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1. — In a recent paper (1). NEwToN has studied the generalization of the deter-
minantal method (27) to the continuous channels. To define D35 (F) (i.e. the value of
the Fredholm determinant D(E) of the Lippmann-Schwinger equation on one of the
unphysical sheets of its Riemann surface support), he was led to exhibit two procedures:

a) The well-known method of analytic continuation (1:23).

b) The « substitution rule » which consists in using the definition of D(E) as the
Fredholm determinant of the Lippman-Schwinger equation:

1) D(E)y=Det (1 —G-V).

V being the Hermitian potential matrix and G the Green function channel matrix.
To get from D(E) to its analytic continuation D~ (E). we must replace the G-clements
G5, Gf ... by G7. Gy ...

NEwTON shows that. if the equivalence of the two procedures is frequent, not
only the analytic continuation becomes meaningless in the continuous-channel case,
but the equivalence is not even assured in every case of disecrete thresholds.

He justifies this second assertion by remarking that. in the usual D/D formalism
—applied to the overlapping threshold case—although we can define Dy, (E) through
the substitution rule, we cannot get. for instauce, from D(k;, k,) to D(k;, —k,) through
analytic continuation when A =Iki=FE=s.
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But the substitution rule, formulated in this way, depends entirely on the existence
of a Schrodinger equation to describe the process (i.e. on a potential matrix).

We define here relations analogous to eq. (1), but independent of such an hypoth-
esis; and which can be extended to the relativistic case, where the Schrédinger egqua-
tion is no longer valid.

2. — We are going to express D through the determinants we can construct on the
multichannel reduced-reactance K-matrix.

a) We shall respectively denote by K and K’ the multichannel rednced-reactance
and reactance matrices (*).

The Fredholm determinant of the Lippmann-Schwinger equation has been written
(1) D(E) = Det (1 —GV).

The G-matrix of the Green functions G;;= G;d;; of the channels can be decom-
posed into two matrices, one of them (P@) depending on the momenta k,, only through &;:

(2 6% = PG F i8(E — H) = PG T ikby ,

P standing for the Cauchy principal value (3), 8y being the projector on the manifold N
of all the channels; and % standing for the matrix of all the k,;=k;d,;.
We obtain after a simple caleulation (**)

(3) D(BE) = Det (1 —GV) det (1 + k# V(1 —GV) k) .

The K- and K’-matrices, which have all the desired properties of Hermiticity and
meromorphy since G is Hermitian, are

(4a) E=—V(1—6P),
(4b) K'=—RV1—GV)1kt.

Then D(s) can be written

5) D(s) = Det (1 — GV) det (1 —ikK) .
If we state

By(s) = Det (1 — GV)
and
(6) K(8) = — VA —6&V)j>,
the eq. (5) becomes
(7) D(s) = By(s)-det (1 —ikK) .

(*) The kernel of the Lippmann-Schwinger equation shall be denoted by G¥ and not by K (see
ref. (}}; it must be understood as the operator product G-V.

(**) We denote by ¢det », the determinants of matrices acting on the channel space; and by « Det »,
those of matrices acting also in the state space.



M. BENAYOUN and P. LERUSTE

o
Tt
(=)

b) We shall denote by a capital Latin letter any submanifold of channels; the
complete manifold of channels being denoted N'; then 6, stands for the projector upon
the channel submauifold RC N'; D, is the value of D on the sheet which ig reached
by moving around the thresholds of the submanifold R, when it is meaningful.

The label of the B, -functions is given by their definition:
(8) B(s) = By(s) det K, = By(s) det (6, K65) , Y RCN
We find, using (7) and (8),
9 Dis)=Dys) = 3 (=" Dk,Bys),

JCILCN

where

bp= szrz H(S—-Sf)g-‘ and kup=1.

i€l €L

The expression (9) gives the dependence of D with respect to the determinants we
can build with the K-matrix. These determinants, as meromorphie single-valued fune-
tions of s, can be continued analyvtically without any theoretical difficulty.

¢) Dy is the value of D obtained through the substitution rule applied to the
case of the R-channel submanifold; it can obviously be written

(10) Dy = By(s) det[1 —i(1 — 26, kK], VRCN.

Another expression of D, can be obtained by analvtic continuation—the channel
momenta being equal or not—if we use the relation (9):

(11) D]c — Z (¥)CardtR I3} L)(_ i)Card(L) I"LBL(S) .

I CLCN
d) On the other hand, we can casily deduce for every discrete threshold case

D
(12) det (Sp) = det (0,80,) = dety (1 4 (K')(1 — iK")~1] = 7)5 )

0

3. — All we have stated above leads us to the following conclusions:

a) The factor (—)®4®°D in rel. (11) is equivalent to the change of the signs
of the channel momenta contained in R. This change in signs, which defines the analytic
continuation, is associated here to the Bj-functions of relation (8). Therefore there
is no ambiguity any longer, whether the channel momenta are equal or not.

b) If there is no difficulty, with respect to eq. (11), in doing the necessary analytical
continuations. it is because we use the K-matrix elements as basic quantities; moreover,
the reduced-reactance matrix is always well defined, even in the relativistic ease.

We can remark that, in the overlapping threshold case, the D, we have defined
are not the values of a single multivalued meromorphic function D ().
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¢) The relations (7) and (10) which contain determinants of finite-rank matrices
are gimpler than eq. (1) — the relation deduced from it by the use of the substitution
rule—where a functional determinant appears.

Hence eqs. (7) and (10) define a new formulation of Newton’s substitution rule, since
{1 — 265) is equivalent to the change

(13) Gl ->aG;, VaeR.

d) Equation (1) is of practical use for a small number of channels. When that
number becomes greater than two, there appear constraint relations on the Bg-functions;
those relations are the origin of the well-known constraints on the D-function (%5).

e) In the case of an infinite number of channels (i.e. H is a manifold of infinite
cardinals), the B,-functions are in an infinite number of higher order: If H is our initial
manifold, and #(H) the manifold of all the subsets of H, the number of the B;-functions
is equal to

Card [(H)] > Card (H) .

Then eq. (11} becomes difficult to use. On the other hand, eqs. {(7) and (10) have a
convenient form in order to be extended to this case.

/) As the relations (10) and (11) do not depend on the existence of a Schrédinger
equation for the process involved, it should be possible to extend them to the relativistic
case; and this does happen (5).

It follows from @) and ¢) above that our formulation gives back, in every case of
discrete thresholds, a complete equivalence between the analytic continuation procedure
and the substitution rule, in the form we have expressed them.



