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1. In  a r ecen t  p a p e r  (t). -NEWTON has  s tud ied  the  gene ra l i za t ion  of the  deter-  
m i n a n t a l  m e t h o d  (2.7) to the  c o n t i n u o u s  channels .  To define D~¢...(E) (i.e. t he  va lue  of 
t he  F r e d h o h u  d e t e r m i n a n t  D(E) (>f the  L i p p m a n n - S c h w i n g e r  equa t i on  on one of the  
u n p h y s i e a l  sheets  of i ts  R i e m a n n  surface suppor t ) ,  he was led to e x h i b i t  two procedures :  

a) The  wel l -known m e t h o d  of ana ly t i c  c o n t i n u a t i o n  (L2.5). 

b) The  (( s u b s t i t u t i o n  ru le  ~ which  consis ts  in  us ing  the  def in i t ion  of D(E) as the  
F r e d h o h n  d e t e r m i n a n t  of the  L i p p m a n - S e h w i n g e r  e q u a t i o n :  

(1) D(E) = Dot (1 G. V) .  

V be ing  the  H e r m i t i a n  p o t e n t i a l  m a t r i x  a n d  G the  Green func t ion  channe l  ma t r i x .  
To get  f rom D(E) to i ts  ana ly t i c  c o n t i n u a t i o n  D-(E), we n m s t  replace  the  G-e lements  
a~ +, ~ -  ... by a;.  % -  .... 

NEWTON shows t h a t .  if t he  equ iva lence  of the  two procedures  is /requent, no t  
on ly  the  ana ly t i c  c o n t i n u a t i o n  becomes  mean ing less  in  the  c o n t i n u o u s - c h a n n e l  case, 
b u t  the  equ iva lence  is no t  even  assured  in every  ease of d iscre te  th resholds .  

He just if ies t h i s  second asser t ion  by  r e m a r k i n g  t h a t .  in  the  usua l  D/D fo rma l i sm  
- - a p p l i e d  to the  o v e r l a p p i n g  th re sho ld  c a s e - - M t h o u g h  we can  define D-~ . (E)  t h r o u g h  
t h e  s u b s t i t u t i o n  rule, we e m m o t  get, for ins tance ,  f rom D(k x, k 2) to  D(k 1, - -k , )  t h r o u g h  
a n a l y t i c  c o n t i n u a t i o n  when  k~ = k ~ -  E s. 

(*) This  work has been pa r t ly  suppor ted  by the  Commissar ia t  h l 'Energ ie  Atomique .  
(~) 12. (I. NEWTON: Jourl~. _llalh. l 'hys . ,  8, 23;7 (19(]7). 
(-*) 1~. (i. NEWTON: Jour~.  3lath.  Phys . ,  2, 158 (1961). 
(a) 1). G. NEWTON: ,%'c'(lller&ig Theory o! IVares amt Particles (New York,  1966). 
(~) |{. BLANKEXBECLER: 1963 Scottish S u m m e r  School (Ed inburgh ,  1964). 
(~) 51. BENAYOUN, J. LANCIEN al14 |)H. LERUSTE: P.A.M. 68-06 and P.A.~I.  68-07 (Paris,  1968); 

see also the  pape r  submi t t e d  for publ icat ion to Naoro Cime~do (ltelaHrislic exlension o] the Le Couteur and 
2Vewto~ lormalism). 

(~) M. BENAYOUN" and  PlI. LERUSTE: P.A.3I.  68-04 (Paris ,  1968). 
U) K.  J .  l ,n COVTEUR: t)rOC. 1¢0y. Sac., A 256, 115 (1960). 
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But the substi tution rule, formulated in this way, depends entirely on the existence 
of a Schriidinger equation to describe the process (i.e. on a potential  matrix). 

We define here relations analogous to eq. (1), but  independent of such an hypoth- 
esis; and which can be extended to the relativistic case, where the Sehr6dinger equa- 
t ion is no longer valid. 

2 .  - We are going to express D through the  determinants we can construct on the 
multiehannel reduced-reactance K-matrix.  

a) We shall respectively denote by K and K '  the multiehannel reduced-reactance 
and reactance matrices (*). 

The Fredholm determinant of the Lippmann-Sehwinger equation has been written 

(1) D ( E )  = Det (1 - -  G V ) .  

The G-matrix of the Green functions Gi¢ = Gi~ i j  of the channels can be decom- 
posed into two matrices, one of them (PG) depending on the momenta kt, only through k~: 

(2) G *  = PG =F i(~(E - -  H )  - :  PG T ikO~ , 

P standing for the Cauehy principal value (8), 0n being the projector on the manifold ~V 
of all the channels; and k standing for the matrix of all the ki j  ~ ki  ~iJ. 

We obtain after a simple calculation (**) 

(3) D ( E )  : Det ( 1 -  G V )  det (1 + kt V ( 1 -  G V )  -~ kt) .  

The K- and K'-matrices, which have all the desired properties of Hermitieity and 
meromorphy since G is Hermitian, are 

(da) 

(db) 

K ~ - -  V ( 1  - -  G V ) - ] ,  

K ' ~  - -  k t  V ( 1  - -  G V ) - l k  ½ . 

