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Recently the method of time-dependent invariants (1) has been used by MALr~n¢ 
and MA•'r[o (2.3) to study the evolution of coherent states (4) in explicit time-dependent 
problems. This method is applied to the problem of an n-dimensional  anisotropic oscil- 
lator in a uniform time-dependent electromagnetic field. Exact solutions to the cor- 
responding time-independent oscillator have been obtained recently (5). 

The Hamiltonian is assumed to have the form 

(1) H = ½pp + ½[q, A(t)p]+ + ½qK(t) q +f ( t )p  + g(t) q ,  

where A(t), K(t) are real time-dependent n × n  matrices and f(t), g(t) are real time- 
dependent n vectors. The dependence on the electromagnetic-field quantities in (1) 
is not  given explicitly, p and q obey the commutation relation 

(2) [qi, PJ]-= ih~i¢. 

As in (3) we assume that  the time-dependent invariants bj (the range of ] will be fixed 
later) have the form 

(3) b¢ = v j ( t ) q  + i w # ) p  + ~¢(t) , 
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1320  A. HOI, Z 

where v¢(t), w/ t )  are n vectors and d~(t) is ~ scalar, b~ will be subject  to the condit ion 

dbj ~'bj 
(4) - -  , ( ib ) - l [b i .  H] --  (). 

dt ~t 

For (4) to be safi.~ficd identically for bj of the form (3), the following" set of equat ions 
has 1o hold: 

(5) 

(6) 

where l '(t) and Z at(. 2)~ ~,2tt matrices given by 

( "  '2 )  
(7) - - ~  , F(t) 

i l  () 

and  

t 

<)fit) : : f ( i g ( t ) w , - - f ( t ) v  j)  d r ,  

o 

F(l)~q/t)  --  - -  i--'~. . 

1 if(t)), 
A (t) K( t ) l  

(s) 
( - - v j  (t)] 

~q j(t) \ i w / t ) /  

is a 2tt vector. .~" is the transpose ()f .1. I is t~ , - :~t  un i t  matr ix.  We assume that ,  for 
t-< I), H is t ime ind(,pend(,nt and that  

f ( t ) = g ( l ) - - ( )  for t < 0 .  

The fmldanlental  system of solutiona of (6) can be found by  means of the ansatz (G) 

for t ~< 0 ,  

(9) 

(l(-)) ~j = ~ exp [&,J~t] 

where ~ is a t ime- independent  2tt vector determined by 

This equat ion,  however, is s tudied in Q) where it  is obtained for the creation and  ~mni- 
hilat ion operators of the tinie-ind(,pend(,l,t problem. The solutions of (11) will be pu t  
i11(o the forln o~' two n , matrices 

(12) i f ( t )  ~ (v  1. v~ . . . . .  v , )  , ft'(t) ( w  l ,  w 2 . . . . .  u'~) . 

(") E.  A. CODDIS~TOX a nd  N. L E v t x s o x :  The" Theory o/ Ordinary Di]Ierential Equations (New York, 
Toronto,  London,  1955), p. 75. 
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The set of operators b~. and their Hermitian conjugates b~ (both satisfy (4)) can then 
be written in the form 

(13) b ~  = V ( t ) q +  i W ( t ) p ,  b t ~  " ~ V * ( t ) q - - i W * ( t ) p ,  

, bn 

where V* is the complex conjugate of V. I t  is easy to show that  if (11) has only real 
eigenvalues which are different from zero all solutions can be normalized to satisfy 
the relations 

(14) V* I'~" + W* Y : ~ - ~ I ,  V f f - -  WV : O. 

A detailed derivation of (14) for positive definite Hamiltonians, which requires 

(15) K - - A ~  

to be positive definite, is given in (~). In the ease where (15) holds all positive eo~'s 
will be associated with b. From (14) i t  follows 

(16) [b,, b~]_ = ~ . ,  [b~, b~]_ = [b~, b~]_ = 0 .  

Denoting the matrices (12) for t :  0 by V/, W~ we have as initial condition for the 
time-dependent problem 

(17) b(O) = Viq + iW~p , b *(O) = V* q - - i W ~ p  . 

If F(t) is assumed to be continuous on the closed bounded t-interval (0, if), then 
according to (7) the solutions of (6) are uniquely determined by the initial values. The 
solutions in general can only be given approximately. They satisfy, however, a number 
of important  relations. I t  follows from (4) that  

( lSa) ~ [b,, dt (v*~(t)w,(t) + w~(t)vi(t) ) = O, 

(18b) d Ibm, bj]_ = h d d--t dt (vj(t)wi(t ) + wj(t)v~(t)) = 0 

hold. Integration of (18a), (18b) and use of the initial conditions (17) shows that  the 
relationships (14), (16) hold in the t-interval (0, tr) as well. 

