s large.  One has 

G~jXlX~ ----- H(xl ,  x~; sP) . 

H is a decreasing func t ion  of s when P is fixed, so the  t e rms  C~j m a y  be e i ther  posi t ive  
or  negat ive .  H has a s ingular i ty  for  x 1 = x 2 = 1 and i t  would  be possible to know, 
for  f ixed s, the  behav iour  of C~ for large i and j. Bu t  the  a sympto t i c  behav iour  in s 
for i and j smaller  t h a n  s, is a more  difficult problem.  All  t ha t  we can say is t h a t  i t  is 
no t  obvious  t h a t  I m F ( s )  increases fas ter  t han  a polynomial .  

The  au thor  wishes to t hank  C. B. CHIU and J .  L.  GERVAIS for m a n y  helpful  discus- 
sions, and would  l ike to acknowledge Dr. Eden ' s  hospi ta l i ty  a t  t he  Cavendish Labora to ry .  