Then D ( s )  can be written 

(5) 

If  we state 

and 

(6) 

the eq. (5) becomes 

(7) 

D ( s )  = Det (1 - -GV)  det (1 - - i k K ) .  

Bo(s  ) ~- Det (1 - -  GV) 

K i j ( s )  = - -  (i]V(1 - -  GV)-~lj)  , 

D ( s )  --= Bo(s  ) • det (1 - -  i k K )  . 

(*) The  kernel  of t he  L ippmann-Schwinge r  equa t ion  shall  be denoted  by  GV a n d  no t  by  K (see 
ref.  0 ) ) ;  i t  m u s t  be  unders tood  as  t h e  opera to r  p roduc t  G . V .  

(**) We  denote  b y  • de t  *, t he  d e t e r m i n a n t s  of m a t r i c e s  ac t i ng  on t h e  channe l  space;  an d  by  * De t  *, 
those  of ma t r i ces  ac t ing  also in the  s t a t e  space. 
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b) We shall denote by a capi ta l  La t i n  let ter  any submanifo ld  of channels ;  t he  
complete  manifold of channels being denoted X ;  then  0s stands for the projector  upon 
the channel  submanifold  RC_X; DR is the value of D on the  sheet  which is reached 
by moving  around the thresholds of the submanifo ld  R, when i t  is meaningful .  

The label of the Bz-funet ions  is g iven  by thei r  defini t ion:  

(8) Bs(s) = Bo(s) det KR = Bo(S) det (OaKOR) , V R 2  N 

We find, using (7) and (8), 

(9) D(s) = Do(s ) = ~ (-- i) c~d(L) I%BL(s) , 
23 C L C N  

where 

iE  L iC L 

The expression (9) gives  the  dependence of D with  respect  to the de te rminan ts  we 
can build wi th  the  K - m a t r i x .  These de terminants ,  as mcromorphic  s ingle-valued func- 
t ions of s, can be cont inued analyt ica l ly  wi thou t  any theoret ica l  difficulty. 

c) DR is the  value of D obta ined through the  subs t i tu t ion  rule applied to the  
ease of the R-channel  submani fo ld ;  i t  can obviously  be wr i t t en  

(10) DR Bo(s) d e t [ 1 - - i ( 1 - - 2 O R ) k K ] ,  V R C _ N .  

Another  expression of D~ can be obta ined  by analyt ic  c o n t i n u a t i o n - - t h e  channel  
m o m e n t a  being equal  or n o t - - i f  we use the  relat ion (9): 

(11) D e =  ~ ( )c~(,R~L)( i)c~(l(Z)kLBz(s ) 
C L~ 

d) On the other  hand,  we can easily deduce for every  discrete threshold case 

(12) det  (Se) ~ det  (ORSOR) = detR (1 _L iK')(1 - -  iK') -~] DR 
D o  

3 .  - All we have  s ta ted  above leads us to the fol lowing conclusions:  

a) The  factor  (__)C~(R=L~ in rel. (11) is equ iva len t  to the change of the signs 
of the  channel  m o m e n t a  conta ined  in R. This change in signs, which defines the  analyt ic  
cont inuat ion,  is associated here to the  BL-functions of relat ion (8). Therefore there  
is no ambigu i ty  any longer, whether  the channel  lnomenta  are equal  or not.  

b) If  there  is no difficulty, wi th  respect  to eq. (11), in doing the  necessary analyt ica l  
cont inuat ions ,  i t  is because we use the K - m a t r i x  elements  as basic quant i t i es ;  moreover ,  
the reduced-reactance  ma t r ix  is ahvays well defined, even in the re la t iv is t ic  ease. 

We can remark  that ,  in the  over lapping  t, hreshold ea.se, the DR we have  defined 
are not  the  values of a single nml t iva lued  meromorphie  funct ion D (s). 
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e) The relations (7) and (10) which contain determinants of finite-rank matrices 
are simpler than eq. (1) - -  the relation deduced from i t  by the use of the substitution 
ru le- -where  a functional determinant appears. 

Hence eqs. (7) and (10) define a new formulation of Newton's substitution rule, since 
( 1 -  20a) is equivalent to the change 

(13) G+-~ G~-, V ~ R .  

d) Equat ion (1) is of practical use for a small number of channels. When that  
number becomes greater than two, there appear constraint relations on the Ba-functions; 
those relations are the origin of the well-known constraints on the D-function (2,~). 

e) In the case of an infinite number of channels (i.e. H is a manifold of infinite 
cardinals), the BL-functions are in an infinite number of higher order: If/~r is our initial 
manifold, and ~i~(H) the manifold of all the subsets of H, the number of the BL-funetions 
is equal to 

Card [~(H)]  > Card (H) . 

Then eq. (11) becomes difficult to use. On the other hand, eqs. (7) and (10) have a 
convenient  form in order to be extended to this case. 

]) As the relations (10) and (11) do not depend on the existence of a SehrSdinger 
equation for the process involved, i t  should be possible to extend them to the relativistic 
case; and this does happen (5). 

I t  follows from a) and c) above that  our formulation gives back, in every case of 
discrete thresholds, a complete equivalence between the analytic continuation procedure 
and the substitution rule, in the form we have expressed them. 