Let us consider next the evolution of the coherent states. From (14), (16) i t  follows 
that  the coherent states can be constructed as the eigenstates of the b~'s as follows: 

(19) b~l~ > ~ a~t~ > for i = 1 . . . . .  n ,  

(~) E.  A .  CODD[NGTON a n d  N.  LEWNSON: The Tkvory o] Orc~inary Di]]vrential Equations (New Y o r k ,  
Toron to ,  L o n d o n ,  1955), p .  20. 



1322 a. HOLZ 

where  c<; is a.n a r b i t r a r y  complex  )mmb(q'.  For  t =  () t hey  assume the  form 

(2(-)) ]~, 5 '  = , , x p  - '~ , [ ,  - -  '{ , , , .A> 
")i=1 { } j=,(m.~!)} 

in t e r m s  of the  n m n b e r  (~ig(,nslates I,*mz}.'> of the  in i t ia l  Hamil tonia .n .  I n  eo-ordina.te 
rep resen ta t ion  we have 

(211 '~,  i> = (2.~/~,> - , . ,  id¢.t , E ' - ~  , . x p  - ~ ~ : -  , e x p  --q--2h~ q + h-~°t ~- [~q  ' 

where  at is a u vect()r w i t h  c(.nnp(mvnts ~ .  Th(, no rmal i za t iou  of (211 follows by  com- 
par i son  ()f the  Tayh)r  expans ion  ()f (21) wi th  (20) mad the  no rma l i za t iou  of the  g r o u n d  
s ta te  (5). B y  means  of (14) it can be shown Q) t h a t  W and  1" are nonsin~o'ular and  

Re (WV 11 is posi t ive  dcfiuit( ' .  
Th('  (,i~('nstate.~ of bflt) for t > ( )  can b(. ehos(,n to sa t is fy  Schr6d inger ' s  equa t ion  

and  th(, ini t ia l  conditim~ 

(22) i:~, ().> -- '~, i : ' .  

One ob ta ins  

, [ I " ] 
(23) :~. t • (2~ha) ,/4 '(h,t | ~ - -~ ( .xp  ~> ~ ~12 , 

• k "j=l J 

[ IV-'(t) I'(t) ,rl(o~_~)(t)) ~(" ,(t)q ] 
• q:(t, z ) ( . x p  -- q 2b q - -  

\Y] ~O1'(" 

(24) q(t, :~) = (.xp "(11 

o 

T r ( W - l ( t )  l ' ( / ) ) -  h-' f( t)  iV-~(/)(a--8) ÷ 

' )] + =, s (0 )  i>,(,>) '-  • 

For  t:;~l< th(, l l ami l I (mian  is tim(, indvp( .nd( 'nt  a~'ain. We assmne  

( 2 5 )  f ( t )  - g(t)  - () fo r  t > t j .  

The final eohe)'( 'nt s t a les  for t - - t f  are given b y  

I [ 1 (26) tfi, 1':, = (2~1;'-') ';/~ Id(:,t l [~f-" ( ,xp - -  ~ ifi, i e , c x p  - - q  2h q + /~-~ iT'}-~q ' 

whm'(, 1~ and  Ill, a)'(' d( . iermin( 'd f rom (I I) fl)r F(t~). Not:(' t h a t  ll} is note  quM to IV(t,). 
I}y use of (23), 2(}) v,(, ob ta in  the  Venerat ing hu~ct.i<)n .(1) for the  transi t . ion ampli-  

tudes  l~etw(,mt the  ( 'm'r~3 eio'enstate,~ ,)f t he  in i t ia l  a.nd limfl H a m i l t o n i a n  in Om form 

(27) 

*('X][' [~ ( ~ - " ) r ] ;  -I/(0-1 IV ;  i[~# ._ 2(~ - 8(I<)) f f ' - l ( t / ) j~- i  [ r ~ - I  ~*  _[_ 

+ (a 8(t,)) ~--l(t,)s~ ,)r-,(t<)(o~-8(t~)))], 



/~ ' -DIMENSIONAL ANISOTROPIC OSCILLATOR ETC. 1323 

where 

(2s) W * - I  V *  R = ~(W-~(tl) V( t l )  + " i  - i  ~ ,  

and the p.v. means principal value. By means of (14) it can be shown that  the real 
part of :2 is positive definite hence det (R) will be nonsingular. 

An alternative representation of (27) is 

(29) 
{~j} ~-1 ~-x (m~! r¢l)½ k ~ i ~ l  

Here ]{rl} > are the number eigenstates of the final Hamittonian and t{mi}> are 
the states which have evolved out of the eigenstates of the Hamfltonian for t = 0 
via the interaction with the electromagnetic field. Comparing the Taylor series expansion 
of (27) with (29) determines the transition amplitudes (4) 

(30) <{r,}]{~j}>. 
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